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DELTA-FUNCTIONS AND
DISTRIBUTIONS

The delta-function and its derivatives are frequently encountered in the
technical literature. The function was first conceived as a tool which, if
properly handled, could lead to useful results in a particularly concise way. Its
popularity is now justified by solid mathematical arguments, developed over
the years by authors such as Sobolev, Bochner, Mikusinski, and Schwartz. In
the following pages we give the essentials of the Schwartz approach (distribu-
tion theory). The level of treatment is purely utilitarian. Rigorous exposés,
together with descriptions of the historical evolution of the theory, may be
found in the numerous texts quoted in the bibliography.

1.1 The §-function

The idea of the 8-function is quite old, and dates back at least to the times of
Kirchhoff and Heaviside (van der Pol et al. 1951). In the early days of quantum
mechanics, Dirac put the accent on the following properties of the function:

J S(x)dx =1, d(x)=0 for x #0. (1.1
The notation 8(x) was inspired by 8;, the Kronecker delta, equal to 0 for
i # k,and to 1 for i = k. Clearly, 8(x) must be ‘infinite’ at x = 0 if the integral
in (1.1) is to be unity. Dirac recognized from the start that 8(x) was not
a function of x in the usual mathematical sense, but something more general
which he called an ‘improper’ function. Its use, therefore, had to be confined
to certain simple expressions, and subjected to careful codification. One of the
expressions put forward by Dirac was the ‘sifting’ property

r F)8(x)dx = f(0). (1.2)

This relationship can serve to define the delta function, not by its value at
each point of the x axis, but by the ensemble of its scalar products with
suitably chosen ‘test’ functions f{(x).

It is clear that the infinitely-peaked delta function can be interpreted
intuitively as a strongly concentrated forcing function. The function may
represent, for example, the force density produced by a unit force acting on
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a one-dimensional mechanical structure, e.g. a flexible string. This point of
view leads to the concept of 8(x) being the limit of a function which becomes
more and more concentrated in the vicinity of x = 0, whereas its integral from
— 00 to + oo remains equal to one. Some of the limit functions which
behave in that manner are shown in Fig. 1.1. The first one is the rectangular
pulse, which becomes ‘needle-like’ at high values of n (Fig. 1.1a). The other

ones are (de Jager 1969; Bass 1971)
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(shown in Fig. 1.1b), (1.3)
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Fig. 1.1. Functions which represent Dirac’s function in the limit n » oo,






