
• Numerics •
1/2-integer spin, 121–122

3-D free particle wave function, 136–137

3-D harmonic oscillators, 149–150

3-D isotropic harmonic oscillators, 172–174

3-D rectangular coordinates

answers to problems on, 151–160

3-D spherical coordinates

answers to problems on, 175–181

general discussion, 161–166

• A •
adjoints, 18

allowed energy levels (E), 40–41

amplitude, probability, 8, 9, 11

angular frequency of motion, 235

angular momentum. See also spin

answers to problems on, 112–120

and commutators, 100–101

degeneracy, 197–198, 205–206

eigenvectors of

general discussion, 102–103

obtaining, 104–105

raising or lowering, 106–107

lowering operator (L
–
)

and angular momentum eigenvalues, 

104–105

and angular momentum eigenvectors, 

102–103

using to fi nd ground state, 271–272

using with harmonic oscillators, 72–76

L
x
 operator, 98, 99, 101

L
y
 operator, 98, 101

L
z
 operator, 97, 98, 101, 102, 104, 124

overview, 97–99

treating with matrices, 108–111

annihilation operator

and angular momentum eigenvalues, 

104–105

and angular momentum eigenvectors, 

102–103

using to fi nd ground state, 271–272

using with harmonic oscillators

directly on eigenvectors, 76

fi nding energy after, 74–75

overview, 72–73

anti-Hermitian operators, 33

antisymmetric wave functions

of multiple free particles, 225

overview, 213–214

under particle exchange, using minus sign 

for, 281

versus symmetric, 222–223

of three free particles, 225

of two free particles, 218

atoms. See also electrons

Bohr model of

as harmonic oscillators, 69, 276

hydrogen

answers to problems on, 199–206

and center-of-mass coordinates, 

186–187

hydrogen energy levels, 195–198

overview, 183

Schrödinger equation appears for, 

183–185

solving dual Schrödinger equation for, 

188–189

solving radial Schrödinger equation for, 

190–194

with multiple electrons, 209

• B •
barrier, potential, 50

Bessel functions

and Schrödinger equation for radial part 

of wave function, 167–171

for small r, 178

spherical, 177, 179

Bohr model of atom, 276

Bohr radius, 41, 55, 205
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Born approximation

to fi nd the differential cross section, 

256–257

fi rst-order, 255, 263

second-order, 255, 263

to solve Schrödinger equation to fi nd 

scattering amplitude, 254–255

zeroth-order, 255

bosons, 122, 213

bound states. See also energy wells

answers to problems on, 54–67

energy levels for particle trapped in 

square well, 55

when particles stuck in square wells, 

216–217

boundary conditions, 60, 63, 65, 

270–271

box well potential, particles stuck in

3-D version of square well, 141

fi nding energy levels, 144–146

normalizing wave function, 146–148

overview, 141

bra-ket notation, 12–13. See also bras; kets

bras

corresponding ket, 12

fi nding orthonormal ket to, 29

multiplying with ket, 12, 13

overview, 12

purpose of, 14

with six elements, fi nding identity 

operator for, 30

and spin, 121

for state vector of four-sided dice, 28

for state vector of pair of dice, 12

taking from one side of equation to 

another, 279

• C •
Cartesian coordinates

3-D free particle wave function, 

136–137

3-D harmonic oscillators, 149–150

3-D rectangular coordinates, 151

free wave packets, 138–140

overview, 133

particles stuck in box well potential

fi nding energy levels, 144–146

general discussion, 141–143

normalizing wave function, 146–148

Schrödinger equation in three 

dimensions, 133–135

center-of-mass coordinates, 186–187

center-of-mass frames

answers to problems on, 259, 265

scattering in, 248, 249

taking cross sections from lab frames to, 

250–252

translating between lab frames and, 

248–250

central potential, spherical coordinates, 163

CGS (centimeter-gram-second) 

units, 199

classical physics

defi nition for acceleration, 70

energy equation, 71, 85

harmonic oscillators, 69, 70

restriction of particles from certain 

regions, 48, 62

“wayward” particles, 277

column vector, 18

commutators

and angular momentum, 100–101

defi nition of, 282

fi nding, 74

complete refl ection, 61

complex conjugate

of kets, 13

of operators, 15, 279

of wave functions, 280

complex number, 18

conditions

boundary, 60, 63, 65, 270–271

continuity, 62

conjugate

complex

of kets, 13

of operators, 15, 279

of wave functions, 280

Hermitian, 12

constraints, 76, 178, 179

continuity conditions, 62, 179

continuous energy levels, 69
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continuous states, 23

continuous wave function, 179

coordinates

Cartesian

3-D free particle wave function, 

136–137

3-D harmonic oscillators, 149–150

3-D rectangular coordinates, 151

free wave packets, 138–140

overview, 133

particles stuck in box well potential, 

141–149

Schrödinger equation to three 

dimensions, 133–135

center-of-mass, 186–187

spherical

3-D, 161–166

free particles in, 167–169

overview, 161–162

sin θ in, 280

spherical potential wells, 

170–171

creation operator

and angular momentum eigenvalues, 

104–105

and angular momentum eigenvectors, 

102–103

using with harmonic oscillators

directly on eigenvectors, 76

fi nding energy after, 74–75

overview, 72–73

cross section

differential

center-of-mass frame, 250

defi ned, 246

fi nding, 263–265

lab frame, 250

relating scattering amplitude 

to, 253

relating total cross section to, 

247, 258

for weak, spherically symmetric 

potentials, 256

total

defi ned, 246

relating to differential cross section, 

247, 258

cubic potential, 158

current density (incident fl ux), 59, 61, 246

• D •
degeneracy

angular momentum, 197–198, 205–206

degenerate eigenvalues, 23

energy, 197

differential cross section

center-of-mass frame, 250

defi ned, 246

fi nding, 263–265

lab frame, 250

relating scattering amplitude to, 253

relating total cross section to, 247, 258

for weak, spherically symmetric 

potentials, 256

Dirac notation, 12–13. See also bras; kets

Dirac, Paul (physicist), 12

discrete states

defi ned, 7

systems without, 23

dual nature of light and matter, 276

• E •
eigenfunctions

of L2 operator, 164

symmetric versus antisymmetric, 213–214

eigenstates

and angular momentum, 97, 124

of harmonic oscillator, 87

of L
z
 operator, 113

raising by one level. See raising operator (L+)

spatial, 77

for spin, 121–123, 126, 128, 129

values when apply operators to. See 

eigenvalues

eigenvalues

of angular momentum, 104–105, 113–114

in equation for harmonic oscillators, 85

fi nding, 33–36

overview, 269–270

eigenvectors

of angular momentum

answers to problems on, 113–114

obtaining, 104–105

overview, 102–103

raising or lowering, 106–107

in equation for harmonic oscillators, 85

fi nding, 33–36
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Einstein, Albert (physicist), 277

elastic scattering, 252–253

electric fi eld, and perturbation theory, 229, 

235, 236, 240, 242, 243

electron volts (eV), 56

electrons

kinetic energy of nucleus and, 209

multiple, 209

spin of, 277

energy levels

continuous, 69

of four distinguishable particles in square 

well, 224

meeting boundary conditions for, 270–271

for particle trapped in square well, 55–56

and perturbation theory, 229–234

of proton undergoing harmonic 

oscillation, 91

energy states, quantized, 40

energy wells

bound states, 54–67

determining allowed energy levels, 40–41

overview, 37

potential steps

tunneling (plowing through), 50–53, 

62, 277

when particle doesn’t have enough 

energy, 48–49

when particle has plenty of energy, 

45–47

potential wells

spherical, 161, 170–171

trapping particles in, 275–276

square wells

defi ned, 37

energy levels of four particles in, 224

general discussion, 37–39

particles stuck in, what bound states 

look like, 216–217

Schrödinger equation for particle in, 

54–55

symmetric, translating to, 44–45

wave functions for particles in, 57, 224

wave function

general discussion, 37–39

normalizing, 42–43

Example icon, explained, 3

exchange operator, 211–212

excited states, 272–273

expectation value

of identity operator for six-sided dice, 

31–33

for physical measurements, 18, 282

of two four-sided dice, 30–31

• F •
fermions, 112, 122, 213

fi rst-order Born approximation, 255, 263

frames

center-of-mass

answers to problems on, 259, 265

scattering in, 248, 249

taking cross sections from lab frames to, 

250–252

translating between lab frames and, 

248–250

lab

scattering in, 248

taking cross sections from, 250–252

translating between center-of-mass 

frames and, 248–250

free particles

in spherical coordinates, 167–169

wave functions

3-D, 136–137

fi nding, 275

free wave packets, 138–140

functions

3-D free particle wave, 136–137

antisymmetric wave

of multiple free particles, 225

overview, 213–214

under particle exchange, using minus 

sign for, 281

versus symmetric, 222–223

of three free particles, 225

of two free particles, 218

Bessel

and Schrödinger equation for radial part 

of wave function, 167–171

for small r, 178

spherical, 177, 179
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continuous wave, 179

eigenfunctions

of L2 operator, 164

symmetric versus antisymmetric, 

213–214

Green’s, 254

Legendre, 164, 175–176

Neumann, 167–171, 177–179

symmetric wave

versus antisymmetric, 222–223

general discussion, 213–214

of multiple free particles, 225

of three free particles, 225

functions, tables of, 273

• G •
Gaussian wave packet, 154

gradient operators, 15

Green’s functions, 254

ground state, 55, 88–90, 271–272

• H •
half-integer spin, 121–122

Hamiltonian operator

and angular momentum, 97

defi ned, 15

fi nding ground state wave function, 77–78

for multiple-particle system, 220

overview, 70–71

perturbation Hamiltonian, 229, 235, 

237, 238

of system of many independent 

distinguishable particles, 223–224

viewed in terms of matrices, 82–84

harmonic oscillators

3-D, 149–150

answers to problems on, 85–94

fi nding excited states’ wave functions, 

79–81

overview, 69

using raising and lowering operators with

directly on eigenvectors, 76

fi nding energy after, 74–75

Heisenberg Uncertainty Principle, 276

Hermite polynomials, 79, 80, 90–91, 273

Hermitian adjoint, 33

Hermitian conjugate, 12

Hermitian operators, 18, 33

Hooke’s law, 70

hydrogen atoms

answers to problems on, 199–206

and center-of-mass coordinates, 186–187

how Schrödinger equation appears for, 

183–185

hydrogen energy levels, 195–198

overview, 183

solving dual Schrödinger equation for, 

188–189

solving radial Schrödinger equation for, 

190–194

• I •
icons, explained, 3

identity operators

for bras and ket with six elements, 30

defi ned, 15

for pair of six-sided dice, 31–33

incident fl ux, 246

integer spin, 122

integrals, not doubling up on, 281

intrinsic angular momentum. See spin

inverse of operators, 18

isotropic harmonic oscillators, 3-D, 172–174

• K •
kets

corresponding bra, 12

difference from wave functions, 279

multiplying with bra, 12, 13

orthonormal, 29

with six elements, 30

taking from one side of equation to 

another, 279

kinetic energy. See also elastic scattering

of electrons and nucleus, 209

of harmonic oscillators, 85

of proton, in Schrödinger equation, 184

term of, in hydrogen atom’s Schrödinger 

equation, 199
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• L •
L2 operator, 100, 102, 104, 124

lab frames

scattering in, 248

taking cross sections from, 250–252

translating between center-of-mass 

frames and, 248–250

Laguerre polynomials, 172–174, 179, 

180, 204

Laplacian operator

3-D Schrödinger equation using, 134

defi ned, 15

including sin θ in, in spherical 

coordinates, 280

in problem on behavior of particle 

trapped in energy well, 38

in spherical coordinates, 162–163

Legendre differential equation, 164

Legendre functions, 164, 175–176

Legendre polynomials, 164, 175

light, dual nature of, 276

linear momentum operators, 15

lowering operator (L
-
)

and angular momentum eigenvalues, 

104–105

and angular momentum eigenvectors, 

102–103

using to fi nd ground state, 271–272

using with harmonic oscillators

directly on eigenvectors, 76

fi nding energy after, 74–75

overview, 72–73

L
x
 operator, 98, 99, 101

L
y
 operator, 98, 101

L
z
 operator, 97, 98, 101, 102, 104, 124

• M •
m quantum number, 128

matrices

Hamiltonian operator viewed in terms of, 

82–84

spin in terms of, 126–127

treating angular momentum with, 108–111

matter, dual nature of, 276

minus sign, in Schrödinger Equation, 280

momentum, angular

answers to problems on, 112–120

and commutators, 100–101

degeneracy, 197–198, 205–206

eigenvectors of

obtaining, 104–105

overview, 102–103

raising or lowering, 106–107

L
z
 operator, 97, 98, 101, 102, 104, 124

overview, 97–100

treating with matrices, 108–111

monofont terms in this book, 1

multi-particle systems

answers to problems on, 220–225

exchanging particles, 211–212

multiple-electron systems, 209–210

overview, 207–208

symmetric and antisymmetric, 218–219

symmetric and antisymmetric wave 

functions, 213–214

systems of many distinguishable 

particles, 215–217

multiple-electron systems, 209–210

multistate system, defi ned, 7

• N •
negative sign, in Schrödinger equation, 280

Neumann functions, 167–171, 177–179

Newton’s Second Law, 70

normalizing

state vectors, 8, 28

wave functions, 42–43, 269

nucleus, kinetic energy of electrons and, 

209

number operator (N), 73, 83, 86

• O •
operators

applying to its eigenvector, 23–26

commutators of, 21–22

complex conjugate of, 279

defi ned, 8

expectation values of, 18–20
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Hamiltonian

and angular momentum, 97

defi ned, 15

fi nding ground state wave function, 

77–78

for multiple-particle system, 220

overview, 70–71

perturbation Hamiltonian, 229, 235, 

237, 238

of system of many independent 

distinguishable particles, 223–224

viewed in terms of matrices, 82–84

Hermitian, 18, 33

identity

for bras and ket with six elements, 30

defi ned, 15

for pair of six-sided dice, 31–33

inverse of, 18

L
–
 (lowering operator)

and angular momentum eigenvalues, 

104–105

and angular momentum eigenvectors, 

102–103

using to fi nd ground state, 271–272

using with harmonic oscillators, 

72–75

L
+
  (raising operator)

and angular momentum eigenvalues, 

104–105

and angular momentum eigenvectors, 

102–103

using to fi nd excited states, 272–273

using with harmonic oscillators, 72–76

L2 operator, 100, 102, 104, 124

Laplacian

3-D Schrödinger equation using, 134

defi ned, 15

including sin θ in, in spherical 

coordinates, 280

in problem of how particle trapped in 

energy well behaves, 38

in spherical coordinates, 162–163

linear momentum, 15

L
x
 operator, 98, 99, 101

L
y
 operator, 98, 101

L
z
 operator, 97, 98, 101, 102, 104, 124

number operator (N), 73, 83, 86

overview, 14–18

P
x
 operator, 98

P
y
 operator, 98

P
z
 operator, 98

S
–
 (spin lowering) operator, 124, 125, 

128, 129

S
+
 (spin raising) operator, 124, 125, 127, 

128–130

S2 (spin squared) operator, 124, 126

for spin, 124–125

S
z
 (spin in the z direction) operator, 124, 

125, 127–129

unitary operators, 18

unity operators, 15

orthogonal kets, 15

orthonormal kets, 15, 16, 17, 29

oscillators. See harmonic oscillators

• P •
particles

free, 136–137, 167–169, 275

multi-particle systems, 207–225

restriction of from certain regions, 

48, 62

stuck in box well potential, 141, 

144–148 

tunneling, 50–53, 62, 277

pendulums, 69

perturbation Hamiltonians, 229, 235, 237, 

238, 281

perturbation theory

answers to problems on, 237–243

application of, 235–236

and electric fi eld, 229, 235, 236, 240, 

242, 243

and energy levels and wave function, 

229–234

overview, 229

photoelectric effect, 277

plane waves, 46

potential barrier, 50–53. See also tunneling

potential energy, 85, 199
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potential steps. See also potential barrier

defi ned, 45

example of, 45

when particle doesn’t have enough 

energy, 48–49

when particle has plenty of energy, 

45–47

potential wells

box well potential, particles stuck in

3-D version of square well, 141

fi nding energy levels, 144–146

normalizing wave function, 146–148

overview, 141

spherical, 161, 170–171

trapping particles in, 275–276

principal quantum number, 163, 197

probability, 8, 9, 10, 11

probability amplitude, 8, 9, 11, 27–28, 38

probability density, 49, 62

P
x
 operator, 98

P
y
 operator, 98

P
z
 operator, 98

• Q •
quantization condition, 195

quantized energy states, 40

quantum, defi ned, 7

quantum harmonic oscillator, 276

quantum tunneling, 62, 277

• R •
raising operator (L

+
)

and angular momentum eigenvalues, 

104–105

and angular momentum eigenvectors, 

102–103

using to fi nd excited states, 272–273

using with harmonic oscillators

directly on eigenvectors, 76

fi nding energy after, 74–75

overview, 72–73

rectangular coordinates, 3-D, 151

reduced mass, 186

Remember icon, explained, 3

row vector, 18

• S •
S

–
 (spin lowering) operator, 124, 125, 128, 129

S
+
 (spin raising) operator, 124, 125, 127–130

S2 (spin squared) operator, 124, 126

scalars, 100

scattering theory

answers to problems on, 258–265

Born approximation, 256–257

calculations in center-of-mass frame, 

248–252

elastic scattering, 252–253

experiments with, 245–247

getting scattering amplitude of particles, 

253–255

overview, 245, 277

Schrödinger equation

and 3-D free particle, 136–137

for box well potential, 142–143, 155

breaking into two parts, 274

to fi nd scattering amplitude, 253–254

for four independent particles in square 

well, 216

and free wave packets, 138–139

for hydrogen atoms, 183–185

for incident and scattered particle 

system, 252

including minus sign in, 280

for isotropic harmonic oscillator, 172–173

for particle trapped in square well, 38–39, 

54–55

perturbed, solving for fi rst-order 

correction, 231–232

perturbed, solving for second-order 

correction, 233–234

for potential barrier, 50

for radial part of wave function, 167

for regions x < 0 and x > 0, 46

in spherical coordinates, 162

in spherical coordinates with spherical 

potential, 166, 175–176

for three-dimensional harmonic 

oscillator, 149

using two for hydrogen, 274

writing in one dimension, 39

second-order Born approximation, 

255, 263
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sin θ, in spherical coordinates, 280

solved quantum physics problems, 

famous

Bohr model of atom, 276

dual nature of light and matter, 276

free-particle wave functions, 275

photoelectric effect, 277

quantum harmonic oscillator, 276

scattering theory, 277

spin of electrons, 277

trapping particles in potential well, 

275–276

tunneling, 277

uncertainty principle, 276

spherical Bessel functions, 167–171, 

177–179

spherical coordinates

3-D

answers to problems on, 175–181

general discussion, 161–166

isotropic harmonic oscillators, 

172–174

free particles in, 167–169

overview, 161–162

sin θ in, 280

spherical potential wells, 170–171

spherical harmonics, 163, 202

spherical Neumann functions, 167–171, 

177–179

spherical potential wells, 170–171

spherical well, 161

spin

answers to problems, 128–130

eigenstates for, 121–123

of electrons, discovery, 277

integer or half-integer, 122

operators for, 124–125

overview, 121

in terms of matrices, 126–127

springs, 69

square root of the probability, 8, 9

square wells

defi ned, 37

energy levels for particle trapped in, 

55–56

energy levels of four distinguishable 

particles in, 224

general discussion, 37–39

Schrödinger equation for particle trapped 

in, 54–55

symmetric, translating to, 44–45

symmetric, wave functions for 

particle in, 57

wave functions for particles in, 224

state vectors. See also operators

answers to problems on, 27–36

bra-ket notation, 12–14

describing states of system, 7–11

normalizing, 8, 28

overview, 7

states

bound

answers to problems on, 54–67

when particles stuck in square wells, 

55, 216–217

continuous, 23

Stern-Gerlach experiment, 277

symmetric multi-particle systems, 

218–219

symmetric wave functions

versus antisymmetric, 222–223

general discussion, 213–214

of multiple free particles, 225

of three free particles, 225

S
z
 (spin in the z direction) operator, 124, 

125, 127–129

• T •
tables of functions, 273

Tip icon, explained, 3

tetrahedrons, 11, 27

total angular momentum quantum 

number, 163

total cross section

defi ned, 246

relating to differential cross section, 

247, 258

total energy

for multiple-particle system, 220–221

of perturbed system, 240

tunneling (plowing through barrier), 50–53, 

62, 277
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• U •
uncertainty principle, 276

unitary operators, 18

unity operators, 15

• V •
vectors. See also eigenvectors

column, 18

row, 18

state. See also operators

answers to problems on, 27–36

bra-ket notation, 12–14

describing states of system, 7–11

normalizing, 8, 28

overview, 7

• W •
wave functions

of 3-D free particle, 136–137, 153

antisymmetric

of multiple free particles, 225

overview, 213–214

under particle exchange, using minus 

sign for, 281

versus symmetric, 222–223

of three free particles, 225

of two free particles, 218

complex conjugate of, 280

continuous, 179

difference from kets, 279

for distinguishable particles in square 

well, 224

fi guring hydrogen energy levels using, 

195–196

and fi guring out energy levels, 40

for four-particle system, 224

free-particle, 275

of incident particle, 253

for isotropic harmonic oscillators, 

172–173, 179

meeting boundary conditions for, 270

for N particles, 211

normalizing, 42–43

for one-dimensional system with particle 

in square well, 224

overview, 37–39

for particle in symmetric square well, 57

and perturbation theory

overview, 229

solving perturbed Schrödinger equation 

for fi rst-order correction, 231–232

solving perturbed Schrödinger equation 

for second-order correction, 233–234

in spherical coordinates, 163–164, 

166, 176

symmetric, 213–214, 222, 225

wave-particle duality, 276

• Z •
z-axis, and spin, 121

zeroth-order Born approximation, 255
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