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Introduction and Tutorial

AS a result of the steadily increasing congestion in commu-
nication bands of the electromagnetic spectrum, efforts

are being made to utilize new ranges, particularly microwave
and optical frequencies, and to better exploit existing fre-
quency allocations. The latter tasks have led to improvements
in communication techniques (SSB modulation, multiplexing,
digital systems, spread spectrum application, etc.). Simultane-
ously, a perfection of frequency generators has been attempted
in transmitter exciters and local oscillators in receivers, in
most cases with the assistance of frequency synthesizers, that
is, devices changing a given standard frequency, f5, into the de-
sired output frequency, fx.

This approach is preferred to single-frequency oscillators
(Xtals) because of larger tuning ranges, better short- and long-
term stabilities (lower output noise), microprocessor-aided
tuning or programming, and many other advantages.

The present status of frequency synthesis techniques in the
whole range of the electromagnetic waves, from audio and RF
to the visible frequencies, is shown in Fig. 1-1. The lesson one
learns from Fig. 1-1 is that different approaches to frequency
synthesis exist depending on the desired output frequency.
Nevertheless, one basic principle is common to all systems.

THE BASIC PRINCIPLE OF FREQUENCY SYNTHESIS

As we have already mentioned, the task of frequency synthesis
is to generate an arbitrary frequency, fx, from a given reference
or standard frequency, fs, that is, to solve equation

where the factor ^ is the so-called normalized frequency.
The solution of eq. (1-1) is always based on algorithms for

step-by-step approximations of real numbers, as will be ex-
plained in Part XI of this book. In instances where the factor
%x is a rational number, that is, a ratio of two relatively prime
integers

f, = f tI-2]
the output frequency and the reference frequency will be in
harmonic relation. However, in a more general case, ^ can be-
long to a much broader set of real numbers, and in this case we
generally stop the approximation process as soon as the re-
mainder falls below a prescribed or acceptable value.

Practical realizations of different types of frequency synthe-
sizers are discussed in several books [1-1 through 1-6]. How-
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ever, direct digital frequency synthesizers (DDFS) were men-
tioned to some degree only by Gorski-Popiel [1-2] about 20
years ago and later by Rohde [1-5]. Otherwise the reader was
dependent on journal articles and corporate literature—Appli-
cation Notes and Technical Data such as [1-7].

Some of the most important papers about DDFS, published
mostly in the last ten years together with a few specially writ-
ten by the editor, are reprinted in this volume.

In this connection, we would like to mention an excellent
survey paper by Reinhardt et al. A major feature of that paper
is the bibliography that lists all important books and papers
published up to 1986 [1-8]. We would also like to mention
three Tutorials read by Reinhardt, McNab, and Gould at the
Frequency Control Symposia in the years 1991, 1992, and
1993 [1-9]. We also must mention two recent books, namely,
that by Crawford (1994) where again only one short chapter is
dedicated to DDFS [I-10]. A different situation obtains with
the Goldberg (1996) monograph [I-11] in which a long Chap-
ter 4 (DDS General Architecture) is dedicated to DDFS and is
based on many of the papers reprinted in the present volume.

One of the latest books [1-12] is an expanded version of [I-
5]; Chapter 3 of this work presents some introductory material
dealing with DDS. Appendix C, the Philips Fractional-N Syn-
thesizer # SA8025A, is reprinted from the company catalog.

To introduce the reader to the problem of frequency synthe-
sis with the emphasis on DDFS, Part I begins with a specially
written paper by the editor.
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Synthesis Techniques

VENCESLAV F. KROUPA

I. HISTORICAL INTRODUCTION

THE attempt to define particular events in the never-ceasing
flow of time is as old as humankind itself. Daily alterna-

tions of light and dark, seasonal weather variations, and the
like were among the first periodic occurrences met by men.
However, the introduction of the term frequency, that is, the in-
verse value of the duration of one period or cycle,

f = Y HI
* c

is rather recent.
On the contrary, the term angular velocity, connected with

the rotation of the Earth, wheels, and so on is much older. Nev-
ertheless, the physics of both phenomena are the same since
the parametric equations of uniform circular motion (cf. Fig. 1)
are given by

x = r * cos(&>0; y = r * sin(<yf) [2]

where r is the radius and the angular velocity a) is equal to

In
(0 = [3]

Phase Circle Output Wave form

Fig, 1. Uniform circular motion and its projection on the horizontal time

Evidently, devices for changing the angular velocity of the
driving engine into another velocity of the working wheels can
be considered as single-frequency mechanical synthesizers
resting on the same mathematical design principles. The past
and present situation of the mechanical and electronic synthe-
sizers is shown schematically in Fig. 2.

II. GEAR BOXES

A long time before the Industrial Revolution began, mechani-
cal engineers had to solve the problem of changing the input
angular velocity CD5 (i.e., some given input revolutions/second,
minute) into a desired output angular velocity cox, or in other
words, to solve the following basic equation

a>x=$x*a)s [4]

by taking into account several restrictions that will be dis-
cussed later. An example provides the gear ratio of the com-
pound train shown in Fig. 3.

The normalized output angular velocity, in accordance with
eq. (4), is

axis.
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Fig. 2. The past and present situations of the mechanical and electronic
synthesizers.
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Fig. 3. Compound gear train.

where tx through t6 are the number of teeth on individual
wheels. Factors in the numerator represent multiplication, and
those in the denominator represent dividers; cf. the equivalent
circuit in Fig. 4.

The difficulty with the solution of the gear box equation is
that only wheels with a limited number of teeth are used in
practice. Furthermore, experience has taught mechanical engi-
neers that a mere expansion of the ratio %x into a continued
fraction (first used by Huygens in the design of his planetarium
[1]) generally does not work; either the approximation error or
the number of teeth is too large.

Because of the lack of an appropriate theory, mechanical en-
gineers compiled tables [e.g., 2,3] that made it possible to
solve nearly all practical cases with sufficient accuracy.

In exceptional instances—for example, the gear-drive for
changing the solar time into the sidereal time—suitable prod-
uct approximations once laboriously found were published; for
example, see [4].

III. FREQUENCY SYNTHESIS

The aim of frequency synthesis is to generate an arbitrary fre-
quency, fx, from a given standard frequency, fs, that is, to solve
equation

in such a way that a practical device could be manufactured
accordingly; note the similarity with eq. (5).

Input

Fig. 5. Single-frequency synthesizer realized by a simple chain of one fre-
quency divider and one frequency multiplier.

The term frequency synthesis was coined in the early 1940s
when the first measuring generators were devised. The variable
output frequency of these measuring generators was always
harmonically related to a submultiple of the driving frequency
/ , [5,6].

A. Single-Frequency Synthesizers

1. In the simplest case t-x is a fraction formed by small, rel-
atively prime integers, that is,

*, = *i/r, m

and the synthesizer is reduced merely to a chain of one fre-
quency divider and one multiplier as illustrated in Fig. 5.

2. If X{ and Yx in eq. (7) are products of small prime num-
bers, that is,

[8]

the synthesizer may be realized by a chain of frequency multi-
pliers and dividers (see Fig. 6; note the similarity to Fig. 4).
Factorization of integers X{ and Y{ is performed either with
the assistance of tables [7] or by using a simple algorithm as
noted in Section C,

3. In instances where Xx but not the denominator Y{ is the
product of small and large prime numbers, we must start by
approximating t-x by a ratio xl/yl and then apply the approxi-
mation procedure to the relative residue X2/Y2, and so on.
Consequently, step-by-step approximations are necessary. The
process is simplified by the fact that basic algebraic operations
(i.e., additions, subtractions, multiplications and divisions) are
easily performed with frequencies, and we are in a position to
propose a suitable mathematical model [8] (the software solu-
tion). However, there are difficulties with hardware solutions,
namely, generation of spurious signals and often enhancement

t« t6

Fig. 4. Equivalent circuit of the compound gear train shown in Fig. 2.

. t l • t 3
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I I
Fig. 6. Block diagram of frequency synthesizers formed by a chain of sev-

eral frequency multipliers and dividers.

of the phase noise level. Practical realizations in different fre-
quency ranges of the electromagnetic spectrum bring about ad-
ditional limitations as discussed in recent books [9-14].

Often, for example, in atomic frequency standards, it hap-
pens that both the numerator and the denominator in eq. (7)
are large prime numbers. In this case, we are in the situation of
mechanical engineers, and we have to resort to approxima-
tions. However, in contrast to the limited number of teeth, the
division and multiplication factors can be much larger due to
the modern digital integrated circuits (ICs) [15],

B. Multiple-Output Frequency Synthesizers

1. Initially, "tunable" frequency synthesizers with many
output frequencies in a desired frequency range were required
in standard time and frequency laboratories for measurement
purposes. This was soon followed by adaptations for commu-
nications where applications as transmitter exciters and as lo-
cal oscillators in receivers were welcomed. For simplicity of
operation in these first devices, the variable output frequency
was set decimally. In some instances, the setting between the
smallest frequency steps was provided with an incoherent in-
terpolating oscillator. These first direct frequency synthesizers,
manufactured in the 1960s and early 1970s (e.g., Hewlett-
Packard type 5100) were bulky, but with rather good spectral
purity and phase stability (e.g., Fluke type 645).

2. Reduction of the weight and size was provided by the ap-
plication of phase-locked loops in frequency synthesizers.
With the assistance of semiconductor technology, a "cubic
inch" frequency synthesizer [16] was highlighted.

3. The most recent achievement in frequency synthesis de-
sign is the creation of direct digital frequency synthesizers
(DDS or DDFS). The size and weight of these synthesizers
were reduced to unprecedented values. The price paid for these
reductions is limited output spectral purity and rounded (ap-
proximated) output frequencies. All these problems will be dis-
cussed in detail later in this book.

C. Computation of the Prime Factors

Finding prime factors or the power of any integer number N
can be performed as follows: When N is an even number, we
divide it by 2 as many times until we arrive at its odd factor

Thereafter division by all odd numbers (3, 5, 7, . . . ) smaller
than SQR(N) is tested, and the respective powers are noted. In
this way, we perform the task of factoring any integer with the
assistance of a computer or even a pocket calculator in a rea-
sonable time.

IV. MATHEMATICAL BACKGROUND

In the early years, the trial-and-error method was the work-
horse for designers of frequency synthesizers. However, soon
the editor, in his book [9], showed that the actual frequency
synthesis process was nothing more than a step-by-step ap-
proximation of real numbers. Only the approximation process
in the physical world of frequency synthesis is subjected to
limitations caused by the required frequency range, the hard-
ware technology, desired spectral purity, switching speed, cost,
and so on.

We have investigated all important theorems for approxima-
tion of real numbers [17] and verified their advantages and dis-
advantages for applications in the frequency synthesis theory.

A. Approximation Theorems

1. Cantor series families
2. Lueroth series families
3. Cantor product expansions
4. Continued fraction approximations
5. Modulo-N approximations

1. Cantor Series Approximations. Before the widespread
use of digital circuits, Cantor series expansions provided the
general mathematical model, for both single and multiple-
output frequency synthesizers. In the following we will explain
their fundamentals.

For arbitrarily chosen integers y{, y2,... (equal or larger
than 2), we can approximate any real number §o with the assis-
tance of the algorithm

JC. = integer^, (i = 0, 1,2,. . .)

[9]
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into the so-called Cantor series

t = J C + V* ff [10]

with the approximation error

R t » \ [H]
y\yi---yn

In instances where all divisors y. are the same, that is,

y, = 8 [12]

the Cantor series is changed into the so-called g-dic or system-
atic fraction

Earlier "tunable" frequency synthesizers were based mainly on
decimal fractions (i.e., on systematic fractions with the base
g = 10). However, effective suppression of spurious signals
generated by the mixing process required some modifications:
namely, each x. in the above equation is increased by the same
large amount xio. These additive parts form a geometric series
the sum of which is subtracted in the output stage. The mathe-
matical model is discussed in detail in [9].

Direct digital frequency synthesizers, however, are based on
systematic fractions with the base g = 2. Since the useful nor-
malized frequency is always ^ < 0.5, in this case we have the
following mathematical model:

«.-?+2+a+- [i4!

where ax is equal to 0 and the other a. either to 1 or 0. The ap-
proximation error cannot exceed

Rn < l [15]

Later we will see that in contrast to other approximation theo-
rems, the convergence of the above series is rather slow.

B. Quasiperiodic Omission of Pulses

All direct digital frequency synthesizers are based on the
process of changing the input clock rate frequency into the de-
sired output frequency and waveform. The major difficulty
with these systems is generation of spurious signals, often
large ones. We can cope with this problem, from a mathemati-
cal point of view, by using approximation theorems that make
possible quasiperiodic omission of pulses [18,19]. This condi-
tion is met with the modified Engel series (belonging to the
Lueroth series family), with the continued fraction approxima-
tions for single-frequency DDFS, and with Modulo-N approxi-
mations for multiple-output frequency DDFS. Here we briefly
summarize the respective theories.

1. Continued Fraction Approximations. As we have al-
ready mentioned, this was the first theorem used in "frequency

synthesis." The advantage of this theorem is that it provides
the best approximations of real number, i.e., with fractions
with the smallest integers in numerators and denominators for
a given approximation error. That is,

where the approximation error or remainder is

Continued fraction expansion is based on Euclides' theorem,
discussed in depth in Part II [15]. The uniqueness of the con-
tinued fraction expansions limits applications. See the block
diagram in Fig. 7 in the paper by the editor [19] in Part XL

In the most favorable cases, the frequency synthesizer can
be realized in accordance with eq. (7) and Fig. 5. Another
possibility is the gear box approach in instances where the nu-
merator and the denominator can be factorized into suitable
products—see Fig. 6 and the paper by Small in Part II [20].

The set of gear box solutions can be enlarged with the assis-
tance of the General Approximation Theorem, which is based
on combinations of different orders of the continued fraction
expansion.

Shortened continued fraction expansion, important for ap-
preciation of spurious signals in some types of DDFS, has
been introduced by the editor and is dealt with in detail in the
first reprinted paper in Part IV [21].

2. Modified Engel Series Approximations. This series, in-
troduced by the editor, differs from original Lueroth series ex-
pansions with the alternating sign in the sums [15].

By assuming that the normalized output frequency f-x = yo

is smaller than one, the expansion of the modified Engel series
is given by

,.-£-*=£!- [iq
where

Y\ = T~i— p i = in tege r(n)
Yo

y2 = Yl p2 = integer()/2) [19]
Y\ ~ Pi

until pn.
Note that the partial divisors, p., are steadily increasing,

which is the condition for convergence. At the same time, the
remainder is very small, namely,

Rn < \ [20]
PI

Practical frequency synthesizers, using this mathematical
model, have been built—again see [21].

3. Modulo-N Approximations. The principle can be de-
duced from Fig. 7. At each cycle or pulse of the clock or refer-
ence frequency, a number, k, which represents a phase incre-
ment is added to that already stored in the accumulator. Every
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Fig. 7. Principle block diagram of overflowing Modulo-N device.

time the accumulator overflows, an output pulse is generated
and a new period of accumulation is started, with a Modulo-N
remainder (smaller than k) in the accumulator memory. Fi-
nally, after N clock periods, the remainder stored in the accu-
mulator is zero; one fundamental period of the system ends
and a new one starts.

Example 1. Let us synthesize a normalized frequency

Hx =3/16

In this example, we use a 4-bits accumulator (R = 4) and put
k = 3 into the frequency control circuit (see Fig. 7). The stored re-
mainders in the accumulator will be successively

0,3,6,9,12,15,"18"
1st overflow 2,5,8,11,14,"17"
2nd overflow l,4,7,10,13,"16"
3rd overflow 0,3,6, etc.,

Figure 8a illustrates the accumulation process in graphic
form, and Fig. 8fe, the respective output pulse train. We easily
deduce that generally

^ • = Z X = w;o [21]

where Txr is duration of actual output periods in Fig. 8b and
Txo the idealized equidistant separation of output pulses; see
Fig. 8c. As a consequence, the output pulse rate has the mean
frequency

ho = Jfft P2]

which can easily be changed by reprogramming the "word" k
in the frequency control (steering memory) block—see Fig. 7.
Furthermore, in practical devices N is generally equal to a
large power of 2. In this way, we arrive at very small frequency
steps and simple hardware for the accumulators, that is, since

AT = 2R (/? = 24, 32,48, etc.) [23]

Examination of the output pulse train in Fig. Sb reveals that in-
dividual periods Txr are not equal. In the following examples,
we will investigate this deficiency. By starting with zero in the
accumulator, we arrive after m{ clock pulses at its first over-
flow. As a consequence, we have the remainder

m^-N <k [24]

After the second overflow, we get

m2k -2N <k [24a]

N f I /r OVERFLOW LEVEL y ?

0 _ Z — | 1 1 1 1 * i 1 K—
0 2 4 6 8 10 12 14 16

a) CLOCK PERIODS -> x

1st 2nd 3rd

' x̂CU ^ 2 \^3

O

Fig. 8. Generation of a pulse train with a normalized frequency ^ = 3 / 1 6
in a Modulo-N system: (a) accumulator contents A r̂; (b) modulated
and (c) idealized output pulse train.
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and so on (cf. Fig. 8a and Example 1) until

mnk - nN = 0 [24b]

Generalization reveals

mk-rN <k (r < k) [25]

from which

m-r^=€ [26]
K

where
1 > 6 > 0 [27]

since m is an integer, 6 = 0 is met when

integer (m-rj) = ° t28l

or

m = integer fr y J s= JV [29]

After reverting to eq. (26) and multiplying it by the clock
period Tr we find with the assistance of (21) and (27) the tim-
ing error

mT( - rTxo < T( [30]

and finally the modulation function [19,21]

s(tr) = T,[rj- integer^)] [31]

Evidently, the spurious (phase) time modulation does not ex-
ceed one clock period Tr As a consequence, Modulo-N arith-
metics also provides the mathematical model for DDFS, meet-
ing the requirement for the quasiperiodic omission of pulses in
the steering pulse train. Only the output pulses are on the
places of the "swallowed" pulses.

V. DIRECT DIGITAL FREQUENCY SYNTHESIZERS

DDFS with single-output frequency (based on the continued
fraction expansions or modified Engel series) are required only
in rare instances. However, devices with variable-output fre-
quencies are encountered much more often, and direct digital
frequency synthesizers, based on IC technology, simplify the
hardware considerably and at the same time provide very
small tuning steps. These frequency synthesizers are based on
Modulo-N arithmetics. At present, they are covering the range
from "DC" to 500 MHz. However, recently, clock rates be-
yond 1 or 2 GHz have been reported.

The principle can be easily deduced from the basic block di-
agram recalled in Fig. 9. Note that it differs from Fig. 7 only
by means for generation of the output sine wave, that is, by the
ROM sine lookup table, digital-to-analog converter, and an-
tialiasing filter.

In instances where the normalized frequency %x is a ratio of
small integers, the output sine wave is a staircase wave; see
Fig. 10.

On the other hand, among the DDS advantages are small-
output frequency steps since generally the accumulator capac-
ity is very large (cf. 23) and consequently

" | n I~H r11-!
-1.25

0 m 16

Fig. 10. The output sine wave for the normalized frequency %x =3 /16 .

Modulo-N Arithmetics
*i

IVeqnency ' icoimulator — ' Q | l t p i l t fr^es)
control A d d w — * , jtx — * f~^ L

r — — — i v

Reference
oscillator !»•
(dock) f |

•—""——"• l — ROM
sine lookup

t a b l e

~ ^ ~ . .
D/A f

x(dne) anti-
1 converter ** d i a s m « ~

filter
Fig. 9. Block diagram of the Modulo-N DDS.
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A. Spurious Signals in DDS

The major difficulties associated with all direct digital fre-
quency synthesizers are spurious signals accompanying the de-
sired carrier. In some instances, these spurious signals are quite
large. Therefore, knowledge of their sources and expected am-
plitudes and frequencies may be useful for both designers and
users.

Since all DDSs are based on the sampling process, the out-
put spectrum extends to multiples of the sampling frequency.
This problem is solved by introducing antialiasing filters with
the cutoff frequency smaller than the Nyquist frequency, that
is, smaller than one-half the sampling frequency.

In some instances, however, application of bandpass filter
makes it possible to extend the useful range to higher output
frequencies.

B. Spurious Signals in DDS
with Rectangular Output Wave

The problem is discussed in detail by the editor in papers
reprinted in this volume [21,22]. The largest spurious signals
are

< W , x ~ 2 0 1 o g ^ [33]

C. Spurious Signals in DDS
with Sine Output Wave

The most effective way to reduce the spurious signals in
"tunable" DDS is to change the phase stored in the accumula-
tor into a sine wave. However, even here we encounter several
sources of spurious signals, which are illustrated schematically
in Fig. 11.

/. Truncation of the Accumulator Bits. The high resolution
of DDS requires a large Modulo-N accumulator capacity (e.g.,
24, 32, 4 8 , . . . bits). As a consequence, it is impossible to use
all the stored phase information for generating the output sine
wave. Generally, we refer only some W most significant bits
(MSB) from the R bit large accumulator and neglect all re-
maining B bits

W = R - B [34]

The consequence is a phase modulation of the output sine
wave. A good estimation of the level of the largest spurious
signals, a r, due to the truncation of the accumulator bits, in
respect to the carrier, acar, provides the following relation in
dB measure [22]:

20log ( ^ ) ^ -6W - 201og(r); (r = 1, 2 , . . . ) [35]
vw

It has been proved that the number of these rather large spuri-
ous signals caused by the phase modulation in DDFS pass
band is

2B - 1 [36]

Consequently, the largest rmax = 2B~l.

C l o c k ' k Accumulator

Reference Output frequency
frequency I H ^ ' t s I setting

Phase reading
— — circuit Spurious phase modulation

W-bits 0 K-W mX

« - p 1 sin[2W-~V integdr(-_)]
I 2 2H"W

S l n e ! ? ° k U P Amplitude modulation1 table " D 1/1/

I . S I z(m) = - 1 - integer feS sin[2n: ̂  x

tn V
lnteger( )]}

I y
 2R-W'if

_ D A C Conversion modulation
D-bits A

" I Floor[2 z(m)l

2 A

Antialiasing
filter

I Output signal

X C 2R

Fig. 11. Sources of spurious signals in DDS.

2. Truncation of Sine Values in Sine Lookup Tables. Gener-
ally, the sine values are only rational numbers with infinite
decimal or binary places.

a ? t aQ flip,) \

However, to keep the memory size of sine lookup tables rea-
sonable, we must limit the stored words to, say, S bits only.
The consequence is a spurious amplitude modulation of the
output signal.

e(m) = sin(2^m^) - 2~5integer[25 sin(2^m^)] [38]

By assuming that the error signal e(m) has a uniform distribu-
tion (cf. Fig. 14 in [22]) in the interval from - 1 / 2 5 to +1/2 5 ,
we get for its variance

a2 & K-is [ 3 9 j

However, computation of the respective mean power spec-
tral density performed in the Appendix of [22] revealed

S(n) « ~2~2S [40]

With the assistance of the computer simulations [22], we get
for the mean power level of spurs even a bit lower value,
namely, in dB measure [22]

(rj) = -7 .8 - 6 * 5 - 101og(F) ± 10[dB] [41]
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In some instances, we encounter odd harmonics with ampli-
tudes

[42]

from which the level of the third harmonic of the output fre-
quency in dB measure is

20 * log ( -^ I « - 6 * S - 13.5[dB] [43]

In a properly designed DDFS, the level of the expected largest
spurious signals generated by the truncation of the accumula-
tor and sine lookup tables should be approximately the same.
Keeping this condition in mind, we have arrived in [22] to the
relation between W and S

W> S + 2 [44]

Addition of the constant

would be
[48]

Finally, to secure the symmetry for sine values for increas-
ing and decreasing branch, as much as possible, in the neigh-
borhood of JT/2, we should store little-shifted sine values

—

[49]

2. Algorithmic Approximations. A further reduction of the
sine lookup tables is possible with algorithmic approximations
[e.g., 25] in which the effective phase is split into several com-
ponents and trigonometric identities are used to assemble the
desired result. However, such a straightforward approach
would require the use of multiplications; as a result, it would
be slow and complex. This difficulty can be avoided, as is dis-
cussed in [26-29].

2s+l [45]

to the absolute sine values before their truncation to the S-bits
only results in rounded off values. As a consequence, the spuri-
ous rectangular modulation, discussed above, disappears, and
in accordance with computer simulations the largest spurious
signal is approximately

- 6 * 5 » 20[dB] [46]

However, the level of the mean power spectral density does
not change much in respect to the relation (41).

D. Reduction of Sine Lookup Tables

Design of sine lookup tables depends on the required spuri-
ous spectral level at the DDFS output [cf. relation (41)] on the
required speed (i.e., on the desired maximum output fre-
quency), on the available memory area on the chip, and on the
digital-to-analog converter (DAC) used. The first condition
would be met with a large number S of bits in sine words.
From the point of view of speed and chip area, however, small
S bits words are preferred. Finally, as we will see in the next
paragraph, it makes little sense to increase S above the DAC
resolution.

1. Storing Only One Quarter of Sine Values. The first step
in the reduction of sine lookup tables is to store only one quar-
ter of the data, namely, those from 0 to 7r/2, and to use two
MSBs from the accumulator for reconstruction of the whole
sine wave from 0 to 2n. The first MSB determines its sign,
and the next MSB decides whether the sine amplitude is in-
creasing or decreasing. This procedure is used in DDFS in-
tended for the highest working speed [e.g., 23 or 24].

The number of stored sine values is one quarter of the effec-
tive phase bits, namely,

2W-2 [ 4 ? ]

and the total number of bits stored in the ROM lookup table

VI. DIGITAL-TO-ANALOG CONVERTERS (DAC)

With the advent of digital technologies, the need for analog-to-
digital and digital-to-analog converters started their use in
practical applications.

The early devices were bulky and too slow for widespread
use, particularly in DDFS. Today widespread use is connected
with the introduction of integrated circuits (IC).

In selecting a good DAC for DDFS application, we have to
consider several major criteria:

a. Bit resolution

b. Conversion accuracy

c. Maximum clock frequency

d. Power consumption

e. And many others, in accordance with intended applica-
tions.

Note that speed and power consumption depend to a very
high degree on the digital logic used and technology.

A. Digital Codes

In digital-to-analog converters, binary coding systems are
prevalent. Any real number t-o can be expressed as a system-
atic fraction with the base 2; see eq. (14). However, in actual
digital systems, the number of useful places or bits is limited,
as discussed earlier in Section V. In addition, different appli-
cations require different coding systems.

L Unipolar (straight) Binary Code. This code is shown in
Table 1 for 4-bit systems, in the editor's introductory paper to
Part VIII. It is very simple and instructive. Note that it con-
tains 24 values from zero to 15/16. Generally, for n bits the
maximum output value is

2n - [50]
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2. Bipolar Offset and Complementary Offset Binary Codes.
In DDFS applications, the desired output voltage of the DAC
should be bipolar. This requirement is met with offset binary
codes, which are discussed in more detail in the introductory
paper in Part VIII. Examination reveals that the MSB is re-
sponsible for the sign of the output voltage.

B. Basic DAC Circuits

Although digital-to-analog conversion can be realized in
many ways, only a few converters, most suited for monolithic
production, have survived. A basic introduction to the problem
prepared by the author has been published in a specially writ-
ten paper in Part VIII. Here we will call the reader's attention
to some block diagrams published by several producers.

L Voltage-Switching Converters. The converter reproduced
in Fig. 12 is of the voltage-switching type and uses an R-2R
resistor ladder network.

This 8-bit DAC (an early production by Plessey Semicon-
ductors type ZN426-8 [30]) is simple but rather slow with the

settling time of 1 jxs. (Note that currents can be switched more
rapidly, by at least one order of magnitude).

2. Current-Switching Converters. The block diagram of
this type of commercial DAC is reproduced in Fig. 13. The
DAC-08 Motorola series is a monolithic 8-bit high-speed mul-
tiplying DAC capable of settling to within 1/2 LSB (i.e., to
0.19%) in 85 ns. In addition., dual complementary current out-
puts with high-voltage compliance provide added versatility
and allow differential mode of operation to effectively double
the peak-to-peak output swing [31].

3. Segmentation of DAC Segmentation of DAC makes it
possible to increase either speed or resolution and to reduce
spurious glitches. The device is composed of a set of non-
weighted current cells and an ordinary part of weighted current
sources. Here, we illustrate the construction of such a DAC
with a block diagram of a commercial converter [32]
CX20051A in Fig. 14. This 10-bit DAC has the speed of 30
MSPS. It is intended for broadcasting applications as well as
high-definition TV.

R(K)kn)

VREFIN o
<PIN5)

0 VOLTS „
(PIN 7)

VOLTAGE
SWITCHES

PIN 4
ANALOG
OUTPUT

UTL
BIT 8 BIT 7 BIT 2 BiTI

MSB
Fig. 12. Block diagram of the voltage-switching DAC with an R-2R resis-

tor ladder network (reproduced from [30]). © Plessy Semi-
conductors. Used by permission.

DAC-08 EQUIVALENT CIRCUIT

(MSB) (LSB)
V+ V L C B1 B2 B3 B4 B6 B6 B7 B8

9

vREF<+)<

VREFH<

14

15

?13 ?1 ?5 ?6 ?7 ?8 ?

Bias
Network Logic Buffers and Level Shifters

Current
Switches 040 046 64A 646 040 046 646

Ref
Amp

-o 'out

•out

16

Compensation V-
Fig. 13. Block diagram of the current-switching DAC with an R-2R ladder

network (reproduced from [31]). © Motorola. Used by permission.
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Biat current (externally connected)

DGND DV E E NC NC A V E E l$ET^AGND AGNO VOUT NC NC CLK CLK

0—<§)—(g)—@—@—(3
Output resistance
circuit networkBiasing circuit

< X X X X X X X X X X X X X )( )

Upper 4 bits (IBpieces)

Clock synchronizing
circuit

Upper 4 bit decoder

A V E E

DIGITAL INPUT
Fig. 14. Block diagram of two-stage segmented DAC (reproduced from

[32]). © Sony. Used by permission.

C Signal-to-Noise Ratio (S/N)
Due Quantization

The quantization of the output sine wave due to the finite
resolution of the lookup tables has been discussed earlier.
However, the same problem is met in instances where DAC bit
resolution is smaller than the length of sine words S.

Inspection of complementary binary codes in Part VIII re-
veals that a D-bit DAC can resolve in each quadrant only

[51]

values.
As a result, an ideal DAC introduces an error as large as

1

or as small as
0

In this case, the variance of the DAC truncation error has ap-
proximately a uniform distribution, and the ideal signal-to-
noise ratio is

/y \2

v2 2± (Y
12 \ 2

[52]

or in dB measure

~ = 1.76 + 6.02* D[dB]
N

[53]

This relation is generally given as the maximum level of
spurious signal at the output of DDFS.

After reverting to relation (51), we conclude that matching
between a sine lookup table storing S-bits long words and the
DAC resolution requires that

S > D - 1 = A [54]

Computer simulations reveal that, theoretically, S need not ex-
ceed A. This is further emphasized by the presence of nonlin-
earities and spurious signals generated in DAC.

D. DAC Nonlinearities

The manufacturing processes are plagued with inevitable
component inaccuracies, which are discussed in several papers
reprinted in Part VIII. Together with the environmental influ-
ences, particularly temperature fluctuations of current weight-
ing circuits, such as scaling resistors and base emitter voltages,
beta drift of current switches, DACs exhibit additional nonlin-
earities that further decrease the output signal purity.

All manufacturers provide information about the stability
and accuracy of their DAC. Unfortunately, the terminology
used often differs from author to author and from producer to
producer.

The editor has provided a comparison of different specifica-
tions and compiled a vocabulary of the most often used terms
in a specially written paper in Part VIII. Here we list some of
the most important terms.
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L The Offset Drift. The offset drift generates an actual
DAC transfer function that is parallel to the ideal one and
therefore has no effect on the output spectrum.

2. The Gain Error. The gain error rotates the Vout about the
midpoint of the binary zero and is generally of little concern to
frequency domain performance.

3. Differential Nonlinearity. Differential nonlinearity (DNL)
is the worst-case deviation from one LSB output change from
one adjacent state to the next; see Fig. 15. If DNL is less than
or equal to ± LSB, the DAC will yield all voltage or current
levels at the output—the respective DAC is monotonic.

4. Integral Nonlinearity. Integral nonlinearity (INL) is de-
fined as the maximum deviation from a straight-line approxi-
mation of the DAC transfer function; see Fig. 15.

5. Superposition Errors. By considering bipolar binary
codes, one encounters linearity errors and one's complements
of these errors. In this instance, the DAC characteristic will ap-
pear symmetrical around midscale. Such behavior can easily
be verified by simply measuring the output errors si associated
with n input codes instead of all of the 2n possible combina-
tions [34]

y = y [2~i _|_ e J_ 2~2 + e H 2~n + e ] [55]

When the gain and offset errors have been removed, the sum-
mation of all e. should be zero. If the sum is greater than ap-
proximately 1/10 of the LSB, further testing of the DAC may
become necessary.

Note that even when the midscale symmetry holds, higher
harmonics of the output signal may be generated.

E. Glitches

Glitches appear in the DAC output during code transitions.
A particularly large glitch is encountered at midrange change
of binary code, for example, from

0111 to 1000

Before the final transition is realized, some intermediate states

ADAC
output
voltage ye

•*O

..• o

O Idea! DAC
• Real DAC

• Offset error

DAC
input
code

000 001 010 011 100 101 110 111
Fig. 15. Differential and integral nonlinearities of the DAC transfer char-

acteristic (adapted from [33]).

may be formed, for example,

00000 or 1111

for a while during the settling time. More detailed discussion
may be found in the paper by the editor in Part VIII.

1. S/N Degradation Due to Glitches. Signalrto-noise degra-
dation of the DDFS output is discussed in depth in the intro-
ductory paper to Part VIII. For cases where S/N should not be
reduced more than by 3 dB due to glitches, we get a rule of
thumb

PPT

2D [56]

2. Means for Glitch Reduction. More insight into the glitch
problem is provided by Cremonesi et al. [35] who give guide-
lines for their reduction. One very effective means is segmen-
tation of the DAC (cf. Fig. 14). Sometimes it helps to adjust
the skew of driving circuitry and regulation of the logic thresh-
old. Very effective deglitching circuit is a simple sampler.

VII. PHASE NOISE IN DDFS

Every physical phenomenon is accompanied by smaller or
larger fluctuations. In instances where these fluctuations are
random, we speak about noise. The same is true for all
frequency generators where we encounter both amplitude
and phase or frequency variations that cause the so-called
frequency instability of oscillators, frequency synthesizers,
and so on.

The problem of the noise in DDFS is discussed in some
depth in the introductory paper to Part VII [36]. From these
results, as well as from our own measurements, we suggest for
DDFS the following phase and noise characteristic

*<p,DDS\
f 3*/c

[57]

In instances where the numerical value of the fc is larger than
F, the denominator of the normalized frequency ^ , then fc in
(57) must be replaced by Y. Evidently, both the flicker and
white phase noise at the DDFS outputs may often be larger
than one would expect from simple digital divider behavior.

VIII. OUTPUT FILTERS

All digital devices are based on clocking or sampling of the
currents or voltages. As a consequence, we encounter the spec-
trum aliasing, that is, its repeating in the rate of the sampling
frequency.

In accordance with the z transform theory (e.g., [37,38]) we
can write the transfer function of the sampling system with the
input signal Vx(s)

[58]

where the first term on the right-hand side is
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sinh(sr./2)

[60]

and the second one is

Investigation of the factor Hh(s) reveals zeros for every

Similarly, from the relation (60), we conclude that the noise
and spurious signals close to the fundamental carrier are re-
peated around every multiple of coc (see Fig. 16).

A. Antialiasing Filters

The major consequence of the above conclusions is that the
closer the output frequency is to the

CO
co = [62]

the closer the spurious signal is to the desired one.
The difficulty is removed with the assistance of the low-pass

filter having the corner frequency fc/2. According to the steep-
ness of the antialiasing filter, we can effectively use about 40
percent of the DDFS base band.

Example 2, In Fig. 16, where the normalized frequency is equal to
%x = 13/32, the desired signal is for n = X = 13 and is safely in the
Nyquist range that extends from 0 to Y/2 = 1 6 . The closest spurious
signal is for n ~ 19 (since 32 - 13 = 19). On the other hand, there
would be the desired signal, X = 15; then the closest spurious would
be for n = 32 — 15 = 17 and would have nearly the same amplitude
difficulty to filter out.

Another drawback of the sampling process is the slope of
the sampling transfer function Hh(s) which at fc/2 achieves

X=13 V=32 f = 8
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Fig. 16. Example of the output spectrum of the DDFS without antialiasing

filter.

about - 4 dB; see the continuous line in Fig. 16. This problem
is not too important and can also be solved with proper design
of the antialiasing filter.

B. Bandpass Filters

In some instances, we can extract from DDFS higher fre-
quencies even above fc with the assistance of the bandpass fil-
ters. However, the useful range is smaller than at base band be-
cause of the zeros of the Hh(s) function.

IX. CONCLUSIONS

After a short historical survey, going back to the predecessors
of DDFS and to the mechanical "angular velocity" synthe-
sizers—the gear boxes—the basic mathematical theory com-
mon to both devices is discussed. The common problem is a
step-by-step approximation of real numbers in the software ap-
proach and in keeping with physical limitations in hardware
solutions, namely, with practicable numbers of teeth on cog-
wheels and frequency multiplication/division factors in fre-
quency synthesizers.

The last condition is adroitly met with the Modulo-N proce-
dure in modern DDFS, which generates large sets of output
frequencies. Therefore, these systems are discussed in depth.

After a short introduction to the building blocks of DDFS,
the most serious problem is discussed, namely, the spurious
signals accompanying the desired signal. We pointed out their
sources, briefly investigated their expected level below the car-
rier, and gave some guidelines for choice of the effective phase
bits, for the length of words in the sine lookup tables, and for
resolution of the DAC used.

Furthermore, we reviewed some commercial DACs and dis-
cussed their basic circuits together with digital codes.

Finally, we investigated the theoretical S/N ratio due to the
principle of the operation of DAC and its decrease due to in-
evitable DAC nonlinearities. In this connection, we also fo-
cused on the aliasing problems encountered in DDFS as well
as the expected background noise and phase noise of DDFS.
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