
CHAPTER 1

FUNDAMENTAL CONCEPTS

1-1. Introduction. The topic of this book is the theory and analysis
of electromagnetic phenomena that vary sinusoidally in time, henceforth
called a-c (alternating-current) phenomena. The fundamental concepts
which form the basis of our study are presented in this chapter. It is
assumed that the reader already has some acquaintance with electro-
magnetic field theory and with electric circuit theory. The vector analy-
sis concepts that we shall need are summarized in Appendix A.

We shall view electromagnetic phenomena from the "macroscopic"
standpoint, that is, linear dimensions are large compared to atomic dimen-
sions and charge magnitudes are large compared to atomic charges. This
allows us to neglect the granular structure of matter and charge. We
assume all matter to be stationary with respect to the observer. No
treatment of the mechanical forces associated with the electromagnetic
field is given.

The rationalized mksc system of units is used throughout. In this
system the unit of length is the meter, the unit of mass is the kilogram,
the unit of time is the second, and the unit of charge is the coulomb.
We consider these units to be fundamental units. The units of all other
quantities depend upon this choice of fundamental units, and are called
secondary units. The mksc system of units is particularly convenient
because the electrical units are identical to those used in practice.

The concepts necessary for our study are but a few of the many electro-
magnetic field concepts. We shall start with the familiar Maxwell equa-
tions and specialize them to our needs. New notation and nomenclature,
more convenient for our purposes, will be introduced. For the most part,
these innovations are extensions of a-c circuit concepts.

1-2. Basic Equations. The usual electromagnetic field equations are
expressed in terms of six quantities. These are

8, called the electric intensity (volts per meter)
3C, called the magnetic intensity (amperes per meter)
3D, called the electric flux density (coulombs per square meter)
(B, called the magnetic flux density (webers per square meter)
<J, called the electric current density (amperes per square meter)
qvj called the electric charge density (coulombs per cubic meter)
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FIG. 1-1. dX and ds on an open surface. FIG. 1-2. ds on a closed surface.

We shall call a quantity well-behaved wherever it is a continuous tunction
and has continuous derivatives. Wherever the above quantities are well-
behaved, they obey the Maxwell equations

V X S = - ^ V.(B = 0

»-»
V X 3C = — + 3 V • £> = qv

These equations include the information contained in the equation of
continuity

V - * - - t d-2)
which expresses the conservation of charge. Note that we have used
boldface script letters for the various vector quantities, since we wish to
reserve the usual boldface roman letters for complex quantities, intro-
duced in Sec. 1-7.

Corresponding to each of Eqs. (1-1) are the integral forms of Maxwell's
equations

j) £ • d\ = - 21 / ® ' <*s <ff> « * ^s = 0
(1-3)

j) 3C • d\ = j I / T> - ds + / / 3 • ds (jj) £> • ds = / / / qv dr

These are actually more general than Eqs. (1-1) because it is no longer
required that the various quantities be well-behaved. In the equations
of the first column, we employ the usual convention that d\ encircles ds
according to the right-hand rule of Fig. 1-1. In the equations of the
last column, we use the convention that ds points outward from a closed
surface, as shown in Fig. 1-2. The circle on a line integral denotes a
closed contour; the circle on a surface integral denotes a closed surface.
The integral form of Eq. (1-2) is

#^-ds=~^///^dT (1-4)
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FUNDAMENTAL CONCEPTS 3

where the same convention applies. This is the statement of conserva-
tion of charge as it applies to a region.

We shall use the name field quantity to describe the quantities dis-
cussed above. Associated with each field quantity there is a circuit
quantity, or integral quantity. These circuit quantities are

v, called the voltage (volts)
i, called the electric current (amperes)
q, called the electric charge (coulombs)
}[/j called the magnetic flux (webers)
x//6, called the electric flux (coulombs)
w, called the magnetomotive force (amperes)

The explicit relationships of the field quantities to the circuit quantities
can be summarized as follows:

v = f S • d\

i = ff 3-ds
Q = / / / Qv dr

yp = jj (B • ds

V = fj £> • ds

u = I 3C • dl

(1-5)

All the circuit quantities are algebraic quantities and require reference
conditions when designating them. Our convention for a "line-integral"
quantity, such as voltage, is positive reference at the start of the path of
integration. This is illustrated by Fig. 1-3. Our convention for a
"surface-integral" quantity, such as current, is positive reference in the
direction of ds. This is shown in Fig. 1-4. Charge is a "net-amount"
quantity, being the amount of positive charge minus the amount of nega-
tive charge.

We shall call Eqs. (1-1) to (1-4) field equations, since all quantities
appearing in them are field quantities. Corresponding equations written
in terms of circuit quantities we shall describe as circuit equations. Equa-

FIG. 1-3. Reference convention for FIG. 1-4. Reference convention for
voltage. current.
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4 TIME-HARMONIC ELECTROMAGNETIC FIELDS

tions (1-3) are commonly written in mixed field and circuit form as

^6-<fl = - ^ (ffxR-ds = 0

(f)K'd\ = —r- + i <&£>-ds = q

Similarly, the equation of continuity in mixed field and circuit form is

Finally, the various equations can be written entirely in terms of circuit
quantities. For this, we shall use the notation that 2 denotes summation
over a closed contour for a line-integral quantity, and summation over a
closed surface for a surface-integral quantity. In this notation, the cir-
cuit forms of Eqs. (1-6) are

2—* 2—
and the circuit form of Eq. (1-7) is

2< - - £ <">
Note that the first of Eqs. (1-8) is a generalized form of Kirchhoff's volt-
age law, and Eq. (1-9) is a generalized form of Kirchhoff's current law.

It is apparent from the preceding summary that many mathematical
forms can be used to present a single physical concept. An understand-
ing of the concepts is an invaluable aid to remembering the equations.
While an extensive exposition of these concepts properly belongs in an
introductory textbook, let us here summarize them. Consider the sets
of Eqs. (1-1), (1-3), (1-6), and (1-8). The first equation in each set is
essentially Faraday's law of induction. It states that a changing mag-
netic flux induces a voltage in a path surrounding it. The second equa-
tion in each set is essentially Ampere's circuital law, extended to the
time-varying case. It is a partial definition of magnetic intensity and
magnetomotive force. The third equation of each set states that mag-
netic flux has no "flux source," that is, lines of (B can have no beginning
or end. The fourth equation in each set is Gauss' law and states that
lines of 3D begin and end on electric charge. It is essentially a partial
definition of electric flux. Finally, Eqs. (1-2), (1-4), (1-7), and (1-9) are
all forms of the law of conservation of charge. They state that charge

(1-6)

(1-7)
dq

' dt<&> & • ds

d^
dt

+ iu p = q
(1-8)

dq
dt
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can be neither created nor destroyed, merely transported. Lines of cur-
rent must begin and end at points of increasing or decreasing charge
density.

1-3. Constitutive Relationships. In addition to the equations of
Sec. 1-2 we need equations specifying the characteristics of the medium
in which the field exists. We shall consider the domain of £ and 3C as
the electromagnetic field and express 3>, (B, and $ in terms of £ and (JC.
Equations of the general form

£> = S>(£,3C)

(B = <B(£,3C) (1-10)
<J = <j(£,*C)

are called constitutive relationships. Explicit forms for these can be found
by experimentation or deduced from atomic considerations.

The term free space will be used to denote vacuum or any other medium
having essentially the same characteristics as vacuum (such as air). The
constitutive relationships assume the particularly simple forms

in free space (1-11)

where e0 is the capacitivity or permittivity of vacuum, and ju0 is the indue-
tivity or permeability of vacuum. It is a mathematical consequence of
the field equations that (eo/xo)"̂  is the velocity of propagation of an
electromagnetic disturbance in free space. Light is electromagnetic in
nature, and this velocity is called the velocity of light c. Measurements
have established that

c = _ = 2.99790 X 108 « 3 X 108 meters per second (1-12)
\AoMo

The choice of either e0 or /z0 determines a system of electromagnetic units
according to our equations. By international agreement, the value of JU0

has been chosen as

fxo = 4TT X 10~7 henry per meter (1-13)

for the mksc system of units. It then follows from Eq. (1-12) that

eo = 8.854 X 10"12 « ~ X 10~9 farad per meter (1-14)
OO7T

for the mksc system of units.
Under certain conditions, the constitutive relationships become simple

proportionalities for many materials. We say that such matter is linear

3D = eo£ \
<B = MO3C >

5 = 0 j
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in the simple sense, and call it simple matter for short. Thus

in simple matter (1-15)

where, as in the free-space case, e is called the capacitivity of the medium
and /x is called the inductivity of the medium. The parameter a is called
the conductivity of the medium. We originally made the qualifying state-
ment that Eqs. (1-15) hold "under certain conditions." They may not
hold if 8 or 3C are very large, or if time derivatives of 8 or 3C are very large.

Matter is often classified according to its values of a, e, and /x. Mate-
rials having large values of a are called conductors and those having small
values of a are called insulators or dielectrics. For analyses, it is often
convenient to approximate good conductors by perfect conductors, charac-
terized by a = oo, and to approximate good dielectrics by perfect dielec-
trics, characterized by a = 0. The capacitivity e of any material is never
less than that of vacuum €0. The ratio er = c/eo is called the dielectric
constant or relative capacitivity. The dielectric constant of a good con-
ductor is hard to measure but appears to be unity. For most linear
matter, the inductivity ju is approximately that of free space /x0. There
is a class of materials, called diamagnetic, for which p is slightly less than
jLt0 (of the order of 0.01 per cent). There is a class of materials, called
paramagnetic, for which ju is slightly greater than JU0 (again of the order of
0.01 per cent). A third class of materials, called ferromagnetic, has values
of n much larger than /x0, but these materials are often nonlinear. For
our purposes, we shall call all materials except the ferromagnetic ones
nonmagnetic and take /x = Mo for them. The ratio fxr = fi/n0 is called the
relative inductivity or relative permeability and is, of course, essentially
unity for nonmagnetic matter.

Quite often the restriction on the time rate of change of the field,
made on the validity of Eqs. (1-15), can be overcome by extending the
definition of linearity. We say that matter is linear in the general sense,
and call it linear matter, when the constitutive relationships are the
following linear differential equations:

in linear matter (1-16)« = MK + M - s - + w - 5 i r + • • •

<, = , £ + „ , _ + „,__ + . . .

Even more complicated formulas for the constitutive relationships may

3D = eS ]

3 =<rZ )

£> = eZ + €i
dS , 028

^ ' ~zdt*
€ 2
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be necessary in some cases, but Eqs. (1-16) are the most general that we
shall consider. Note that Eqs. (1-16) reduce to Eqs. (1-15) when the time
derivatives of 8 and 5C become sufficiently small.

The physical significance of the extended definition of linearity is as
follows. The atomic particles of matter have mass as well as charge,
so when the field changes rapidly the particles cannot " follow" the field.
For example, suppose an electron has been accelerated by the field, and
then the direction of 8 changes. There will be a time lag before the
electron can change direction, because of its momentum. Such a picture
holds for <$ if the electron is a free electron. It holds for SD if the electron
is a bound electron. A similar picture holds for (B except that the mag-
netic moment of the electron is the contributing quantity. We shall not
attempt to give significance to each term of Eqs. (1-16). It will be shown
in Sec. 1-9 that all terms of Eqs. (1-16) contribute to an "admittivity"
and an "impedivity" of a material in the time-harmonic case.

1-4. The Generalized Current Concept, It was Maxwell who first
noted that Ampere's law for statics, V X 3C = ,0, was incomplete for
time-varying fields. He amended the law to include an electric displace-
ment current dS>/dt in addition to the conduction current. He visualized
this displacement current in free space as a motion of bound charge in
an "ether," an ideal weightless fluid permeating all space. We have
since discarded the concept of an ether, for it has proved undetectable
and even somewhat illogical in view of the theory of relativity. In
dielectrics, part of the term d5>/dt is a motion of the bound particles
and is thus a current in the true sense of the word. However, it is con-
venient to consider the entire d£)/dt term as a current. In view of the
symmetry of Maxwell's equations, it also is convenient to consider the
term d(R/dt as a magnetic displacement current Finally, to represent
sources, we amend the field equations to include impressed currents, elec-
tric and magnetic. These are the currents we view as the cause of the
field. We shall see in the next section that the impressed currents repre-
sent energy sources.

The symbols $ and 311 will be used to denote electric and magnetic
currents in general, with superscripts indicating the type of current. As
discussed above, we define total currents

& = ?7 + & + &
* d-17)

M " dt ^ ^

where the superscripts t, c, and i denote total, conduction, and impressed
currents. The symbols i and k will be used to denote net electric and
magnetic currents, and the same superscripts will indicate the type.


