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A

Abels identity, 277
Adjoint of & matrix
veclor element differentiation of, 354
delinition, H4
inverse of, 60
partitinned matrix, 297
Acjugate  Sec Adjoint, 59
Aithen block-diagonalization formula, 292
Angle
between two veclors, 13, 122
minimal, 11
Anti-Hermitian malrix—See Skew-Hermitian,
it}
Antisigenvalues
definition, 122
Watson efficicncy and, 453
Antigigenveclor, 122
Aren of a trianpgle, 32
Associated random variables, 505
Asymplotically equivalent sequences, 420

B

Back substilution, 337
Backward shilt, matrix, 158
Ganachiewics factorization, 339
Bawis

delinition, 11

of quindratic subzpace, 9
Bessel’s inequality, 18
I3est. linear predictor, 429
Bilinear formi(s)
inequalities for, 102
random, 143
Block cireulant, 160
Binck malrix, 2
Block triangular matrix, |79
BLUE, 448
Boole™s lorinuia, 495
Buoolean matrix, 187
Bordered Gramian matrix, 299

C

C-matrix, 160)

Caley transformation
Jacobian of, 411

Canonical correlations
and loast squares, 403, 456
pupulation, 483
sarple, 485

Canonical variables
population, 483
saruple, 485

Cauchy Schwarz inequality
for complex matrices, 265

for complex matrices using Lrace, 266

for complex veclors, 261

for veal matrices using determinant, 263

547



548 INDEX

for roal watriees usiag droce, 262

for real vectors, 258

subjoct Lo a constraint, 204
Caylev=ILunilvon Weorens, 93
Centered data, 24
Contering malviz, 24, 317, 462, 487
Controgy mmelne malris, G0
Cliadn raleis), 358, 362, 363, 386
Characteristic cogualion

definition, 4
Chararieristic polynominl

Clayley Hlamilton theorem for, 93
defintition, Bl
Characieristic roots Ses Figemealue(s), 91
Cheh

hev inegualities, 4598

decotnposition
algorvithe for, 335
fowr non-negative doefinite inanrix, 338
i positive definite matrix, 333
Jdacobian ol 405
roob free, 335%
araled vorsion of. 338

Clirealant matrix Sec Rognlar eirculau

matrix. 152

Classical seallug. 487

Clhstor analysis, 189

CowelTicient. of roultiple determination

populalion, 4341
Clolawelar, 54
Colnmn-centered dala, 24
Column apace, 18
Cornmmudadion matriz See Vee-permmtation

miadrix, 242

Connmont ing Fuuily

of normal matrices, %6
i
expancitial funclion and, 424
polynomial represenbation, 100
regnlar cirenlants and, 153

Crymmuling matr

situllancous redictions and, 445
svinmelric regular circulants and, 156
Clompsution waecix,
Comipletely pusilive wwlris, 223
Clomplex conjugate
ol aomalrix, 2, 7Y
ol o sealar, T
Cronplox Jacobion
definitlan. 3491
Complex wovial disteiboalion-
Multivariate ool distoibution, 445
Comples rancdom veetor, 145

Comples symnetric matrix. 84
Comnpound ouleix, 1
Compatarional accuaracy, 77
Comcave funetion

wetlanr, 20

viplor, 29
Croudition numiber, 75

banndds, 96
Conlornadle msleices, 2
ClomgTieee

wewl inerling 345

delinilion, 330
Coujugale Lranspose, 2, 79

delinmlion, 54
Constrained global optimzation, 318
Clonstrained tocal oplimizalion, 316
ConLingunoy Lable

wnel principal components, 482
Continuity argument., 418
Chomtraction mapping

definitiom, 27

fiziw] point and, 27

sirict contraction, 27
Convergenee in the norm, 418
Convex combination, 28
Clomwvex function

sealar, 24

veehor, 20, 511
Covvex hall, 28
Clonvex sl

definilion, 27

mberseclion ol several, 27

separating hyperplane, 29

sl ol several, 28
Clorrelalion coclliciend

pupualation, 430

siunple. 132
Correlation matrix

in Huadanrurd product, 2

population, 430, 470
432463, 451

33

sl
Crounlors
rnatris, 1349

Coovarionee waleix

delinition, 127
Cradg—salkamoto thoogrem, 44205349
Cruss-syinmoebrie inalrix, 160

D

I¥ad a ineqnalities, M)l
Iradla matrix
definition, 161
v propertios, 462
Drecomposnble malrix, 210
Delirpinoant, 57
anel clementury Lranslormations, 58
Clauchy-Dinet Tormula Tor, 63
delinitiom, 1T
differential of, 373
expand by the diagonal, 61
expansion by row or coloen, G1
fromn QR decowposition, 341
T.aplace expansion for, 42
matrix differenciation ol 362
matrix clomnent dilfercalislion of, 357
of 1 matrix prodiel, 58
of o parlibioned watrix, 290
af an inverse, 58
ol o comples madeix, 1H, 81, 3491
of a matrix difference. 230
of an exponential funcion, 423

deie matrix See Persymmetric



ol arank 1 malrix, 312

o awaleix s, 2730

partitioped nalrix, 312

product of eigenvalues, 93

rawe-block pransformations and, B8

sealar diferentiation of, 353

second-order derivative of, 379 350

Sylvesler’s ideniity for, 63

ver dilferentiation of, 358

veclor clernent dilferendialion of, 3h4
Divgonal product. of a matrix, 216
Diogonlizable mabrix

delinition, 326

cxponendial Tunction of, 424

Jacobian for, 413

Moore Penrose inverse of, 327

simultanaous reduction of several, 347

spactral decomposition of, 327

unitarily, Kt

wenlk luverse of, 133
Drizymorially dominane malrix, 162

wlon positive delingle, 226
Thtforentiation with respect to o scalar, 352
Dhrmension, 11
Threct prodoct—>5Sce Kronecker produel, 234
Direct sum of matrices

and Krouccker prodoct, 235

definicion, 234
Lrreot swn of veelor submspaces

vl nabrix index, 51

definitiong, 10
Thscrivuineat analysis, 189
rirmigart courdinales, 482
Jisjoint sets, 10
Hajoind vieector subspaces, 10
Dissimilarity matrix, 4584
Distance boetween veclors,
Dominand cipenvalue, 91
Doaninanl cipenvector, 92
Dontly-centered data, 24
Donbly non-oegalive matris, 223
Doubly stochustie malrix

delinition, 216

wajorization and, 508

weak inajorization and, b
Dby subsiochastic matrix, 218
o]y symmetric matrix, 159
Drazin inverse, 110, 381
Tmal space, 15
Dplication wastrix

definition, 246

Muove—Penrose fnverse of, 244

s

E

Frhelon form
definition, 330
reduced, 331
Eipenvalue(s}
menotonicity of, 117
algebraic multiplicity, 92
ard eanonieal correlations, 483

INDEX 549

and Hagdamard product, 253

bowneds, B

bounds for complex malrices:, 98

bowmrds on differences, 97

bruneds wsing lraces, 06

classical sealing and, ART

compulbation of, 105

concavity of smallest, 118

comvesity of Lorgest, 118

delinition, 91

differential of, 37H

dominaul, 199

eigenspace of, 92, 103

ponoral propertios of, 93

geometric mnliiplicity of, 42

CrorSporin dise and, 99, 163

inegualities for matriz diference, 119

inceualitios for matrix sum, 114

inequalities for matrix prodoci, 119

Lrgesi, 110

majorization and, 509, 314

matrix glement differentiation of, 3558

alliple, 52

of a product, 107

ol an exponential hoetion, 123

of a Kronecker product, 236

of 1 matrix fuoction, 103

of & Wishart matriz, 4G5

partitioned rmakrix aod, 300

principal commponenls aud, 479

procuct of, 115

guadratic bound on sum, 99

semisimple, 92, 419

sirnple, 92

specirum, 92

s of squarcd moduli for, 51

veclor element dilferentialion of, 354

weak majorization and, 5140
Eipenveclor(s)

differential of, 375

for disiloel vigenvalues, 103

left, 92

left oo righl, 103

malrix element, differentiation of, 358

of Kronecker product, 236

right, 92

vixctor clement differentiation of, 354
Elementary syrmetric functions, 42, 390
Elementary translormalion, 329
Elimination matrix, 250
Ellipsoid

definition, 31

incoualitios from, 272

principal components and, 479

standard fon lor, 31

volumne of, 32
Elliptically contoured distribalion—>See

Multivariaie clliptical distribution, 458

FEquivalence relation, 330
luclidean matrix, 486
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Buclidean raabrix norm- See Frobenius norm,

T2
Futer Fouation, 123
Exterior product of differentials, 386

F

I'actor analysis. 480
Field of values  See Numerical vange, 30
Iinile homogeneons Markov chain, 213
I'inite projective geometry, §
Forward shift matrix, 158
Forward substitution, 337
Fonrier matrix, 151, 154
and discrete Fourier transforo, 185
definition, 181
Froboenius ineguality lor ranks, 38
Frobwuins norm, 15
and Eckart-Young theoremn, 523
and Litwner orderiog, 228
and matnx modulus, 197
and principal components, 480
definition, 68, 71
inecgualily for malrix suon, 230
1malrix spproxination, 524
procrusles analysis and, 488
seunple priocipal components and, 481
nnitarily wvarlaol, 74
Full-rank faclorizalion, 20, 333
definition, 36
fromn singular vatue decomposition, 36, 336
bMoore Penrose inverse of, 141
of non-negative definite matrix, 221
reflexive g-inverse and, 134
Fall column rank, 37-39, 53
definition. 35
Fall row rank, 37 39, 53
definition, 35

G

Galois field, 8
Gaugs transformation, 337
Guussian elimination, 281, 337
Gaussian orthogonal ensemble, 4493
Gaussian symplectic ensemble, 4493
Gaussian unitary ensembles, 493
Cieneral square root, 74, 266
Clemeralized eigenvalues, 115

definition, 106

distribution ol, 469
Generalized lnverse- See Weak inverse, 125
Creneralized livast squares

delinition, 453

clliciency and, 453
Creperalized malrix norm, 1

AL Noreariant, 7Y

definition, 68

indluced. G5

arthogonally invariant, 74

wuntitarily invariant, 73
Generalized guadratic, 462

and independence, 464

expectation of, 464
large sample theory and, 463
positive definite, 4584
Generalized Schur complement,
and rank additivity, 47
determinant and, 241
maximal and minimal ranks, 50
non-negative matrix, 291
Generalized vec-permutation matrix, 245
Cenarating set, 11
CGeometric mean inaquality, 270
Crivens transformation, 150
Clobhal optimization, 57
Crram—Schmidt orthogonalization, 16
algorithm for—017 Gram—Schinidt
orthogonalization
withoul square roots, 17
Gram matrix
definition, 223
when positive definite, 225
Crroup inverse
and Markovian kernel, 212
delinition, 126, 145

H

Hilder’s inequality
for matrices, 268
for vectors, 267
Hadamard inequalities fonr determinants, 273
Hadwinard malrix
dedfinition, 164
serminormalized, 164
Hadamard produci
bounds for deternminand of, 253
bounds on cigenvalucs, 253
Cauchy—Schwarz ineqguality for, 266
definition, 251
differential of, 372
of Hermitian matrices, 252
of Hermitian non-negative delinite malrices,
352
of positive definite matrices, 253
of two completely positive matnces, 224
random quadratic from, 443
rank of, 252
subrnalrix of Kronecker product, 252
Lranspose ol 252
vector differentialion of, 364
weak majorization and, 510
with correlation matrix, 253
Hamiltonian matrix, 89
Hankel matrix, 161
Helmert matrix, 149
Hermite canonical form, 433
Hermite form, 342
Hermitian congrience
definition, 330
Hermitian mutrix
definition, 80
erenvalues and eigenvectors, 104
equivalent conditions, 82



inertia of, 344
signature of, 344
gprotoal Lheorem, 342
Hermilian uon-negative definite matrix
and semi-inoer product, 14
delnition, 219
elgeuvalues, 220
full-rank [nclorizalion, 221
Cirin nadrix, 223
noo-negalive definite square root, 221
pair ol, 230
permancol of, 64
principal mivors, 220
weak inverse of, 127
llermitian positive definite matrix
and Canchy Schwarz inequality, 262
and diagonally dominant, 226
and inner product, 14, 21
condition number for, 96
delinition, 219
cigenvalues of, 225
positive definite sqnare root of, 225
positive stable, 190
principal minors of, 223
Hessenberg matrix, 179
Hessian, 378
Hilhert matrix, 226
Hilbert space, 13
Hotalling's distribution, 468
Householder malrix, 82, 149
Hyperholoid, 31
Hyperplans
distance from, 31
equation of, 31

1

Tdempotent makrix, 9

algebraic properties, 166

and weak inverse, 126

definition, 166

differential of, 375

geommelrical properties, 20

Hermitian, 113

i diagonalizable, 326

Jordan canonical forin of, 166

Moore Penrose inverse of, 166

procdoet, 175

rank of matrix difference, 43

role in qadralic subspaces, 9

svoanetric, 167-168

vector element dilferentiation of, 455
Impriutitive matrix, 204
Tocidenee maleix, 156
ludicalor matrx, 177, 187
Incqualities lor expectations, 502
Lnertia, 99

delinition, 144

Svlvester’s law of, 345
Information inequalitics, 276
Inner product space

Cuclidean space, 13

INDLX

unitary space, 13
Inner product
definition, 13
limiling sequence of, 67
Interchanges in design models, 315
Interlacing theorem
for cigenvalues, 112
for singular values, 112
Intersection
of voctor subspaces, 10
Inverse matrix
definition, 53
matrix clement differentiation of, 356G
scalar differentiation of, 352
vector element, diffeventiation of, 354

551

Lnverse of partitioned matrix  See Partitioned

matrix, 292
Involutionary matrix, 175
Heugholder, 82
Lereducible matrix, 177
Irreducible non-negative matrix
apeciodic (acyclic), 2003
delinition, 202
periodic (eyclic], 203
perindicity of, 207
Merron Frobenius cigenvaluc, 204
Isominrphic vector spaces, 12
Tsomorphism, 12

between real and complex malrices, 80

J

Jacobian, 383
and Caley transformation, 411
and exterior product, 3806
and pusitive definite matrix, 411
chain rule, 386
dehAnition, 383
for padr ol malrices, 414
lor patterned matrix, 388
for polar coordinates, 391
[or symmetric functions, 390
incluced functional equation and, 387
involving diagonal matrices. 407
method of differentialg, 385
of Cholesky decomposition, 405
of complex inverse, 393
of complex matrix product, 392
of diagonalizable malrix, 413
of Hermitlan inverse, 395
ot LI decomnposition, 407
ol malrix inverse, 385, 302
ol malrix power, 303
of malrix prodoct, 385, 392
ol nonlinear Lriangular prodoct, 401

ol orthogonal skew-symmetric product, 103

ol skew-llermitian inversae, 3498
of skew-Hermitian product, 397
of skew-symmetric differcnce, 106
of skew-symemetric inverse, 398
of shew-syirmelric power, 398

ol show-symmelrie product, 397
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ol symmelric inverse, 394
ol synunelric malrix power, 396
ol sypunelrc product, 394

of symunetric surn of triangular mwatrices, 404

ol transpose, 388

ol trinngular lnverse, 401

ol Lriangular eakrix product, 399
Jordan block, 188
Jordan block malrix, 322
Jordan canonical form, 325

of an idempeotent matrix, 166G

K

Kantorovich inequality
for a positive definite matrix, 264
for real vectors, 260
Kernel  See Null space, 18
Kolmaogorov inequalities, 500
Kronacker power, A48
Kronecker product.
and diffusion madel, 212
and distributive rales, 237
and singnlar value decomposition, 235
complex conjugate of, 234
conjugate transposc of, 234
definition, 231
determinant of, 235
difforential of, 372
sigenvalues and cigenvectors of, 236
lrobeniug norm of, 235
inverse of, 245
Maoore Penrose inverse of, 235
ol diagnnal matrices, 236
of Haclamard matrices, 165
of Hermitian matrices, 236
of lempotent matrices, 2306
ol non-negative definite matrices, 236
of normal matrices, 87
of arthogonal projection waloices, 169
of two completely positive malrices, 224
of nnitary matrices, 236
product rule for, 238
rank of, 233
sealar dilforemiation of, 352
sum of matrices, 174
trace of, b, 235
transpose of, 234
vootur dilferenliation of, 364
woeak inverse of, 234
Kronecker siom, 284
Krylov matrix, 187
and triangnlar reduction, 343

L

L-strocture

definition, 388

second-order derivalive and, 380
Lowner ardering of matrices

deliuition, 219

properties of difference, 227
Nagrange's roduction, 343

Lagrange identily, 277
Lagrange interpalation palynomial, 183
Lagrange inalliplicrs, 316
Lanceos vectors, 343
Latent rools—Sec Bigenvalue{s), 91
Latlice of vector subspaces, 10
L faclorization
definition, 336
Least. sguares {gis) mverse, 136, 146
Least. squares eslimation, 448, 520
with constraints, 450

Least squares reflexive (gizg) inverse, 137, 146

Left inverse, 36, 39
definition, 53
Length of a vector, 13
Leslie matrix
and diffusion model, 211
definition, 21
Linear equation
and Wronecker product, 282
and Kronecker sum, 284
and LU factorization, 251
consistent, 273, 283
gencral solution of, 283, 280
hotogencons, 281
risbricted, 282
singular value decomposition and, 3581
two equations, 285-286
two matrix wnknowns, 285286
unkoown malrix, 282
unkoown vector, 279
Linear functional, 15
Linear independence, 11
Linear model
weakly singular, 456
Linear regrossion
cactlicient of determination, 453
estimable function, 449
CGauss—Markov theorem, 418
general model, 447
Lt ruatrix and, 4458
hyprothesis Lesting, 451
maximum Jikelihond estimation, 449
mwultiple correlation and, 452
normal equalions, 448
residunt sum ol squares, 448
residual vector, 4148
Lestable hypothesis, 449
with singular variance matrix, 454
Linear stationary iteration, 382
Local optimization, 515
Lower-triangular nratcix
eliminalion matrix for, 230
LTI faciorizaiion, 178
and a linear equation, 284
delinition, 336
Jacobian of, 407
Lyspunov’s equation, 180, 284

[

M-matrix, 191



Mahalanobis angle, 26
Mahalanobis distance
definition, 26
satuple, 463
Majorizalion
and permutations, 508
definition, M7
doubly stechastic matrix and, 308
elprenvalues and, G049, 514
cxpuctations and, 513
arthostochastic matrix and, 508
probabilities and, 513
singular values and, 514
Maple, 53
Mathematica, 53
Matlal, b3
Matrix-variate distribution
brta, 490
Dirichlet, 491
alliptical, 490
gamma, 490
nocmal, 490
Wishaort, 490
Matrix approximation, 524
Matrix bounds
wsing Ldwner ordering, 1168
Matrix cancellation roles, 39, 144
Matrix differcnce
sigenvalue lnequalitics lor, 119
Matrix differential equation, 377
Matrix dillerential
definition, 372
pertuchation wethod asing, 376
transformation rale, 374
Matrix element,
matrix differenliation of, 369
Matrix exponential
and stable matrix, 189
definition, 423
scalar differentiation of, 303
Matrix function, 422
matrix differentiation of, 371
Malrix game, 18D
Malrix wdex, b1, 188
Matrix liznit
definition, 417
Matrix norm
and spectral radins, 69-70
clelintiion, H9
induced, 70
wininal, 71
ol noltary malris, 71
Matrix product
inverse of, 51
adjoint of, 60
conjugate transpose of, 514
cigenvalue inequalities for, 11%
matrix clowent differentiation of, 356
trace ineguality for singular values, 12t
von Noumann trace inequalities for, 120
Matrix seguence

INDEX, 553

convergence ol, 418
Matrix series
convergenca of, 421
Malrix sum
determinant inequality for, 273
eigenvalune inequalities for, 116
Ivobenius norm inequality for, 263
singular value inequalities for, 118
Woyl's theorem, 117
Maximal and minima! ranks, 19
Maximum likelihood estimation, 51%
Metric space
Cauchy sequence, 26
complele, 27
definition, 26
Metric
Canlerra, 26
dehnition, 25
Muhalanobis distanee, 26
Minkowski, 26
Minimum norm {gre} inverse, 134, 146
Miniruum norm rellexive {g124) inverse, 139,
148
Minkowski's lnequality
for matrices, 269
for vectors, 268
Minwr, 1
leading, 1
principal, 1
B L-maleix, 191, 208
Model malnx, 474
Modulus
of a matrix, 197
of complex scalar, 79
Monolonie (unctions, 511
Moore—Peurose inverse, 39, 113, 126
and canceliation rule, 40
and orthogonal projection matrices, 24
and quadralic subspaces, 9
and a raondow guadratic, 440
definition, 126, 137
differantial of, 37h
from QR decomposition, 341 342
lunit of a sequence, 140
ol & duplication matrix, 248
of a Kronccker product, 335
of a non-negative definite matrix, 141
of a partitioned matrix, 304
ol a patlerned matrix, 321
ol & malrix produat, 143
of & reeular circoland, 152, 154
of a matrix sum, 143
of a symmettic circulant, 157
of a symmetric idempotent matrix, 140
ol a symmetric matrix, (39
ol an ideupotent, matrix, 166
orthogonal projection and, 22
rank of, 138
reprasentation of, 146
imigueness of, 138
vector elemeant differentiation of, 351
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Multinomial distribuiion
invarse of variance matrix, 311
Moore Penrose inverse of variance matrx,
321
Multiple correlation coefficient,
population, 430
sample, 433
Multivariate t-distribution, 457
Multivariahe Canchy distribution, 457
Multivariale Dirichlet distributions, 460
Multivariate elliptical distribution, 458
hMultivariale insqualities, H2
tudistribution and, LG
ronvex subsets and, 502
correlated F-ratios and, H06
for associatad random variables, 505
normal distribution and, 503
Multivariate lincar model
definition, 474
estimability, 475
Gauss _Markov theorem, 475
genevalized hypothesis, 477
hypolhesis testing, 477
least squares estimation, 474
maximinm likelihood estimation, 476
Muliivariate normal distribution, 436
complex, 445
delinition, 435
moments of, 437
Multivariate spherical distribution, 459

N

n-luple space, 11

Mewton's identities, 93

Nilpotent matrix, 188
index of nilpotency, 188

Nan-negative definite matrix, 39
and Canchy Schwarz inequality, 258
and matrix norm, 71
generalized Schur complement, 201
ruonotonicity of sigenvalues, 117
Maoore Penrose inverse of, 141
Lrace of, 56

Mo negative matrix, 195
aperiadic {acyclic) indices, 201
commnnicating indices, 301
definition, 195
dominant eigenvalue of, 199
cascotial indices, 201
incidence malrix for, 187
inessential indices, 201
irreducible, 202
ileralive scaling algorithm, 196
pair with same pattern, 196
periodic {eyclie) indices, 201
permanent of, 64, 196
Perran Frobenins theorem for, 189
Perron ront, B8
self-communicating classes, 201
transition stales, 201

Nonceutral F-distribution, 3

and Hotelling's distribution, 468
Noncentral chi-square distribution
definition, 2
noncentrality parameter, 2
Nonsingnlar matrix, 35, 53
Norm
Furclidean, 14
Frobenins, 15
induced by inner product, 13, G6
aptimization of, K22
parallelogram law and, 66
MNormal matrix, Bi
and Moore Penrose inverse, 140
and regular cirenlant, 153
definition, 86
dingonal reduction of, 343
tridiagonal reduction of, 343
MNull space, 18
orthogonal complement of, 19
orthogonal projection onto, 23
Nullity, 36
definition, 35
Syvlvester's law of, 38
Numerical radins, 102
Numerical range, 30

8]

Oblique projection matrix, 126
One-sample vector theory - See Random
veclor sample, 470
Open sphere, 28
Operator trigonometry, 122
Optimal desigos, 5328
Ordinary least squares estimate
and weak inverse, 130
relative efficiency of, 263
Orthogonal decomposition
and least squares, 448
Orthogonal matrix
delinition, 80, 147
determinant, 148
dillerential of, 375
eigenvalues, 148
reflection in a plane, 14%
rotation in the plane, 149
tridiagonat reduetion, 344
Orthogonal projection matrix, 21
and Moore—Penrose inverse, 130
and weak inverse, 130
diference of Lwo, 23-24
for & partitioned matrix, 23
for interseclion of subspaces, 24
Hermitian, 21 22
product of two, 23
su al lwo, 24
Orthogonal projection
dedinition, 21
Orihogonal projector See Orthogonal
projection matrix, 21
Orthogonal
complement., 16-17, 21



decomposition, 17, 19
mutualty, 16
vectors, 6
Orthonormal hasis
and Bessel's inequality, 18
definition, 16
existence of, 17
orthogonal projection and, 22
Parseval’'s tdentity amd, 17
Orthostochastic matrix, 218
majorization aud, S08

o

P-matriz, 191

Parallel sum, 132

Parseval’s identity, 17

Partial correlation coefficient,
population, 431
sample, 433

Partitionad matrix
adjoint of, 297
and Krouocker product, 235
amed Schur complement, 289
determinaut of, 312
determinant of a, 266
clpenvalues of, 93, 300
from o perturbation, 312
tuverse of, 202
Moore—Ponrose iuverse of, 304
non-negative definite, 298
crthogonal projection and submatrix, 23
orthogoual projection onto, 23
positive definite, 298
power of block upper-triangular, 295
rank of, 38, A10-11, 4718
rank of cobunn partilion, 46
rank of row partition, 46
repealed clements or blocks, 316
singular values, 101
woeak Lnverse of, 302

FPallerned matrix
correlation makrix, 430
inverse of, 308
Jacobian of, 358
Muoore Penrose inverse of, 321
Sherman Weorrison Woodbwry formala, 309
Sherman Weorrison formnla, 309
some wdentitios, 307
weak inverse of, 320

Pauli matrices, $7

Puyofl matrix, 185

Peraanent
definition, 63
non-negalive matrix, (G4
of douhly stochastic matrix, 217
of non-negative ratrix, 196

Permutation matrix
and diagonal dominance, 163
and Fourier malrix, 185
and reducible periodic matrix, 207
and Kronecker product, 235

INDEX h5h5

and L1] factorization, 337
and non-negative matrix, 2062
and QR decomposition, 341
ard reducible non-nepative matrix, 202
backward identity, 324
commutation matrix, 242
definition, 151
lorward shilt, 151-152, 161, 177
is denbly stochastic, 217
i*-matrix and, 191
primary, L3l
related to permancnts, 64
Permutation sirmilar, 151, 177, 324
Perron’s theorem
for positive matrices, 200
Perron-Frobenius elgenvalue and elpenveclors,
204
Perron-Frobenius theorem
for irreducible matrices, 204
for non-negative matrices, 194
Perron matrixz, 208
Persy el malnx, 159
Periurbalion of & malrix, 312
Terturbations for elgenvalues, 100
Pfaffian, 85
Poincard's theorems, 113
Puolar decomnpsition, 348
Polynoraial
annihilating, Wi
minimal, 93
mionic, 93
Polynomially positive matrix, 200
Positive definite matrix
aud Cauchy—Schwarz inequalily, 258
and inoer product, 22
and trace, Hf
condition nmmtber, 78
definition, 220
inner producl and, 14
Mabalanobis distance and, 26
with probability one, 480
Positive matrix, 195
Perron’s Chearem, 200
Positive stable matrix, 189
and Schwartz matrix, 181
Power-positive matrix, 204
Primitive matrix
delinitiou, 203
index ol primilivity, 203
lirnit theorem, 203
Principal components
contingency table and, 482
population, 478
sanuple, 4580
Principal coordinate analysis—See Classical
scaling, 487
Principal minor
complementary, 61
Probability inequalities
Bonferroni, 447
for quadratics, K
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Lunter—Worsley, 496

Kaonanias, 490
I'vpernstes analysis, A8
I'vofile analyvsis, 473
I'rojection matrix, 200
T'rojector, 20
Paendninverse

Q

QR decormposition
and Maoore—FPenrose inverse, 341-342
ard weak lwverse, 311
definivion, 310
Chraddratic identitios, 277
Chnadratic in o random vector—See Rasdom
gpaadratic, 434
Chidratic subspoce, 9
Chadralic
aned chlipsowd, 31
oplimization of, 525
Cuandrics, 32
Cuasi-inner prodduct
13
Quasilincarizalion
inequalities nRing, 271
CQualeruion malrix
delinition, 88
sell-dual, 88
Qualernion
comples conjugale, 85
crnjugale, 58
dedinition, 87
Ihermitian, B8

See Weak inverse, 125

See Semi-inner prodeet,

definition. 35
of matrix difference, 44
of matrix product, 37
of matriz s, 40
rows,
B Khatrl product, 255
Rectangular incopalitios, 273
Eoduced cehelon form, 331
Boeducible maleix, 177
Boeduction to disgonal form, 333
Feflexive {gra} inverse, 127, 134, 146
Regression messures of relalive elliciency, 263
Repression wodels, 446
LLopression perturbation
change o row or colun, 314
Baogular cirenland
basic malrix, 133, 161
delinition, 152
cigenvalues and eigenvectors, 153
Moore Penroge inverse of, 154
nensingular, 163
representar of, 152
symmetrie, 130
Representatinn See Quasilinearization, 271
Right inverse, 36, 39
definition, bi
|fipw - cemtered data, 24
I space, 18
Torwe or column or element. perturbation, 313

R

Jandom gnadratic
andd chi-square distribmtion, 441 442
and independence, 442
and singular normal distribation, 4440
covariance of two, 434
Hadamard prodnet and, 443
in normal variables, 438
independence of soveral, 444
mean of, 131
prohability tneogualicies, 500
recuction of, 434
variance of, 134
Handom vector sareple
asymptonic theory and, 472
Hotelling's distribulion and, 472
bivpolhesis Lesting, 472
romenls, 470
Range space  See Colnmn space, 18
Rank | perturbation, 312
Rank additivity, 11
Rank of partitioned matriz—=3see Partitioned
matrix, 37
Rank
additivity, 41-42
and Cauchy Schwarz inequality, 254
column, 35

5

Saddle point, 315
Sanple mean veclor
welid or subtract an observalion, 313
Bample varlanee plalrix
aclid o1 subtracl an obsgervalion, 313
Sealar differcntial
tramslormaltion rule, 372
Sealur lunction
matrix dilferendiotion of, 385
vector dillercotialion of, 358
Sealing probleo:, 196
Behur complement,, 259
and subpartition, 200
delerminant of, 290
merlia and, 290 291
inverse of, 2490
non-negative definite, 2490
nuliity of, 292
of surn, 2491
positive definite, 260
rank of, 2090
Schur convexily
definitions, 511
Schiur decomposition, LG
Schur decomposition theorems, 337
Schur product  See Hadamard product, 251
Schwarly matrix, (81
Schwarz inequality
for inner product, 14
Boecond-order derivatives, 378



Second-arder differential
identification rales, 37%
Semi-iuper product, 1.3 14
Serndnorm, 13
Famisimple clgenvalue, 119
Sensitivity analysis in togression, 376
Separation Lhegrems
lor eigenvalues, T
Qet(s]
aceurmnlation point, 28
boundary point, 28
bonnded, 28
closed, 29
closnre, 28

compach, 28
convex hll, 29
disjoinl, 10
exterior point, 28
extrame point, 25-29
inner point, 28
Lulerior point, 28
interscotion of, 7
limit point, 28
open, 28

apan o 11

awmn of, 7

Sherman Morrisou-Woodbury lunnuls, 309

Shernan Morvison formmnta, 308
Shorted madris, 456
Signature, 314
Similarity
cefinition, 223
SET roladion, 330
Sinultaneonus dinpooal reductions, 340

Simultanaous singular value decompositions,

344

Simultanenus upper-triangutar redoctions, 316

Sinpular maokrix, 33

Singnlar value decompeosition, 334
and Kronecker product, 235
and linear equation, 281
and matrvix difference, 119
and sumuple priveipal components, 481
anel trace, 56
and unitarily ivarianl novm, 74
and weak inverse, 126
definiiion, 334
dingonal reduction and, 333
Fekart-Younp theorem, 522
Nill-rank factorization. 336
Moore *enrose inverse and, 137
oplimizing trace, 520
pular decomposition and, 348
procrusles analysis and, 488
strnndtancons, 13, 346
thin version of, 335

Singular value{s}, 336
and gauge Mnction, 75
andd guadralic ratio, 111
delinition, 1, 435
inegualities for matrix difference, 119

INDEX,

inequalities for matrix prodoct, 120
neqgualities for malriz som, IR
naximn, B8, 70
min max theorem, 109
of Hadamard prodoet, 253
of Kronecker praduct, 235
weak wagorizalion and, 510, 514
Hingnular vectors
definition, 335
Skew-1lermitian matrix
dolinition, 80
function of nnitary mwalrix, 53
Skew-syrmmetric matrix
delinition, 35
exponentiol Tunclion of, 423
piaffian of, 85
tridiagomal rednction, 344
Span a vector space, 11
Span of a set, 11, 103
Speclal decom position, 327
Spoclral decomposilion
of a regular cireulans, 154
of a symmetric matrix, 342
diagonalizable matrix and, 327
of an arbitrary maetrix, 327
Spectral norm
induced generalived, 68, 74
makrix, 71
Spoctral radius, 71, 164, 197
andd numerical radius, 102
bounded by matrix norm, (49 70
delinition, 92
linear stationary iteralion and, 352
Spectrum  See eigenvalue(s), 92
Square bracket multiplication, 191
SRI relation, 330
Stable matrix, 189
Star operator, 231
Sralinnary distributlion  Sec Transition
marrix, 212
Stalionary Markov chain, 212
Stalionary point, 3%
Stochastic mmalrix
and Markovian kerncl, 212
canonical form, 214
countably infinite, 2t5
dolinilion, 212
erpadic property, 212
infinite irrerducible, 215
regular, 214
Striclly upper-briangular matriz, 325
Sturmian separation theorem, 112
Subrualrin
definition, 1
leading principal. 1
principal, 1
proper, |
S of malrices
and Kronecker products, 174
and non-nepalive definite malrix, 172
Jochran’s theorcm, 170

557
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each non-negalive definite, 173
cach nonsymmetric apd idempotent, 171
vach rectangular, 172
each symmetric and idempotent, 170, 173
cach tnipoteul, 176
Bum
ol vector subspaces, 10
Syrmumnetric circulant
detinition, 156
Moore Penrose inverse of, 157
Symmetric function, 511
Symmetric gange function
definition, 7H
nnitarily invariant matrix norm and, 75
Symmetric idempotent matrix
aned Moore Penrose inverse, 139
least. sqnares estimation and, 448
noncentral Wishart and, 467
syretrizer matrix, 247
Symmelric matrix
definilion, 80
expressed as snm of idempotents, 173
general propertics, 104
Moore Penrose inverse of, 139
spactral theorem for, 342
trace of Moore -Penrose inverse, 139
Symumetrizer matrix
definition, 247
propertics of, 218

T

T-trapslori, H09
Three-dimensional array, 194
Toeplite malrix, 158
toidiagonal, 1RO
Trace
and Cauchy Schwarz inequality, 259
and matrix inner product, 15
definition, H4
differential of, 373
ineguality, 274
matrix differentiation of, 366
maximum, 13
modulus Bound for, 101
of malrix product, 55, 107, 230
second-ovder derivative of, 379
sum of eigenvalues, 95
ver differentiation of, 359
von Neumnanno inequalily for matrix product,
120
Trajectury mstrix, 162
Transformalion rule, 372 374
Transformation rules, 370
Transiblon matrix
associated stationary distribution, 212
definition, 212
Triangle inequality, 275
Triangular matrix, 178
block form, 174
lower-triangular, 178
reduction to, 343

nnit trigngular, 178

upper-triangular, 178
Tridiagonal matrix, 1580

QR decomposition for, 342
"Iridiagonal veduction

of normal matrix, 343

of orthogemal matrix, 344

of real skew-symmetric matrix, 444
Tripotent matrix

anl chi-sguare distribution, 412

definition, 175
Twirsarmnple voctor theory, 473, 475

U

Ultrarmetrie, 26

Unipotent malrizc
delinition, 188

Unilarily invariaot norms
and Cawchy—Schwarz inegualily, 266
generalized matrix, 73
makrix, 74
sull-adjuint, 76
vector, 63

Upilary ratrix
definition, 80, 147
eigenvalues, 148
matrix norm of, 71
symmetric, 148

Lypper-triangilar Block matrix
reduction to, 338

Lpper-iriangnlar matrix
reduction to, 337
simultanenus reduction to, 346
strictly, 325

Ipper Hesscnberg matrix
reduction to, 349

v

fandermonde malrix, 183
and diaponalizable matrix, 328
Varlance—covariance makrix- See Variance
malrix, 427
Vurianee matrix
definition, 427
sarmple, 463
Variational characterisijos
Coursant—Fisclier min-max theorem, 108
Haleigh -Ritz ratico, 108
Vec-permutation matrix - Sec Commutation
matrix, 242
Voo function
vee differentiation of, 362
Voo matrix product
vee differenliation of, 362
Veo of inverse
vec differentiation of, 362
Voo operalor
definilion, 234
products and, 240
trace and, 2403
Voch ol madrix product



vech differentiation of, 363
Yech of WMoore Penrose inverse
vech differentiation of, 363

Veeh operator
deliniaon, 244
ol symmetric product, 248
Veclor difference equation, 381
Veolor cdifferential
transformation rule, 373
YVector function
vertor differcntislion of, 361
Wertor normn
fine normn, 66
Fp norm, 66
definition, 65
Faclidean Lo norm, 66
limiting sequence, 67
unitarily invariand, 63
all essentially cquivalent, G5
Vertor sermanorin, G6
definition, 65
Vertor space
definition, 7
Vector subspace(s)
basis tor, 11
definition, 8
dimension of, 11
direct sma of, 10
digjoint, 10
intersection of, 10
somorphic, 12
lattice of, 10
arthogonal complemend, 16
sum of, 11
Voluime of parallelotope, 33

W
Watson efficiency, 453, 456

INGEX

Weak inverse, 125
and Hermite form, 128
and invariance of product, 130
conjugate transpose of, 127
definition, 125
existence, 126
from QR decomposition, 341
of Kronecker product, 234
of partitionad matrix, 302
of sum, 132
of symmetric matrix, 132
patterned matrix, 320
rank nf, 127
representation of, 127, 146
transpose of, 126

veclor element differentiation of, 3541

Woank wajorizalion
and cigenvalues, 510
definitions, 509
doubly stochastic matriz and, 5140
singular values and, 510
Weightod inner producl space, 22
Weighted mean inequality, 270
Weirstrass’s theorom, 30
Weyl's theorem, 117
Wishart distribution
complex, 469
definition, 465
density function of, 490
cipenvalues of matrix, 468
indepeadence and, 468
inveried, 465
poncenlral, 465
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Z

Z-madrix, 191
ZLoro—one malrix, 180






