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Absolute maximum 285
Absolute minimum 285
Abstract models (static) 56
Addition 2–3

fractions 5–6
matrices 487–488

Adjoint matrix 521
Aggregate 58
Aggregate expenditure 132–133
Amortisation 240
Annual percentage rate (APR) 216–228,

252–3
progress exercises 220–221, 226

Annuities 234–41, 253
ordinary 237–239
present value 239–40

Annuity factor 239, 241
Antilogs 193
Arc price elasticity formula 90
Arc price elasticity of demand 90
Area between two curves 453
Area of triangle 129
Area under a curve

approximation 439–41
integration 441–43

Arithmetic progression (AP) 208–209
applications 212–14
progress exercises 211–12
sum of terms 209–10

Arithmetic sequence 208
characteristics 212

Arithmetic series 208–209, 256
application 216–18
sum of 213

Asset and reducing-balance depreciation
future value 227
present value 228

Asymptotes 173, 197–199, 298
Average cost (AC) 33, 274, 276, 326, 344

deriving marginal cost from 277
Average fixed cost (AFC) 274

Average function (AF) 273–74
applications 268–85

Average product of capital (APK) 380
Average product of labour (APL) 279–80, 380
Average propensity to consume (APC) 281–2
Average propensity to save (APS) 281–2
Average revenue (AR) 273

and price 273
for perfectly competitive firm and monopolist 276
function and price 273

Average variable cost (AVC) 274

Black market and price ceiling 115
Bonds 246
Brackets 2, 4, 54
Break-even point 124–5, 162–63, 305–306
Budget constraint 91–6

maximum utility for 411
total revenue maximisation subject to 409–11

Calculator 21–2, 32–4
evaluation of formulae using 21–3, 24–6
mathematical functions 26
transposition 23, 24–6

Calculus 259
Capital recovery factor 241
Cash flows, investment project 229
Cells 28
Chain rule for differentiation 333–34
Chords, and slopes of chords 258
Circular flow model 59–60
Cobb-Douglas production function 378–79, 385–87,

394–95
Cobb-Douglas utility function 388
Cobweb model 555–58
Coefficient for price elasticity of demand 84
Coefficient of income elasticity of demand 83, 90
Coefficient of point elasticity of demand 85–91, 345

calculating 86–88
categories 88–89
numerical scale 89
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Coefficient of price elasticity of supply 83, 90
Cofactor method 518–19
Cofactor of an element 518–19
Common denominator 5
Common difference 208
Common ratio 208
Complementary function (CF) 546, 549, 553
Complementary goods 60, 111

market equilibrium 118
Compound interest 217

calculations 218
compounded at various intervals 226
compounded daily, monthly and semi-annually

222
compounded several times per year 221
continuous compounding 222–23
formula 217, 219
future value 218–19
growth of investment using different methods of

compounding 250–252
present value 216
progress exercises 224–5

Compound interest rate
for fixed deposits at regular intervals of time

236–238
and time period 219–20

Concave down 317–19, 321, 355
Concave up 317–21, 328, 355
Constant elasticity demand function 349
Constant proportional rates of growth 468
Constrained maximum or minimum 408–409
Constrained optimisation 408–409, 422
Constraints

profit maximisation subject to 481–484
see also Budget constraint; Cost constraint

Consumer surplus (CS) 127–28, 142, 447–49,
452, 472

and ex 451–52
Consumption and changes in income 181–83
Consumption function 135, 181–82, 281–82
Consumption with limited growth 182–83
Continuous functions 539
Cost 71–3
Cost constraint 91, 98

output maximisation subject to 415–17
Cost function 71–73, 202, 272–74

equation 478
plotting 478–79
translating 82

Cost minimisation subject to production constraint
417–18

Cramer’s rule 503–506
applications 513
income-determination model 509
market equilibrium 508–509
simultaneous equations 507–508

Cross-price elasticity of demand 393, 422
Cubic equations 162

general properties 169
graphical solution 171

Cubic functions 148, 165–71
graphs 166–68
plotting 165–66

Cubic total cost functions 149
graphs 166–68

Cumulative present value factor 239
Currency conversions 10–14
Curvature 317–331, 355–56

convex or concave towards the origin
320–21

definition 317
economics 319
production function 324
total cost function 324

Curve sketching 297–300

Debt repayments 207, 234–35, 240–41
Decay curves 173
Definite integral 439–42, 458–59, 471

consumer surplus (CS) 447–49
evaluating 441–42, 444–45
ex 442–43
producer surplus (PS) 449–51

Definite integration
and logarithms 445
applications 453
net area contained between curve and x-axis

443–44
Demand and supply 60–67
Demand function 60–5

and point elasticity of demand 84–88, 345
calculating marginal revenue given 270–71
equation 62
hyperbolic 199–200, 448
in terms of exponentials 341–42
linear 63–5, 84
non-linear 159–60
sketching 303
slope 62

Denominator 5
Dependent variable 54, 360, 372, 539–40, 562
Depreciation 226–28, 253
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Derivatives 263–64, 356, 420
first 266, 294, 301, 307, 317
higher 266
rules for finding 332
second 266, 294, 301, 317
slope of a curve at a point 263
standard functions 331

Derived curves 294–96
Determinants 502–515, 518, 534–35

2x2 502–503
3x3 511, 518–19, 533
definitions 502–503
evaluating 502–503, 511
terminology 518
use to solve equations 503–509

Deterministic model 56
Difference equations 539–63

applications 552
definition 540–41
first-order 540
general solution 542–43, 551
homogeneous 542–43
introduction 538–39
linear 541, 552
macroeconomics 552–60
microeconomics 552–60
non-homogeneous 547–50
order 539
particular solution 541–43
progress exercises 553–54
solving 540
stability of solutions 544–46
terminology 541
time path to stability 543

Differential equations
dy/dt = r (A− y) 466
dy/dx = f(x) 457, 462
dy/dx = f(x)g(y) 465
dy/dx = ky 462–64
dy/dx = ry 466
economics 457
first-order 454–57, 471
general solution 455–58, 463–65
integration 456–57
limited and unlimited growth

466–68
particular solution 455–56, 465
rates of change 459–60
solution 455–56, 462–65
total cost from marginal cost

457–59

and small changes 372–77
for functions of one variable 373–74
for functions of two variables 376–378

Differentiation 259–61
and slope of a curve 258–59
applications 268–83
chain rule for 333–334, 354
definition 261
function of a function 333
general power rule 331
power rule for 261–62, 265–66
product rule for 335–37, 354
quotient rule for 337–39, 354
working rules for sums and differences of several

functions 264
see also Partial differentiation

Diminishing marginal rate of substitution
389

Diminishing marginal rate of technical substitution
381

Discount factors 230
Discrete functions 539
Division 3–4

exponential functions 173–74
fractions 7
matrices, See Inverse matrix

e (number) 170–71, 433
Economic agents 59, 133
Economic models 56, 58–60, 331, 360
Economics 16, 38

curvature 319
differential equations 457
functions of two variables maximum/minimum

301–317
points of inflection 322
quadratic functions 156–58

Effective annual rate, See Annual percentage rate
(APR)

Elastic demand 87–88
Elasticity 344–52

concept of 83
formula 84
of demand, supply and income 83–90
w. r. t. capital 423
w. r. t. labour 423

Elasticity of demand 37, 83–88
Elimination methods 496–98

Gauss-Jordan 500–502
Gaussian 496–500
inverse of a matrix 516–18
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Equations
budget constraints 93–94
demand function 62
given slope and point on line 78–79
given two points on line 76–77, 79
horizontal and vertical lines 48
matrix form 521
solving 2, 8–10, 13–14

elimination methods 496–98
using Excel 529–33
using inverse matrix 521–23
using logarithms 186–87, 192–95

straight line 43–7, 49–53, 62
supply function 65–6
translated lines 82

Equilibrium
in goods and labour markets 111–13
in income-determination model 509
see also Market equilibrium

Equilibrium level in national income model 513–14
Equilibrium level of income, partial differentiation 396
Equilibrium national income 133–35

with consumption and investment 135–35
Euro exchange rates 10
ex

and consumer surplus (CS) 451–53
and producer surplus (PS) 451–53
definite integral 442–43
integration of functions containing 433–34

Excel 27–34, 100, 144, 205, 253
cost, revenue, break-even per unit tax 138–40
effect of price and income changes on budget

constraint 93–96
financial mathematics 249–52
internal rate of return (IRR) 231–33
for linear algebra 529–32
linear functions 92–96
non-linear functions 202–204
simultaneous equations 139–41
tax distribution 140–43
total cost function 202–204

Exchange rates 10
Expenditure multiplier 136

and MPC 136
with imports and trade balance 136
with taxes 136

Exponential equations, solving 177–79
Exponential functions 170–184, 433–34

applications 179–84
consumer and producer surplus 451–52
definition 170–71

division 174
graphs 171–73, 183
multiplication 175
properties 173
rules 173–74
simplifying 175–77

Exponential indices 205
Exponentials 341–42

solving equations containing 194–95
Extreme point theorem 480–81, 484

Feasible region 478–83
Financial mathematics 208–256

Excel 245–48
Finite series 208
First-order difference equations 540–41, 544, 547, 549,

552, 561
First-order differential equations 425, 454–55,

471–72
First-order partial derivatives 364–69, 376, 405,

412–14
Fixed costs 71
Fractions 5–7

addition 5–6
division 7
multiplication 6
subtraction 5–6
terminology 5

Functions 54, 254
of linear functions 471
of one variable 420–21

optimisation 285, 300
of two variables 421

economics 361
optimisation of 399–401

of two or more variables 360–64
general form 360

sketching 297–303
Future value 208

asset and reducing-balance depreciation 227
compound interest 219–22

Gauss-Jordan elimination 500–02, 516–17, 530–34
Gaussian elimination 496–500
Geometric progression (GP) 209–10

applications 214–15
infinite number of terms 210–11
progress exercises 211–12
sum of terms 210

Geometric sequences 208–10, 251
characteristics 214
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Geometric series 205–6
application 208–209
sum of 206

Goods market equilibrium 111–12, 143
and price ceilings 114–15
and subsidies 123–24
and taxes 122

Government expenditure and taxation 136
Government expenditure multiplier 396–97,

423
Government role in economy 59–60
Graphs

background 39
cubic functions 166–67
cubic total cost functions 166–67
exponential functions 171–73, 184
from equation y = mx + c 49–51
functions of two variables, economics 361–62
hyperbolic functions 197–98
inequalities 477–78
of line ax + by + d = 0 51–3
logarithmic functions 188–90
minimum cost 479–80
plotting 39, 42
straight line 49–54
y,y′,y′′ 295, 298, 308

Greater than (symbol) 15–16
Growth curves 173, 463–64
Growth law 466
Growth problems 183

Harrod-Domar growth model 537, 558–60
Homogeneous functions of degree r 387
Horizontal asymptote 173, 197–98
Horizontal intercepts 47, 159
Horizontal translations 37, 82, 98, 154–56
Households’ consumption expenditure

132–34
Hyperbolic curve 327
Hyperbolic demand function 199, 448
Hyperbolic functions 197–202, 206

defining 197–98
equations and applications based on 201
graphs 197–98
sketching 197–98

Identity matrix 487
Imports, expenditure multiplier 136
Income, consumption and changes in 181–83
Income constraint, utility maximisation subject to

411–13

Income-determination model
Cramer’s rule 509
equilibrium in 509

Income elasticity of demand 83, 90, 393, 422
Income tax rate multiplier 397, 423
Incremental changes 359, 372, 374, 376–77, 388, 391
Independent variable 54, 92, 188, 360, 372, 409, 411,

426, 430, 434, 539
Indices 174–75

exponential 205
rules for 176–77, 179

Indifference curves 389
slope 389–91

Inelastic demand 87–88, 400
Inequalities 15–18

constraints 477
graphs 477–78
manipulating 16–17
solving 17
symbols 16

Inequality statements 16
intervals defined by 18

Infinite series 208
Injections into circular flow 60
Input/output analysis 475, 516, 523, 525, 534
Integral 425, 427, 430, 435–36
Integral of constant term 430
Integration 425–74

area under the curve 439–46
as reverse of differentiation 426–27
by algebraic substitution 434–35
constant multiplied by variable term 431
differential equations 456–7
functions containing ex 433–34
general functions 432
linear functions 436–37
linear functions raised to power 436–37
of linear functions using substitution 434–35
natural exponential function 433–34
power rule for 427–31
rules 471
sums and differences 431
working rules 430

Intercepts 39–42
Interest, proportion of loan repayment 242–43
Interest rates

and price of bonds 246–48
Internal rate of return (IRR) 234–7, 257

calculation 230–33
comparison of appraisal techniques 233
Excel 231–32
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Internal rate of return (IRR) (Continued)
graphical method 231–32
progress exercises 232

Intersection with axis 156–58, 165, 198–99, 297–99,
306, 316, 477–78, 482

Intervals
along which a curve increases or decreases 296
along which a function increases or decreases 294–5
defined by inequality statements 18

Inverse function 54
Inverse matrix 516–530

2x2 519
3x3 519–21
cofactor method 518–28
elimination method 516–18
progress exercises 528–30
solving set of equations using 522–23
terminology 516

Investment multiplier 396–397, 423
Investment project cash flows 229

net present value (NPV) 229
Investments, growth using different methods of

compounding (Excel) 249–52
IS schedule 136, 143
IS-LM model 101, 132, 136
Isocost function 478
Isocost line 478–79

equation of 94–95
Isoquants 361

production function 362–64
slope 382–84
three-dimensional view 363
two-dimensional view 363

Iteration method, solving difference equations by 551

Labour demand 111–13, 116–17, 142
Labour market equilibrium 111–13, 116–17, 143

and price floors 114
Labour supply 113, 116–17, 142, 281, 283
Lagged income model 537, 552–53, 562
Lagrange multiplier 409–418, 422

interpretation 414–15
use to derive identity Ux/Uy = PX/PY 413–14
utility maximisation and 411–12

Lagrangian function 409
Laplace expansion 518
Law of demand 61
Law of limited growth 466
Law of supply 65
Law of unlimited growth 466
Less than (symbol) 15–16

Limited growth 183–84
differential equations 466–67
graphs 185

Limiting value 467
Linear algebra 475

Excel for 530–33
Linear demand function 63, 83–84, 89, 274
Linear functions

Excel 92–96
functions of 471
integration 436–37
integration using substitution 434–38
raised to power, integrating 437–38
translation 81–83

Linear national income model, multipliers
395–96

Linear programming 476–86, 533–34
progress exercises 485–86

Linear supply function 66–71
Linear total cost function 72–3
Linear total revenue function 74, 148, 160–161
LM schedule 136, 143
Local maximum 285
Local minimum 285
Logarithm of a number 184–89
Logarithmic functions 180–82, 185–197

graphs 189–91
properties 189
rules for combining and manipulating 191–93

Logarithms 206
and definite integration 445
rules for 206
solving equations containing 193–96
to base 10, 186
to base e 186
use in solving equations 187–88, 193–96

Logistic growth 179, 182–83

Macroeconomics 58
difference equations 554–64

Marginal cost (MC) 269, 272, 324–31
deriving from average cost 278–79
equation 272–73
given logarithmic TC function 340
total cost from 457–58

Marginal functions 268–72, 355–56, 380, 457
applications 268–76
partial derivatives 379
total function from 472

Marginal product of capital (MPK ) 379, 382–84, 395,
398
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Marginal product of labour (MPL ) 279–80, 330, 356,
379, 382–84, 394, 424

Marginal products 388
ratio 382–83

Marginal propensity to consume (MPC) 133, 136–37,
268, 281, 284, 461

Marginal propensity to save (MPS) 268, 281, 284,
558

Marginal rate of substitution (MRS) 389, 392
Marginal rate of technical substitution (MRTS) 381,

386, 422
Marginal revenue (MR) 269–72, 302–304, 350–51

calculating
given demand function 270
over an interval 271–272

for perfectly competitive firm and monopolist
275–77

in terms of exponentials 341–42
sketching 302

Marginal utility (MU) 268, 283–84, 343, 388–91,
424

Market equilibrium 114–15, 200
Cramer’s rule 508–509
for substitute and complementary goods 119–20,

143
Mathematical modelling 55–60

construction 57–8
steps in 57–8

Matrices 486–496
addition 487–88
definition 486–87
division, See Inverse matrix
equal 487
multiplication 489–92
subtraction 488–89
system of equations 521
terminology 487
transpose 487
see also Inverse matrix

Matrix algebra 536
progress exercises 495–96

Matrix arithmetic, applications 486, 492–95
Matrix of technical coefficients 526, 528–29, 535–36
Maximisation 308–14
Maximum points 284, 288, 317
Maximum utility for budget constraint 411–13
Maximum/minimum method 292, 307, 315, 365

economics 301–317
Microeconomics 58

difference equations 554–64
Midpoints elasticity formula 90

Minimum cost graph 479–80
mathematical methods 480
subject to constraints 476–78

Minimum points 157, 257, 264, 284, 288, 292, 301,
317

Minor of an element 518, 534
Minus B formula 149–52
Minus one exception to power rule 429
Mixed second-order partial derivatives 368–72
Monopolist

maximising total revenue for two goods 402
price and non-price discrimination 405–406
price discrimination for single good 404–405

Monopoly, profit maximisation 312-15
Mortgage repayments 207, 241–42
Multiplication 3–4

exponential functions 175
fractions 6
matrices 399–402

National income model 134–39
equilibrium levels in 135, 513–14
multipliers 397–98, 423

Natural exponential function, integration 425, 433–35
Negative numbers 16
Negative second derivatives 379–80
Negative slope 41, 62, 80, 295
Net present value (NPV) 228–30, 255

comparison of appraisal techniques 233
investment project 229
progress exercises 234

Non-linear functions 147–206
Excel 202–204

Non-linear supply and demand functions 158
Non-linear total revenue function 148, 160–61
Null matrix 487
Number line 16
Numerator 5

Objective function 478
Optimisation 356

constrained 408–422
functions of one variable 285–92, 398
functions of two variables 399–401
terminology 287
unconstrained 398–408

Ordinary annuity 236
Output for a firm over lime 309–11
Output maximisation subject to cost constraint

417–18
Own-price elasticity 85–6
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Partial derivatives
expressions for multipliers 396–97
first-order 364, 376, 421
marginal functions 379
second-order 368–72, 376, 421

Partial differentiation 366–78, 385–87
applications 378–398
equilibrium level of income 396
production functions 378–386

Partial elasticity 397–98, 422–23
w. r. t. capital 394–95
w. r. t. labour 394–95

Partial elasticity of demand 394–95
Particular integral (PI) 546–47, 559
Percentages 18–21
Perfectly competitive firm profit maximisation 311–12
Physical models

dynamic 56
static 56

pi (�) 171
Point elasticity of demand 85–6, 102, 346–47, 357

and demand function 89
and price and vertical intercept 91
in terms of P , Q or both for non-linear demand

functions 346–47
Point of inflection (PoI) 318, 322–23

economics 323–24
total cost function 325

Polynomials 169
Population growth 181–82
Power rule

differentiation 261–65
integration 427–31, 437–38
minus one exception to 429–30

Powers 172
Present value 208, 252

asset and reducing-balance depreciation 228
compound interest 218–19
formula 217

Price
and average revenue (AR) function 278
and quantity 16, 38

Price ceilings 114–15
and black market 115

Price changes 350–51
Price discrimination 309–11

for monopolist producing a single good 404–5
Price elasticity of demand 85–93, 350, 351–5, 399,

411, 428
Price elasticity of supply 83, 90–91
Price floors 101, 115–16

Price of bonds and interest rates 246–249
Price-quantity relationship, graphs 38
Producer surplus (PS) 130–133, 145, 449–51

and ex 451–53
definite integral 449–51

Product rule for differentiation 335–39
Production conditions 380–81
Production constraint, cost minimisation subject to

417–18
Production functions 279–81, 387–88, 392–93,

415–17, 422
first and second derivatives 379
general form 279
graphical representation 381–82
isoquants 361–63
partial differentiation 378–82

Profit function 169–70, 315
sketching 306

Profit maximisation 310–16
for multi-product firm 403–4
monopoly 312–14
perfectly competitive firm 310–12
subject to constraints 487–90

Proportional rates of growth 468–69

Q function, sketching 307, 362
Quadratic equations

roots 151–2, 154
solving 150–53
translated 155
sketching 156–57

Quadratic functions 149
applications 163–65
economics 156–58
graphs 154–55
properties 153
sketching 153–54
vertical translations 155
horizontal translations 155–56

Quotient rule for differentiation 337–38, 354

Rate of change, differential equations 458–59
Reducing-balance depreciation 226–28
Repayment, loan, proportion of interest 243–44
Returns to scale 386–88

constant, increasing and decreasing 387
Revenue 74
rounding numbers 26–7

Saddle point 399–400, 421
Scalar multiplication 489



JWBK239-IND JWBK239-Bradley April 24, 2008 14:8 Char Count= 0

[ 667 ]
I N D E X

Second-order partial derivatives 368–69, 421
Sequence 209
Series 209, 253
Short-run production function 280, 324, 356, 360
Simple interest 216

progress exercises 220–21
Simultaneous equations 102–145

Cramer’s rule 511–12
Excel 139–44
infinitely many solutions 110–11
no solution 108–9
solving 104–12

by determinants 503–509
three equations in three unknowns 111–12
two equations in two unknowns 104–108
two and three unknowns 112
unique solution 105, 107–108

Sinking funds 207, 234–35, 243–46
Sketching

curves 297–299
functions 299–300

Slope of a curve 258–68, 287–88
at a point 260, 264
indifference curves 389–92
turning points and 258–60
y = x2 263–5

Slope of a line 39–43
calculating 76–7
measuring 40–1

Slope of chords 259–260
Slope of demand function 62
Small changes 372–76, 379–80

formula 379, 385, 418
Spreadsheet 27–32
Square roots 2
Standard functions 470
Stationary points 284–85
Stationary points of inflection 322
Stochastic model 56
Straight line 37–99

defining 39–40
depreciation 27
equation 43–7, 62
given slope and point on line 77–8
given two points on line 76–7
graphs 49–54
translation 80–82

Straight second-order partial derivatives 368–72
Subsidies and their distribution 120
Substitute goods 60

market equilibrium 121–22, 146

Subtraction 2–3
fractions 5–6
matrices 486

Supply function 65–9, 101–102
equation 65–6
linear 66–9
non-linear 158–62

Symbols 2, 16

Tax distribution 147
Excel 143–6
paid by consumer and producer 148–9

Taxation
and equilibrium national income 136
and government expenditure 136
value added 82

Taxes and their distribution 120–22
Total amount accumulated over given time interval

459, 472–73
Total cost (TC) 71, 102, 170–1, 273–4, 327–28, 343

cubic 168–69
curvature 326
Excel 203–5
from marginal functions 472
function 102
point of inflection (PoI) 326
sketching 306

Total differential 374, 377, 382, 384, 389, 421
Total fixed cost (TFC) 326
Total revenue (TR) 73, 102, 170–1, 271, 303–5,

353–4
in terms of exponentials 344–45
linear 74, 151
maximisation 308–14, 403–5

subject to budget constraint 409–11
maximum 303–5
non-linear 162
for profit-maximising monopolist 162
sketching -303–5

Total surplus 129–32
Total variable cost (TVC) 326
Translated lines, equation 82
Translation

applications 82, 98
horizontal 80
linear functions 82
vertical 82, 98

Turning point(s) 262–3, 289–92, 300, 301, 302–6,
311, 312, 318, 319

maximum and minimum 292–6
slope of a curve and 258–59
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Unconstrained optimisation 359, 398–408
Unique solution 102–06, 142, 501, 506, 515
Unit elastic demand 86–88
Unit matrix 487
Unlimited growth 180–181

differential equations 466–67
graphs 183

Utility functions 388
graphical representation 389

Utility maximisation
graphical analysis 412–13

Lagrange multiplier 411–13
subject to income constraint 411–17

value added tax (VAT) 20, 35, 82, 120
Variable costs 71
Variables and letters 2
Vertical asymptote 197–199, 205, 298, 300, 3241, 444
Vertical intercepts 48–52
Vertical translations 82, 98

Withdrawals from circular flow 60


