Chapter 1

Preliminaries

This chapter serves to provide a systematic review of the coneepts and tools
that arc fundamental to the development of the asymptotic and U-statistics
theories for inference of statistical models introduced in the book. Since
the majority of concepis and techniques discussed build upon the theory of
probability, it 18 necessary to introduce and discuss them within the pro-
gression from the theory of probahiiity to statistics asymptotics,  This
chapier comprehensively covers a spectrum of topics in probability theory
in order to form a foundation for the development of stalistics asymptotics
utilized throughout the book. We distinguish statistics asymptotics or the
large sample behavior of statistics from other asymptotics in that statistics
asvruptotics studics the convergence ol random variables and vectors, as op-
posed to a sequence of fixed quantities, as in the study of asymptotics. In
the interest of space, mosi technical resulis will be presented without proof
{some left as exercises). Readers familiar with statistics asyvmptotics may
opt to skip this chapter except for Section 1.1 without loss of continuity,
and nstead use the materials contained within as a reference when reading
subsequent chapters.

The concepts and techniques presented focus on investigating the large
sample behavior of statistics, particularly within the context of parameter
estimates that arise from statistical models. Because of the frequent difficul-
tics encowttered in applying and extending such techniques, we begin this
chapter by motivating discussion through examples that require asymptotic
theory to address a wide range of problems arising in biomedical and psy-
chosocial rescarch. We then highlight the fundamental concepts and results
that underlie the foundation of statistics asymptotics and its applications to
iference of statistical models. Among the topics reviewed, those pertaining
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to boundedness and convergence of sequences of independently and identi-
cally distributed, or i.i.d., random variables play a particularly important
role in the theorctical development of subsequent chapters.

1.1 Introduction

Asymptotic theory has an indispensable role in the inference of modern
statistical models.  Whal is statistics asymptotic theory? In brief, it is
the study of the behavior of statistics, particularly model estimates, as the
sample size approaches infinity. What is the advantage to applyving such
large sample theories?  First, statistics asymptotic theory provides a pow-
erful aud unified theorctical framoework Lo systematically simplify otherwisc
algebraically messy and often intractable computations in order to enable
ilerence based on paramcters ol interest.  Second, statistics asymptot-
ics provides a theoretical basis for studying the properties of estimates of
stalistical models, such ag bias and efficiency (or precision) to aid in the
development of robust and optimal estimates, as well as to select such osti-
mates among competing alternatives. Third, statistics asymptotics enables
the study of distributions of statistics arising from statistical models and,
as sucl, provides a framework in which to develop inference for such modcels
to facilitate both data and power analvsis.

In this section, we illustrate the importance of statistical asyvmptotic
theory with some prototype models that are highlighiced throughoul the
hook. These models will be frequently visited in later chapters, along with
their extensions to address more complex dala types and study designs.

1.1.1 The Linear Regression Model

Repgression models are widely used to model an outcome of interest, or de-
pendent variable, as a function of a set of other variableg, or independent
aariables; in almost all areas of research, including biomedicine, epidemiol-
ogy, psychology, sociology, econocmics and public health.  The dependent
variable, or response, may be continuous or discrete.  The independent vari-
ables are also referred to as explanalory variables, predictors, or covariates,
depending on their roles in the sialistical model. A clarification on the
taxononty usced to delineate different types of independent variables is pre-
serted in Chapter 2. When the dependent variable is continuous. linear
regression is the most popular choice for modeling a relationship with other
variables.
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Consider a study with n subjects. Loty denote a continuous response
and X; = (X XL Tip) "o px I veetor of independent variables from the
ith subject (1 <7 < n). The linear regression for modeling y; as a function

of x; is defined by the following model statement:
yi=x/B+e. e~iid N(0.6%), 1<i<n (1.1)

where 3 = (,{7’1 o DY p) T is the vector of parameters, €; denotes the error
term in modeling 3 through x;—.ﬁ, N {j1,02) denotes a normal distribution
with mean g and variance o2, In (1.]]_._' ¢ ~idid. N (O_._ 02) means that €; are
independently and identically distributed with the same normal distribution
N (0, {72). The lincar function n; = Xi-_ﬁ is often called the linear predictor.
In most applications, ;1 = 1 so that the linear predictor of the model
includes an intercept, that is,

= 9y Fxnds + o+ xpd,

Given the distribution assmmption for the crror verm ¢, the maximum
likelihood method is widely used to estimate and make iuference about 3.
Let

. £ T
Y= (Weyn) o X=X, .., Xp)

Then, the maximum likelihood estimate (MLE) of 3 is B = (X_X)_l Xy
{sce Chapter 2 for details). Further, under the assumption of a constant ma-
trix X, the sampling distribution of @ is a multivariate normal (sce Chapter
2 for details):

= (X"’X) "Xy N (ﬁ o2 (XTX)_]) (1.2)

Note that we do nol distinguish estimate and estinator and will use estimate
consigtently throughout the boolk.

The assumption of a constant X 18 reasanable for some studies, especially
controlled experiments. For example, in a study to compare two treatiments
with respect to some response of interest y, we first deternine the sample
size lor cach treatment and then assign patients Lo onc of two treatment
conditions. We can usc two binary indicators to code the trcatment received
by each patient as:

1 if treatinent = & )
T = . k=12 1<i<n (1.3)
) if otherwise
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With the sample size ng (k= 1,2) for each treatment fixed, the design
matrix X with x; = (;ril,;rq;g\)T is a constant and F, and 3, in the lin-
car predictor 1, = 317 + @08, represent the mean response of y within
each treatment condition. The MLE B in this particular case reduces to

N AT o _ _
B = (;‘31‘;&2) = ("91.3'92.}| , where 7. = ?}; oy rays and my =30 ay

(k- =1,2). The sampling distribution of E] in (1.2) also simplifies to {see
exercise}:

Y (B-8)~N|BTs= . (1.4)
Tim

When o2 is known, the above distribution describes the variability of the
estimates ¥, of the mean responses of the two treatment groups. In most
applications, however, o2 is unknown. By estimating o using the following

pooled sample variance,

l b ) ] i " " 2

i) ~ 0 -

o= E 1 (i — ;)" = n =3 21 [?}i - (dﬂ-’i] - -'52-T:a.2)}
i= f=

we can use the bivariale ¢ distribution (sce Chapter 2 for details).

N £ .
Yj (5-5) ~tlo, ™ =P (1.5)
g e

T

for tufercuce about 8. For example, we can nse {(1.4) or {1.5) to test whether
there is any between-group difference, that is, 77 — 85 = 0, depending on
whether 72 is known or cstimated.

Howoever, in many applications, especially in observational studies aris-
ing in epidemiological and related rescarch, the response y; and independent.
variables x; are typically ohserved concurrently. Tor such study designs, if.
is not sensible to hold x; fixed when considering the sampling variability of
yi. Fwven with controlled randomized trials, such as the example for com-
paring two treatment conditions discussed above, it is not always possible
to have s constant design matrix.  For example, if the between-treaiment
difference is significant in that example, we may want to know whether such
a diffcrence varies across subgroups defined by difterent demographic and
comorbid conditions such as age, gender. and race. Such moderation analy-
ses have important implications in biemedical and psychosocial rescarch for
determining treatment specificily and deriving optimal trealment regimes
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(Baron and Kenny, 1986). Within the context of the study for comparing
two trealments, if we want to test whether age moderates the treatment
cffect, we can fit. the model in (1.1) with the linear predictor,

T = 3 &+ ;171'2_.32 - ;'135353 + xipxi8,

where 2,3 13 the covariate of subject’s age and @y, {k = 1,2} are defined in
(1.3). I 3, # 0, then age is a moderator.  Since moderation analvses are
often post-hoc (afler trcatment diffcrence is established) and moderators
can be discrete as well as continuous variables, it 1s practically impossible
to fix their values prior to subjects’ recruitment.

When X varies from sample to sample, the matrix (XTX) in the sam-
pling distribution (1.2} changes as a function of the sampling process. The
sampling-dependent variznce matrix of the estimnate not only violates the
definition of a sampling distribution. but more importantly, it leaves open
the question of whether {1.2) is valid for inference about 8. This issuc is
addressed in greater detail in Chapter 2 by utilizing the theory of statistics
ASYVINPLOLICs.

The normal distribution in the lincar regression (1.1) places a great re-
striction on applications of the model to real study data for inference. In
recent vears, many distribution-free modeling alternatives have heen devel-
oped to address this critical limitalion. These alternative approaches do
not assume any parametric distribution for the response and thus apply
to a much wider class of data types and distributions arising in real study
applications. In the absence of a parametric assumption imposed on the
distribution ol the response, likelihood-based approaches, such as the max-
immnun hikelihood, cannot be applied for inference of model parameters; in
this case, statistics asymptotics playvs a critical role in the development of
alternalive approaches to inference.  We will discuss such distribution-free
regression models and inference procedures for cross-gectional study designs
in Chapter 2 and longitndinal study designs in Chapter 4.

1.1.2 The Product—Moment Correlation

Correlation analvsis is widely used in a range of applicatious in biomedical
and psychosocial research for assessing rater relishilitv, gene expression rela-
tions, precision ol diagnosis, and accuracy of proxy outcomes (Barnhart et al.
2002; King and Chinchilli, 2001; Schroder et al. 2003; Kowalski et al. 2004,
Kowalski et al. 2007; Tu et al. 2007}, Although various types of correlation
have been used. the product moment correlation is the most popular and
is a major focns within the context of correlation analysis throughout this
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book.  Thus, the word correlation is synonymous to the produci—moment
correlation within this book unless otherwise noted.

Like regression, correlation analysis is widely used to assess the strength
of a lincar relationship between a pair of variables. In contrast to lincar re-
gression, correlation analysis does not distinguish between a dependent and
an independent variable and is particularly uscful for modeling dynamic
relationships among concurrent events and correlates of medical and psy-
chiatric conditions, such as heart disease and depression, and for assessing
rater agreeiment in diagnoses, lest-relest reliability in instrument develop-
ment and fidelity of psychotherapy intervention.

Let {z;,4:) denote an 1.id. sample of bivariate continuous oulcoes
(1 <4 <mn). The product—-moment correlation is defined as:

Cov{x. .
p=—= ( J ) (1.6)
VVar(z) Ver(y)
where Cov (i, ¢} denotes the covariance hetween x and y and Var (u} the
variance of ¥ (w = x or y). If we assume a bivariate normal distribution
for the i.i.d. pairs, (;, ), the maximum likelihood cstimate of g is readily

derived as: . \
Zf_l (;'Ifi - T) (i —7)
{1 — 32 ) — 2
\fZ;:l (-Ti — 7. Z?:l (?}i - if;’-)

where @ = 237" | u; (uw =z or y). The above cstimale, known as Pear-
son’s correlation, is widely used as a measure of association between two

variables.

ﬁ:

However, unlike linear regression, the exact distribution of p no louger
has a known parametrie form.  Statlstics agymptotic theory is required to
study the sampling variability of ¥ for large samples, More generally, as in
the discussion of the linear regression model, the normal assumption may
not apply to outcomes arising from real study data, making it necessary to
develop inference procedures for p without the bivariste nornal assumption
imposed on the data distribution.

A key difference between lincar regression discussed in Section 1.1.1 and
the product-moment correlation defined in (1.6) is that linear regression
models the conditional {on covariates} mean response, or first order moment
of ¢, given x, while the product woment correlation centers on cross-variable
variabilily between » and y. as measured by the second order moments ol
@ and y.  This difference is not confined to linear regression and i fact,
most regression models including the more general generelized tinear models
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are based upon modcling the mean or first order moment of a response of
interest (see Chapter 2 for details). Thus, the corrclation model represents
a significant departure from this mainstream modeling paradigm, in terms
of modeling high order momenis. Of note, the difference in modeling of
moments carrics over to drastically different inference paradigms.  Indeed,
a3 we demonstrate in further detail in Chapters 3, the typical approach to
asvmptotics-hbased inference theory developed for mean-based models, such
as linear regression, docs not in general apply to higher order moment, based
models.  Although standard asvmptotic approaches as typilied by direct
applications of the law of large maunbers and central limit theorem may still
be applied to study the sampling variability of the Pearson estimate o (see
Section 1.7}, such applications require muech more work both compulation-
ally and analytically. A more elegant solution is to utilize the theory of
U-statistics.  As we discuss in Chapters 3 and 6, such an alternative ap-
proach also allows ug to generalize this popular measure of association Lo
longitudinal study designs, as well as to effectively address missing data.

1.1.3 The Rank-Based Mann—Whitney—Wilcoxon Test

When comparing two treatment groups. one can nse the linear regression
model as discussed in Scection 1.1.1 provided that the data are normally
distributed. In the presence of severe departure from nermality, cspecially
when the data distribution is highly skewed, the Mann Whitney-Wilcoxon
rank surm lest is a popular allernative Lo regression.  This test compares the
distributions of the response of interest between two groups hased on the
rankings of the values of the response so that no analytical distribution is
imposed upon the response, at leasl in regard to its shape or form. Thus,
the test applies to a much wider range of data distributions.

Consider a study with two treatment groups with ng subjecls consti-
tting the kth sample (A =1,2). Let y; be two i.id. samples from some
conlinuous respouse of interest (1 < ¢ < g, & = 1,2}, We are interested
in testing whether there is any difference in mean response botween the two
samples. However, unlike the regression setting, we do got assnme analytic
form for the distributions of the two samples, except that they differ by a
location shift, that is, if £7 is the cumulative distribution function (CDF)
of y1;. the CDF of yo; is given by: Fy(y) = F1(y—#), where # is some
unknown paraneter (see Section 1.5 for definition of CDF). The Mann
Whitney Wilcoxon test for the equality of distributions, ithat is, # = 0, is
hased on rank scores that are created as follows.

First, the responses from the two groups gy, are combined and ordered



R CHAPTER 1 PRELIMINARIES

from the smallest to the largest. If there are ties among the observations,
they are arbitrarily broken. The ordered obscrvations are then assigned rank
gcorcs based on their rankings. For tied ohservations, average rankings are
assigned to them. For example, if n) = b and ny = 6, and the observations
of 31; and y; are given by

yiitd 7,3, 10, 1 oy 10, 14, 9, 3, 17, 24

then the ordered observations of combined groups when arranged from the
smallest (lefe} to the largest {right) are given as follows:

1.3, 3.4, 7.9. 10, 14, 15, 17, 24

The rank scores of the ordered observations are the rankings of the ordered
sequence starting fromn 1 for the smallest observation with tied observations
agsigned the average rankings, that is,

24+3 2-3

5 5 45,678,910, 11

]--.

The rank scores Ry, for the two groups are given by

243
Ry =4, Rip =5, Rz = % Ry

Ry =7, RAyp =8, Ry =0, Aoy =

=9, Ris=1
3

| RO
—+

, Hog = 10, Aoy = 11

]

Note that for two continuous variables y1; and 5, the probability of having
a tle either within the variable or between the variables 1s 0 (sce Scetion
1.5).  Although an improbable event in theory, it is possible to have tied
obscervations in practice because of limited precision in measurement.

Wilcoxon (1945) and Manu—Whitney (1947) independently developed
two statistics for testing the equality of the distributions of y; based on the
rank scores Ry for the observations from the two groups. More specifically,
Wilcoxon proposed the rank sum statistic:

[

Wilcoxon rank sum test : W, = Z Hi;
i=1

Note that the sum of the rank scores Z?;’i FRy; from the second group may
also be used as a statistic. However, it is readily shown (sec exercise) that

W + 2202, Boy = B where no= ny +ng. Thus, only one of the
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sums of the rank scores can be used as a statistic. The test initiated by
Mann-Whitney is

ny iz

Mann -Whitney test : L7, = Z Z Lo —pi<o} (1.7)
i=1 j=1

where Iy, <oy 18 @ set indicator with Iy, gy = 1 if w < 0 and 4 if otherwise.
Since W, = {7, + %ﬂl in the absence of ties (scc exercise), the two
tests are equivalent (see Chapter 3).  Throughout this book, we will use
the Mann Whitney form of the test and refer to it as the Mann-Whitney—
Wilcoxon rank sum test.

To use the test in (1.7), we must find the sampling distribution of Uf,.
Although it is possible to find the exact distribution (see Chapter 3), we
are also interested in the hehavior of the statistic in large samples, since
stuch behavior will enable the study of cfficiency and extend ihe test Lo a
more general sctting (see Chapter 3 and 6).  Howcever, unlike the linear
regression model and product- moment. correlation, it is more difficult to
study the asymptotic behavior for such a statistic, as it cannot be expressed
in the usual form of an independent sum of random variables. In Chapter
3. we will carefully characterize the asymptotic behavior of this statistic and
generalize it in Chapters 5 and 6 to address design issues arising in modern
study trials by using the theory of U-statistics.

1.2 Measurability and Measure Space

Measurable sets and measures of such sets are the most basic clements of
the theory of probability. In this section, we review these fundamental
concepts.

1.2.1 Measurable Space

Let © be a sample space and £ some collection of subsets of €2, A ¢-fleld or
o-algebra F is a collection of subscts of ), which has the following defining
properties:

1. @€ F {empty set is contained in /7).

2. HAecF,then A° € F (F is closed under complementation).

3. IfA; € £, then (Y2, A € F (F is closed under counlable unions).

Note that under (2} Q € f iff (it and only if) ¢ € £. Thus, (}) may be
equivalently stated as:

1. Qe f (empty set is coutained in /)
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The pair § == (.17} is called a measurable space.  So, a measurable
space 18 a sample space equipped with some g-field. TFor any sample space
{2, there always cxist lwo special a-ficlds. One is £ = {{,¢} and the other
is [ = {all subsets of Q@ including ¢ and 9}, representing the smallest and
largest o-field. respectively. The latter is often called the power set of {1

Example 1. Congider rolling a die.  There are six possible outcomes,
1, 2, ....6, the die will register when thrown. Let

2=11.2,3,4,5,6}, [ = {all subsets of Q including 2 and ¢}

Then, € is the sample space containing ali possible outcomes from a toss of
the die and the power set [ is a o-field. Thus, § = {2, F ) is o measurable
space.

Example 2. In Example 1, consider a collection of subsets of € defined
by

Fo={6.9,{1.3,5}.{2.4,6}}

[t is readily checked that [ is alse a o-fleld. Thus, § = ({2, £ 2} is again

a meagurable space,  When compared to £ in Fxample 1, this ¢-field has

fewer subsets. In other words, F o 18 contained in f , that 18, 2 C F .
Example 3. Let {1 = 7, the real line, and

Iy = 4. (=50, 0], (000)}, 3= {0.0)

Then, £, and [y are both o-fields. Clearly, £3 C Fs.

The o-ficlds in all three examples above are quite simple, stuce cach has
only a finite number of subsets.  In general, it i3 impossible to cnumerate
the members in a o-field if it contains infinitely many subjects.  One way
of constricting a o-field in this case is to use the following result.

Proposition. The intersection of o-fields is a o-field.

Let A denote a collection of subsets of 2. To construet a o-field including
all subscts in A, we can take the interscetion of all the o-ficlds containing
A, Since the power sel of Q (the collection of all subjects of 2} 1s always a
o-field (see exercise), the intersection always exists. This smallest o-fleld is
also called the o-ficld generated by A, denoted by o (A).

Example 4. Lot © = R and the Borel o-ficld B be ilic o-ficld gencrated
by any one of the following class of intervals:

{{—=x.a,:ae R}, {{a.b;a.be R}, {{a.b);a.be R} (1.8)
{la,c};ee R}, {la.x)jae R}, {{—x.a);a € R}
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More generally, tet Q@ = R¥ = {{wy,..,zp):0; € R.1 <<k} be the k-
dimensional Euclidean space. The Borel o-field B* is the o-field generated
by any one of the following class of subsets:

{@ﬁi'_l (—oc,ai 0 € R} ; {%f=1 (aibs)sa:.6; € H} (1.9)
{::_?,.f"__] (@i b)) as, b € R} . {x);”_J {a,20) ia; € R}

where :E::-i-*: 1A= A1 % As - Ay denotes the Cartesian product of sets such
that {{z1.....2%) 1 & € Aj 1 <4 <k},

The Borel o-field containg all open and closed sets.  For example, let
O C R* be some open set. For any poinl a € O, the defining propertics of
afl Opcn set ensure that we can find an open interval G, € O that contains a.
Since the set of rational numbers is dense, we can find a rational number in
s to index such an open interval, The collection of all such open intervals
indexed by a subset of the rational numbers Q covers all points in (). Since
¢} is countable, O is a countable nuion of open intervals. It thus follows
from (3} of the definition of o-ficld that O € B*. 1o show that any closed
set is in BF, simply note that the complement of a closed set is an open set.

The g-field is an abstract notion of information and is a building blocl of
probability theory and its vasi applications in all areas of research. In many
cxperiments and studies, we may not be interested in every single outcome
in the sample space and we can use o-field to represent the information
pertaining (o our interest. For example, il we only care whether the onicome
registered by a toss of a die is an odd or even nuinber, the simpler o-field f 5
in Exarmple 2 suffices to communicate this interest. The defining properties
of a 7-field ensure that we can perform meaningful operations regarding the
pieces ol information in a &-ficld ag well.

Example 5. In Example 2, let A = {{1,3,5}}. This collection has
a single subset communicating the interest of observing an odd outcore
when tossing the dic.  However, A docs not contain sufficient information
to describe all possible outcomes, since the event of even outlcomes, {2, 4.6},
is not in A, The o-field generated by A, Fo = {6,Q,{1,3,56},{2,4,6}},
has all the information needed to describe all potential outcomes in terms
of the event of inleresi.

For relatively simple sample spaces like the one in the above example, we
can readily construct a o-field containing the events of interest. For more
cotnplex sample spaces, especially those with an infinite number of elements
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such as R, it is difficult 1o asscroble such a ¢-ficld through cnumerating all
ity subsets. However, for any events of intcerest represcnted by a colleclion
of subsets 4, we can always find a ~-field containing A, such as the one
generated by A, o (A4), as gnaranteed by the Proposition.

1.2.2 Measure Space

Given a measurable space & = (3, F ), let o define a mapping or function
from  to RU {oc}, with the following properties:

1. p(Ay=0forany A €.

2. (Countable additivity) It A; € [ is a disjoint sequence fori = 1,2, ...,

then
> [
pl 4] =) ua)
i=1 )

If ©Q has a finite number of elements, the countable additivity property be-
comes p (U, A =300, 1 (4;). Such a mapping p is called a measure.
A measure space is defined by adding ¢ to & and denoted by the triplet
M= (0 F ).

Thus, a measure is defined for each element of the o-field /., that iy,
subsets rather than each individual element of the sample space £ This
distinetion is especially important when 2 has an wuncountable number of
elements such as the real line R.

If & o-field represents the collection of information to describe some ot-
come of interest, a measure then allows us to quantify the pieces of infor-
mation in the o-ficld in a certain fashion according to our intcrest, For
example, in the theory of probability, such a probability measure is used to
quantify the occurrence of event as represented in a g-field in the study of
random phenomena (see Section 1.4 for the definition of probability mea-
sure}. :

Example 6. Within the coniext of Example 1, define a set function
as follows:

w(Ay=14|, AcF

where | A| denotes the number of elements (singlefons} in A. Then, y is a
measure. This measure p assigns 1 to each singleton.

In general, a measure may be constructed by assigning a value to each
singleton, and the measure of a subset is then the sum of the measures
of all its members.  The countable additivity of such a measure follows

directly from the additivity of arithmetic addition. For example, to check
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the countable additivity property (or finite additivity for this example, since
) is finite), consider A = {1,2} = {1} U {2}. Then, wec have

plA) = p{{1}) +p({2}) =

Since y2 (A) counts the number of clements in A, it is called the count mea-
sure. Note that by restricting g to [ » in Example 2, ¢ becomes a measure
for the measurable space § = (£2, [ o).

Example 7. Consider the number of surgeries performed in a hospital
over a perlod of time. Tt s difficult to put an upper bound on such an
outcome, As a result, this outcome of interest has a theoretical range {rom
0 to oc. Thus, an appropriate sample space for the number of surgeries is
the countable space containing the non-negative integers, £ = {0,1,2,...}.
Let # be the o-field containing all subsets of € including € itself and @,
that is, the power set of €.

The measure defined in Example 6 may be extended to the countable
space. It is readily checked that 4 (AU B) = p{A)+p(B)forany A, B e £
with AMD = ¢. In addition, the countable additivity also holds true. Thus,
i is a well-defined measure. However, unlike the count measure in Example
6, £ (Q) = oc. Since Q is a countable union of measurable sets with finite
measure (e.g. Q= Ji_,{k}), p is called a o-finite measure.

For a sa.mple space with a finite or countable number of elements, we
can define a measure by first limiting it for each element. as in Examples
3 7. For a sample space with an uncountable number of elements, such
as R. this approach generally does not work. For example, for the Borel
measurable space S = (R, B), B contains all different types of intervals as
well as points. It is impossible to develop a measure by first defining its
values for all individual points of the sample space R.  This is because a
proper interval such as (0,4} contains an uncountable number of points and
as such it is not possible to extend such a point-based function to a measure
that 15 defined for proper intervals using the defining countable additivity
property. It is also generally difficult to define a measure by assigning its
valies fo all subsets in a o-fleld directly because such assignments must
satisfy the relationship given by the following theorcm.

Theorem 1. Given a measure space M = (£2, F, u}, we have

1. (Continuity from below) H A, € L, A e F and A, T A, then
i (An) T e (A).

2. {(Continuity from above} If A, € F, A € F and A, | A then
p{An) | 1 (A), provided that at least one p(A4,) is finite.

3. (Continutty subadditivity) I A; € £ then p (|2, A:) < 372, u (-
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1. {Rule of total measure) If {Cy € F i =1,2,...} is a partition of {2,
then p(A) = 5775, wn(ANCY).

Note that 4, T A (A, | A) means that 4; € 4, C ... C 4, € ...
and A =2, 4, while g (Ap) T (A () | g2 (A)) imples that g (A}
increases (decreases) to g (A).

Because of these difficultics, a measure for a o-field is generally con-
structed by frst defining i for a class of subscts that generates the o-field.
For example, if a class of subsets A is a ring, thal is, AU B € A {closed un-
der pairwise union) and AN B7 € A {closed under relative complement ) for
any A. B € A, then any measure defined on A may be uniquely extended to
the o-field generated by it. This is known as the Caeratheodory’s extension
theorem (e.g., Ash, 1999).

Example 8. Consider again the measurable space 5 = (Rk, Bk). Since
B* is generated by subsets of the form A = {ch:l {a,b]as. b, € H} and A
is a ring, it follows that we can create a wmeasurc u on B¥ if we first define
il for such sets. For example, if we measure each Sf‘_] (@4, B;] by its volume

ke
I1 (b — @), we obtain the Lebesgue measure for B*.
i=1

Example 9. In Example 8, let £ = 1 and consider S = (R.B). Let
be seme non-decreasing, right continuous function / on K. For intervals of
the form (a,b], let g ({a, b)) = F(b} — F(a). Then, by Example 8, u can be
uniquely extended to the Borel o-field B. In particular, if I7(x) = exp {~ax)
if # > 0 and 0 if otherwise, where « is a known positive constant, this F-
induced measure gives rise Lo the exponential distribution (see Section 1.4
for details about distribution functions).

1.3 Measurable Function and Integration

Functions and their integration form the foundarion of mathematical sci-
ence. The Riemann infegral is the first rigorous definition of integration of
a function over an interval in R or subsct in R* and has been widely used in
applications, including statistics. However, Riemann integration has several
linitations, Tirst, as the definition of Riemann integral relies on R*, it is
difficult. to extend the notion of integration to general measurable spaces.
Second, within the Euclidean space, a wide class of Minctions of theoreti-
cal interest is not Riemann inlegrable, that is, the integral does not exist.
In this section, we review measurable funclions and their integrals, which
address the fundamental limitations of Ricmann inlegration.



1.3 MEASURABLE FUNCTION AND INTEGRATION 15

1.3.1 DMleasurable Functions

Consider two measurable spaces, & = (@), F 1) and & = (. F2). A
mapping from € to 25, T {2 — Q9 is measurable £ 1/F o if

TYAerry, forany A€o {1.10}

where 7714 = {w e 1, T (w) € A} is the inverse image of A € /2 in [ 1.
If S = (R, B). T is called a real measurable function and often denoted by
f

Note that 7! should nol be interpreted as the inverse mapping of 7',
gince T s not necessarily a one-to-one fuuction, Note also thal unlike
measures that are defined as set functions based on o-fields, T is a point-
hased function defined for each clement of the sample space {2;.

Let o {T) denote the o-field generated by T, that is,

gl =a {'T_1_4, for any A € Fz}

Then, T is measurable o (1') /F 5. Thus, for any mapping 7', we can always
make it measurable with respect to some o-field.

Example 1. Let & = S = (R, B). Lot f be a continuous real function
from &) lo &, Consider any open sel O € £ = B, By the definition of
a continuous function, £~ is also an open set in f1 = B. Thus, f is
measurable.

Example 2. Cousider the mcasurable spaces S = (R, B) and &; =
{RR,] 2) in Example 3 of Section 1.2. Define the identity mapping 7' from
R to itself, that is, 7' (x) =« for any x € B. Then, T is measurable B/ 1.
This follows since for auy A € F o, A is cither ¢, (—ac, 0], (0,2¢) or R, all of
which are elements of B. Thus, T-1A = A4 € B for any A € [5. Note that
it. is readily checked that the reverse is not true, that is, 17 is not measurable
FofB.

It is inconvenient if not impossible to check measurability of a mapping
by the defining condition in {1.10). For example, even for a very simple
a-field 9 and a mapping in Example 2, we mugt inspect every element A
of F5 to ensure that 7714 € B. When £ » contains an infinite number of
subscts, such as B, it is not possible 1o perform such a task. Fortunately,
we can use the following results to circuruvent the difficultics,

Theorem 1. Let S = (8. &) denote three neasurable spaces (1 <
k<< 3). Let A C [ 2, acollection of subsets contained in £ 2, and F 2 — o (A4).
Let G be a g-field for §. Let 1} and T5 he measurable mappings from S
to & and from & to Ss, respectively. Then,
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1. If '2"1_1_-4 € [y for each A € A, then T} is measurable 1/ 5.

2. 1f7T) is measurable £1/F 2 and £} C G, then 77 is measurable G/ ».

3. I Ty is measurable f1/F 2, and T3 is measurable f o/F 3, then the
composite mapping from €24 to Q3, Ty o Ty is measurable [1/F 3.

Thus, by Theorem 1/1, we can check measurability of a mapping Ty
(rom Q) to Qs by limiting the defining condition in (1.10) to a collection
of subsets generating the o-field 5. In addition. we can use Theorem 1/2
and 1/3 to construct new mappings for a given purpose.

Example 3. In Example 2, let A ={(—oc,0]}. Then, A C Fo. Con-
sider again the identity mapping T {(x) = «x for any = € R. It is readily
checked that 7714 = (—oc,0] € B. Since /3 = o (A), it follows from The-
orem 1/1 that T is measurable 8/F 5. Tn comparison Lo Example 2, we only
checked the measurability of T with respect to a single subset A = (—oc, ()]
m £ 2.

Example 4. Let §§ = S = & = (R, B). Since f(z) = sin{r) and
g{x) = jz| are both continuous functions, it follows from Example 2 that
fis measurable f1/F> = B/B and g is measurable f /I3 = B/B. It
follows from Theorem 1/3 that sin (2)| = g (f (z)) = go f (x) is measurable
Fi/Fs = B/B. In other words, |sin(z)}| i3 a real measurable function on
R,

Theorem 2. Let § = (£),7) denote a measurable space. Let f and g
be real measurable functions. Then,

max (f.¢), min{f.g), fxg¢ f-g é— (it g £ 0)
are all measurable.

1.3.2 Convergence of Sequence of Measurable Functions

Limit and convergence are key to studying the behavior of measurable func-
tions and their integrations. In this section, we discuss the notion of con-
vergence of sequence of measurable functions and in particular review two
popular modes of convergence.

Consider a measurable space S = ({1, F ). Tor each n (= 1), let f, be a
real measurable function defined on 5, that is, f, is a mapping from 5 1o
(R.B) and { /B measurable. For such a sequence of measurable functions,
we can always construct two sequences of fuuclions, g, = maxi=pc, fr and
hy, = liyzpen fr (0 =1,2,...). By Theorem 3 of Section 1.3, both g,
and h, are [ /B measurable, In addition, both sequences are monotone
increasing in the sense that g, < g,,1 and k, > h,—). Thus. lor each
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element w € €2, the Hmits lim, ., g, and lim,, . h,, exist if o¢ is considered
to be a ‘real” value. We denole these limits by sup,,~q fr == lim, . g, and
infrn=y frn = limy_no fin. -

Based on these two limit functions we may further define two scquences
of functions, sup,~, fr, and inf,=p f,, (K > 1}, Tt is stralghtforward to check
that these rwo sequences are monotone (see exercise).  Thus, their limits
exist, denoted as limsup f, and liminf f,, respectively. It is easy to show
that f, converges iff limsup f, = lmin{ £, and the lunit is denoted by
ity ac fr. The following asserts that all these [unctions constructed are
also measurable (see exercise).

Theorem 3. Let & = (. /) be a measurable space. Let f,, bc a
sequence of real measurable functions, Then,

1. The following functions,

max fn, min f,, sup fn, inf f,
J.E!LE;{‘f 1§ { ”“}Il f ??-Zl f

limsup f,, = hm sup fg. lminf £, = lim inf f
X ey [ Te <l S Y
arc all measurable.

2. The set {w: limsup f, = liminf f,} is measurable. In particular, if
li, . [ exisls, then the limiting function is measurable,

As will be seen in Section 1.3.3, we can alter the values of a real mea-
surable function in a set of measure 0 without changing the integral of the
func‘fion Thus, two funciions J and g that differ on a set of measure 0, Lthat

s, pi{{x: flz) # g(2)}) =0, are not distinguishable by integration and are
._ald to be equivalent almost everywhere (a.e}). By applying this notion of
cquivalence to a sequence of measurable functions, we say that f,, converges
to f almost everywhere, f,, — f a.c., if the set on w hich [ does not have a
limit has measure 0, that is,

g ({w  limsup fr, # lmint fr}) =0

Thus, under a.e. convergence, f, can have points on which limy, .~ fi, does
ot exist, but the set of such points must have a measure of .

The a.e. convergence is defined for each element €. Another measure
of convergence for f, is to look at the difference between f,, and its limit f
as quantified by i directly. More specifically. f“ is said 1o converge 1o f in
measure, denoted bv }‘}, =y fyif for any ¢ > 0, the deterministic sequence,
dng = p] fn — f| = 0., converges to 0 as n — oc.  Stated formally, for any
8, ¢ == (), we can ﬁnd some integer V. s such thai

dns=pl|fn—Fl>8 <e foralln >N
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As will be seen in Section 1.6, this measure of convergence is widely used in
statistics agsvmptotics to study large sample behaviors of statistics and/or
model cstimates.

The two measures of convergence for sequences of functions are not equiv-
alent as the following example demonstralces.

Example 5. Let f,. be functions from § = (R, B) to itself as defined
by

X bif k;'lg,rg%
Juk (.I‘) = .

0 if otherwise

1<k <mn

Let 2 be the Lebesgue measure on 5. Then, the sequence, f1y, fo1, fon.
Fs1. Fa2. fazee .., converges to function 0 in measure since g (| frp — 0 > 0) <
% — 0 for any § > (0. Howoever, the sequence does not converge a.e. and in
fact, it converges nowlere since it may take values 0 and L for sufficiently
large 1.

On the other hand, consider f, (z) = I3~y (0 2 1). Then, f,{x) —0
for all z € . However, since pu(|fo — 0l > 8) = p{x > n) = > for any
5 =0 (8 < 1), f does not converge in nicasure.

In the above example, () = oc.  This is not incidental, as in the
constriction of the sccond part of the example, as the following theoremn
indicates.

Theorem 4. Let & = ({1, f) be a measurable space. If p(Q) < oc,
then convergence a.c. implies convergence in measure.

Proof. Let f, {x} — f(z) a.e. Then, since

{w: fo(w) = flw)} = U5>D {W‘ lim sup | fr (w) — flw)| = 6}
n—0G
it follows that p({w:limsup, o |fo(w)— flw)]>4d}) = 0 for any
d = 0. From the continuity properties of measure {(with [inite total mea-
sure), g ({w :supiS,, | fo (@} — flw)| = 6}) — 0. Thus
plfo s [ fo(w) — flw) > 0}) — 0

and f,, (z) — flx) in measure.
Thus, a.e. convergence is gencrally sironger than convergence in moa-
sure.

1.3.3 Integration of Measurable Functions

In Riemann caleulus, the definition of integral relics critically on the metric
of the Enclidean space.  For example, consider integrating a function f















