
CHAPTER ONE

ESSENTIAL BACKGROUND

This book is intended for readers who have been exposed to the basic concepts of finite
element analysis that are covered in the author’s book entitled Fundamental Finite Element
Analysis and Applications: with Mathematica and MATLAB Computations, (Hoboken, NJ:
Wiley, 2005). To minimize references to this fundamentals book, some key concepts and
equations are summarized in this chapter.

The finite element method is a numerical method for obtaining approximate solutions
of ordinary and partial differential equations. It is especially powerful when dealing with
boundary conditions defined over complex geometries that are common in practical ap-
plications. The method can be viewed as a special form of the well-known Galerkin and
Rayleigh-Ritz methods. In their classical form it is difficult to apply these methods to
two- and three-dimensional problems that involve complicated geometry and boundary
conditions. The finite element method overcomes these difficulties by introducing two
fundamental concepts.

1. The solution domain is discretized into elements. The solution domain is divided
into several simpler subdomains called elements. Each element has a simple geometry, so
appropriate assumed solutions can easily be written for the element. Furthermore, since
each element covers only a small portion of the solution domain, a low-degree polynomial
can generally be used to describe solution over an element. The differential equations are
converted into equivalent integral form called the weak form. The weak form can then be
evaluated separately over each element and added (assembled) together to represent the
entire model.

2. Coefficients in the assumed solution over an element represent the solution and its
appropriate derivatives at the nodes. In the classical methods the unknown coefficients in
the assumed solution do not have physical meaning. They are just mathematical quantities
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2 ESSENTIAL BACKGROUND

which when substituted into the assumed solution give an approximate solution. In the fi-
nite element method the polynomial coefficients are defined in terms of unknown solutions
at the selected points over an element. The locations chosen to define the assumed solution
are called nodes. Usually, element ends and corners are chosen as nodal locations. The
solutions at the nodes are called nodal degrees of freedom.

The choice of nodal degrees of freedom is dictated by the order of the derivatives in
the essential boundary conditions (EBCs). Since for a second-order problem, the essential
boundary conditions do not involve any derivatives, the nodal unknowns for these problems
are simply the solution variables. For a fourth-order differential equation, at each node we
must choose the solution and its first derivative as degrees of freedom because these are
the terms in the essential boundary conditions for this problem. With this choice of nodal
degrees of freedom it becomes almost trivial to make the assumed solutions admissible.
All that one has to do is to set the corresponding nodal value equal to the value specified
by the essential boundary condition.

1.1 STEPS IN A FINITE ELEMENT SOLUTION

The application of the finite element method to a given problem involves the following six
steps:

1. Development of element equations
2. Discretization of solution domain into a finite element mesh
3. Assembly of element equations
4. Introduction of boundary conditions
5. Solution for nodal unknowns
6. Computation of solution and related quantities over each element

To review these steps, we consider a simple example of axial deformation of bars.

1.1.1 Two-Node Uniform Bar Element

The simplest element for axial deformation of bars is a two-node line element (Figure 1.1).
The element extends from x1 to x2 and has a length L � x2�x1. The circles represent nodes.
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Figure 1.1. Simple two-node element for axial deformation
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The unknown solutions at the nodes are indicated by u1 and u2. In addition to the distributed
load q�x�, the element may be subjected to concentrated axial loads P1 and P2 applied at
the ends of the element. With these assumptions the governing differential equation over
an element is

d
dx
�AE

du
dx
� � q � 0� x1 < x < x2

Any possible concentrated loads at element ends form natural boundary conditions
(NBCs). With the sign convention that tension is positive, the concentrated forces at
element ends are related to the derivatives of displacement as

�AE
du�x1�

dx
� P1� AE

du�x2�
dx

� P2

The primary unknown is the axial displacement u. Once the displacement is known, axial
strain, stress, and force can be computed from the following relationships:

Εx �
du
dx
� Σx � EΕx� F � AΣx

Linear Assumed Solution The assumed solution is a linear interpolation between the
nodal unknowns. Thus,

u�x� � � x � x2

x1 � x2

x � x1

x2 � x1
� � u1

u2
� � �N1 N2 � � u1

u2
� 	 NTd

N1 �
x � x2

x1 � x2
� �

x � x2

L
� N2 �

x � x1

x2 � x1
�

x � x1

L

We will need u
�x� in the later derivation. Differentiating with respect to x, we get

u
�x� �
du�x�

dx
� � 1

x1 � x2

1
x2 � x1

� � u1
u2
� � �N


1 N

2 � � u1

u2
� 	 BT d

N

1 �

1
x1 � x2

� �
1
L
� N


2 �
1

x2 � x1
�

1
L

Element Equations Using the Galerkin Method The weak form can be written us-
ing standard steps of writing the weighted residual, integration by parts, and incorporating
the natural boundary conditions. The weighting functions are the same as the interpolation
functions Ni. With u�x� as an assumed solution, the residual is

e�x� � q �
d
dx
�AEu
�

Multiplying by Ni�x� and writing integral over the given limits, the Galerkin weighted resid-
ual is
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� x2

x1

�qNi �
d
dx
�AEu
�Ni� dx � 0

Using integration by parts yields

AENi�x2�u

�x2� � AENi�x1�u


�x1� � � x2

x1

�qNi � AEu
N

i � dx � 0

Given NBCs for the problem, we have

�AEu
�x1� � P1 and AEu
�x2� � P2

Thus, the weak form is

P1Ni�x1� � P2Ni�x2� � � x2

x1

�qNi � AEu
N

i � dx � 0

With the two interpolation functions the two equations for the element are

� x2

x1

�qN1�x� � AEu
�x�N

1�x�� dx � P1N1�x1� � P2N1�x2� � 0

� x2

x1

�qN2�x� � AEu
�x�N

2�x�� dx � P1N2�x1� � P2N2�x2� � 0

Noting the property of the Lagrange interpolation functions that N1�x1� � 1, N1�x2� � 0,
N2�x1� � 0, and N2�x2� � 1 and writing the two equations together using matrix notation,
we have

� x2

x1

��N1
N2
� q � �N


1

N

2
�AEu
�x�� dx � �P1

P2
� � � 0

0�
Substituting for u
�x�, we have

� x2

x1

��N1
N2
� q � �N


1

N

2
�AE �N


1 N

2 � � u1

u2
�� dx � �P1

P2
� � � 0

0�
or

� x2

x1

Nq dx � � x2

x1

BAEBT d dx � rp � 0

where rp is the 2�1 vector of element nodal loads �P1, P2�
T and 0 is a 2�1 vector of zeros.

Rearranging terms and taking nodal degrees of freedom out of the integral sign because
they are not functions of x, we have

� x2

x1

BAEBT dxd � � x2

x1

Nq dx � rp � kd � rq � rp
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Figure 1.6. Two-node element for fourth-order problems

Thus, the simplest two-node line element for a fourth-order problem has a total of four
degrees of freedom, as shown in Figure 1.6. The element extends from x1 to x2 and has a
length L � x2 � x1. For simplicity, the left end of the element is assumed at x � 0 and the
right end is at x � L.

The Lagrange interpolation formula cannot be used to interpolate when, we have the so-
lution and its first derivative specified at each data point. We can generate two independent
interpolations between ��x1, u1�, �x2, u2�� and ��x1, u
1�, �x2, u
2�� if we like. However, then
there will be no connection between the solution and its first derivative. The appropriate
method to interpolate between data values and their first derivatives at each point is known
as Hermite interpolation.

General Formula for Hermite Interpolation Given function values ui and their first
derivatives u
i at n data points, x1, x2, . . . , xn, a polynomial of degree 2n� 1 that fits all data
can be written:

u�x� �
n


i�1

Pi�x�ui �
n


i�1

Qi�x�u


i 	 �P1 Q1 � Pn Qn �


���������������
�

u1
u
1
�

un
u
n

����������������
�

� NTd

where Pi�x� and Qi�x� are polynomials of degree 2n � 1. These polynomials are expressed
in terms of Lagrange interpolation functions Li�x� as follows:

Pi�x� � �1 � 2L
i �xi��x � xi��L
2
i �x�

Qi�x� � �x � xi�L
2
i �x�

The functions Pi interpolate between the data values and Qi between the derivative values.
Each interpolation function is of degree 2n� 1, where n is the number of data points. Note
that functions Pi�x� are 1 at the ith data point and zero at all other data points. The first
derivatives of Pi, i � 1, . . . , are zero at all data points. On the other hand, the functions
Qi�x� are zero at all data points and their first derivatives are 1 at the ith point and zero
everywhere else. That is,

Pi�x j� � ∆i j� P
i �x j� � 0

Qi�x j� � 0� Q

i�x j� � ∆i j
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Serendipity Shape Functions As, we have just seen, with quadratic Lagrange inter-
polations in both directions, we get a nine-node element. To reduce the required input data,
it is generally preferred to have an element with no interior nodes. That is, an eight-node
element with quadratic solution along all four sides is more popular than a nine-node el-
ement. Furthermore, with the product Lagrange interpolations, it is not possible to have
elements that have, say, a quadratic solution along one side and a linear solution in the
same direction but on the opposite side of the element. These types of elements are useful
in the transition region when switching from a higher-order element to a lower element in
the same model. (See Chapter 7 of the fundamentals book for an example.)

The following interpolation functions, known as serendipity shape functions, have been
derived for square elements with any number of side nodes from four to eight. The func-
tions are written for 2 � 2 square elements with the origin at the center. These elements
act as master or parent elements for arbitrary quadrilaterals using the mapping concept
reviewed in a later section.

1. Interpolation functions for an eight-node element:

1 2 3

4
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8
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t

2

2N �

�

�

�����������������������������������������������

� 1����4 ��1 � s
 ��1 � t
 �1 � s � t

1����2 ��1 � s2 
 ��1 � t


1����4 ��1 � t
 �1 � s2 � t � st 

� 1����2 �1 � s
 ��1 � t2 


1����4 �1 � s
 �1 � t
 ��1 � s � t

� 1����2 ��1 � s2 
 �1 � t
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 �1 � t
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2. Interpolation functions for a seven-node element:
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3. Interpolation functions for a six-node element (opposite sides quadratic):

1 2 3
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���������������������������������

1����4 ��1 � s
 s �1 � t

� 1����2 ��1 � s
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1����4 s �1 � s
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1����4 s �1 � s
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4. Interpolation functions for a six-node element (adjacent sides quadratic):
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5. Interpolation functions for a five-node element:

1 2 3

45

s

t

2

2N �

�

�

��������������������������

� 1����4 ��1 � s
 s ��1 � t

1����2 ��1 � s2 
 ��1 � t

� 1����4 s �1 � s
 ��1 � t


1����4 �1 � s
 �1 � t

� 1����4 ��1 � s
 �1 � t


�

�

��������������������������



INTERPOLATION FUNCTIONS 21

6. Interpolation functions for a four-node element:
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1.2.4 Triangular Elements

A typical three-node triangular element is shown in Figure 1.9. The nodal coordinates are
�x1, y1�, �x2, y2�, and �x3, y3�. For each side, n defines its normal and c a coordinate that runs
along that side. A complete linear polynomial in two dimensions has three terms, and thus
a finite element solution for the element is based on the following polynomial:

u�x, y� � c0 � c1x � c2y � � 1 x y� 
������
�

c0
c1
c2

�������
�

n

n

n

c

c

c

1

2

3

Side 1

Side 2

Side 3

x

y

Figure 1.9. Three-node triangular element
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Note that the total number of points is m� n. Usually the same number of points is used in
both directions and we therefore get 1 � 1 � 1, 2 � 2 � 4, 3 � 3 � 9, . . . point formulas.
Table 1.2 shows the locations and weights of some of these formulas. To save space, only
six significant figures are shown in the table. Actual numerical computations should use
more precision.

1.4.3 Gauss Quadrature for Volume Integrals

Extension of one-dimensional Gauss quadrature to three-dimensional integrals follows the
same line of reasoning as for the two-dimensional case. The integration region now is a
2 � 2 � 2 cube with the origin at the center. Thus, we consider evaluating the following
integral:

I � � 1

�1
� 1

�1
� 1

�1
f �r, s, t� dr ds dt

Taking m points in the r direction, n points in the s direction, and p points in the t direction,
the m � n � p Gauss quadrature for volume integration is

I !
m


i�1

n

j�1

p

k�1

wiwjwk f �ri, s j, tk�

Usually, the same number of points are used in each direction. Table 1.3 shows the locations
and weights of some of these formulas.

1.5 MAPPED ELEMENTS

The mapping concept makes finite element computations possible for arbitrary-shaped
elements. For mapping two-dimensional areas, the master area is a 2 � 2 square in the
s, t coordinates. The interpolation functions are written by substituting numerical values
of the nodal coordinates of the master area into the expressions given for rectangular ele-
ments. Mapping between x and y coordinates is obtained by treating the coordinates of the
actual element as the data for Lagrange interpolation:

x�s, t� � N1x1 � N2x2 �� � Nnxn

y�s, t� � N1y1 � N2y2 �� � Nnyn

The interpolation functions for the master element are the serendipity shape functions pre-
sented earlier. For an element whose four sides are arcs of a circle (defined by three nodes
on each side), we use the functions for an eight-node element. For an element whose four
sides are straight lines (defined by two nodes on each side), we use the functions for a
four-node element. For elements with some sides arcs of circles and others straight lines,
we use the appropriate five- to seven-node serendipity shape functions.
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the complexity of the terms in the integrand depends on the mapping. If the actual ele-
ments are rectangles or squares, J involves constant terms and it is fairly easy to determine
the number of points necessary to evaluate these integrals exactly. However, for a general
quadrilateral, J is not constant, and thus the integrands in these matrices are not simple
polynomials. Therefore, in general, integration over mapped elements is approximate and
does introduce another source of error in the finite element results. As long as the elements
are not too distorted, the following integration rules give reasonable results.

1. Four-node quadrilaterals. Use 2 � 2 integration (four points).

2. Eight-node quadrilaterals. Use 3 � 3 integration (nine points).

1.5.4 Evaluation of Boundary Integrals

Elements involving a boundary over which a nonzero natural boundary condition is speci-
fied require computation of integrals of the form

rq � �
c

qNc dc

where c is a coordinate along the boundary and q is a given function expressed in terms of
the boundary coordinate. In general, the element boundary is an arbitrary curve in an x, y
coordinate system. Once mapped, each boundary curve is either a horizontal or a vertical
line representing a side of the master square element. The boundary coordinate c for each
side is mapped to a coordinate �1 � a � 1 for each side that is shown in Figure 1.11.
The mapping for each side, x�a� and y�a�, can be obtained from the element mapping as
follows:

For side 1: a � s� t � �1

For side 2: s � 1� a � t

For side 3: a � �s� t � 1

For side 4: s � �1� a � �t

Master element

1 2 3

4
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a

a

a

s

t

2

2

x

y

c

c

c

c

Side 1

Side 2

Side 3

Side 4

dx

dy
dc

Figure 1.11. Boundary coordinates on the master and actual elements
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(a) Develop an appropriate mapping to map the actual element into the 2 � 2
master element shown in the figure.

(b) Compute �N3 /�y where N3�s, t� is the third interpolation function for the mas-
ter element. Give the value of the derivative at node 3 of the element.

(c) Compute � � A
N3 dA, where N3�s, t� is the third interpolation function for the

master element and A is the area of the actual element. Use numerical inte-
gration with a 1 � 1 Gauss quadrature formula. No credit will be given if any
other integration method is used, even if the integral is correct.

(d) Compute �c N3c dc, where c is line 3–4 of the element and N3c is the third in-
terpolation function for the master element expressed in a coordinate that runs
along this line. Use numerical integration with a two-point Gauss quadrature
formula. No credit will be given if any other integration method is used, even
if the integral is correct.

1.7 A four-node quadrilateral element is shown in Figure 1.13.

�2, 4��0, 4�
�0, 0�

�4, �4�

12

3

4

Master element

1 2

34
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2

2

Figure 1.13.

(a) Develop an appropriate mapping to map the actual element into the 2 � 2
master element shown in the figure. Verify that the mapping is good.

(b) Compute �N2/�x, where N2�s, t� is the second interpolation function for the
master element. Give the value of the derivative at the element centroid �s �
t � 0�.

(c) Compute � � A
N2

4 dA, where N4�s, t� is the fourth interpolation function for
the master element and A is the area of the actual element. Use numerical
integration with a 2 � 1 Gauss quadrature formula. No credit will be given if
any other integration method is used, even if the answer is correct.


