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FLOW SYSTEMS

1.1 CONSTRUCTAL LAW, VASCULARIZATION, AND SVELTENESS

A flow represents the movement of one entity relative to another (the background).
To describe a flow, we speak of what the flow carries (fluid, heat, or mass), how
much it carries (mass flow rate, heat current, etc.), and where the stream is located.
The where is the focus of this new course. A flow system has configuration, drawing,
that is, design.

In science, the origin (genesis) of the configuration of flow systems has been
overlooked. Design has been taken for granted—at best, it has been attributed to
chance, inspiration, talent, and art. Our own education in the sciences is based on
sketches of streams into and out of boxes, sketches that bear no relation to reality,
to the position that the stream occupies in space and in time. This book is our
attempt to change this attitude.

The benefits from thinking of design as science are great. The march toward
smaller dimensions (micro, nano)—the miniaturization revolution—is not about
making smaller and smaller components that are to be dumped like sand into a
sack. This revolution is about the “living sack,” in which every single component is
kept alive with flows that connect it to all the other components. Each component
is put in the right place, like the neurons in the brain, or the alveoli in the lung. It
is the configuration of these extremely numerous components that makes the sack
perform at impressively high levels.

Because natural flow systems have configuration, in this book we treat the
emergence of flow configuration as a physics phenomenon that is based on a scien-
tific principle. Constructal theory is the mental viewing that the generation of the
flow structures that we see everywhere in nature (river basins, lungs, atmospheric
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2 Flow Systems

circulation, vascularized tissues, etc.) can be reasoned based on an evolutionary
principle of increase of flow access in time, i.e. the time arrow of the animated
movie of successive configurations. That principle is the constructal law [1–4]:

For a finite-size flow system to persist in time (to live), its configuration must change
in time such that it provides easier and easier access to its currents (fluid, energy,
species, etc.).

Geometry or drawing is not a figure that always existed and now is available
to look at, or worse, to look through and take for granted. The figure is the per-
sistent movement, struggle, contortion, and mechanism by which the flow system
achieves global objective under global constraints. When the flow stops, the figure
becomes the flow fossil (e.g., dry river bed, snowflake, animal skeleton, abandoned
technology, and pyramids of Egypt).

What is the flow system, and what flows through it? These are the questions that
must be formulated and answered at the start of every search for architectures that
provide progressively greater access to their currents. In this book, we illustrate
this thinking as a design method, mainly with examples from engineering. The
method, however, is universally applicable and has been used in a predictive sense
to predict and explain many features of design in nature [1–4, 10].

Constructal theory has brought many researchers and educators together, on sev-
eral campuses (Duke; Toulouse; Lausanne; Évora, Portugal; Istanbul; St. John’s,
Newfoundland; Pretoria; Shanghai) and in a new direction: to use the constructal
law for better engineering and for better organization of the movement and con-
necting of people, goods, and information [2–4]. We call this direction constructal
design, and with it we seek not only better configurations but also better (faster,
cheaper, direct, reliable) strategies for generating the geometry that is missing.

For example, the best configurations that connect one component with very
many components are tree-shaped, and for this reason dendritic flow architectures
occupy a central position in this book. Trees are flows that make connections
between points and continua, that is, infinities of points, namely, between a volume
and one point, an area and one point, and a curve and one point. The flow may
proceed in either direction, for example, volume-to-point and point-to-volume.

Trees are not the only class of multiscale designs to be discovered and used. We
also teach how to develop multiscale spacings that are distributed nonuniformly
through a flow package, flow structures with more than one objective, and, espe-
cially, structures that must perform both flow and mechanical support functions.
Along this route, we unveil designs that have more and more in common with
animal design. We do all this by invoking a single principle (the constructal law),
not by copying from nature.

With “animal design” as an icon of ideality in nature, the better name for the
miniaturization trends that we see emerging is vascularization. Every multiscale
solid structure that is to be cooled, heated, or serviced by our fluid streams must be
and will be vascularized. This means trees and spacings and solid walls, with every
geometric detail sized and positioned in the right place in the available space. These
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1.1 Constructal Law, Vascularization, and Svelteness 3

will be solid-fluid structures with multiple scales that are distributed nonuniformly
through the volume—so nonuniformly that the “design” may be mistaken as
random (chance) by those who do not quite grasp the generating principle, just
like in the prevailing view of animal design, where diversity is mistaken for
randomness, when in fact it is the fingerprint of the constructal law [1–4].

We see two reasons why the future of engineering belongs to the vascularized.
The first is geometric. Our “hands” (streams, inlets, outlets) are few, but they must
reach the infinity of points of the volume of material that serves us (the devices,
the artifacts, i.e. the engineered extensions of the human body). Point-volume and
point-area flows call for the use of tree-shaped configurations. The second reason
is that the time to do such work is now. To design highly complex architectures one
needs strategy (theory) and computational power, which now we possess.

The comparison with the vascularization of animal tissue (or urban design,
at larger scales) is another way to see that the design philosophy of this book
is the philosophy of the future. Our machines are moving toward animal-design
configurations: distributed power generation on the landscape and on vehicles,
distributed drives, distributed refrigeration, distributed computing, and so on. All
these distributed schemes mean trees mating with trees, that is, vascularization.

A flow system (or “nonequilibrium system” in thermodynamics; see Chapter 2)
has new properties that are complementary to those recognized in thermodynamics
until now. A flow system has configuration (layout, drawing, architecture), which
is characterized by external size (e.g., external length scale L), and internal size
(e.g., total volume of ducts V , or internal length scale V1/3). This means that a flow
system has svelteness, Sv, which is the global geometric property defined as [5]

Sv = external flow length scale

internal flow length scale
(1.1)

This novel concept is important because it is a property of the global flow architec-
ture, not flow kinematics and dynamics. In duct flow, this property describes the
relative importance of friction pressure losses distributed along the ducts and local
pressure losses concentrated at junctions, bends, contractions, and expansions. It
describes the “thinness” of all the lines of the drawing of the flow architecture (cf.
Fig. 1.1).

To illustrate the use of the concept of svelteness, consider the flow through two
co-linear pipes with different diameters, D1 < D2 (Fig. 1.2). The pipe lengths are L1

and L2. The sudden enlargement of the flow cross-section leads to recirculation and
dissipation (imperfection, Chapter 2) immediately downstream of the expansion.
This effect is measured as a local pressure drop, which in Example 1.1 (p. 16) is
derived by invoking the momentum theorem:

�Plocal =
[

1 −
(

D1

D2

)2
]2

1

2
ρV 2

1 (1.2)
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4 Flow Systems

Svelteness (Sv) increases

Figure 1.1 The svelteness property Sv of a complex flow architecture: Sv increases from left
to right, the line thicknesses decrease, and the drawing becomes sharper and lighter, that is more
svelte. The drawing does not change, but its “weight” changes.

Equation (1.2) is known as the Borda formula. In the calculation of total pressure
losses in a complex flow network, it is often convenient to neglect the local pressure
losses. But is it correct to neglect the local losses?

The calculation of the svelteness of the network helps answer this question. The
svelteness of the flow geometry of Fig. 1.2 is

Sv = L1 + L2

V 1/3
(1.3)

0 10 20 30 40 50
0.0

0.5
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Sv

local
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�P
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Turbulent fully developed (f � 0.01)
Re � 102  103

Laminar fully developed

Figure 1.2 The effect of svelteness (Sv) on the importance of local pressure losses relative to
distributed friction losses in a pipe with sudden enlargement in cross-section (cf. Example 1.1).
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6 Flow Systems

The constructal design method guides the designer (in time) toward flow archi-
tectures that have greater and greater global performance for the specified flow
access conditions (fluid flow, heat flow, flow of stresses). The architecture discov-
ered in this manner for the set of conditions “1” is the “constructal configuration
1”. For another set of conditions, called “2”, the method guides the designer to the
“constructal configuration 2”. In other words, a configuration developed for one set
of conditions is not necessarily the recommended configuration for another set of
conditions. The constructal configuration “1” is not universal—it is not the solution
to other design problems. Universal is the constructal law, not one of its designs.

For example, we will learn in Fig. 4.1 that the best way to size the diameters
of the tubes that make a Y-shaped junction with laminar flow is such that the ratio
of the mother/daughter tube diameters is 21/3. The geometric result is good for
many flow architectures that resemble Fig. 4.1, but it is not good for all situations
in which channels with two diameters are present. For example, the 21/3 ratio is
not necessarily the best ratio for the large/small diameters of the parallel channels
illustrated in Problem 3.7. For the latter, a different search for the constructal
configuration must be performed, and the right diameter ratio will emerge at the
end of that search.

In this chapter and the next, we review the milestones of heat and fluid flow
sciences. We accomplish this with a run through the main concepts and results,
such as the Poiseuille and Fourier formulas. We do not derive these formulas from
the first principles, for example, the Navier-Stokes equations (F = ma) and first
law of thermodynamics (the energy conservation equation). Their derivation is the
object of the disciplines on which the all-encompassing and new science of design
rests.

In this course we do even better, because in the analysis of various configurations
we derive the formulas for how heat, fluid, and mass should flow. In other words,
we teach the disciplines with purpose, on a case-by-case basis, not in the abstract.
We teach the disciplines for a second time.

In this review the emphasis is placed on the relationships between flow rates
and the “forces” that drive the streams. These are the relations that speak of
the flow resistances that the streams overcome as they flow. In Chapter 2 we
review the principles of thermodynamics in order to explain why streams that
flow against resistances represent imperfections in the greater flow architectures
to which they belong. The body of this course and book teaches how to distribute
these imperfections so that the global system is the least imperfect that it can be.
The constructal design method is about the optimal distribution of imperfection.

1.2 FLUID FLOW

In this brief review of fluid mechanics we assume that the flow is steady and the
fluid is newtonian with constant properties. Each flow example is simple enough
so that its derivation may be pursued as an exercise, in the classroom and as
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1.2 Fluid Flow 7

homework. Indeed, some of the problems proposed at the end of chapters are of
this type. Our presentation, however, focuses on the formulas to use in design, and
on the commonality of these flows, which in the case of duct flow is the relation
between pressure difference and flow rate. The presentation proceeds from the
simple toward more complex flow configurations.

1.2.1 Internal Flow: Distributed Friction Losses

We start with the Bernoulli equation, written for perfect (frictionless) fluid flow
along a streamline,

P + ρgz + 1

2
ρV 2 = constant (1.4)

where P, z, and V are the local pressure, elevation, and speed. For real fluid flow
from cross-section 1 to cross-section 2 of a stream tube, we write

P1 + ρgz1 + 1

2
ρV 2

1 = P2 + ρgz2 + 1

2
ρV 2

2 + �P (1.5)

where �P represents the sum of the pressure losses (the fluid flow imperfection)
that occurs between cross-sections 1 and 2. The losses �P may be due to distributed
friction losses, local losses (junctions, bends, sudden changes in cross-section), or
combinations of distributed and local losses (cf. Example 1.1).

Fully developed laminar flow occurs inside a straight duct when the duct is
sufficiently slender and the Reynolds number sufficiently small. For example, if
the duct is a round tube of inner diameter D, the velocity profile in the duct
cross-section is parabolic:

u = 2U

[
1 −

(
r

r0

)2
]

(1.6)

In this expression, u is the longitudinal fluid velocity, U is the mean fluid velocity
(i.e., u averaged over the tube cross-section), and r0 is the tube radius, r0 = D/2. In
hydraulic engineering, more common is the use of the volumetric flowrate Q[m3/s],
which for a round pipe is defined as

Q = Uπr2
0 (1.7)

The radial position r is measured from the centerline (r = 0) to the tube wall
(r = r0). This flow regime is known as Hagen-Poiseuille flow, or Poiseuille flow
for short. The derivation of Eq. (1.6) can be found in Ref. [6], for example.

How the pressure along the tube drives the flow is determined from a global
balance of forces in the longitudinal direction. If the tube length is L and the
pressure difference between entrance and exit is �P, then the longitudinal force
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8 Flow Systems

balance is

�Pπr2
0 = τ2πr0L (1.8)

The fluid shear stress at the wall is

τ = µ

(
−∂u

∂r

)
r=r0

(1.9)

Equations (1.8) and (1.9) are valid for laminar and turbulent flow. By combining
Eqs. (1.6) through (1.9), we conclude that for laminar flow the mean velocity is
proportional to the longitudinal pressure gradient

U = r2
0

8µ

�P

L
(1.10)

Alternatively, we use the mass flow rate

ṁ = ρUπr2
0 (1.11)

to rewrite Eq. (1.10) as a proportionality between the “across” variable (�P) and
the “through” variable (ṁ):

�P = ṁ
L

r4
0

8

π
ν (1.12)

The tandem of “across” and “through” variables has analogues in other flow sys-
tems, for example, voltage and electric current, temperature difference and heat
current, and concentration difference and flow rate of chemical species (see Chap-
ter 2, Fig. 2.4). In Eq. (1.12), the ratio �P/ṁ is the flow resistance of the tube
length L in the Poiseuille regime. This resistance is proportional to the geometric
group L/r4

0 , or L/D4:

�P

ṁ
= L

D4

128

π
ν (1.13)

The flow is laminar provided that the Reynolds number

ReD = U D

ν
(1.14)

is less than approximately 2000. The tube length L is occupied mainly by Poiseuille
flow if L is greater (in order of magnitude sense) than the laminar entrance length
of the flow, which is X � DReD [6]. The condition for a negligible entrance length
is therefore

L

D
� ReD (1.15)
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1.2 Fluid Flow 9

The flow resistance solution (1.12) has been recorded alternatively in terms of a
friction factor, which is defined as

f = τ
1
2ρU 2

(1.16)

After using Eqs. (1.6) and (1.9), the friction factor for Poiseuille flow through a
round tube becomes

f = 16

ReD
(1.17)

The Poiseuille flow results for straight ducts that have cross-sections other than
round are recorded in a notation that parallels what we have just reviewed for
round tubes. Let A and p be the area and wetted perimeter of the arbitrary duct
cross-section. The average fluid velocity U is defined as

ρ AU =
∫∫

ρu d A = ρQ (1.18)

Instead of Eq. (1.8), we have the force balance

�P · A = τpL (1.19)

Instead of ReD, we use the Reynolds number based on the hydraulic diameter of
the general cross-section,

ReDh = U Dh

ν
(1.20)

Dh = 4
A

p
(1.21)

Laminar fully developed flow prevails if ReDh ≤ 2000. The duct length L is swept
almost entirely by Poiseuille flow if L/Dh � ReDh , cf. Eq. (1.15).

The friction factor definition (1.16) continues to hold. Now, if we combine Eqs.
(1.16) and (1.19) through (1.21), we arrive at the general pressure drop formula

�P = f
4L

Dh

1

2
ρU 2 (1.22)

For Poiseuille flow, the friction factor assumes the general form

f = Po

ReDh

(1.23)

where Po is the Poiseuille constant, for example Po = 16 for round tubes, and
Po = 24 for channels formed between parallel plates. We see that every cross-
sectional shape has its own Poiseuille constant, and that this constant is not much
different than 16. A channel with square cross-section has Po = 14.2, and one
with equilateral triangular cross-section has Po = 13.3. We return to this subject in
Table 1.2.
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A word of caution about the Dh and f definitions is in order. The factor 4 is
used in Eq. (1.21) so that in the case of a round pipe of diameter D the hydraulic
diameter Dh is the same as D [substitute A = (π /4)D2 and p = πD in Eq. (1.21), and
obtain Dh = D]. A segment of the older literature defines Dh without the factor 4,

D′
h = A

p
(1.24)

and this convention leads to a different version of Eq. (1.22):

�P = f ′ L

D′
h

1

2
ρU 2 (1.25)

The alternate friction factor f ′ obeys the definition (1.16). We also note that
Dh = 4 D′

h and f ′ = 4f , such that for a round pipe with diameter D and Poiseuille
flow the formulas are f = 16/ReD and f ′ = 64/ReD. The numerators (16 vs. 64)
are the first clues to remind the user which Dh definition was used, Eq. (1.21) or
Eq. (1.24). The 4f plotted on the ordinate of Fig. 1.3 suggests that this chart was
originally drawn with f ′ on the ordinate.

To summarize, by combining Eqs. (1.22) and (1.23) we conclude that all the
laminar fully developed (Poiseuille) flows are characterized by a proportionality
between �P and U, or �P and ṁ:

�P

ṁ
= 2Poν

L

D2
h A

(1.26)

Verify that for a round tube (Po = 16, Dh = D, A = πD2/4), Eq. (1.26) leads
back to Eq. (1.23). The general proportionality (1.26) is a straight line drawn at
ReDh < 2000 in Fig. 1.3 – one line for each tube cross-sectional shape. In Fig. 1.3,
only the line for the round tube is shown. The Moody chart is highly useful because
it is a compilation of many empirical formulas (f vs. ReDh) in a single place–a
bird’s-eye view of distributed friction losses in all ducts with fully developed
laminar or turbulent flow.

For turbulent flow through the same ducts, the �P vs. ṁ relation is different. One
relation that is independent of the flow regime is the pressure drop formula (1.22),
because this formula is a rewriting of the force balance (1.19) in combination with
the friction factor definition (1.16). Different for turbulent flow is the manner in
which f depends on the flow rate, or ReDh .

The Moody chart (Fig. 1.3) shows that in turbulent flow f is a function of
ReDh and the roughness of the wall inner surface. Plotted on the abscissa is ReD

(round tube), however, the curves for turbulent flow hold for all cross-sectional
shapes provided that ReD is replaced by ReDh . To assist computer-aided design and
analysis, the friction factor function f (ReD, ks/D) is available in several alternative
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1.2 Fluid Flow 11

mathematical forms. The Colebook relation is often used for turbulent flow:

1

f 1/2
= −4 log

(
ks/D

3.7
+ 1.256

f 1/2ReD

)
(1.27)

Because this expression is implicit in f , iteration is required to obtain the friction
factor for a specified ReD and ks/D. Several explicit approximations are available
for smooth ducts:

f ∼= 0.079Re−1/4
D (2 × 103 < ReD < 105) (1.28)

f ∼= 0.046Re−1/5
D (2 × 104 < ReD < 106) (1.29)

At sufficiently high Reynolds numbers, the friction factor depends only on the
relative roughness, which means that for a given duct f is constant. This is known
as the fully rough regime. This feature and Eq. (1.22) show that in fully rough
turbulent flow �P is proportional to U2, or to ṁ2,

�P

ṁ2
= 2 f

ρ

L

Dh A2
(1.30)

Compare this fully rough turbulent resistance with the fully developed laminar
resistance (1.26), and you will see in another way the fact that the slope of the
curves changes from left to right in Fig. 1.3.

1.2.2 Internal Flow: Local Losses

The relations between pressure drops and flow rates become more complicated
when the ducts are too short to satisfy the negligible entrance assumption (1.15),
and when they are connected with other ducts into larger flow networks (e.g., Fig.
1.4). The treatment of such cases is based on a formulation that begins with the
generalized Bernoulli equation for irreversible flow through a duct as a control
volume, from entrance (1) to exit (2), as shown in Eq. (1.5). The pressure loss �P
is calculated by summing up all the flow imperfections,

�P =
∑

d

[
f

4L

Dh

1

2
ρU 2

]
d︸ ︷︷ ︸

distributed losses

+
∑

l

[
K

1

2
ρU 2

]
l︸ ︷︷ ︸

local losses

(1.31)

The first summation refers to sections of long ducts, along which the pressure drops
are due to fully developed flow, laminar or turbulent. Note the similarity between
the expression written inside [ ]d and Eq. (1.22).

The second summation in Eq. (1.31) refers to local losses such as the pressure
drops caused by junctions, fittings, valves, inlets, outlets, enlargements and con-
tractions. Each local loss contributes to the total loss in proportion to KρU2/2,
where K is the respective local-loss coefficient. Experimental K data are available
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Source

Pump

Tank

V

z
g

0

Figure 1.5 The route of city water supply from the source to the storage tank.

the source (river, lake) and the overall pressure loss,

Hm = ztank − zsource + ξ (1.32)

Here, ξ is the overall pressure loss expressed as head of water, that is, the height of
a column of water, ξ = �P/ρg, where �P is the overall pressure loss. Typically,
the pumps used in urban hydraulic applications are centrifugal pumps with blades
curved backward. Their characteristic is given in Fig. 1.6 together with the network
head curve [see the right-hand side of (1.32)]. The intersection of the two curves
is called the operating point. The energetic consumption of the system is given by
the product of the pumping power and the time of pumping,

C = Ẇ t (1.33)

where

Ẇ = ṁgHm (1.34)

C = ρgHm V (1.35)

H

m
0

0

Net head change: head produced by the pump (Hm) 

Operating point

Characteristic curve of the
water distribution network (ztank� zsource � �) 

Figure 1.6 The operating point of the water distribution network, as the intersection between
the characteristic curve of the pump and the characteristic curve of the water distribution network.
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H

m
0

0

Pressure losses decrease

Figure 1.7 The change in the operating
point as the pressure losses of the network
decrease.

Because Hm ∼ �P and the water volume V is constrained, we see that C ∼ �P.
Therefore, to minimize the energetic consumption means to minimize the pressure
losses. Figure 1.7 shows how the operating point shifts when the pressure losses
are minimized. A higher flow rate is the result.

Next, we connect the tank to the users (Fig. 1.8). No pump is needed because the
pressure required at the city level is maintained by the altitude difference between
the tank and the city,

ρgztank = Prequired + ρgzcity + �P (1.36)

Note that the kinetic energy term 1
2ρU 2 does not appear here. The reason is that

in urban hydraulic applications the fluid velocity is in the range of 1 m/s, making
the changes in kinetic energy negligible. Again, we see that the optimization of
this flow system (a higher Prequired) means that the pressure losses �P must be
minimized.

An example of a closed system is presented in Fig. 1.9, which shows the principle
of steady-flow operation of a heating network in a building. The network is made
of basic components such as a water heater, a radiator, and a pump. The heater
uses combustion in order to heat the water stream. The radiator releases heat into
the space of the building. Because the system is closed, the gravity effect vanishes
(the water that flows up must eventually flow down). Thus, we arrive at Hm ∼ �P.

Source

Pump

Tank

V

City, users

Figure 1.8 Complete network for water supply, storage, and distribution.



P1: a/b P2: c/d QC: e/f T1: g

c01 JWBK206-Bejan July 14, 2008 22:42 Printer: Yet to come

16 Flow Systems

Radiator

Water
heater

Pump

Figure 1.9 Closed loop circulation of water for
heating a building.

Once again, the pumping power will be minimized when the pressure losses are
minimized.

Example 1.1 Here, we show how to determine the local pressure loss associ-
ated with the sudden expansion of a duct (Fig. 1.2). Incompressible fluid flows
through a pipe of diameter D1 and length L1, and continues flowing through
a pipe of diameter D2 and length L2. Consider the cylindrical control volume
indicated with dashed line in Fig. 1.10. The control-surface convention that we
use is that there is no space between the dashed line and the wall (the solid
line). The dashed line represents the internal surface of the wall. The control
volume contains the enlargement of the stream, including the recirculation oc-
curring after the backward-facing steps. We apply the momentum theorem in
the longitudinal direction,

ṁ(V1 − V2) = A2(P2 − P1) (a)

where ṁ is the mass flow rate

ṁ = ρ A1V1 = ρ A2V2 (b)

and A1,2 = (π/4)D2
1,2. See the lower part of Fig. 1.10. From Eq. (a) we learn

that the pressure at the outlet of the control volume is

P2 = P1 + ρV2(V1 − V2) (c)

This pressure can be compared with the value in the ideal (frictionless, re-
versible) limit where the stream expands smoothly from A1 to A2. According to
the Bernoulli equation,

P1 + ρgz + 1

2
ρV 2

1 = P2 + ρgz + 1

2
ρV 2

2 + �Plocal (d)
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P1

1 V2

2P

2 2L , D

2A

1 1P A 2 2P A

1mV 2mV
Control volumeImpulse Reaction

V1

L1, D1

A1

Figure 1.10 Control volume formulation for the duct with sudden expansion and local
pressure loss, which is analyzed in Example 1.1.

the local pressure loss is

�Plocal = P1 − P2 + 1

2
ρ(V 2

1 − V 2
2 ) (e)

which, after using Eq. (c) yields

�Plocal = 1

2
ρ(V1 − V2)2 (f)

Next, we eliminate V2 using Eq. (b), and arrive at the local loss coefficient
reported in Table 1.1 [see also Eq. (1.2)]:

K = �Plocal
1
2ρV 2

1

=
(

1 − A1

A2

)2

=
[

1 −
(

D1

D2

)2
]2

(g)

To show analytically how the local loss becomes negligible as the svelteness
of the flow system increases, assume that the small pipe is much longer than the
wider pipe. The Sv definition (1.1) becomes

Sv ∼= L1(π

4
D2

1 L1

)1/3 =
(

4

π

)1/3 (
L1

D1

)2/3

(h)
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18 Flow Systems

The distributed losses are due to fully developed flow in the L1 pipe. According
to Eq. (1.22), the pressure drop along L1 is

�P1 = f1
4L1

D1

1

2
ρV 2

1 = �Pdistributed (i)

Dividing Eqs. (g) and (i) we obtain

�Plocal

�Pdistributed
= 1

4 f

[
1 − (D1/D2)2

]2

L1/D1
(j)

and, after using Eq. (h),

�Plocal

�Pdistributed
= 1

4 f

[
1 − (D1/D2)2

]2

(π/4)1/2Sv3/2 (k)

The ratio �Plocal/�Pdistributed decreases as Sv increases. If the flow in the
L1 pipe is in the fully turbulent and fully rough regime, then f is a constant
(independent of Re1) with a value of order 0.01. For simplicity, we assume
f ∼= 0.01 and (D1/D2)2 � 1, such that Eq. (k) yields the curve plotted for
turbulent flow in Fig. 1.2:

�Plocal

�Pdistributed

∼= 25

Sv3/2 (l)

Noteworthy is the criterion for negligible local losses, �Plocal � �Pdistributed,
which according to Eq. (l) means Sv � 8.5.

If the flow in the L1 pipe is laminar and fully developed, then in Eq. (l) we
substitute f = 16/Re1. The Reynolds number (Re1 = V1D1/ν) is an additional
parameter, which is known when ṁ is specified. In place of Eq. (l) we obtain

�Plocal

�Pdistributed

Re1/64

Sv3/2 (m)

The criterion �Plocal � �Pdistributed yields in this case Sv � (Re1/64)2/3, which
means Sv � 6.2 when Re1 is of order 103. The curves for Re1 = 102 and 103

are shown in Fig. 1.2.
Summing up, when the svelteness Sv exceeds 10 in an order of magnitude

sense, the local losses are negligible regardless of flow regime.

1.2.3 External Flow

The fins of heat exchanger surfaces, the trunks of trees, and the bodies of birds are
solid objects bathed all around by flows. Flow imperfection in such configurations
is described in terms of the drag force (FD) experienced by the body immersed in
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20 Flow Systems

f and CD are equivalent nondimensional representations of flow resistance, f for
internal flows, and CD for external flows.

1.3 HEAT TRANSFER

Heat flows from high temperature to lower temperature in the same way that a fluid
flows through a pipe from high pressure to lower pressure. This is the natural way.
The direction of flow from high to low is the one-way direction of the second law
(Chapter 2). For heat flow as a mode of energy interaction between neighboring
entities, the temperature difference is the defining characteristic of the interaction:
heating is the energy transfer driven by a temperature difference.

Heat flow phenomena are in general complicated, and the entire discipline of heat
transfer is devoted to determining the q function that rules a physical configuration
made of entities A and B [8]:

q = function (TA, TB, time, thermophysical properties, geometry, fluid flow)

(1.38)

In this section we review several key examples of the relationship between temper-
ature difference (TA – TB) and heat current (q), with particular emphasis on the ratio
(TA – TB)/q, which is the thermal resistance. Examples are selected because they
reappear in several applications and problems in this book. The parallels between
this review and the treatment of fluid-flow resistance (section 1.2) are worth noting.
One similarity is the focus on the simplest configurations, namely, steady flow, and
materials with constant properties.

1.3.1 Conduction

Conduction, or thermal diffusion, occurs when the two bodies touch, and there is
no bulk motion in either body. The simplest example is a two-dimensional slab
of surface A and thickness L. One side of the slab is at temperature T1 and the
other at T2. The slab is the space and material in which the two entities (T1, T2)
make thermal contact. The thermal conductivity of the slab material is k. The total
heat current across the slab, from T1 to T2, is described by the Fourier law of heat
conduction,

q = k
A

L
(T1 − T2) (1.39)

The group kA/L is the thermal conductance of the configuration (the slab). The
inverse of this group is the thermal resistance of the slab,

Rt = T1 − T2

q
= L

k A
(1.40)
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1.3 Heat Transfer 21

There is a huge diversity of body-body thermal contact configurations, and
thermal resistances are available in the literature (e.g. Ref. [8]). As in the discussion
of the sphere and the cylinder of Fig. 1.11, we cut through the complications of
diversity by focusing on the extreme shapes, the most round and the most slender.
One such extreme is the spherical shell of inner radius ri and outer radius ro. We
may view this shell as the wrapping of insulation of thickness (ro – ri) on a spherical
hot body of temperature Ti, such that the outer surface of the insulation is cooled
by the ambient to the temperature To. The thermal resistance of the shell is

Rt = Ti − To

q
= 1

4πk

(
1

ri
− 1

ro

)
(1.41)

where q is the total heat current from ri to ro, and k is the thermal conductivity of
the shell material. Note that Eq. (1.41) reproduces Eq. (1.40) in the limit ro → ri,
where the shell is thin (i.e., like a plane slab). The cylindrical shell of radii ri and
ro, length L and thermal conductivity k has the thermal resistance

Rt = ln(ro/ri )

2πkL
(1.42)

Fins are extended surfaces that enhance the thermal contact between a base (Tb)
and a fluid flow (T∞) that bathes the wall. If the geometry of the fin is such that the
cross-sectional area (Ac), the wetted perimeter of the cross-section (p), and the heat
transfer coefficient [h, defined later in Eq. (1.56)] are constant, the heat transfer
rate qb through the base of the fin is approximated well by

qb
∼= (Tb − T∞)(k Achp)1/2 tanh

[(
hp

k Ac

)1/2 (
L + Ac

p

)]
(1.43)

In this expression L is the fin length measured from the tip of the fin to the base
surface, and k is the thermal conductivity of the fin material. The heat transfer rate
through a fin with variable cross-sectional area and perimeter can be calculated by
writing

qb = (Tb − T∞)h Aexpη (1.44)

where Aexp is the total exposed (wetted) area of the fin and η is the fin efficiency, a
dimensionless number between 0 and 1, which can be found in heat transfer books
[8, 9].

Equations (1.43) and (1.44) are based on the very important assumption that the
conduction through the fin is essentially unidirectional and oriented along the fin.
This assumption is valid when the Biot number Bi = ht/k is small such that [8](

ht

k

)1/2

< 1 (1.45)
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22 Flow Systems

where t is the thickness of the fin, that is, the fin dimension perpendicular to the
conduction heat current q.

The Biot number definition should not be confused with the Nusselt number
definition. The thermal conductivity k that appears in the Bi definition is the
conductivity of the solid wall (e.g., fin) that is swept by the convective flow (h). In
the Nu group defined later in Eq. (1.60), k is the thermal conductivity of the fluid
in the convective flow.

Time-dependent conduction is also a phenomenon that we encounter and exploit
for design in this book. For example, the temperature distribution in a semi-infinite
solid, the surface temperature of which is raised instantly from Ti to T∞, is

T (x, t) − T∞
Ti − T∞

= erf

[
x

2(αt)1/2

]
(1.46)

The counterpart of this heating configuration is the surface with imposed heat
flux. The temperature field under the surface of a semi-infinite solid that, starting
with the time t = 0, is exposed to a constant heat flux q′′ (heat transfer rate per unit
area) is

T (x, t) − Ti = 2
q ′′

k

(
αt

π

)1/2

exp

(
− x2

4αt

)
− q ′′

k
x erfc

[
x

2(αt)1/2

]
(1.47)

Note the arguments of erf, exp, and erfc: they all contain the group x/(αt)1/2, where
x is the distance (under the surface) to which the thermal wave penetrates during
the time t, and α is the thermal diffusivity of the material (α = k/ρc). In Eq. (1.46),
for example, thermal penetration means that x is such that T(x,t) – T∞ ∼ Ti – T∞,
which means that

x

2(αt)1/2
∼ 1 (1.48)

Therefore, a characteristic of all thermal diffusion processes is that the thickness
of thermal penetration under the exposed surface grows as (αt)1/2, that is infinitely
fast at t = 0+, and more slowly as t increases. We return to this characteristic in the
time-optimization of electrokinetic decontamination in Chapter 9.

Additional examples of time-dependent diffusion are the temperature fields that
develop around concentrated heat sources and sinks. Common phenomena that
can be described in terms of concentrated heat sources are underground fissures
filled with geothermal steam, underground explosions, canisters of nuclear and
chemical waste, and buried electrical cables. It is important to distinguish between
instantaneous heat sources and continuous heat sources.

Consider first instantaneous heat sources released at t = 0 in a conducting
medium with constant properties (ρ, c, k, α) and uniform initial temperature Ti.
The temperature distribution in the vicinity of the source depends on the shape of
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1.3 Heat Transfer 23

the source:

T (x, t) − Ti = Q′′

2ρc(παt)1/2
exp

(
− x2

4αt

)
[instantaneous plane source, strength Q′′(J/m2) at x = 0]

(1.49)

T (r, t) − Ti = Q′

4ρcπαt
exp

(
− r2

4αt

)
[instantaneous line source, strength Q′(J/m) at r = 0] (1.50)

T (r, t) − Ti = Q

8ρc(παt)3/2
exp

(
− r2

4αt

)
[instantaneous point source, strength Q(J) at r = 0] (1.51)

The temperature distributions near continuous heat sources, which release heat
at constant rate when t > 0, are

T (x, t) − Ti = q ′′

ρc

(
t

πα

)1/2

exp

(
− x2

4αt

)
− q ′′ |x |

2k
erfc

[ |x |
2 (αt)1/2

]
[continuous plane source, strength q ′′ (W/m2) at x = 0]

(1.52)

T (r, t) − Ti = q ′

4πk

∫ ∞

r2/4αt

e−u

u
du ∼= q ′

4πk

[
ln

(
4αt

r2

)
− 0.5772

]
, if

r2

4αt
< 1

[continuous line source, strength q ′(W/m) at r = 0]

(1.53)

T (r, t) − Ti = q

4πkr
erfc

[
r

2(αt)1/2

]
∼= q

4πkr
if

r2

2 (αt)1/2 < 1

[continuous point source, strength q(W) at r = 0] (1.54)

Equations (1.49) through (1.54) also describe the temperature fields near concen-
trated heat sinks. In such cases the numerical values of the source strengths (Q′′,
Q′, Q, q ′′, q ′, q) are negative.

A related time-dependent configuration is plane melting and solidification. A
semi-infinite solid that is isothermal and at the melting point (Tm) melts if its surface
is raised to a higher temperature (T0). In the absence of the effect of convection,
the liquid layer thickness δ increases in time according to

δ(t) ∼=
[

2
kt

ρhs f
(T0 − Tm)

]1/2

(1.55)

where ρ and k are the density and thermal conductivity of the liquid, and hsf is the
latent heat of melting. Equation (1.55) is valid provided that c(T0 – Tm)/hsf < 1,
where c is the specific heat of the liquid.
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The solidification of a motionless pool of liquid is described by Eq. (1.55), in
which T0 – Tm is replaced by Tm – T0 because the liquid is saturated at Tm, and the
surface temperature is lowered to T0. In the resulting expression δ is the thickness
of the solid layer, and k, c and α are properties of the solid layer.

1.3.2 Convection

Convection is the heat transfer mechanism in which a flowing material (gas, fluid,
solid) acts as a conveyor for the energy that it draws from (or delivers to) a solid wall.
As a consequence, the heat transfer rate is affected greatly by the characteristics
of the flow (e.g., velocity distribution, turbulence). To know the flow configuration
and the regime (laminar vs. turbulent) is an important prerequisite for calculating
convection heat transfer rates. Furthermore, the nature of the boundary layers
(hydrodynamic and thermal) plays an important role in evaluating convection.

Convection is said to be external when a much larger space filled with flowing
fluid (the free stream) exchanges heat with a body immersed in the fluid. According
to Eq. (1.38), the objective is to determine the relation between the heat transfer
rate (or the heat flux through a spot on the wall, q′′), and the wall-fluid temperature
difference (Tw − T∞). The alternative is to determine the convective heat transfer
coefficient h, which for external flow is defined by

h = q ′′

Tw − T∞
(1.56)

where q′′ is the heat flux, q′′ = q/A, where A is the area swept by the flowing fluid.
This means that Eq. (1.56) can also be written as

q = h A (Tw − T∞) (1.57)

or that the convective thermal resistance is

Rt = Tw − T∞
q

= 1

h A
(1.58)

Figure 1.12 shows the order of magnitude of h for various classes of convective
heat transfer configurations. Techniques for estimating h accurately are available
(e.g., Ref. [6]). The most basic example is the boundary layer on a plane wall.
When the fluid velocity U∞ is uniform and parallel to a wall of length L, the
hydrodynamic boundary layer along the wall is laminar over L if ReL ≤ 5 × 105,
where the Reynolds number is defined by ReL = U∞L/ν and ν is the kinematic
viscosity. The leading edge of the wall is perpendicular to the direction of the free
stream (U∞). The wall shear stress in laminar flow averaged over the length L is

τ̄ = 0.664ρU 2
∞Re−1/2

L (ReL ≤ 5 × 105) (1.59)
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Boiling, water

Boiling, organic liquids

Condensation, water vapor

Condensation, organic vapors

Liquid metals, forced convection

Water, forced convection

Organic liquids, forced convection

Gases, 200 atm, forced convection

Gases, 1 atm, forced convection

Gases, natural convection

1 10 102 103 104 105 106

h (W/m2 K)

Figure 1.12 Convective heat transfer coefficients, showing the effect of flow configuration [8].

so that the total tangential force experienced by a plate of width W and length L
is F = τ̄ LW . The length L is measured in the flow direction. The thickness of the
hydrodynamic boundary layer at the trailing edge of the plate is of order LRe−1/2

L .
If the wall is isothermal at Tw, the heat transfer coefficient h̄ averaged over the

flow length L is (ReL ≤ 5 × 105):

Nu = h̄L

k
=

{
0.664 Pr1/3 Re1/2

L (Pr ≥ 0.5)

1.128 Pr1/2 Re1/2
L (Pr ≤ 0.5)

(1.60)

In these expressions k and Pr are the fluid thermal conductivity and the Prandtl
number Pr = ν/α. The free stream is isothermal at T∞. The total heat transfer rate
through the wall of area LW is q = h̄LW (Tw − T∞). The group Nu = h̄L/k is the
overall Nusselt number, where k is the thermal conductivity of the fluid.
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When the wall heat flux q′′ is uniform, the wall temperature Tw increases away
from the leading edge (x = 0) as x1/2:

Tw(x) − T∞ = 2.21q ′′x
k Pr1/3 Re1/2

x

(Pr ≥ 0.5, Rex ≤ 5 × 105) (1.61)

Here, the Reynolds number is based on the distance from the leading edge, Rex

= U∞x/ν. The wall temperature averaged over the flow length L, T̄w, is obtained
by substituting, respectively, T̄w, ReL, and 1.47 in place of Tw(x), Rex, and 2.21 in
Eq. (1.61).

At Reynolds numbers ReL greater than approximately 5 × 105, the boundary
layer begins with a laminar section that is followed by a turbulent section. For 5 ×
105 < ReL < 108 and 0.6 < Pr < 60, the average heat transfer coefficient h̄ and
wall shear stress τ̄ are

Nu = h̄L

k
= 0.037 Pr 1/3(Re4/5

L − 23,550) (1.62)

τ̄

ρU 2∞
= 0.037

Re1/5
L

− 871

ReL
(1.63)

Equation (1.62) is sufficiently accurate for isothermal walls (Tw) as well as for
uniform-heat flux walls. The total heat transfer rate from an isothermal wall is
q = h̄LW (Tw − T∞), and the average temperature of the uniform-flux wall is T̄w =
T∞ + q ′′/h̄. The total tangential force experienced by the wall is F = τ̄ LW , where
W is the wall width. The Nu results for many other external flow configurations
(sphere, cylinder in cross-flow, etc.) are provided in Refs. [6, 9].

In flows through ducts, the heat transfer surface surrounds and guides the stream,
and the convection process is said to be internal. For internal flows the heat transfer
coefficient is defined as

h = q ′′

Tw − Tm
(1.64)

Here, q′′ is the heat flux (heat transfer rate per unit area) through the wall where
the temperature is Tw, and Tm is the mean (bulk) temperature of the stream,

Tm = 1

U A

∫ ∫
A

uT dA (1.65)

The mean temperature is a weighted average of the local fluid temperature T over
the duct cross-section A. The role of weighting factor is played by the longitudinal
fluid velocity u, which is zero at the wall and large in the center of the duct cross
section [e.g., Eq. (1.6)]. The mean velocity U is defined by

U = 1

A

∫ ∫
A

u dA (1.66)
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1.3 Heat Transfer 27

The volumetric flow rate through the A cross-section is

Q = U A =
∫ ∫

A
u dA (1.66′)

In laminar flow through a duct, the velocity distribution has two distinct regions:
the entrance region, where the walls are lined by growing boundary layers, and
farther downstream, the fully developed region, where the longitudinal velocity is
independent of the position along the duct. It is assumed that the duct geometry
(cross-section A, internal wetted perimeter p) does not change with the longitudinal
position. A measure of the length scale of the duct cross section is the hydraulic
diameter Dh defined in Eq. (1.21). The hydrodynamic entrance length X for laminar
flow can be calculated with the formula (1.15), or, more exactly,

X

Dh
∼ 0.05ReDh (1.67)

where the Reynolds number is based on mean velocity and hydraulic diameter,
ReDh = UDh/ν. As shown in section 1.2.1, when the duct is much longer than
its entrance length, L � X, the laminar flow is fully developed along most of the
length L, and the friction factor is independent of L [cf. Eq. (1.23) and Table 1.2].

The heat transfer coefficient in fully developed flow is constant, that is, inde-
pendent of longitudinal position. Table 1.2 lists the h values for fully developed
laminar flow for two heating models: duct with uniform heat flux (q′′) and duct
with isothermal wall (Tw). Using these h values is appropriate when the duct length
L is considerably greater than the thermal entrance XT over which the temperature
distribution is developing (i.e., changing) from one longitudinal position to the
next. The thermal entrance length for the entire range of Prandtl numbers is

XT

Dh
∼ 0.05ReDh (1.68)

Note that in Table 1.2 the Nusselt number (Nu = hDh/k) is based on Dh, which is
unlike in Eq. (1.60). Means for calculating the heat transfer coefficient for laminar
duct flows in which XT is not much smaller than L can be found in Ref. [6].

Turbulent flow becomes fully developed hydrodynamically and thermally after
a relatively short entrance distance:

X ∼ XT ∼ 10Dh (1.69)

In fully developed turbulent flow (L � X) the friction factor f is independent of L,
as shown by the family of curves drawn for turbulent flow on the Moody chart (Fig.
1.3). The turbulent flow curves can be used for ducts with other cross-sectional
shapes, provided that D is replaced by the appropriate hydraulic diameter of the
duct, Dh. The heat transfer coefficient h is constant in fully developed turbulent
flow and can be estimated based on the Colburn analogy between heat transfer and
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30 Flow Systems

from the laminar section to the turbulent section of the boundary layer occurs at the
altitude y (between the leading edge, y = 0, and the trailing edge, y = H), where [8]

Ray ∼ 109 Pr (10−3 < Pr < 103) (1.75)

In this expression Ray is the Rayleigh number based on temperature difference,

Ray = gβ(Tw − T∞)y3

αν
(1.76)

where β is the coefficient of volumetric thermal expansion, β = (−1/ρ) (∂ρ/∂T )P.
If the fluid behaves as an ideal gas, β equals 1/T , where T is expressed in K. The
heat transfer results shown next are valid when |β(Tw − T∞)| � 1. The boundary
layer remains laminar over its entire height H when Ray < 109 Pr. The average heat
transfer coefficient (h) for a wall of height H with laminar boundary layer flow is [6]:

h̄ H

k
=

{
0.671Ra1/4

H , Pr � 1

0.8(RaH Pr)1/4, Pr � 1
(1.77)

where RaH = gβ (Tw – T∞)H3/(αν). The heat transfer rate from the wall is
q = h̄ H W (T w − T∞), where W is the width (horizontal dimension) of the vertical
wall.

A vertical wall that releases the uniform heat flux q′′ into the fluid has a temper-
ature that increases with altitude, Tw(y). The relation between q′′ and the wall-fluid
temperature difference (Tw − T∞) is represented adequately by Eq. (1.77), provided
h is replaced by q ′′/(T̄w − T∞). Note that the temperature difference (T̄w − T∞) is
averaged over the wall height H.

We end with examples of chimney flow: fully developed laminar flow driven
by buoyancy through a vertical duct of hydraulic diameter Dh, height H, and inner
surface temperature Tw. The top and bottom ends of the duct are open to a fluid at
a temperature T∞. It is assumed that the duct is sufficiently slender so that H/Dh >

RaDh , where RaDh = gβ(Tw − T∞)D3
h/αν. The average heat transfer coefficient h

depends on the shape of the duct cross section:

h H/k

RaDh

=




1

192
(parallel plates)

1

128
(round)

1

113.6
(square)

1

106.4
(equilaterial triangle)

(1.78)

The total heat transfer rate between the duct and the stream is approximately q ∼=
ṁcP (Tw − T∞) when the group h̄ Aw/ṁcp is greater than 1, where the mass flow
rate is ṁ = ρ AU , and the duct cross-sectional area is A. The mean velocity U can
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be estimated using Eq. (1.22), in which �P/L is now replaced by ρgβ(Tw − T∞).
In other words, the chimney flow is Poiseuille flow driven upward by the effective
vertical pressure gradient ρgβ(Tw − T∞).

More examples of thermal resistance dominate the field of radiation heat transfer.
For this body of thermal sciences we refer the reader to more complete treatments
(e.g. Refs. [8, 9]).

Mass transfer is the transport of chemical species in the direction from high
species concentrations to lower concentrations. Mass diffusion is analogous to
thermal diffusion (section 1.3.1); therefore, it is not expanded in this section. In the
simplest treatment, instead of the Fourier law (1.39), mass diffusion is based on
the Fick law (Chapter 9), which proclaims a proportionality between species mass
flux and concentration gradient. This topic is treated in detail in Chapter 9.
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PROBLEMS

1.1. Flow strangulation is not good for performance. Uniform distribution of
strangulation is. Consider a long duct with Poiseuille flow (Fig. P1.1). The
duct has two sections, a narrow one of length L1 and cross-sectional area A1,
followed by a wider one of length L2 and cross-sectional area A2. The total
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40 Flow Systems

configuration in which this question can be examined is shown in Fig. P1.15.
A plane wall of length L and width W (perpendicular to the figure) has
the known temperature distribution T(x). A layer of insulating material of
low thermal conductivity k and unknown thickness t(x) covers the wall. The
temperature of the ambient is T0. For simplicity, we assume that the thermal
resistance (e.g., convection) between the outer surface of the insulation and
the ambient is negligible relative to the resistance of the insulating layer.
This is equivalent to assuming that the temperature of the outer surface of
the insulating layer is essentially uniform and equal to T0. When the layer
is relatively thin (t � L), the flow of heat through the insulating material is
unidirectional, perpendicular to the wall. Develop an integral expression for
the total heat leak through the arbitrary-thickness design t(x), and minimized
it subject to the constraint that the total volume of insulation is fixed. Rely
on variational calculus (see Appendix C) to show that the optimal insulation
thickness function is

topt(x) = tavgL[T (x) − T0]1/2∫ L
0 [T (x) − T0]1/2dx

where tavg is the L-averaged thickness of the insulation. Determine the corre-
sponding (minimal) heat leak through the insulation, qmin. The same topt(x)
distribution is obtained when the amount of insulation material is minimized
subject to a fixed rate of heat loss to the ambient. Show that when T(x) in-
creases linearly from T0 at x = 0 to T0 + �T at x = L, the optimal thickness
increases as x1/2 along the wall. This problem was proposed and treated in
detail in Ref. [13].

x = 0 x = L
T(x), wall surface

Insulation, kAmbient,  T0

t(x)

Figure P1.15

1.16. Consider again the problem of distributing a finite amount of insulation
on a nonisothermal wall. In the preceding problem, we derived the general
solution for the optimal distribution of insulation thickness and the corre-
sponding total heat leak through the insulation, qmin. The example was for
a wall with linear temperature distribution. In this problem, assume that the
wall temperature T(x) has the general form

T (x) = T0 + �T
( x

L

)n
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Problems 41

where the end excess temperature �T is fixed, and n is a positive constant.
Determine qmin as a function of n. In addition, consider the case where
insulation thickness is uniform (t = tavg), and determine the corresponding
heat leak (q), as a function of n. Show that the ratio qmin(n)/q(n) is equal to
(n + 1)/( n

2 + 1)2, and that it decreases as n increases. Comment on the type
of wall temperature distributions for which the use of the optimal thickness
design is attractive.
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