CHAPTER 1

INTRODUCTION

The term “Biomedical Engineering” can refer to any endeavor in which techniques from
engineering disciplines are used to solve problems in the life sciences. One such under-
taking is the construction of mathematical models of physiological systems and their
subsequent analysis. Ideally the insights gained from analyzing these models will lead to
a better understanding of the physiological systems they represent.

System identification is a discipline that originated in control engineering; it deals with
the construction of mathematical models of dynamic systems using measurements of their
inputs and outputs. In control engineering, system identification is used to build a model
of the process to be controlled; the process model is then used to construct a controller.

In biomedical engineering, the goal is more often to construct a model that is detailed
enough to provide insight into how the system operates. This text deals with system
identification methods that are commonly used in biomedical engineering. Since many
physiological systems are highly nonlinear, the text will focus on methods for nonlinear
systems and their application to physiological systems. This chapter will introduce the
concepts of signals, systems, system modeling, and identification. It also provides a brief
overview of the system identification problem and introduces some of the notation and
terminology to be used in the book. The reader should be acquainted with most of the
material covered in this chapter. If not, pedagogical treatments can be found in most
undergraduate level signals and systems texts, such as that by Kamen (1990).

1.1 SIGNALS

The concept of a signal seems intuitively clear. Examples would include speech, a televi-
sion picture, an electrocardiogram, the price of the NASDAQ index, and so on. However,
formulating a concise, mathematical description of what constitutes a signal is somewhat
involved.
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1.1.1 Domain and Range

In the examples above, two sets of values were required to describe each “signal”; these
will be termed the domain and range variables of the signal. Simply put, a signal may be
viewed as a function that assigns a value in the range set for each value in the domain
set; that is, it represents a mapping from the domain to the range. For example, with
speech, the domain is time while the range could be one of a variety of variables: the air
pressure near the speaker’s mouth, the deflection of the listener’s ear drum, or perhaps
the voltage produced by a microphone.

This concept can be defined formally by describing a signal, s(¢), as a mapping from
a domain set, 7', which is usually time, to a range set, Y. Thus,

s:T—>Y

where r € T is a member of the domain set, usually time. In continuous time, T is the
real line; in discrete time, it is the set of integers. In either case, the value of the signal
is in the range set, Y. The range of the signal is given by applying the mapping to the
domain set, and is therefore s(7T').

The above definition really describes a function. A key point regarding the domain
set of a signal is the notion that it is ordered and thus has a direction. Thus, if x; and x;
are members of the domain set, there is some way of stating x; > x;, or the reverse. If
time is the domain, #; > 1, is usually taken to mean that #; is later than r;.

The analysis in this book will focus on signals with one-dimensional domains—usually
time. However, most of the ideas can be extended to signals with domains having
two dimensions (e.g., X-ray images), three dimensions (e.g., MRI images), or more
(e.g., time-varying EEG signals throughout the brain).

1.1.2 Deterministic and Stochastic Signals

A signal is deterministic if its future values can be generated based on a set of known
rules and parameters, perhaps expressed as a mathematical equation. For example, the
sinusoid

ya(t) = cosu ft + ¢)

can be predicted exactly, provided that its frequency f and phase ¢ are known. In
contrast, if y.(k) is generated by repeatedly tossing a fair, six-sided die, there is no way
to predict the kth value of the output, even if all other output values are known. These
represent two extreme cases: yq(f) is purely deterministic while y.(k) is completely
random, or stochastic.

The die throwing example is an experiment where each repetition of the experiment
produces a single random variable: the value of the die throw. On the other hand, for
a stochastic process the result of each experiment will be a signal whose value at each
time is a random variable. Just as a single throw of a die produces a single realization of
a random variable, a random signal is a single realization of a stochastic process. Each
experiment produces a different time signal or realization of the process. Conceptually,
the stochastic process is the ensemble of all possible realizations.

In reality, most signals fall between these two extremes. Often, a signal may be
deterministic but there may not be enough information to predict it. In these cases, it
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may be necessary to treat the deterministic signal as if it were a single realization of
some underlying stochastic process.

1.1.3 Stationary and Ergodic Signals

The statistical properties of a random variable, such as its mean and variance, are deter-
mined by integrating the probability distribution function (PDF) over all possible range
values. Thus, if f(x) is the PDF of a random variable x, its mean and variance are
given by

Mx =f xf(x)dx

of = f (x — ) f (x) dx

Similar integrals are used to compute higher-order moments. Conceptually, these integrals
can be viewed as averages taken over an infinite ensemble of all possible realizations of
the random variable, x.

The value of a random signal at a point in time, considered as a random variable,
will have a PDF, f(x,t), that depends on the time, #. Thus, any statistic obtained by
integrating over the PDF will be a function of time. Alternately, the integrals used to
compute the statistics can be viewed as averages taken over an infinite ensemble of
realizations of the stochastic process, at a particular point in time. If the PDF, and hence
statistics, of a stochastic process is independent of time, then the process is said to be
stationary.

For many practical applications, only a single realization of a stochastic process will
be available; therefore, averaging must be done over time rather than over an ensemble
of realizations. Thus, the mean of a stochastic process would be estimated as

1 T
Ay = 7/0 x(t)dt

Many stochastic process are ergodic, meaning that the ensemble and time averages are
equal.

1.2 SYSTEMS AND MODELS

Figure 1.1 shows a block diagram of a system in which the “black box,” N, transforms
the input signal, u(¢), into the output y(z). This will be written as

y(@) = N(u(@)) 1.

to indicate that when the input u(¢) is applied to the system N, the output y(¢) results. Note
that the domain of the signals need not be time, as shown here. For example, if the system
operates on images, the input and output domains could be two- or three-dimensional
spatial coordinates.

This book will focus mainly on single-input single-output (SISO) systems whose
domain is time. Thus u(¢) and y(¢) will be single-valued functions of 7. For multiple-input
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Figure 1.1 Block diagram of a “black box” system, which transforms the input(s) u(z), into the
output(s), y(¢). The mathematical description of the transformation is represented by the operator N.

multiple-output (MIMO) systems, Figure 1.1, equation (1.1), and most of the develop-
ment to follow will not change; the input and output simply become vector-valued func-
tions of their domains. For example, a multidimensional input signal may be written as
a time-dependent vector,

u(t) = [ul(t) uy(t) ... un(t)] (1.2)

1.2.1 Model Structure and Parameters

Using M to indicate a mathematical model of the physical system, N, the model output
can be written as

(1) = M(u(t)) (1.3)

where the caret, or “hat,” indicates that y(z) is an estimate of the system output, y(¢).
In general, a model will depend on a set of parameter parameters contained in the
parameter vector 6. For example, if the model, M(#), was a third-degree polynomial,

Y@, 1) =M@, u())
=cO 4 Dy + cPu? @) + i) (1.4)
the parameter vector, #, would contain the polynomial coefficients,
8 = [c© D @ C<3)]T

Note that in equation (1.4) the dependence of the output, y(8, ¢), on the parameter vector,
0, is shown explicitly.

Models are often classified as being either parametric or nonparametric. A parametric
model generally has relatively few parameters that often have direct physical interpreta-
tions. The polynomial in equation (1.4) is an example of a parametric model. The model
structure comprises the constant, linear, quadratic and third-degree terms; the parameters
are the coefficients associated with each term. Thus each parameter is related to a par-
ticular behavior of the system; for example, the parameter ¢ defines how the output
varies with the square of the input.

In contrast, a nonparametric model is described by a curve or surface defined by its
values at a collection of points in its domain, as illustrated in Figure 1.2. Thus, a set
of samples of the curve defined by equation (1.4) would be a nonparametric model of
the same system. Here, the model structure would contain the domain values, and the
“parameters” would be the corresponding range values. Thus, a nonparametric model
usually has a large number of parameters that do not in themselves have any direct
physical interpretation.
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Figure 1.2 A memoryless nonlinear system. A parametric model of this system is y(t) =
-3 —u@) + u?@t) — 0.5u3(r). A nonparametric model of the same system could include a list
of some of the domain and range values, say those indicated by the dots. The entire curve is
also a nonparametric model of the system. While the parametric model is more compact, the
nonparametric model is more flexible.

1.2.2 Static and Dynamic Systems

In a static, or memoryless, system, the current value of the output depends only on the
current value of the input. For example, a full-wave rectifier is a static system since its
output, y(z) = |u(¢)|, depends only on the instantaneous value of its input, u(¢).

On the other hand, in a dynamic system, the output depends on some or all of the
input history. For example, the output at time ¢ of the delay operator,

y(O) =u( —r1)

depends only on the value of the input at the previous time, ¢ — 7.
In contrast, the output of the peak-hold operation

y(@) = Igg;((u(r))

retains the largest value of the past input and consequently depends on the entire history
of the input.

Dynamic systems can be further classified according to whether they respond to the
past or future values of the input, or both. The delay and peak-hold operators are both
examples of causal systems, systems whose outputs depend on previous, but not future,
values of their inputs. Systems whose outputs depend only on future values of their
inputs are said to be anti-causal or anticipative. If the output depends on both the past
and future inputs, the system said to be noncausal or mixed causal anti-causal.

Although physical systems are causal, there are a number of situations where noncausal
system descriptions are needed. For example, behavioral systems may display a predictive
ability if the input signal is deterministic or a preview is available. For example, the
dynamics of a tracking experiment may show a noncausal component if the subject is
permitted to see future values of the input as well as its current value.

Sometimes, feedback can produce behavior that appears to be noncausal. Consider the
system in Figure 1.3. Suppose that the experimenter can measure the signals labeled u(7)
and y(r), but not w(z) and w(¢). Let both N1 and N3 be causal systems that include
delays. The effect of w1 (¢) will be measured first in the “input,” u(¢), and then later in the






