





Terms You Should Know

After each word in the Glossary, the lesson where it first appears is cited. Occasionally a second or third
appearance is also given if there are additional major references, but not all appearances of each word
are necessarily cited.

append (Lesson 12). Stick on to the end; Example: to multiply 43 by 100, append two zeroes to the
43. [43 x 100 = 4300].

associative property (Lessons 2, 4). Applies to addition and multiplication only and says however you
group the numbers for addition or multiplication, the answer is not affected.

cardinal numbers (Lesson 1). The numbers we count with; a.k.a. counting numbers or natural
numbers.

commutative property for addition (Lesson 2). No matter which way you add two numbers, the
answer is always the same. That may be abbreviatedasa + b = b + a = c.

commutative property for multiplication (Lesson 4). No matter which way you multiply two num-
bers, the answer is always the same. That may be abbreviated asaxb = bxa = c.

composite number (Lesson 14). The name applied to a number with more than 2 factors.
counting numbers (Lesson 1). See cardinal numbers.

decade (Lesson 13). A group of ten things; another name for the tens place (in addition, of course, to
being ten years).

difference (Lesson 3). The answer in a subtraction; see remainder.

dividend (Lesson 10). In a division, the number being divided into.

divisible (Lesson 14). Can be perfectly divided by another.

divisor (Lesson 5). The number being divided by in a division.

exchange (Lessons 2, 3). See “rename”; also used to refer to money or barter.

factor (Lessons 9, 12, 14). 1. n. A number multiplied to form another. 2. v.t. To divide a quantity out
of another.

ladder division (Lesson 10). A form of division in which groups of the divisor are repeatedly sub-
tracted and written on steps below the division bracket.

magnitude (Lesson 1). A fancy word for size.

minuend (Lesson 8). The top number in a place value subtraction, or the number being subtracted
from.

multiplicand (Lesson 9). The number being multiplied; the top number in a place value multiplication.
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multiplier (Lesson 9). The number being multiplied by; the bottom number in a
place value multiplication.

natural numbers (Lesson 1). See cardinal numbers. Ve

ordinal numbers (Lesson 1). The numbers that are used to show position,
that is 1st, 2nd, 3rd, . . . 25th, and so on.

parameter (Lesson 13). Is a word with several different meanings, but it is
used in this book to mean a boundary or limit.

prime number (Lesson 14). A number which has exactly two factors, itself and one.
product (Lesson 4). The answer in a multiplication.

quotient (Lesson 5). The answer in a division.

regroup (Lesson 6). See “rename.”

remainder (Lesson 3). 1. The answer in a subtraction; see difference. 2. The leftover amount in a
division; the part not divided.

rename (Lesson 6). 1. In addition, regroup ten of one quantity for one of the group under the column
heading to its immediate left. 2. In subtraction, regroup one of a quantity for ten in the column to its
immediate right; also called “exchange.”

running total (Lesson 12). An arithmetic operation where subtotals are found using two numbers at
a time, and then another number is added to, subtracted from, used to multiply, or divided into the
prior total; (often done with a calculator).

Sieve of Eratosthenes (Lesson 14). A hundreds square 10 across and 10 high naming the first 100 nat-
ural numbers and used to find prime numbers.

subtrahend (Lesson 8). The amount being subtracted, or the bottom number in a place value
subtraction.

sum (Lesson 2). The answer in an addition.
tolerance (Lesson 11). The allowable amount of variation from a preset standard.

trial dividend (Lesson 10). Created by rounding the first two digits of a division’s dividend or partial
dividend to the nearest 10 for use with the trial divisor.

trial divisor (Lesson 10). Created by rounding the divisor to the nearer 10, 100, or whatever and then
using only the leftmost digit to estimate a partial quotient in conjunction with the partial dividend.

within tolerance (Lesson 11). Within acceptable limits; see “tolerance.”



LESSON 1

Order and Magnitude

Most people think of numbers as a way of counting things, such as the number of students in a class
or the number of lemon seeds in a glass of iced tea. Counting certainly is one way to use numbers. The
numbers we count with are known as cardinal numbers. They have other names too, such as count-
ing numbers and natural numbers. Totally distinct from the cardinal numbers, but obviously related
to them, are the ordinal numbers. These are the numbers that are used to show position, that is 1st,
2nd, 3rd, . . . 25th, and so on. Some elementary math teachers will dwell upon these distinctions, but
others will not. It is, however, a distinction that you should make sure that your child knows.

A much more important distinction exists in the meaning of numbers that some children are not
taught, but are left to stumble upon, if they ever do. Rather than spelling it out immediately, I'd like
you to consider the following diagram.

A B C D
Some Rectangles

Suppose that we let the rectangle labeled “A” have a value of 1. Which rectangle would have a value
of 22 You didn’t have to think about that for very long, did you? If “A” has the value of 1, then the next
one, “B” would be two. It’s simple enough. Two comes after one; one comes before two.

Now, with that in mind, let’s assign the value 1 to rectangle “B.” Which rectangle would have the
value 2?2 Hmm, this one may require a bit more thought. I'm certain that you’re not considering rec-
tangle “A” for a multitude of reasons, which I shall not yet share with you. How about rectangle “C?”
C is next in line. Just as “B” followed “A”, “C” follows “B.” Well, that might or might not look good to
you, but I'm afraid that “C” won’t do. That’s because there’s more to the concept of numbers than
just order or sequence. Two doesn’t just come after one. Its magnitude is twice that of one. Which
rectangle follows “B” and is twice as big as “B?” That would be rectangle “D.” Therefore, if “B” is 1,
“D” is 2.
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Order and magnitude are the two essential properties of numbers. The reasons I was so sure you
would not select “A” for 2 in the last mental exercise was that you would never move to the left to get
a larger number, and you would never pick a smaller bar to represent a larger quantity. I know from
many years of teaching experience that more than 50% of students will disregard relative magnitude
and just go for the next larger in line, “C.”

By the way, if “B” is 1 and “D” is 2, what are “A” and “C?” Take a moment and think about it. Since
“A” is half the size of “B,” it would stand for the number % “C” is as big as “B” added to “A”, and so
would represent the number 11, but that’s a topic for later concern.

Suppose that we assigned the value 1 to the rectangle “C.” Suppose also that we added rectangles that
grew at the same rate as the four pictured previously and were sequentially lettered. Which invisible
lettered rectangle would have the value 2?

Did you think about it? It’s going to be twice the size of “C”. Just in case you need help, here’s anoth-
er figure. If you got the correct answer without need for the figure, good job.

A B C D E F
More Rectangles

The rectangle that’s twice the height of “C” is “F,” so when “C” has a value of 1, “F” has a value of 2.
Remember, sequence and magnitude. Make sure that your child learns that. If you would like to know
the values of “A,” “B,” “D,” and “E,” after you’ve thought about it, look at the footnote at the bottom
of this page.*

*Answers: “A” = % “B” = % “D” = 1% and “E” = 1%



LESSON Z

Addition Facts

Addition (or adding) is the first and simplest combining operation. It is based upon counting and then
naming the highest number counted. For example, if there were two sheep to your left and one sheep
to your right, you might start on the right and count one and then turn left and continue two, three,
hence 1 + 2 = 3. I'm sure you know that “ + ” is the plus sign indicating addition and “ =" means “is
equal to,” but I don’t want to take anything for granted.

It is essential that addition facts be committed to memory. By addition facts, I mean all sums (results
of additions) totaling 10 or less. It is best to begin using counters of some type. Actually more than a
single type is best. Pennies are readily available, as are pencils, matchsticks, nickels, paperclips, and so
forth. Start your child out with 10 of any one of these, and let her show and tell you all combinations
adding up to 10 or less, two at a time. Then do the same with a different counter. After four or five such
exercises, move on to paper and pencil. There are 100 addition facts, and they follow this paragraph.

1.1+0=1 19. 2 +8 =10 3.5+ 2 =7
2.1 +1=2 20. 3 +0=3 38. 5+3 =38
3.1+2=3 21. 3 +1=4 39. 5+4=9
4. 1 +3 =4 22. 3 +2=5 40. 5+ 5 =10
5.14+4=5 23. 3 +3 =6 41. 6 + 0 =

6.1 +5=6 24, 3 +4 =7 42. 6 +1 =

7.1+6=7 25. 3 +5=38 43. 6 + 2 =

8.1+7=28 26. 3 +6=9 44, 6 + 3 =

9. 1+8=09 27. 3 +7 =10 45. 6 + 4 =10
10. 1 + 9 =10 28. 4 + 0 =4 46. 7+ 0 =7
11. 2 +0 =2 29. 4 +1 =5 47. 7+ 1 =8
12.2+1 =3 30. 4 +2 =06 48. 7 +2 =9
13. 2 +2 =4 31. 4 +3 =17 49. 7 +3 =10
14. 2 +3 =5 32. 4 +4 =28 50. 8 +0=38
15. 2 +4 =6 33.4+5=9 51. 8 + 1 =

16. 2 + 5 =7 34. 4 + 6 =10 52. 8 +2 =10
17. 2+ 6 =8 35. 5+ 0=5 53. 9+0=09
18. 2 +7 =9 3. 5+1=6 54. 9 +1 =10

“What?” you’re no doubt gasping. “I thought the book said 100.”

Well, 1 kind of lied to you—twice. First of all, I said “I call addition facts sums to 10 and less.” I do, but
your child’s teacher is probably going to call them sums to 20 or less. But don’t get mad yet. I told you
that you needed 100 addition facts, although, in fact, the 54 above make the ones we haven’t yet gotten
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to much easier. If you learn the sums we’ve already done, you’ll recognize which combinations make 10.
That will make the rest much easier, for reasons you’ll see later.

Before going on, I want to call your attention to the addition of “0”. For reasons that should be appar-
ent, “0” is known as the identity element for addition. Adding “0” to a number results in a sum that
is identical to what you began with. All right. Let’s finish the job we started.

55. 2 +9 =2

Well, we know from having learned the preceding facts that 2 + 8 = 10. 9 is 1 more than 8, so
2+ 9 = (2 + 8) + 1. The parentheses are used for grouping purposes, tying together what we are
going to add next. (2 + 8) + 1 = 10 +1 = 11. Did you follow that? We group to 10 and then add on
whatever’s left over. Here’s the next one.

56. 3 +8=? Well,2+8=10,s03 +8=(2+8) +1=11.

57.3+9=2+10 =12 69. 6 +9=5+10=15 81. 8 + 8 =06+ 10 = 16
5. 4+ 7=1+10=1 70. 7+4=1+10=1 82. 8+9=7+10 =17
59. 4 +8=2+10 =12 71. 7+5=2+10 =12 83.9+2=1+10=1
60. 4 +9=3+10=13 72. 7+ 6 =3+ 10 =13 84. 9 +3=2+10 =12
6l. 5+6=1+10=1 73. 7+7=4+10=14 85. 9+4=3+10 =13
62. 5+7=2+10=12 74. 7 +8=5+10=15 86. 9 +5=4+10= 14
63. 5+8=3+10=13 75.7+9=6+10 =16 87. 9 +6=5+10=15
64. 5+9=4+10= 14 76. 8 +3=1+10=11 88. 9+7 =06+ 10 =16
65. 6 +5=1+10=11 77. 8 +4=2+10 =12 89. 9+8=7+10 =17
66. 6 + 6=2+10 =12 78. 8 + 5=3+10=13 90. 9+ 9 =8+ 10 = 18
67. 6 +7=3+10=13 79. 8+ 6=4+10=14

68. 6 +8=4+10=14 80. 8 +7=5+10 =15

I think we can skip the 10 + 0 through 9 that would round out the hundred, don’t you?

You should know a couple of properties of addition. First is the commutative property that says no
matter which way you add two numbers, the answer is always the same. That’s usually abbreviated
as5 + 3 =3+ 5 = 8, or some such example.

Then there’s the associative property, which is based upon addition (and all arithmetic operations)
being binary. Binary is a fancy form of the word two. The point is, you can add only two num-

bers at a time. If you’re going to add, say, 3 + 4 + 5, you have to group them in pairs.
You can group (3 + 4) + 5, meaning you’ll add the 3 + 4 first and then add 5 to
the resulting 7, or you can group 3 + (4 + 5) and then add 3 to the resulting 9.

Or, you could rewrite it as (3 + 5) + 4, and get 8 + 4. The associative property
says that however you group the numbers for addition, the answer is not affect-
ed. The preceding groups all total to 12. See? It all adds up!




LESSON 3

Subtraction Facts

Subtraction (or taking away) is the first uncombining (or inverse) operation, and the simpler of the
two. It is based upon counting backward and then naming the highest number counted. For example,
if you had five chickens and you gave away two, you might start with the five and count five, less one
is four, less another is three, hence 5 — 2 = 3. I'm sure you know that “~” is the minus sign indicat-
ing subtraction and “ =" we’ve already encountered.

It is not at all essential that subtraction facts be committed to memory, since you can think of them
as backward addition facts. Think about it: 8 - 3 = 5. That’s really another way of saying 5 + 3 = 8.
It’s really more important to be able to relate subtraction facts to addition facts than to memorize them.
Much as I hate to say it, it’s possible to go through life using subtraction without ever learning the
subtraction facts. You see it at the grocery store every day—if you go to a local non-Megamart. Buy a
35-cent pack of gum (if such a thing exists), and hand the cashier a dollar. He’ll go “35 and 5, makes
40, and 10 makes 50, and 50 makes a dollar,” and hand you 65 cents change. I call this “subtracting
by adding up,” or the “making change method.”

I doubt that your kid’s teacher is going to be placated by my musings here, so again, begin by using
counters of some type. Start with a collection of 10 counters of one type and remove groups of vary-
ing numbers from that collection. Then do the same with a different counter. After many such exer-
cises, move on to paper and pencil. Don’t be shy about making flash cards on 3-x-5-inch index cards.
The essential subtraction facts are listed here.

1. 1-0=0 16. 4-1 =3 31. 7-1=6
2.2-0=2 17. 4-2 =2 32. 7-2 =5
3.3-0=3 18. 4-3 =1 33. 7-3 =4
4. 4-0=4 19. 4-4 =20 34. 7-4=3
5.5-0=5 20. 5-1=4 35. 7-5=2
6. 6-0=06 21. 5-2=3 36. 7-6 =1
7.7-0=7 22. 5-3 =2 37.7-7=20
8. 8-0=238 23. 5-4=1 38. 8-1=7
9. 9-0=9 24. 5-5=0 39. 8-2 =06
10. 1-1=0 25. 6-1=5 40. 8-3 =5
11. 2-1 =1 26. 6-2 =4 41. 8-4 =4
12. 2-2=0 27. 6-3 =3 42. 8-5=3
13. 3-1=2 28. 6-4 =2 43. 8-06 =2
14. 3-2 =1 29. 6-5=1 44. 8-7 =1
15. 3-3 =0 30. 6-6=0 45. 8-8 =0

10
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46. 9-1 =8 53. 9-8 =1 60. 10-6 =4
47. 9-2 =7 54. 9-9 =0 6l. 10-7 =3
48. 9-3 =06 55. 10-1=9 62. 10-8 =2
49. 9-4 =5 56. 10-2 =8 63. 10-9 =1
50. 9-5=4 57. 10-3 =7 64. 10-10 =0
51. 9-6 =3 58. 10-4 =06

52. 9-7 =2 59. 10-5=5

Just to break up the monotony, let me interject the hope that you’ve noticed that “0” is the identity
element in subtraction as well as in addition. That is to say, subtracting 0 does not affect any num-
ber’s value.

When larger numbers are subtracted, the place value property will kick in, and you’ll never be
required to subtract from anything greater than 9, but I'm getting ahead of myself. Just remember that
it will be necessary to consider the sums that combine to make 10. That consideration will help to
guide you when subtracting.

The answer to a subtraction is known as a difference or a remainder. Like addition, subtraction is
binary. You’ll recall that means you can operate with only two numbers at a time.

Unlike addition, order does matter. No commutative property exists for subtraction: 5 - 3 does not
yield the same result as 3 - 5. There is also no associative property for subtraction.

One final thought on subtraction facts: Learn your subtraction facts, and you’ll always make a differ-
ence (pun intended)!




LESSON 4

Multiplication Facts

As already noted in the Introduction, multiplication is a shortcut for repeated addition of the same
number. You and/or your student may learn the multiplication facts by rote, or you can learn just
some of them and use those to build others. For example, suppose that you need to know what 7 x 8
is, but you just happen to know that 5 x 8 = 40 and 2 x 8 = 16. Well, here’s a thought for you. Build
the multiplication facts you don’t know by adding those that you do:

5x8=40
+2x8=16
7%x8=56

There really are 100 multiplication facts. I wouldn’t lie to you (unless it served a purpose, of course).

1. 1x1 =1 18. 2x8 =16 35. 4x5 =20
2. 1x2 =2 19. 2x9 = 18 36. 4x6 =24
3. 1x3 =3 20. 2x10 = 20 37. 4x7 =28
4. 1x4 =4 21. 3x1 =3 38. 4x8 = 32
5. 1x5=5 22. 3x2 =0 39. 4x9 = 36
6. 1x6 =506 23. 3x3 =9 40. 4x10 = 40
7. 1x7 =7 24. 3 x4 =12 41. 5x1 =25

8. 1x8 =38 25. 3 x5 =15 42. 5x2 =10
9. 1x9 =9 26. 3 x06 =18 43. 5x3 =15
10. 1x10 = 10 27. 3x7 =21 44. 5x4 =20
11. 2x1 = 2 28. 3 x8 =24 45. 5x5 =25
12. 2x2 =4 29. 3x9 =27 46. 5x6 = 30
13. 2x3 =6 30. 3x10 = 30 47. 5x7 = 35
14. 2x4 =8 31. 4x1 =4 48. 5x8 = 40
15. 2x5 =10 32. 4x2 =28 49. 5x9 =45
16. 2x6 = 12 33. 4x3 =12 50. 5x10 = 50
17. 2x7 = 14 34. 4x4 =16

Before going on, I want to call your attention to multiplication by or of “1”. For reasons that should be
apparent, “1” is known as the identity element for multiplication. Your multiplying “1” and another
number results in a product (the name we give the answer in a multiplication) that is identical to
what you began with. Also, multiplication by “0” results in a product of “0.” All right. Let’s finish the
job we started.

Templates for multiplication flash cards may be found in the Appendix.
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51. 6x1 =06 68. 7x8 =56 85. 9x5 =45
52. 6x2 =12 69. 7x9 = 63 86. 9x6 = 54
53. 6x3 =18 70. 7x10 = 70 87. 9x7 =063
54. 6 x4 =24 71. 8x1 =8 88. 9x8 =72
55. 6x5 =130 72. 8x2 =16 89. 9x9 = 81
56. 6x06 = 36 73. 8x3 = 24 90. 9x10 = 90
57. 6 x7 = 42 74. 8 x4 = 32 91. 10x1 = 10
58. 6x8 =48 75. 8x5 =40 92. 10x2 = 20
59. 6x9 =54 76. 8 x6 = 48 93. 10x3 = 30
60. 6x10 = 60 77. 8x7 =56 94. 10x4 = 40
6l. 7x1 =7 78. 8x8 = 64 95. 10x5 = 50
62. 7x2 =14 79. 8§x9 =72 96. 10x6 = 60
63. 7x3 =21 80. 8 x10 = 80 97. 10x7 =70
64. 7x4 = 28 81. 9x1 =9 98. 10x8 = 80
65. 7x5 =35 82. 9x2 =18 99. 10x9 = 90
66. 7x06 = 42 83. 9x3 =27 100. 10 x 10 = 100
67. 7x7 =49 84. 9x4 = 36

Multiplication is binary. It is only possible to multiply 2 numbers at a time.

The commutative property for multiplication says that no matter the order in which you multiply
two numbers, the product is always the same. This is usually abbreviated as 5 x3 = 3 x5 = 15, or
some similar example.

Finally, there’s the associative property for multiplication. This says if you're going to multiply
3 x4 x 5, since you have to group them in pairs, you can group (3 x 4) x 5, meaning you’ll multiply the
3 x 4 first, and then multiply 5 by the resulting 12, or you can group 3 X (4 x 5) and then multiply 3 by
the resulting 20. Or, you could rewrite it as (3 x 5) x 4 and get 15 x 4. The associative property says
however you group the numbers for multiplication, the answer is not affected. The groups above all
total to 60. So, as it says in the Bible, be fruitful and . . . Oh, I just can’t do it!



LESSON 5

Division Facts

We already commented in the Introduction that division is the most complicated operation, since it is
both a shortcut for repeated subtraction of the same number and the undoing (or inverse) operation
for multiplication.

12-3-3-3-3=12+3 =4

You and/or your student do not need to learn the division facts by rote, as long as you can relate them
to the corresponding multiplication facts, since ultimately that is the relationship that is most critical.

There are 100 division facts, and that does not happen to be a coincidence. They are

1. 1+1 =1 8. 8+1=28 15. 10+2 =5
2. 2+1=2 9. 9+1=9 16. 12+2 =6
3.3+1=3 10. 10+10 =1 17. 14+2 =7
4. 4+1 =14 1. 2+2 =1 18. 16+2 =8
5. 51 =5 12. 4+2 =2 19. 18+2 =9
6. 6+1=06 13. 6+2 =3 20. 20+-2 =10
7. 7+1=7 14. 8+2 =4

Note that since any odd numbers divided by 2 would result in answers that are not whole numbers,
they are excluded from division facts for 2. You’ll see similar patterns in the following set. You should
also have noticed that 1 is the identity element for division. Anything divided by 1 is itself.

21. 3+3 =1 31. 4+4 =1 41. 5+5=1

22. 6+3 =2 32. 8+4 =2 42. 10+5 =2
23. 9+3 =3 33. 12+4 =3 43. 15+5 =3
24. 12+3 =4 34. 16 -4 =14 44, 20+5 =14
25. 15+3 =5 35. 20+4 =5 45. 25+5 =5
26. 18+3 =6 36. 24+4 =06 46. 30+5 =6
27. 21 +3 =7 37. 28+4 =7 47. 35+5 =7
28. 24+3 =38 38. 32+4 =38 48. 40+5 = 8
29. 27 +3 =9 39. 36 +4 =9 49. 45+5 =9
30. 30+-3 =10 40. 40+4 =10 50. 50+5 =10

Templates for division flash cards may be found in the Appendix.
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You might have noticed that there have not been any divisions by “0”. That’s because division by “0”
results in a quotient (yes, that’s the name for the answer in a division) that is undefined. Of course,
you can divide “0” by anything and get a quotient of 0. Let’s get back to the job at hand.

5. 6+6 =1 68. 56 +7 =38 85. 45+9 =5
52. 12+6 =2 69. 63+7 =09 86. 54+9 =6
53. 18+6 =3 70. 70+7 =10 87. 63+9 =7
54. 24 +6 = 4 71. 8+8 =1 88. 72+9 =38
55. 30+6 =5 72. 16+8 =2 89. 81+9 =9
56. 36+6 =0 73. 24 +8 =3 90. 90+9 =10
57. 42 +6 =7 74. 32+8 =4 91. 10+10 =1
58. 48+6 =8 75. 40+8 =5 92. 20+10 = 2
59. 54+6 =9 76. 48 +8 =0 93. 30+10 = 3
60. 60+6 =10 77. 56 -8 =7 94. 40+10 = 4
6l. 7+7 =1 78. 64 +8 = 8 95. 50+ 10 = 5
62. 14+7 =2 79. 72+8 =9 96. 60+10 =6
63. 21+7 =3 80. 80+8 =10 97. 70+10 = 7
64. 28+7 =4 81. 9+9 =1 98. 80+-10 = 8
65. 35+7 =5 82. 18+9 =2 99. 90+10 = 9
66. 42+7 =6 83. 27+9 =3 100. 100+ 10 = 10
67. 49+7 =7 84. 36 +9 =4

Did you notice that these facts are the multiplication facts backward? Speaking of multiplication facts,
there are some helpful hints you might or might not have noticed. Did you notice that every multiple
of “5” ends in a “0” or a “5™?

Did it occur to you that every multiple of 9 has a first digit one lower than what 9 is being multiplied
by? So, 6 x 9 is in the 50s, 7 x 9 is in the 60s, and so on. Additionally, the second digit is what you have
to add to the first one to make 9: 5 + 4 = 9,50 54; 6 + 3 = 9, so 63; and so forth. You might also
notice that in every multiple of 3, the digits add up to a multiple of 3. 12: 1 + 2 = 3.24:2 + 4 = 6,
which is 2 x 3, and so on.

What makes it so easy to learn the 2 table is that it’s the same as counting by 2s. (Of course, every
other number’s multiplication table is the same as counting by that number.)

Neither the commutative property nor the associative property is applicable to
the operation of division. Just remember, in the immortal words of Groucho
Marx, “Divide and conquer!”




LESSON 6

Place Value

A digit is a finger or a toe. Interestingly, we have 10 of each. A digit is also a single-place numeral, such
as0,1,2,3,4,5,6,7,8, and 9. Count those, and you’ll see that there are, not coincidentally, 10 of them.
Although the 7 Roman numerals were fine for many hundreds of years, the 10 digits of the modern place
value system—especially with the Arab invention of the zero—Ilets us get a lot more done with less
effort. We are able to represent any number with just 10 digits with an economy that the Romans were
unable to, because our system of numeration relies not only on the value of the digits, but on their posi-
tions within numerals, also known as their places.

Number is the idea of quantity, or the actual countable quantity itself. Numeral is the representation
of number. If we count five people, that is the number five. We represent that number with the numer-
al, 5. In the place value system, a digit has value based not only upon its magnitude, but also upon
its position or place within the numeral.

hundreds (h) tens (t) units (u)
one 1
ten 1
one hundred 1

Places are arranged in periods, each of which contains three places, which are arranged from right to
left as units (u), tens (t), and hundreds (h). To find the value of a place, read the digit in that place
times the name of the place it’s in. On the top line of the preceding table is 1 in the units place, or one.
On the second line is 1 in the tens place or 1 ten, or as we more commonly call it, ten. Name the three
quantities in the following table:

In this table we have first 3 tens, or 30, then 4 units, or 4, and finally, 6 hundreds, or six hundred. We
have looked so far, at the ones period only. Just to the left of the ones period is the thousands period.
Check this out.
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Thousands Ones
h t u h t u
3
4
6

After we’ve moved beyond the ones period, it becomes necessary to say the name of the period after
reading the column heading, so we have here 3 times 10 or thirty thousand on the first line, 4 thousand
on the second line (remember, we don’t say units), and 6 hundred thousand.

But there’s not always just one digit on a line. Try reading these multiple digit entries:

Thousands Ones
h t u h t u
3 5 7
2 4 6 1
5 2 6 9 3

We read the first two digits of the top numeral the way we would if they had been in the ones period,
but then we add the name of the period before continuing, so we have thirty-five thousand, seventy.
Can you see why? Having read the thirty-five thousand in the second period, we continue reading
what’s in the units period. There were only three digits in that place value numeral. Let’s go for four.
The middle row’s numeral is read two hundred four thousand, sixty-one. Notice that the name of the
period is not used until all digits in that period have been read. We don’t say two hundred thousand,
four thousand, seventy. And, once more, we never say the name of the ones period. Are you ready for
the big one? Okay, this last numeral is five hundred twenty-six thousand, nine hundred thirty.

Now let’s add one more period. Left of the thousands is the millions period.

Millions Thousands Ones
h t u h t u h t u
4 7 9
3 5 2 1 5 6 8
9 2 8 4 3 7 1 6 5
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Notice that just like the two periods we’ve been working with, adding the millions period means
another h, t, and u place are added. Have you tried reading these numbers yet? If you haven’t, I'll wait
while you do.

By now, you should be getting good at this. Try to not be intimidated by the length of the numerals.
As long as you’re methodical in your approach, longer doesn’t mean harder; it just means a few extra
words. The first numeral is four million, seventy thousand, nine. Did you notice the commas in the
last sentence? It is often customary to separate periods by commas when writing numerals larger than
a thousand. More about that in a bit.

The second numeral starts in the ten millions place. It’s 3 ten millions, read thirty million, but there’s
also a 5 in the units column in the millions period, so we read it thirty-five million, two hundred fifteen
thousand, six hundred eighty. Finally, the numeral on the bottom line is read nine hundred twenty-
eight million, four hundred thirty-seven thousand, one hundred sixty-five.

The next period to the left of the millions is the billions, but we’re not going to go there—yet. Hopefully,
you have absorbed the pattern of units-tens-hundreds, units-tens-hundreds, repeated as many times as
needed, as it would be with billions if needed, trillions if needed, and so forth. The time has come
to stop writing those column headings and find some other way of distinguishing one number from
another in place value notation.

The problem with writing numbers without column headings is that there is no apparent way to know
whether a 3 standing alone means three, thirty, three hundred, or, for that matter, three million. When
writing the numerals in columns, we could look at the top of the column and read h, t, or u, and then
read which period it was in, so there was no doubt as to what the value was. In order to serve the
equivalent purpose, we introduce something called a place-holder. We use “0” as a place-holder, since
it has no intrinsic value of its own but will hold any places where there is no other value indicated.

For purposes of writing place value numerals without column headings, we consider all numerals to
be right justified. That is to say, the rightmost digit in any place value numeral is considered to be in
the units column in the ones period:

Look at 3. Three is in the units place in the ones period. This numeral is three.

Consider 30. Zero is in the units place in the ones period. That forces three into the tens place. This
numeral must have a value of thirty.

Think about the meaning of 300. Zeroes occupy the units and tens places. That means that the 3 is
in the hundreds place. 300 must be worth three hundred.

Let’s look at the last three large numbers one more time.

Millions Thousands Ones
h t u h t u h t u
4 7 9
3 5 2 1 5 6 8
9 2 8 4 3 7 1 6 5
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Without the column headings and using place-holders, the top numeral is
4,070,009. Notice the commas separating the different periods. Some books

and some teachers use a comma for every numeral with more than three dig-

its. In other words, three thousand would be written 3,000. Other books use
commas with numerals greater than four digits in length. This book follows the
second convention.

The second numeral written in standard notation is 35,215,680. The commas
should help you to distinguish between periods, but it is now up to you to recall
the names and orders of the periods, as well as whether a specific digit is an “h,”

«

a “t,” ora “u”

The last of the three large numbers, in standard (also known as decimal, since it’s based on 10 digits)
notation is 928,437,165.

As a general rule, elementary school students are expected to be able to read numbers of as many as
12 digits. In the United States it’s the billions period. (In the U.K., a million million is a billion. In the
United States, it’s a thousand million.)

Essential to understanding place value is the concept of renaming, or regrouping. If you consider count-
ing with individual Popsicle sticks or another type of counter, it is possible to go as high as 9 units,
but no higher. In order to add another 1, that 1 must be bundled together with the other 9 units and
renamed as 1 group of 10 and 0 units. This is written as 10. Having that group of 10, units can be
added to that one or more at a time up to and including 19, but at 9, the units column is full. Adding
one more will require a renaming as 2 bundles of 10 and 0 units.

It is possible to continue in the same manner, regrouping 9 units + 1 unit as a bundle of 10 until both
the units and the tens column are full. At that time there will be 9 tens and 9 units, or 99. Now, in
order to add 1 more, exchange the 9 + 1 units for a bundle of 10, but there’s no room for that in the
tens place. You must take the 9 bundles of 10 along with the new bundle and exchange those 10 tens
for a single bundle of one hundred, making a total of one hundred, no tens and no ones, or 100.

Since no place can ever hold a quantity greater than 9, you can see how the idea of renaming carries
on from each column to the next as hundreds are renamed as thousands, thousands as ten thousands,
ten thousands as hundred thousands, hundred thousands as millions, and so forth.

EXERCISES
Questions 1-7 refer to the following number: 38,409,056,217

What digit is in the ten billions place?
What digit is in the millions place?

What digit is in the ten thousands place?
What digit is in the tens place?

What digit is in the hundred millions place?
What digit is in the hundreds place?

What digit is in the billions place?

NS oRe W=
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8. Write the number four million, eight hundred thousand, seventy-two.
9. Write the number three hundred twenty-nine thousand, five hundred sixty-three.
10. Write the number eighty billion, seventy-one thousand, four.
11. What is the meaning of 38,2972
12. What is the meaning of 321,459,068?
13. What is the meaning of 567,000,814,309?

ANSWERS
1.

N = O W

8

4,800,072

329,563

80,000,071,004

. thirty-eight thousand, two hundred ninety-seven

P NN RwD

— —
N = S

. three hundred twenty-one million, four hundred fifty-nine thousand, sixty-eight

[
w

. five hundred sixty-seven billion, eight hundred fourteen thousand, three hundred nine



LESSON 7
Place Value Addition

Let’s assume that you have your addition facts down pat. There is never a need to add any two num-
bers that sum to more than 18. You might think that I'm making that up, but I'm really not. There
might be occasions when you’re adding multiple numbers and you find it convenient to add numbers
that sum to more than 18, but you never need to. Remember, addition is binary. You can add only two
numbers at a time. Well, the largest two digits you ever need to add are 9 + 9, which sums to 18.

Do you need to add 36 and 472 Okay, stack them; that is put one above the other.

+ 47

Now consider the digits in the units (or ones) column. Add them together:

36
+ 47
13

But we don’t want to put a sum into the tens column since we haven’t added the tens yet, so we’ll
move that ten into the tens column as something still to be added:

'36
+ 47
3
Now we add the 1 + 3 in the tens column to make 4 tens, and finally add those 4 tens to the 4 tens
already there: 4 + 4 = 8:

'36

+ 47

83
Now let’s recap. To add 36 + 47 we put them into column addition form (stacked), added the ones
and when the answer exceeded 10, we renamed the 10 ones as 1 ten. Then, finally, we added the tens.

The largest sum we made in a single addition was 13, yet we found that the sum of 36 and 47 is 83.
That’s pretty cool, don’t you think?

Let’s try another one. How about adding 65 + 53?

First, stack them:

21
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We start adding in the ones column. 5 + 3 = 8,s0 ...

65
+ 53
8

That was easy enough. The sum of the ones is less than 10, so there’s nothing in need of renaming.
Now add the tens. 6 + 5 = 11. Let’s show that:

65
+ 53
118

Now 11 is greater than 9, so there’s a “1” that falls into the hundreds column, but since there are no
other hundreds to add, we can just leave it there. If there had been hundreds to be added, we would
move it up top as a number to be added in the hundreds column. We found: 65 + 53 = 118.

Just to prove the point, let’s consider the largest two-digit addition of two numbers that it’s possible
to have: 99 + 99 = .

To start, put one above the other.
99
+99
Next, add the digits in the units column.

99
+99
18
They sum to 18, which is a ten and 8 ones, but we don’t want to put a sum into the tens column since

we haven’t added the tens yet, so we’ll move that ten to the top of the tens column as one ten still to
be added:

'99
+99
8

Now we add the 1 + 9 in the tens column to make 10 tens, and finally add those 10 tens to the 9 tens
already there: 10 + 9 = 19:

1
99
+ 99
198

Alternately, we could have stopped after we added the 1 to the 9, renaming the 10 tens as one hundred:

1

=}

1
9
0
9

o

8
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Finally, add the 0 to the bottom 9 and bring down that 1 hundred:

Addition is unique among the operations of arithmetic, in that while it is binary and you can add only
two numbers at a time, an addition might contain several numbers to be added. Here’s an example of
that: 5+ 17 + 135 + 72 + 86 = __

We already noted in our discussion of place value that numerals are right justified when put into place
value columns. That is just as true when aligning numbers in columns for addition. The preceding
numbers get arranged as follows:

5 5«
17 17 <
135 135
72 72
86 86

In order to add, we start with the first two digits in the units column, 5 and 7. Add them together, and
we get 12, which we write as a 2 in the ones column and rename the 10 ones as 1 ten.
1
5
17

2 -

135 <
72
86

Next we move to the 2 and 5, which make 7; then the 7 and 2:

1

5
17

2
135

7 -
72 <

9
86

Finally, in the units column, we add 9 to 6 and get 15, from which we write the 5 at
the bottom of the column, while renaming the 10 ones as 1 ten, which we add to
the already renamed ten at the top of the tens column.
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2

5
17

2
135
7
72

9 —

86 —

5

We can speed through the tens column by noting that 2 + 1 = 3, then 3 + 3 = 6, which brings us
to6 + 7:

2

5
17
32
135
~ 67

- 72
9
86

5

If you don’t recognize at once that the sum is 13, you should realize that it makes 10 and 3, which is
really the more important fact, since we’ll write the 3 tens in the tens column and rename the 10 tens
as 1 hundred:

Finish off the tens column by adding 3 tens + 8 tens to get 11 tens, or 1 in the tens column and 10
tens to rename into the hundreds column, adding it to the 1 already at the top to make 2 renamed
hundreds:
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Finally, 2 hundreds + 1 hundred makes 3 hundreds, which we write below the line, for a total sum
of 315.

315

If any part of that did not make sense to you, go back and follow the pairs of arrows through each
step. Hopefully, that will clear it up.

Now, all that was to show you that you can do column addition keeping the largest partial sum you
will ever have to deal with at 18 or less. Although that is in the realm of the possible, you would have
to devote more time than you’re likely to be able to spare if you were given a page of additions like
that. In reality, after having gained some proficiency with addition, you would be much more likely to
solve the same addition in the following manner:

2 22 22

5 5 5 5
17 17 17 17
135 135 135

a) 135 b (¢ d
(@ i (b) 7 (c) 7 (d) 2
86 86 86 86
— 5 15 315

Starting with the ones column in (a), you would go “5 + 7 = 12, + 5 makes 17, + 2 makes 19, + 6
makes 25 [go to (b)] put down 5 and carry the 2.” (Carry is an old-fashioned word that means rename
as whatever the tens digit of what you added was in the next column to the left. That’s how I learned
it, and by gum I ain’t gonna unlearn it. But I digress.)

Moving to the tens column in (b), you’ll say to yourself or out loud, “2 + 1 makes 3, + another
3 makes 6, + 7 makes 13, + 8 makes 21 [go to (c)], put down 1 and rename 2 tens at the top of the
hundreds column.

Finally, move to the hundreds and add 2 + 1 = 3, [go to (d)], and write the 3, and you’re done. The
sum is three hundred fifteen. Note, it’s not three hundred “and” fifteen. If your student says “and” try to
dissuade her. We save “and” for work involving fractions mixed with whole numbers—a subject for
which we’re not quite ready.

By the way, did you notice that there was no “+ ” sign in that addition? Since no other operation per-
mits working with more than two numbers at a time, when you see three or more numbers stacked
up, you should automatically recognize it as addition.
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Let’s try one more example before you do some practice exercises. Let’s add 737 + 895 + 604. These
stack easily:

(@)

G 00 N
O O W
BN

These happen to all be three-digit numerals, so the columns line up well. Be sure to remember that
when they don’t line up so neatly, numerals must be right justified.

Since we’re now on a new page, I'll redraw the column addition diagram:

S5 737 737 737
895 895 895

(a) 232 b)) (o021 © 604 @ o1
6 36 2236

Starting with (a), you’re going to add 7 + 5 to get 12, and if you must, write the partial sum, renam-
ing the 10 ones as 1 ten. Or, continue and add 4 to the 12, writing the 6 below the line, while renam-
ing as in (b).

Continuing with (b), we move to the tens column, adding 1 + 3 to make 4, 4 +9 to make 13, and
13 + 0 is still 13 (thought you would never add a zero, didn’t you?). Move on to (c) to write the three
below the line and rename the 10 tens as 1 hundred.

Continuing with (c), move to the hundreds column. 1 + 7 makes 8, certainly no need to write that.
8 + 8 makes 16; your choice of whether to write before continuing or just keep it in your head, 16 +
6 (you can tell which way I went) makes 22. Since there are no more places to the left to be added, or
for the sake of form, write the 2 and regroup the two hundreds. In either case you’re covered in (d),
where 2 thousands have been renamed at the top and then brought down, since there’s nothing to
add it to (literally).

EXERCISES

1. 27 + 54 + 67 + 95 + 76 =
85 + 69 + 94 + 35 = __

534 + 671 + 483 + 32 + 8 = __
95 + 612 + 837 + 86 + 456 = __
28+ 9 +47 +6+93 =__ 437 + 69 + 320 + 4300 = __
687 + 49 + 86 + 394 + 7 = __ 526 + 3157 + 694 +14 = __
8 + 539 + 62 +94 + 188 = 10. 6234 + 5893 + 475 + 872 =

Ao
°eENea
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12.

ANSWERS
1.
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o
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319
283
183
1223
964
1728
2086

13.

14.

(o)} o]

@ = U1 \O
[92 N le) Ne]
W oo P @

NN leoI\=]
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N 0 0 N
92 e\ I SN @)

5126

. 4391
10.
11.
12.
13.
14.

13,474
1738

12,520
16,803
30,922
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LESSON 8

Place Value Subtraction

The operation of subtraction is often known as “take away” by virtue of the fact that it is an undoing
operation in which one is often heard to say “What do you get if you take away [some amount] from
[a larger amount]?” The subtraction 58 - 26 = __ would be displayed in place value form as:

58
- 26

The subtraction is accomplished by taking the bottom number away from the top number, moving
from right to left, and writing down the remainder.

58

Take 6 from 8 and 2 remain: - 26
2

58

Next, take 2 from 5 and 3 remain: - 26
32

The remainder, 32, is also known as the difference between 58 and 26.

In a subtraction, the top number, or the number being subtracted from, is known as the minuend. The
amount being subtracted, or the bottom number, is known as the subtrahend. Your student might or
might not be required to know these terms, so don’t compel him to. First find out whether his teacher
requires it.

Let’s try that with three digit numerals. Find the difference between 657 and 345.

. . . 657
First write the subtraction: _ 345
How did we know which number was the minuend and which the subtrahend? For all math at the
level of the audience for this book, the larger number in a subtraction is always on the top. Again,
we’ll start subtracting on the right. You might very well ask, “What difference does it make whether
we start on the right or the left?”

Well, in the case of this particular subtraction it does not matter, but soon it
is going to, so it’s better to form good habits than to have to unlearn
bad ones later.

657
Take 5 from 7: — 345
2

28
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657
Next, 4 tens from 5 tens: — 345
12

657
Finally, 3 hundreds from 6 hundreds: — 345
312

So the difference is 312. To check a subtraction to make sure that it is correct, add up from below the
line. In the preceding subtraction,2 + 5 = 7,1 + 4 = 5,and 3 + 3 = 6, so you know the difference
is correct.

And now for something completely different, er, well, a little different. Consider this subtraction:
74 -38 = .

74
First write the subtraction: _ 38
Now subtract 8 from 4. Huh? How do I subtract 8 from 4?2 The answer, of course, is without introduc-
ing the concept of negative numbers, I can’t!

But don’t despair; there’s always renaming. In subtraction, we use renaming the opposite way of how
we used it in addition. We’re going to take 1 ten from the 7 tens and rename it as 10 ones:

Now we can subtract 8 from 14: -38
6

6
7'4
Then on to the tens column: -38
36

Now let’s check that by adding up. Beginning below the line in the ones column, 6 + 8 = 14. Rename
the 10 ones as 1 ten and add it to the 3 below the line in the tens column, to make it a 4. Adding, we get
4 + 3 = 7. Yep, it checks.

Do you see now why we work subtraction from right to left? Let’s add a new wrinkle, by trying the fol-
lowing subtraction:

756
— 468















































































































