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A

Abels identity, 277
Adjoint of & matrix
veclor element differentiation of, 354
delinition, H4
inverse of, 60
partitinned matrix, 297
Acjugate  Sec Adjoint, 59
Aithen block-diagonalization formula, 292
Angle
between two veclors, 13, 122
minimal, 11
Anti-Hermitian malrix—See Skew-Hermitian,
it}
Antisigenvalues
definition, 122
Watson efficicncy and, 453
Antigigenveclor, 122
Aren of a trianpgle, 32
Associated random variables, 505
Asymplotically equivalent sequences, 420

B

Back substilution, 337
Backward shilt, matrix, 158
Ganachiewics factorization, 339
Bawis

delinition, 11

of quindratic subzpace, 9
Bessel’s inequality, 18
I3est. linear predictor, 429
Bilinear formi(s)
inequalities for, 102
random, 143
Block cireulant, 160
Binck malrix, 2
Block triangular matrix, |79
BLUE, 448
Boole™s lorinuia, 495
Buoolean matrix, 187
Bordered Gramian matrix, 299

C

C-matrix, 160)

Caley transformation
Jacobian of, 411

Canonical correlations
and loast squares, 403, 456
pupulation, 483
sarple, 485

Canonical variables
population, 483
saruple, 485

Cauchy Schwarz inequality
for complex matrices, 265

for complex matrices using Lrace, 266

for complex veclors, 261

for veal matrices using determinant, 263
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for roal watriees usiag droce, 262

for real vectors, 258

subjoct Lo a constraint, 204
Caylev=ILunilvon Weorens, 93
Centered data, 24
Contering malviz, 24, 317, 462, 487
Controgy mmelne malris, G0
Cliadn raleis), 358, 362, 363, 386
Characteristic cogualion

definition, 4
Chararieristic polynominl

Clayley Hlamilton theorem for, 93
defintition, Bl
Characieristic roots Ses Figemealue(s), 91
Cheh

hev inegualities, 4598

decotnposition
algorvithe for, 335
fowr non-negative doefinite inanrix, 338
i positive definite matrix, 333
Jdacobian ol 405
roob free, 335%
araled vorsion of. 338

Clirealant matrix Sec Rognlar eirculau

matrix. 152

Classical seallug. 487

Clhstor analysis, 189

CowelTicient. of roultiple determination

populalion, 4341
Clolawelar, 54
Colnmn-centered dala, 24
Column apace, 18
Cornmmudadion matriz See Vee-permmtation

miadrix, 242

Connmont ing Fuuily

of normal matrices, %6
i
expancitial funclion and, 424
polynomial represenbation, 100
regnlar cirenlants and, 153

Crymmuling matr

situllancous redictions and, 445
svinmelric regular circulants and, 156
Clompsution waecix,
Comipletely pusilive wwlris, 223
Clomplex conjugate
ol aomalrix, 2, 7Y
ol o sealar, T
Cronplox Jacobion
definitlan. 3491
Complex wovial disteiboalion-
Multivariate ool distoibution, 445
Comples rancdom veetor, 145

Comples symnetric matrix. 84
Comnpound ouleix, 1
Compatarional accuaracy, 77
Comcave funetion

wetlanr, 20

viplor, 29
Croudition numiber, 75

banndds, 96
Conlornadle msleices, 2
ClomgTieee

wewl inerling 345

delinilion, 330
Coujugale Lranspose, 2, 79

delinmlion, 54
Constrained global optimzation, 318
Clonstrained tocal oplimizalion, 316
ConLingunoy Lable

wnel principal components, 482
Continuity argument., 418
Chomtraction mapping

definitiom, 27

fiziw] point and, 27

sirict contraction, 27
Convergenee in the norm, 418
Convex combination, 28
Clomwvex function

sealar, 24

veehor, 20, 511
Covvex hall, 28
Clonvex sl

definilion, 27

mberseclion ol several, 27

separating hyperplane, 29

sl ol several, 28
Clorrelalion coclliciend

pupualation, 430

siunple. 132
Correlation matrix

in Huadanrurd product, 2

population, 430, 470
432463, 451

33

sl
Crounlors
rnatris, 1349

Coovarionee waleix

delinition, 127
Cradg—salkamoto thoogrem, 44205349
Cruss-syinmoebrie inalrix, 160

D

I¥ad a ineqnalities, M)l
Iradla matrix
definition, 161
v propertios, 462
Drecomposnble malrix, 210
Delirpinoant, 57
anel clementury Lranslormations, 58
Clauchy-Dinet Tormula Tor, 63
delinitiom, 1T
differential of, 373
expand by the diagonal, 61
expansion by row or coloen, G1
fromn QR decowposition, 341
T.aplace expansion for, 42
matrix differenciation ol 362
matrix clomnent dilfercalislion of, 357
of 1 matrix prodiel, 58
of o parlibioned watrix, 290
af an inverse, 58
ol o comples madeix, 1H, 81, 3491
of a matrix difference. 230
of an exponential funcion, 423

deie matrix See Persymmetric



ol arank 1 malrix, 312

o awaleix s, 2730

partitioped nalrix, 312

product of eigenvalues, 93

rawe-block pransformations and, B8

sealar diferentiation of, 353

second-order derivative of, 379 350

Sylvesler’s ideniity for, 63

ver dilferentiation of, 358

veclor clernent dilferendialion of, 3h4
Divgonal product. of a matrix, 216
Diogonlizable mabrix

delinition, 326

cxponendial Tunction of, 424

Jacobian for, 413

Moore Penrose inverse of, 327

simultanaous reduction of several, 347

spactral decomposition of, 327

unitarily, Kt

wenlk luverse of, 133
Drizymorially dominane malrix, 162

wlon positive delingle, 226
Thtforentiation with respect to o scalar, 352
Dhrmension, 11
Threct prodoct—>5Sce Kronecker produel, 234
Direct sum of matrices

and Krouccker prodoct, 235

definicion, 234
Lrreot swn of veelor submspaces

vl nabrix index, 51

definitiong, 10
Thscrivuineat analysis, 189
rirmigart courdinales, 482
Jisjoint sets, 10
Hajoind vieector subspaces, 10
Dissimilarity matrix, 4584
Distance boetween veclors,
Dominand cipenvalue, 91
Doaninanl cipenvector, 92
Dontly-centered data, 24
Donbly non-oegalive matris, 223
Doubly stochustie malrix

delinition, 216

wajorization and, 508

weak inajorization and, b
Dby subsiochastic matrix, 218
o]y symmetric matrix, 159
Drazin inverse, 110, 381
Tmal space, 15
Dplication wastrix

definition, 246

Muove—Penrose fnverse of, 244

s

E

Frhelon form
definition, 330
reduced, 331
Eipenvalue(s}
menotonicity of, 117
algebraic multiplicity, 92
ard eanonieal correlations, 483
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and Hagdamard product, 253

bowneds, B

bounds for complex malrices:, 98

bowmrds on differences, 97

bruneds wsing lraces, 06

classical sealing and, ART

compulbation of, 105

concavity of smallest, 118

comvesity of Lorgest, 118

delinition, 91

differential of, 37H

dominaul, 199

eigenspace of, 92, 103

ponoral propertios of, 93

geometric mnliiplicity of, 42

CrorSporin dise and, 99, 163

inegualities for matriz diference, 119

inceualitios for matrix sum, 114

inequalities for matrix prodoci, 119

Lrgesi, 110

majorization and, 509, 314

matrix glement differentiation of, 3558

alliple, 52

of a product, 107

ol an exponential hoetion, 123

of a Kronecker product, 236

of 1 matrix fuoction, 103

of & Wishart matriz, 4G5

partitioned rmakrix aod, 300

principal commponenls aud, 479

procuct of, 115

guadratic bound on sum, 99

semisimple, 92, 419

sirnple, 92

specirum, 92

s of squarcd moduli for, 51

veclor element dilferentialion of, 354

weak majorization and, 5140
Eipenveclor(s)

differential of, 375

for disiloel vigenvalues, 103

left, 92

left oo righl, 103

malrix element, differentiation of, 358

of Kronecker product, 236

right, 92

vixctor clement differentiation of, 354
Elementary syrmetric functions, 42, 390
Elementary translormalion, 329
Elimination matrix, 250
Ellipsoid

definition, 31

incoualitios from, 272

principal components and, 479

standard fon lor, 31

volumne of, 32
Elliptically contoured distribalion—>See

Multivariaie clliptical distribution, 458

FEquivalence relation, 330
luclidean matrix, 486
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Buclidean raabrix norm- See Frobenius norm,

T2
Futer Fouation, 123
Exterior product of differentials, 386

F

I'actor analysis. 480
Field of values  See Numerical vange, 30
Iinile homogeneons Markov chain, 213
I'inite projective geometry, §
Forward shift matrix, 158
Forward substitution, 337
Fonrier matrix, 151, 154
and discrete Fourier transforo, 185
definition, 181
Froboenius ineguality lor ranks, 38
Frobwuins norm, 15
and Eckart-Young theoremn, 523
and Litwner orderiog, 228
and matnx modulus, 197
and principal components, 480
definition, 68, 71
inecgualily for malrix suon, 230
1malrix spproxination, 524
procrusles analysis and, 488
seunple priocipal components and, 481
nnitarily wvarlaol, 74
Full-rank faclorizalion, 20, 333
definition, 36
fromn singular vatue decomposition, 36, 336
bMoore Penrose inverse of, 141
of non-negative definite matrix, 221
reflexive g-inverse and, 134
Fall column rank, 37-39, 53
definition. 35
Fall row rank, 37 39, 53
definition, 35

G

Galois field, 8
Gaugs transformation, 337
Guussian elimination, 281, 337
Gaussian orthogonal ensemble, 4493
Gaussian symplectic ensemble, 4493
Gaussian unitary ensembles, 493
Cieneral square root, 74, 266
Clemeralized eigenvalues, 115

definition, 106

distribution ol, 469
Generalized lnverse- See Weak inverse, 125
Creneralized livast squares

delinition, 453

clliciency and, 453
Creperalized malrix norm, 1

AL Noreariant, 7Y

definition, 68

indluced. G5

arthogonally invariant, 74

wuntitarily invariant, 73
Generalized guadratic, 462

and independence, 464

expectation of, 464
large sample theory and, 463
positive definite, 4584
Generalized Schur complement,
and rank additivity, 47
determinant and, 241
maximal and minimal ranks, 50
non-negative matrix, 291
Generalized vec-permutation matrix, 245
Cenarating set, 11
CGeometric mean inaquality, 270
Crivens transformation, 150
Clobhal optimization, 57
Crram—Schmidt orthogonalization, 16
algorithm for—017 Gram—Schinidt
orthogonalization
withoul square roots, 17
Gram matrix
definition, 223
when positive definite, 225
Crroup inverse
and Markovian kernel, 212
delinition, 126, 145

H

Hilder’s inequality
for matrices, 268
for vectors, 267
Hadamard inequalities fonr determinants, 273
Hadwinard malrix
dedfinition, 164
serminormalized, 164
Hadamard produci
bounds for deternminand of, 253
bounds on cigenvalucs, 253
Cauchy—Schwarz ineqguality for, 266
definition, 251
differential of, 372
of Hermitian matrices, 252
of Hermitian non-negative delinite malrices,
352
of positive definite matrices, 253
of two completely positive matnces, 224
random quadratic from, 443
rank of, 252
subrnalrix of Kronecker product, 252
Lranspose ol 252
vector differentialion of, 364
weak majorization and, 510
with correlation matrix, 253
Hamiltonian matrix, 89
Hankel matrix, 161
Helmert matrix, 149
Hermite canonical form, 433
Hermite form, 342
Hermitian congrience
definition, 330
Hermitian mutrix
definition, 80
erenvalues and eigenvectors, 104
equivalent conditions, 82



inertia of, 344
signature of, 344
gprotoal Lheorem, 342
Hermilian uon-negative definite matrix
and semi-inoer product, 14
delnition, 219
elgeuvalues, 220
full-rank [nclorizalion, 221
Cirin nadrix, 223
noo-negalive definite square root, 221
pair ol, 230
permancol of, 64
principal mivors, 220
weak inverse of, 127
llermitian positive definite matrix
and Canchy Schwarz inequality, 262
and diagonally dominant, 226
and inner product, 14, 21
condition number for, 96
delinition, 219
cigenvalues of, 225
positive definite sqnare root of, 225
positive stable, 190
principal minors of, 223
Hessenberg matrix, 179
Hessian, 378
Hilhert matrix, 226
Hilbert space, 13
Hotalling's distribution, 468
Householder malrix, 82, 149
Hyperholoid, 31
Hyperplans
distance from, 31
equation of, 31

1

Tdempotent makrix, 9

algebraic properties, 166

and weak inverse, 126

definition, 166

differential of, 375

geommelrical properties, 20

Hermitian, 113

i diagonalizable, 326

Jordan canonical forin of, 166

Moore Penrose inverse of, 166

procdoet, 175

rank of matrix difference, 43

role in qadralic subspaces, 9

svoanetric, 167-168

vector element dilferentiation of, 455
Impriutitive matrix, 204
Tocidenee maleix, 156
ludicalor matrx, 177, 187
Incqualities lor expectations, 502
Lnertia, 99

delinition, 144

Svlvester’s law of, 345
Information inequalitics, 276
Inner product space

Cuclidean space, 13

INDLX

unitary space, 13
Inner product
definition, 13
limiling sequence of, 67
Interchanges in design models, 315
Interlacing theorem
for cigenvalues, 112
for singular values, 112
Intersection
of voctor subspaces, 10
Inverse matrix
definition, 53
matrix clement differentiation of, 356G
scalar differentiation of, 352
vector element, diffeventiation of, 354

551

Lnverse of partitioned matrix  See Partitioned

matrix, 292
Involutionary matrix, 175
Heugholder, 82
Lereducible matrix, 177
Irreducible non-negative matrix
apeciodic (acyclic), 2003
delinition, 202
periodic (eyclic], 203
perindicity of, 207
Merron Frobenius cigenvaluc, 204
Isominrphic vector spaces, 12
Tsomorphism, 12

between real and complex malrices, 80

J

Jacobian, 383
and Caley transformation, 411
and exterior product, 3806
and pusitive definite matrix, 411
chain rule, 386
dehAnition, 383
for padr ol malrices, 414
lor patterned matrix, 388
for polar coordinates, 391
[or symmetric functions, 390
incluced functional equation and, 387
involving diagonal matrices. 407
method of differentialg, 385
of Cholesky decomposition, 405
of complex inverse, 393
of complex matrix product, 392
of diagonalizable malrix, 413
of Hermitlan inverse, 395
ot LI decomnposition, 407
ol malrix inverse, 385, 302
ol malrix power, 303
of malrix prodoct, 385, 392
ol nonlinear Lriangular prodoct, 401

ol orthogonal skew-symmetric product, 103

ol skew-llermitian inversae, 3498
of skew-Hermitian product, 397
of skew-symmetric differcnce, 106
of skew-symemetric inverse, 398
of shew-syirmelric power, 398

ol show-symmelrie product, 397






























