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pound Interest,” in Henry Sherwin, Sherwin’s Mathematical Tables (pub-
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FIBONACCI SERIES, PRESENT VALUE, PARTNERSHIPS,
FINITE-LIVED ANNUITIES, CAPITAL BUDGETING

Fibonacci (1202) is well-known as the most influential tract introducing
positional numerical notation into Europe. Arabic numerals were first
developed in India, perhaps in the mid-first millennium A.D. and were sub-
sequently learned by Arab traders and scholars. In turn, Fibonacci learned
about them while traveling through North Africa. He begins Chapter 1
with these words:

These are the nine figures of the Indians: 9, 8, 7, 6, 5, 4, 3, 2, 1.
With these nine figures, and with this sign 0 which in Arabic is
called zephirum, any number can be written, as will be demon-
strated.

After the publication of this tract, computation by Arabic numerals using
pen and ink gradually replaced the use of the abacus. The book also devel-
ops the famous Fibonacci series, 1, 1,2, 3,5,8,13 .. ..
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Much less appreciated is the role Liber Abaci plays in the develop-
ment of present value calculation, as has been quite recently discovered
by William N. Goetzmann in [Goetzmann (2003)] “Fibonacci and the Fi-
nancial Revolution,” Yale ICF Working Paper No. 03-28 (October 23,
2003). Fibonacci illustrates his methods of calculation through several
numerical examples. Among these are four types of applications to in-
vestments: (1) the fair allocation of profits to members of a partnership
(“On Companies,” pp. 172-173); (2) the calculation of profits from a se-
quence of investments, with intermediate withdrawals (“Problems of
Travelers,” pp. 372-373); (3) the calculation of future value (“A Note-
worthy Problem on a Man Exchanging One Hundred Pounds at Some
Banking House for Interest,” pp. 384-386); and (4) the calculation of
present value (“On a Soldier Receiving Three Hundred Bezants for His
Fief,” p. 392). His solution to (1) is simply to divide profits in proportion
to contributed capital—a solution that is now obvious. As an example of
(3) in Sigler’s translation:

A man placed 100 pounds at a certain [banking] house for 4
denari per pound per month interest, and be took back each year a
payment of 30 pounds; one must compute in each year the 30
pound reduction of capital and profit on the said 100 pounds. It is
sought how many years, months, days and hours he will hold
money in the house. (p. 384)

Fibonacci calculates that the man will have some money with the bank
for 6 years, 8 days, and “('/,)(*/5)5” hours. This makes use of Fibonacci’s
notation whereby the denominator of each fraction is actually the prod-
uct of its explicit denominator and all the denominators to the right, and
the hours are the sum of these fractions. So the number of hours is 5 +
(3/9)hours + (/15)hours = 5 and 7/i3 hours, in modern notation. Note
that as antiquated as Fibonacci’s notation has become, it still remains
very useful in situations where small units are measured in a different
number of parts than larger units. For example, Fibonacci would have
written 5 weeks, 3 days, 4 hours, 12 minutes, and 35 seconds as
(*760)(**60) (*24) (/7).

In problem (4), Fibonacci illustrates the use of present value by rank-
ing the present values of two annuities, differing only in the periodicity of
payment, where the interest rate that can be earned on the reinvestment of
amounts received is 2 percent per quarter: Both pay 300 bezants per year,
with one paying quarterly installments of 75 bezants and the other instead
paying the entire 300 bezants at the end of each year.

Due to compounding, present value under a constant interest rate is
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the result of summing a weighted geometric series. Goetzmann speculates
that Fibonacci’s interest in finance may have provided the spark for his fa-
mous work on infinite series. Unfortunately, we know so little about Fi-
bonacci that this cannot be verified.

After Fibonacci’s work, Arabic numerals became widely used in Eu-
rope, particularly for commercial purposes. The Treviso Arithmetic (1478)
published by an unknown author is the earliest known dated and printed
book on arithmetic and serves as an early attempt to popularize the Arabic
numeral system. The book starts by describing how to use Arabic numerals
for enumeration, addition, subtraction, multiplication, and division—the
same procedures in use today. By the Treviso’s time, the numerals had just
previously reached their modern forms. For example, the practice of writ-
ing 0 as & died out after 1275. This may be in part due to the Treviso it-
self, since printing technology may have forced standardization. However,
notation for the operations of addition, subtraction, multiplication, and di-
vision was not introduced until later, “+” and “~” in print in 1489, “x” in
1631, and “+” in 1659. While we are on the subject, “V” was introduced
in 1525, “=” in 1557, “<” and “>” in 1631, “[” in 1675 (by Gottfried Wil-
helm Leibniz), “f(x)” in 1735 (by Leonhard Euler), and “dx/dy” in 1797
by Joseph-Louis Lagrange. Representation of fractions as decimals did not
occur until 1585. Using letters for unknowns in equations waited until
Frangois Vieta’s (1540-1603) formulation in about 1580. John Napier in-
vented logarithms in 1614 and brought decimal notation for factions to
Europe in 1617.

These operations are illustrated by a number of problems. Partnerships
can be traced as far back as 2,000 B.C. in Babylonia. This form of business
organization provided a way to finance investments requiring large
amounts of capital over extended periods of time. In Christian Europe,
partnerships also provided a way to circumvent usury prohibitions against
charging interest. Here is the first partnership problem posed in the Treviso
(p- 138):

Three merchants have invested their money in a partnership,
whom to make the problem clearer I will mention by name. The
first was called Piero, the second Polo, and the third Zuanne.
Piero put in 112 ducats, Polo 200 ducats, and Zuanne 142 ducats.
At the end of a certain period they found they had gained 563
ducats. Required is to know how much falls to each man so that
no one shall be cheated.

The recommended solution, following the same principle as already set
forth by Fibonacci in his problem “On Companies,” is to divide the profits
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among the investors in proportion to their respective investments. The sec-
ond partnership problem is much more interesting (p. 138):

Two merchants, Sebastiano and Jacomo, have invested their
money for gain in a partnership. Sebastiano put in 350 ducats
on the first day in January, 1472, and Jacomo 500 ducats, 14
grossi on the first day of July, 1472; and on the first day of Janu-
ary, 1474 they found they had gained 622 ducats. Required is
the share of each.

After converting both investments to a common unit, 8,400 grossi
for Sebastiano and 12,014 grossi for Jacomo, the Treviso adjusts for
the timing of the investments by the number of months of the respective
investments:

Sebastiano: 8,400 x 24 =201,600  Jacomo: 12,014 x 18 = 216,252

The profits are then divided according to these proportions. The
sum 201,600 + 216,252 = 417,852. Sebastiano receives 622 X
(201,600/417,852) = 300 ducats and Jacomo 622 x (216,252/417,852)
= 322 ducats.

The modern analyst would approach this allocation in one of two
ways, depending on whether Jacomo’s delayed contribution were con-
tracted in advance or whether the terms of his contribution were deter-
mined near the time of his contribution. In the former case, he would then
need to know the interest rate to work out the fair division of profits, and
in the second he would need to know the value of a share in the partner-
ship on July 1, 1472. Although the author of the Treviso has posed an in-
teresting problem and probably learned much from Fibonacci, his answer
suggests he does not yet understand Fibonacci’s more sophisticated present
value analysis.

But by the 1500s, Fibonacci’s work on present value had become bet-
ter known, despite usury laws. Consider, for example, a problem from Jean
Trenchant [Trenchant (1558)], L’Arithmétique, 2nd edition, 1637, Lyons
(p. 307): Which has the higher present value, a perpetual annuity of 4 per-
cent per quarter or a fixed-life annuity of 5§ percent per quarter for 41
quarters? Trenchant solves the problem by comparing the future value at
the end of 41 quarters of a 1 percent annuity per quarter, with the present
value in the 41st quarter of a perpetual annuity at 5 percent starting then.
Trenchant’s book also contains the first known table of present value dis-
count factors.
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In the forgotten age before computers, once it was desired to deter-
mine the effects of interest rates on contracts, much work was devoted to
developing fast means of computation. These include the use of loga-
rithms, precalculated tables, and closed-form algebraic solutions to pre-
sent value problems. Edmond Halley, cataloger of stars in the Southern
Hemisphere from telescopic observation, creator of the first meteorologi-
cal charts, publisher of early population mortality tables, is, of course,
best known as the first to calculate the orbits of comets. Not the least of
his achievements includes results in financial economics. Halley (1761) de-
rives (probably not for the first time) the formula for the present value of
an annual annuity beginning at the end of year 1 with a final payment at
the end of year T: [X/(r — 1)][1 — (1/#T)], where 7 is 1 plus the annual dis-
crete interest rate of the annuity and X is the annual cash receipt from the
annuity. Another relatively early derivation of this formula can be found
in Fisher (1906).

Although valuation by present value, as we have seen, had appeared
much earlier, Fisher (1907) may have been the first to propose that any
capital project should be evaluated in terms of its present value. Using
an arbitrage argument, he compared the stream of cash flows from the
project to the cash flows from a portfolio of securities constructed to
match the project. Despite this, according to Faulhaber-Baumol (1988),
neither the Harvard Business Review from its founding in 1922 to
World War II, nor widely used textbooks in corporate finance as late as
1948, made any reference to present value in capital budgeting. It was
not until Joel Dean in his book [Dean (1951)] Capital Budgeting: Top
Management Policy on Plant, Equipment, and Product Development
(New York: Columbia University Press, 1951) that the use of present
value was popularized. More recently, according to John R. Graham and
Campbell Harvey in [Graham-Harvey (2001)] “The Theory and Practice
of Corporate Finance: Evidence from the Field,” Journal of Financial
Economics 60, Nos. 2-3 (May 2001), pp. 187-243, most large firms use
some form of present value calculation to guide their capital budgeting
decisions.

1494 Luca Pacioli (circa 1445-1517), Summa de arithmetica, geometria,
proportioni et proportionalita (“Everything about Arithmetic, Geometry
and Proportions”); the section on accounting, “Particularis de computis et
scripturus,” translated into English by A. von Gebstattel, Luca Pacioli’s
Exposition of Double-Entry Bookkeeping: Venice 1494 (Venice: Albrizzi
Editore, 1994).
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PROBLEM OF POINTS, ACCOUNTING, DEBITS VS. CREDITS,
ACCOUNTING IDENTITY, ASSETS, LIABILITIES, AND EQUITIES,
CLEAN-SURPLUS RELATION, BOOK VS. MARKET VALUES,
MATCHING PRINCIPLE, CONSISTENCY PRINCIPLE

acioli (1494), acknowledging a debt to Euclid (circa 300 A.D.) and Fi-

bonacci (1202), summarizes the basic principles of arithmetic, algebra,
geometry, and trigonometry. More important for our immediate purposes,
Pacioli is often credited with posing the “Problem of Points,” the problem
that eventually ignited the explosive development of modern probability
theory in the seventeenth century (naturally there is some evidence that this
problem originated even earlier):

A and B are playing the fair game of balla. They agree to continue
until one has won six rounds. The game actually stops when A has
won five and B three. How should the stakes be divided?

Pacioli’s (incorrect) solution was simply to divide the stakes in proportion
to the number of games won by each player. So if the stakes were 56 pisto-
las, player A would receive 35 and player B would receive 21.

But Pacioli’s book is best known for its influence on accounting. Ac-
counting in ancient times took the form of a mere physical listing of in-
ventories. Later accounting methods translated these items into a common
unit of measurement, usually a single currency. This mutated into a list of
“charges” and “discharges,” essentially a cash statement showing the
sources and uses of cash designed so that the lord of an estate could mon-
itor his steward who actually dispensed payments. The origins of the more
recent methods of double-entry accounting are a bit obscure. We know
that an Italian merchant firm, Gallerani company of Siena, used double-
entry accounting as early as 1305 (reported by Christopher W. Nobes,
[Nobes (1982)] “The Gallerani Account Book of 1305-1308,” Account-
ing Review 57, No. 2 (April 1982), pp. 303-310). Although Pacioli did
not invent double-entry accounting methods, because he developed double-
entry bookkeeping so thoroughly in this influential work he is often refer-
enced as the original source of these methods and considered “the father
of accounting.” In the accounting section of his book, “Particularis de
computis et scripturus,” Pacioli writes that he is describing “the Venetian
method which certainly among others is much recommended and which
can be used as a guide to all others” (p. 42). He even admonishes would-
be accountants not to rest easy at night until their credits and debits are
equal. Further discussion of the history of financial accounting conven-
tions (for external accounting purposes) takes us beyond the intended
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scope of this book. However, since accounting concepts are important for
measuring the expected return and risk of corporate securities, I instead
discuss the key issues.

First, what is the purpose of external accounting statements? In my
opinion, their primary purpose is to provide information to stockholders.
One could argue that the statements are also useful for employees in eval-
uating the return and risk of investing their human capital with the firm,
or outside suppliers of goods and services who may want to evaluate the
return and risk of dealing with the firm, or debt holders who need to as-
sess the likelihood of default. But I think, particularly since the stockhold-
ers are the owners of the firm and, by determining the stock price,
indirectly make resource allocation decisions for the firm, that the primary
constituency for these statements is the stockholders. While the statements
may have other goals, their paramount purpose is to help stockholders de-
cide the market price of the firm’s stock. This is consistent with the view
taken in financial economics, and largely by the law, that the firm should
be run for the benefit of its shareholders. In practice, while the employees,
suppliers, and debt holders may have access to other information about
the firm, the annual report to shareholders, with its balance sheet and in-
come statement, is their primary source of information, particularly for
large public firms.

One way the firm could meet the obligation of providing information
to shareholders would be to have videos taken of each employee for his
or her entire working year, gather these together, and distribute them to
each stockholder. That way the stockholder would have a fairly complete
and unbiased record of what happened during the year. But, clearly, this
is absurd. At the other extreme, the firm could simply report one number
to its stockholders at the end of every year—its own estimate of what the
stock price should be. But this, too, is not useful since the firm may not
have enough information to make a good estimate of its stock price. As
Hayek (1945) argues, the information needed to determine the stock
price is typically widely dispersed across the economy, and no small sub-
set of individuals, even all the employees of a firm, is sufficient to deter-
mine an informationally efficient price. Even setting this aside, the proper
technique of aggregating this information into a price is not clear, and
firms cannot be relied upon to know how to do this. A firm may also be
tempted to manipulate the resources it receives from investors, or the in-
centive-based compensation paid to its executives, by an intentional over-
valuation of its stock. Finally, as if this were not difficult enough, a
desirable further constraint is not to require firms to release information
that can affect their incentive to compete against other firms, even if this
information aids in valuation. So the challenge of accounting is to find a
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constrained middle ground, some way to summarize what happened dur-
ing the year without leaving out anything important, without relying on
the firm to be completely truthful, and without damaging the firm’s in-
centive to compete.

The solution that has evolved since Pacioli is to provide two financial
statements, the balance sheet and the income statement. The first, like a
snapshot, captures the relevant aspects of the firm at a single point in time;
and the second, like a movie, shows how the firm moves from a balance
sheet at an earlier date to a balance sheet at a later date. The balance sheet
represents every transaction as giving rise to a change in an asset, on the
one hand, and a corresponding change in liability or equity on the other
(occasionally transactions also merely interchange some equities with lia-
bilities, or an asset with another asset). This gives us the famous account-
ing identity that disciplines double-entry accounting:

Assets = Liabilities + Equities

Every transaction has these two faces. Traditionally assets are subdivided
into three main categories: current assets (cash, receivables, inventories,
and prepaid expenses); long-term physical assets like plant and equipment;
and intangible long-term assets like the capitalized value of research and
development expenses and the value of established brand names. Liabilities
are subdivided into two main categories: short-term (payables, deferred
taxes, short-term debt) and long-term (long-term bank loans, publicly
traded corporate bonds). Equities are subdivided into two categories: con-
tributed capital and the accumulated profits. The income statement sub-
tracts several expense items from revenues to yield profits attributed to the
period between two balance sheets. These profits are usually divided by the
number of shares outstanding to determine earnings per share (EPS), and
the proportion of the earnings paid out as dividends is separately reported
to determine dividends per share.

If an investor only wants to take away from this a single number, then
he should just look at earnings per share. This is the accountant’s estimate
of how much the stock price should have changed (with dividends added
back) between the dates of the two balance sheets. That is, if S, | and S, are
the stock prices at dates ¢ — 1 and ¢, D, is the dividends paid per share, and
X, the reported earnings per share between the two dates, then

(S,+D)-S,, =X,

There is a sense in which if the accountants and the stock market have got
it right, the stock price would have changed by exactly this amount.



The Ancient Period: Pre-1950 1

Moreover, using the EPS equation and the so-called clean-surplus rela-
tion (assuming no new contributed capital),

Yzzyt—l +X1_Dz

we can prove that the stock price per share S, equals the corresponding
book value Y, per share. Starting with the date 0 boundary value at the in-
ception of the firm, §; = Y, where the book value Y| is contributed capital,
and solving these equations recursively:

§,=Y,=Y,+ %, ,(X,- D)

In practice, even if the market is working properly, the market and
book values of most firms are not equal. Although we can blame this on
the accountants, they are in a tough spot. One problem is created by rev-
enues or expenses that are sometimes delayed until after products have
been delivered or accelerated before products are delivered. So simply to
record as revenues and expenses all transactions during the year can be
misleading. Instead, the matching principle of accounting requires that
only revenues received from products delivered to customers during a year
and only the expenses generated to create those products should be re-
ported on the income statement for that year. Cash received or paid out
during the year that is not matched to products delivered during the year is
recorded as a temporary balance sheet item and typically recognized on the
income statement in the succeeding year when the corresponding products
are delivered. This is called “accrual accounting” in contrast to “cash ac-
counting,” which does not try to match revenues with expenses. So ac-
countants have this trade-off: They can increase the accuracy of the
statements by using cash accounting, or they can provide potentially more
useful but potentially less accurate comparisons by using accrual account-
ing. For external accounting statements, this trade-off today has typically
been decided in favor of accrual accounting.

As a simple example, the matching principle is the cause of inventories
on the balance sheet. These may reflect the purchase of warehoused sup-
plies or finished goods that have been paid for but have not yet been used
in production or delivered to a customer. But even this can create account-
ing questions. If units of a homogeneous item held in inventory have been
purchased at different prices, just which price should be used to expense a
unit used in a product that is delivered? One approach is to assume that
the first unit purchased is the first one used, or first in first out (FIFO) ac-
counting; an alternative is to assume that the last unit purchased is the first
one used, or last in first out (LIFO) accounting.
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As an even more difficult issue, suppose a firm buys long-lived equip-
ment used to manufacture its products, which gradually wears out or
eventually becomes technologically obsolete. The matching principle re-
quires the firm to determine how much of the equipment is used up to
make the products it delivers that year. While the initial cost of purchasing
the equipment is a known fact, and the liquidation revenues eventually re-
ceived perhaps years later from selling the equipment will be a known
fact, there is generally no magical way of determining the correct rate of
depreciation of the equipment in any given year. There is no transaction to
prove what this is. So accountants solve this dilemma in one of their fa-
vorite ways. Depending on the type of equipment, they simply require that
it be depreciated at a specific rate each year. The simplest technique is
straight-line depreciation, whereby, say, 10 percent of the purchase price is
considered an expense in each year for 10 years. But because that may not
correctly represent the rate of depreciation, they may alternatively allow
an accelerated form whereby greater depreciation is taken in earlier years
compared to later years. Accountants try to find a middle ground between
giving firms the latitude they need to do a better job of matching, against
the fear that if too much flexibility is permitted, the firm will use that to
misstate (usually overstate) its earnings. It is just this sort of balancing act
that makes accounting interesting, and its appropriate conventions far
from obvious.

The allocation of research and development expense and marketing
and advertising expenses can be particularly difficult to get right. Should
these be capitalized and then gradually expensed (amortized) over an ex-
tended period, or be immediately expensed? To get this right, one needs to
answer a very difficult question: To what extent do these expenses affect
the revenues and expenses from products delivered not in the years corre-
sponding to these expenses, but in subsequent years?

This example brings out another accounting principle: Since stock-
holders will use accounting information to project future revenues and
expenses, the financial statements need to make it easy for stockholders
to separate revenues and expenses due to ongoing sustainable operations
from one-shot occurrences. To do this, profits and losses are usually bro-
ken up into two categories: ordinary and extraordinary. Extraordinary
profits arise from changes in the value of the firm’s assets and liabilities
that cannot be expected to recur. It is useful to distinguish among three
types of extraordinary profits: (1) profits deriving from random changes
outside the firm’s control, such as movements in interest rates, which af-
fect the present value of the firm’s debt obligations; (2) profits from in-
tentional decisions of the firm, outside the normal operations of the
firm, such as the decision to hold cash in yen rather than in dollars; and
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(3) profits and losses deriving from ex post corrections to previous
accounting statements, such as losses from stagnant inventories that,
because of gradual changes in product demand, will never be used.
Unfortunately, this last category all too often reflects the failure to
have properly followed the matching principle in prior years. But, for
valuation purposes, it is still better to get the old bad news sooner rather
than later.

Another very difficult accounting question to resolve is the choice be-
tween simply reporting the results of executed transactions and, in addi-
tion, amending these results from time to time to reflect changes in market
values. For example, suppose the most significant asset of a pineapple firm
is land it bought in Hawaii in 1900 at a cost of $1 million. It would then
be reported on the balance sheet as an asset valued at $1 million. Over the
next century, because of the remarkable rise of tourism, the land gradually
becomes worth $100 million. Suppose that today, compared to the value
of the land, the remainder of the firm is worth very little. If the firm con-
tinues to carry the land on its balance sheet at $1 million, stockholders to-
day may have no idea that the firm has assets that could be liquidated at a
significantly higher value. An obvious solution would be for the firm to
have gradually recognized over the century changes in the market value of
the land every year as an extraordinary profit or loss. Had it done so, it
would now have both an offsetting asset and equity: The land would be
valued on the balance sheet at $100 million and additional equity would
be $99 million. Unfortunately, market value accounting, as it solves one
problem, creates another: Since the land has not yet been sold in a closing
transaction, how does the firm know what it is really worth? Although
this uncertainty can be reduced in a variety of ways, it cannot often be
eliminated. If it cannot be eliminated, the profit and loss created from
mark-to-market accounting is of a different reliability compared to situa-
tions where ownership has been bracketed by both an opening and a clos-
ing transaction. Would not stockholders want to distinguish between
unrealized profit from land that has not yet been sold and realized profit
from land that has? Moreover, different experts will often disagree about
the market value of the land until it is actually sold. Which expert should
the stockholders believe? In particular, should they believe experts hired
by the firm when the management of the firm may have an incentive to
overstate the value of the land?

In their schizoid way, generally accepted accounting principles (GAAP)
provide a complex answer to this problem: Some assets and liabilities can
be revalued at market and others cannot, roughly according to the uncer-
tainty of their market values. Other assets, such as capital equipment,
given intermediate treatment through depreciation rules, are being valued
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neither at cost nor at market, but rather by fairly rigid rules designed to
capture their probable decrease in value.

These are only a few of the valuation issues that cause the earlier equa-
tion relating stock price changes to earnings and, as a result, market value
to book value per share to become misaligned. Perhaps the most significant
cause of these differences can be attributed to structural conditions of in-
dustry competition. In many industries, firms are able to establish monop-
olistic or oligopolistic advantages that are not reflected in their book
values. The fact that few firms enter an industry before its demand takes
off can provide a significant first mover advantage. Microsoft, which has
established the most popular personal computer (PC) operating system,
provides a textbook example of how to leverage a singular advantage into
dominance in many PC software applications. Unfortunately, nothing in
Microsoft’s past transactions, even if its physical assets are marked to mar-
ket, can prepare the reader of its financial statements for its high ratio of
market value to book value. The difference between market and book re-
flects not only the very high operating profit margins on its current prod-
ucts, but its unique position to make very profitable investments in the
future, investments that would be denied to other firms that do not have
Microsoft’s monopolistic advantages. The stock market, of course, does
not wait for these profits to appear before embedding them into the stock
price; it anticipates them, thereby causing market values and book values
to diverge significantly.

Because of this argument, financial economists tend to consider firms
with high market-to-book ratios as growtb firms, and those with low mar-
ket to book as value firms. Investors can even invest in mutual funds,
some specializing in growth stocks and others in value stocks. But it is
hoped that this discussion makes clear that because there are many rea-
sons why book and market values can become misaligned, the metric of
the market-to-book ratio to distinguish between growth and value stocks
is far from perfect.

Historically, accounting statements designed to measure performance
focus on the level of earnings, a return measure. But, ever since
Markowitz (1952/March) and Roy (1952), financial economists have ar-
gued that a second aspect of performance is also risk. Although it appears
that current accounting conventions are not well designed for this purpose
(and perhaps need to be redesigned to make risk measurement easier),
modern financial statements can still be quite useful. For example, the
time series of ordinary earnings per share provided by these statements
can be used to calculate variance measures of earnings, as an independent
indication of the risk of investing in the stock. Unfortunately, in practice,
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many firms exercise whatever latitude revenue and expense matching con-
ventions allow to smooth earnings over time and thereby give the appear-
ance of reduced risk.

The common way to measure risk from financial statements is ratio
analysis. Traditional examples include the ratio of current assets to current
liabilities, a crude stock indicator of default risk. The ratio of earnings be-
fore interest and taxes (EBIT) to annual interest payments is a flow mea-
sure of default risk. The ratio of long-term assets to short-term assets
measures liquidity and valuation risk, since presumably of the two, short-
term assets are more liquid and have less uncertainty regarding their value.
Although the firm’s stock derives risk from many sources, both from
within the firm and from without, there are three key sources of risk inside
the firm: (1) diversification of sources of revenues, (2) operating risk, and
(3) financial risk.

Current financial statements by themselves usually do not disaggregate
the sources of revenues by product line or industry to help much with mea-
suring diversification, although supporting footnotes and other sources
such as registration statements that accompany new securities issues have
some of this information.

Operating risk can be defined as the ratio of fixed to variable costs.
The higher this ratio for the firm, the more sensitive will be the profits of
the firm to changes in revenues. Although fixed and variable costs are not
directly broken apart on the income statement, to some extent the cate-
gories that are given can be used to disaggregate costs into these two
sources, and a time-series regression analysis of reported expenses against
revenues over time can be used to get a rough idea of this disaggregation.

The common indicator of financial risk is the liabilities-to-equities ra-
tio, using book values. The higher this ratio, presumably the more highly
leveraged the firm and the more sensitive bottom-line earnings will be to
changes in earnings before interest and taxes. However, on one hand, the
book value of equities is often a very poor indicator of the market value of
equities; and on the other, book value liabilities are commonly much more
closely aligned with market values. At the same time, the market values of
equities are often readily available from the stock market. Therefore, finan-
cial economists often prefer the ratio of the book value of liabilities to the
market value of equities to measure financial leverage.

Unfortunately, this measure of financial risk is not free from diffi-
culty. Clearly, as a precondition, transactions must be allocated to liabili-
ties or equities. For the purpose of measuring financial risk, the essence of
liabilities derives from promised fixed payments over time, and, provided
these are paid, liabilities do not share in the success of the firm. At the
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other extreme, equities have no promised payments, but after paying off
all other claimants on the firm (employees, suppliers, debt holders, gov-
ernment) receive whatever is left over. As the “residual claimants” of the
firm, equities derive their value directly from the profitability of the firm.
Some securities, like preferred stock, convertible debt, or employee stock
options, are hybrid securities, containing elements of debt and elements
of stock, and their categorization is problematic.

Consistency is another principle of accounting: The rules for imple-
menting first-order economically equivalent decisions by different firms
should be designed so that comparative accounting measures of return and
risk should not be affected. The controversy in the United States from
1994 to 2005 over accounting for employee stock options illustrates the is-
sue of consistency. As before, consider otherwise identical firms A and B; A
compensates its employees entirely with cash; B compensates its employees
entirely with stock options, originally issued at-the-money. To simplify,
both firms are assumed to receive the same services from their employees.
Naturally, A expenses its cash compensation; what should B do? If, as was
the standard practice, B does not treat the stock options as an expense, B
will report higher profits, even though from an economic point of view the
two firms are doing the same thing; B is really no better than A. So, the
principle of consistency demands that B determine the market value of its
options when they are granted and expense that value.

An insightful example of the difficulty of attaining consistency is ac-
counting for leased assets. Consider two otherwise equivalent firms; firm
A borrows the cost of the purchase of a building, and firm B leases the
same building. On the balance sheet of firm A, accountants will typically
record the purchase price of the building as an asset with an equal off-
setting liability. Reported in this way, the purchase creates an increase in
the debt-to-equity and debt-to-assets ratios. On the balance sheet of firm
B, if the length of the lease is not over the entire life of the building, the
value of the leased asset does not appear on the balance sheet, and its ef-
fect appears only on the income statement through the expensed lease
payments. Reported in this way, firm B will show no change in its debt-
to-equity or debt-to-assets ratios, and so will appear to have less finan-
cial risk than firm A. The apparent reason for this different treatment is
that the legal substance of these two transactions is quite different. Firm
A literally owns the building, while firm B does not. But, from the point
of view of financial analysis, this is a distinction of form, not first-order
economic substance. If the financial economist knew about the lease, he
or she would interpret the lease in this way: It is as if firm B borrowed
the building instead of borrowing cash, pays what are called lease pay-
ments (with a correction for implied depreciation) instead of interest
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payments, and is obligated to pay back (that is, return) the building, just
as firm A is obligated to pay back the cash loan. To abide by the consis-
tency principle, the firm should report the transactions in such a way
that the debt-to-equity ratios of the two firms remain equal. One way to
do this would be to record the value of the leased building as an asset
offset by an equal liability, reflecting firm B’s obligation to “pay back”
the “borrowed” building.

Unfortunately, as sensible as this sounds, further reflection shows how
difficult the standard of consistent accounting is to realize. Accounting for
leases in this way implies that assets are not defined by legal ownership;
rather they are defined by things the firm uses to generate revenues—firm B
does not own the building, but it is using it to generate revenues, so it is an
asset of the firm in this sense. Now, the goal of consistency really gets us
into trouble. Consider this: Both firms also use the streets outside their
headquarters so employees can come to and leave work; they also use seats
on airlines when their employees travel on business; and so forth. To be
consistent, these things are therefore assets and need to be reported on the
balance sheet. Ideally, a financial economist would want the firm to do this.
Again compare two firms, one that uses its own airplanes and roads owned
by the firm financed with debt, and another that uses the externally pro-
vided roads and airline seats. Clearly, carried to this extreme, consistency
becomes impractical.

We should not overplay the significance of designing good accounting
rules. External accounting statements are only one source of information
about the firm. Some individuals, called professional security analysts,
specialize in a single industry and spend a good portion of their lives eval-
uating public firms in that industry. As a result, if we get accounting rules
wrong, although the cost of learning about firm fundamentals will rise,
the market may very well continue to price stocks with reasonable accu-
racy. For example, many corporate executives apparently believe that
since expensing stock options reduces their reported earnings per share,
their stock price will also fall after the accounting change. But, since the
market has other means of learning about their firm’s option plans, what
is far more likely is that their stock price will be virtually unaffected by
the change.

1654 Blaise Pascal (June 19, 1623-August 19, 1662), “Traité du triangle
arithmétique avec quelques autres petits traités sur la méme matiére”;
translated into English as “Treatise on the Arithmetical Triangle,” and
with Pierre de Fermat (August 17, 1601-January 12, 1665), “Correspon-
dence with Fermat on the Theory of Probabilities” (1654), Great Books of
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the Western World: Pascal (Franklin Center, PA: Franklin Library, 1984),
pp- 447-487.

PASCAL'S TRIANGLE, PROBABILITY THEORY,
PROBLEM OF POINTS, BINOMIAL CATEGORIZATION,
EXPECTATION, COUNTING PATHS VS. WORKING BACKWARDS,
PATH DEPENDENCE, PASCAL'S WAGER

Early work on combinatorial problems seems to have begun in India,! so
that by about 1150, Bhaskara understood the general formula for the
number of combinations of # things taken j at a time, #!/[j!(n — j)!]. The
calculation of coefficients from the binomial expansion (a + b)" as well as
arraying these coefficients in the shape of a triangle was known by the Ara-
bian mathematician al-Tusi in 1265, and was known in China in Chu Shi-
Chieh’s Ssu Yuan Yii Chien (1303), the frontispiece of which is reproduced.
The equivalence between the combinatorial formula and these coefficients
was understood by 1636 by Marin Mersenne (1588-1648).

Although clearly the arithmetical triangle was not invented by Pas-
cal (1654), his treatise was the first to bring together all three elements—
combinatorics, binomial expansion coefficients, and their triangular
array. So thoroughly did Pascal investigate the triangle’s properties that
ever since it has been commonly referred to as Pascal’s triangle. It should
be noted that in his discussion of the arithmetical triangle and the Prob-
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lem of Points, Pascal does not directly use the modern concept of proba-
bility, nor even use that term. Instead, he uses combinatoric language,
speaking of an event happening so many times out of a total number of
possible times. So my discussion that follows is a modernized retelling of
Pascal’s results.

The triangle starts with 1 in the top row. Each number in a subsequent
row is generated by summing the two numbers in the previous row that are
just above its location.

1 3 3 1
1 46 41
1 5 10 10 5 1

Pascal shows that the triangle has a number of surprising properties. For
example, numbering the rows starting with O for the top row, the nth row
contains the coefficients of the binomial expansion (a + b)". In general, the
value of the jth entry (starting numbering from the left from 0) in the nth
row is n!/[j!(n —j)!].

Of critical importance for the development of the theory of probabil-
ity, especially as applied to games of chance (investments?), is the Problem
of Points. Recall the basic version of this problem. Two individuals have
staked a given amount to be paid to the one who is the first to win #
points. A point is awarded in a fair round in which each player has an
equal chance of winning. If they decide to stop playing after the first player
A has won x < 7 points and the second player B has won y < # points, what
is a fair division of the stakes?

As proposed in Pacioli (1494), suppose the two players have bet 28 pis-
tolas each, 7z = 6 and the points standings are (x, y) = (5, 3), and the game is
then called off. Pacioli argues that the fair division is to divide the total
stakes in direct proportion to the number of games won by each player. So
with 56 pistolas staked, 35 would go to the first player and 21 to the sec-
ond. Jerome Cardan, better known as Gerolamo Cardano (September 24,
1501-September 21, 1576), in [Cardano (circa 1565)] Liber de ludo aleae,
first published posthumously in 1663, translated from Latin into English
by Sydney Henry Gould as The Book on Games of Chance (New York:
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Pascal’s Triangle

Pascal’s triangle exemplifies a recombining binomial tree where the
number at each node is the sum of the two numbers lying in the row di-
rectly above it. The more general nonrecombining binary tree was origi-
nally popularized by Porphyry (circa 234-305), a Neoplatonic
philosopher. In his Introduction to the Categories (or Isagoge), he geo-
metrically represents the relationship of categories from Aristotle’s logi-
cal work Categories as a binary tree, where the set described by each
prior category is divided into two mutually exclusive and exhaustive
subsets. For example:

Substance
Corporeal Incorporeal
Living Nonliving
Animals Plants

Rational Nonrational

The number of numerical relationships in Pascal’s triangle seems end-
less. Even the Fibonacci sequence lies hidden in the array. Can you find
it? Starting from the left side, add the numbers that lie in a diagonal
line extending above and to the right, and the sums will make a Fi-
bonacci series. Thus, we have: 1=1,1+1=2,1+2=3,1+3+1=3,
1+4+3=38,and so on.

Holt, Reinhart and Winston, 1961), proposed a more sophisticated solu-
tion. He says that the division should depend on the outcome of a new
game created from the rounds remaining to be played. So in Pacioli’s ex-
ample, a new game between A and B is imagined where if A can win 1
point before B can win 3 points, then A will win; otherwise B will win. He
then asks in this new game what would be the fair stakes contribution of
each player. He concludes that B should be willing to stake 1(1 + 1) = 2
units for every 3(3 + 1) = 12 units staked by A. So again, if the original
stakes were 56 pistolas, he would conclude that A should receive 56(1%/4)
=48 and B should receive 56(%4) = 8.

Neither Pacioli’s nor Cardano’s solution is correct. The problem was
finally solved by Pascal-Fermat (1654) in a famous correspondence that
gave birth to modern probability theory. They developed the idea of math-
ematical expectation, and assumed that each player should receive what he
would have expected had the game not been stopped.
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Fermat’s solution simply requires counting the number of ways (or
paths) A can win and the number of ways B can win.

Fermat’s Solution

(5, 3)

Count paths: 7vs.1 — 7/3x 56 =49

At (5, 3) standings, the possible remaining outcome sequences are
(where “a” indicates a point won by the first player and “b” a point won
by the second player):

(aaa) (aba) (abb) (bba)
(aab) (baa) (bab) (bbb)

Bolded sequences indicate games won by the first player. Since A wins in 7
out of the 8 possible sequences, A should receive 49 pistolas and B should
receive 7 pistolas.

Pascal’s alternative but equivalent solution uses the method of back-
wards recursive dynamic programming.
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Pascal’s Solution

(49, 7)

Work backwards

Pascal first asks us to suppose the game is broken off when the stand-
ings are (5, 5). Since A and B then both have an equal chance of winning
56 pistolas, they each expect to win 28 pistolas, so the stakes should be di-
vided equally (28, 28). Moving backwards from that, if instead the stand-
ings are (5, 4), half the time playing one more round brings the standings
to (6, 4) in which case the stakes are divided (56, 0), and half the time the
standings end up (5, 5) in which case I have already established the stakes
should be divided (28, 28). Therefore, when the standings are (5, 4), A is
entitled to '4(56) + '5(28) = 42, and B is entitled to '4(0) + 4»(28) = 14.
Moving back one more round to the current (5, 3) standings, similar rea-
soning leads to A begin entitled to '4(56) + ',(42) = 49 pistolas, and B is
entitled to '/,(0) + '4(14) = 7 pistolas.?

Pascal has also been credited as the originator of decision theory. In
[Pascal (1657-1662)] Pensées, Great Books of the Western World: Pascal
(Franklin Center, PA: Franklin Library, 1984), pp. 173-352, particularly
section 3, “Of the Necessity of the Wager,” pp. 205-217, Pascal describes
his famous “wager,” his most unassailable “proof” that you should believe
God exists. Consider, he says, two mutually exclusive possibilities. If there
is no God, then believing in Him or not believing in Him will be of little
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matter. However, if there is a God, then believing in Him will bring you
the infinite happiness of an eternity in heaven, and not believing in Him
will bring you the infinite unhappiness of an eternity in hell. So even if
your subjective probability of God existing is arbitrarily small but greater
than zero, your expected gain from believing that God exists will be infi-
nite. Of course, we now understand that Pascal’s reasoning is seriously
flawed since it depends on his particular listing of the possible states of the
world. For example, another possibility is that if God exists, believers are
sent to hell since no human has enough information to conclude this is
true, while doubters, who have the correct view given the information
available, go to heaven.

Tempting as it may be, crediting Pascal as the first decision theorist is
undeserved. The much earlier Talmud (Kethuboth 9q) argues that a man
should not be allowed to divorce his wife for adultery before marriage.
First, there is the possibility the woman may have lost virginity before mar-
riage through the agency of her new husband; and second, even if this did
not happen, the woman may have not been a willing participant. Taken to-
gether, there being four possibilities with only one deserving of divorce, the
weight of the evidence militates against allowing it. Pascal’s wager may
also be another instance of Stephen Stigler’s law of eponymy since
Arnobius of Sicca described a similar choice in his “The Case against the
Pagans” (Book 2, Chapter 4), written in about 303 A.D.

As a striking aspect of the birth of modern probability theory, Pascal
simultaneously and perhaps unconsciously embraced its duality: the in-
terpretation of probabilities as applying (1) to physical processes like
coin flipping and games of chance where probabilities can be indis-
putably calculated (objective probabilities), which we see in the Problem
of Points, or (2) to nonrepeatable events about which there is often con-
siderable disagreement (subjective probabilities), which we see in Pascal’s
wager. Subsequently, it has been argued, for example, by Savage (1954)
in The Foundations of Statistics, that the use of subjective probabilities
applied to nonrepeatable events necessarily falls out from rational choice
among alternatives. But Savage’s analysis works only if bets on alterna-
tives are feasible in the sense that the event that determines the outcome
of the bets is potentially observable. The outcome of a bet on the exis-
tence of life after death is problematic: The winner betting there is no life
after death will find it singularly difficult to collect.

In the latter half of the twentieth century, digital computers became
critical to the further development of the theory of investments, from em-
pirical tests based on extensive databases to solving mathematical prob-
lems with numerical analysis. Very simple calculating machines had long
been in use, such as the abacus from 3000 B.C. The slide rule was invented
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in the years 1630-1632. In 1642-1644, in addition to his many other con-
tributions to science, Pascal, at about age 20, is credited with creating the
first digital computer. Numbers are entered by turning dials, and addition
and subtraction are accomplished by underlying gears that move as the
digits are dialed in, with the total shown in a window above the keys. The
1652 version, signed by Pascal, can be seen in Paris at the Conservatoire
National des Arts et Métiers; and for those who prefer London, a copy can
be found at the Science Museum in South Kensington.

1657 Christiaan Huygens (April 14, 1629-July 8, 1695), De ratiociniis in
aleae ludo (“Calculating in Games of Chance”), first published in Latin as
an appendix to Frans von Schooten’s Exercitationum mathematicarum
libri quinque (1657) and subsequently in Dutch as Van rekiningh in spelen
van geluck (1660); reprinted with annotations by Jakob Bernoulli in Ars
conjectandi, Part 1 (1713); English translation available as of March 6,
2004, on the Internet at www.stat.ucla.edu/history/huygens.pdf.

PROBABILITY THEORY, EXPECTATION, ARBITRAGE,
STATE-PRICES, GAMBLER’S RUIN PROBLEM

Iready famous for, among other things, the discovery of the rings of Sat-

urn and its largest moon Titan, being the first to notice the markings on
the surface of Mars, and his invention of the pendulum clock in 1656,
Huygens (1657) in quick succession published the first work on probabil-
ity—actually a 16-page treatise that includes a treatment of properties of
expectation (a word he coined as expectatio). Despite the reputation of his
treatise and like Pascal (1654) and Pascal-Fermat (1654), Huygens makes
no reference to our current notion of probability. Moreover, although Huy-
gens’ results can be and have been interpreted in terms of our modern no-
tions of probability and expectation, he had something else in mind. For
him, expectation is the amount someone should pay for a gamble. So in
one of the curious reversals in intellectual history, a problem in investments
provided motivation for the birth of modern probability theory (rather
than, as might have been suspected, the other way around)!

Following the commentary of Ian Hacking in [Hacking (1975)] The
Emergence of Probability (Cambridge: Cambridge University Press, 1975)
to provide a basis for Huygens’ propositions, consider the following lot-
tery. A promoter offers a lottery to players P1 and P2. He will flip a fair
coin and player P1 will try to guess the outcome. If P1 guesses correctly,
the payoff will be X > 0 to player P1, and 0 to player P2, which I will write
(X, 0); if P1 guesses incorrectly, the payoff will be 0 to player P1, and X to
player P2, or (0, X). Huygens tacitly assumes that the value of the payoff
to any player remains unchanged under a permutation across the states. So
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in this case the value of payoff (X, 0) should equal the value of the payoff
(0, X). He then considers the lottery fair if its price (or stakes) to either
player is P = X/2 (Assumption 1). This follows from what we now call an
arbitrage argument. If instead P > X/2, then the promoter makes a sure
profit since his total receipts 2P > X, the prize he must pay out. On the
other hand, if instead P < X/2, then the two players could collude and
make a sure profit at the expense of the promoter.

Huygens now considers a revised lottery in which the winner agrees to
pay the loser a consolation prize 0 < K < X so that neither player will end
up out of pocket; that is, the payoff to each player will be either X — K or
K, with equal chance. Huygens assumes this will not change the price P of
the lottery (Assumption 2). Huygens also assumes that two lotteries with
the same payoffs must have the same price (Assumption 3)—an assump-
tion we would now call “the single-price law.”

Huygens starts by proving three propositions:

1. If there are equal chances of obtaining A or B, then the expectation is
worth (A + B)/2.

2. If there are equal chances of obtaining A, B, or C, then the expectation
is (A + B + C)/3.

3. If the number of chances of receiving A is 7, and the number of chances
of receiving B is n,, then the expectation is (7,A + n,B)/(n, + n,).

Propositions 1 and 2 deal with equiprobable states. Proposition 3, if in-
terpreted as it subsequently was in modern terms, reaches our current no-
tion of expectation where probabilities do not have to be equal; we would
identify the ratio n /(n, + n,) = p, so that the expectation is pA + (1 - p)B.

With our several-hundred-year remove, Proposition 1 may seem obvi-
ous; but that was not so in 1657.

Proof of Huygens' Proposition 1

Suppose there is a fair lottery I with two players and prize A + B (where
A < B). It then follows by Assumption 1 that for the lottery to be fair,
the price of a ticket to this lottery must be (A + B)/2. Suppose also that
the winner must pay the loser a consolation prize of A. The payoff from
the lottery for one player will then be either (A + B) — A = B if he wins or
A, the consolation prize if he loses. Notice that the payoff from this lot-
tery is the same as the payoff for fair lottery II where a player has an
equal chance of gaining A or B (by Assumption 2). Since lotteries I and
II have the same payoffs, they must have the same price (by Assumption
3). Finally, since the fair price of a ticket to lottery I is (A + B)/2, that
must also be the fair price for lottery II. Thus, Proposition 1 is proved.
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Proposition 2 is proved by extending the side payment idea of As-
sumption 2 as follows: There are now three players, P1, P2, and P3. Since
the gamble is fair, if P1 wins he receives the entire stakes X, but he agrees
to pay B to P2 and C to P3. So if P1 wins, P1 nets A= X — (B + C). On the
other hand, in return, if P2 wins, he agrees to pay B to P1; and if P3 wins,
he agrees to pay C to P1. So P1 has an equal chance of winning A, B, or C.
P2 and P3 make arrangements between each other that are similar, so that
each player has an equal chance of winning A, B, or C. The following table
displays these outcomes:3

If the The Payoff The Payoff The Payoff
Winner Is:  for P1 Is: for P2 Is: for P3 Is:

P1 X-B+C)=A B C

P2 B X—(A+B)=C A

P3 C A X-(A+C)=B

Proposition 3 uses yet a further extension of Assumption 2. Huygens
now proposes a lottery with 7, + 7, players. Each player stakes X. The lot-
tery is fair since the total payoff is X x (n, + n,) and each player has an
equal chance of winning. The first player makes an agreement with the 7, —
1 players that if he wins he will pay each of them A, and if any one of them
wins instead, the winner agrees to pay him A. With the », players, if he
wins, he agrees to pay each of them B, and if any one of them wins, the
winner agrees to pay him B. From this, by an argument similar to the ear-
lier propositions, he proves Proposition 3.

Surprisingly, the primitive for Huygens is “value,” not “probabil-
ity.” Linking this with modern finance, it is as if he were thinking of val-
uation directly in terms of state-prices (where interest rates can be
approximated at zero so = 1) n_ and &, where _ can be identified with
n/(n, + n,) and n, with n,/(n, + n,). So the value of the lottery is w (A) +
n,(B).

In the state-price interpretation, for the same arbitrage reason, the
sum of state-prices m_ + m, must be 1 and each state-price must be positive.
However, the modern theory does not accept Huygens’ tacit assumption
that value is invariant to permuting the payoffs across equiprobable
states. That is, the equal-chance payoffs (X, 0) and (0, X) may not have
the same value.

From the modern perspective, state-prices reflect not only probabili-
ties but also levels of risk and risk aversion. We know that Huygens’ as-
sertion underlying his Assumption 1 that the gamble with equally likely
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payoffs X or 0 would be worth X/2 would not generally be true if that
gamble were traded in a market that did not also include its inverse gam-
ble with payoffs 0 or X in the corresponding states. When both exist in
the same quantity in the same market (as Huygens seems to assume),
since their individual risks can be completely diversified away, they
should be priced at their expected payoffs. But if only one were available
and not also its inverse, since the risk could not be eliminated by diversi-
fication, its price could be more or less than its expected value depending
on the correlation of its payoffs with other available investments, the cor-
relation with other factors of importance to the players, and their risk
aversion. Or, if the outside wealth of the players was, for reasons other
than the gamble, different in the two states, then the prices of the two
gambles would generally not be the same. If aggregate wealth were lower
in the first state than in the second, even though the gamble is a side bet
between two players, the price of the payoff X or 0 would be higher than
the price of the payoff 0 or X (of course, the simple arbitrage argument
given earlier continues to ensure that whatever their prices, the sum of
the two prices must be X).

The winner-take-all University of Iowa presidential election Internet
market immediately comes to mind as a real-life example. In the year
2000, participants were able to place a bet at price P, that would pay X =
$1 if George Bush were elected and 0 if not, or place a bet at price P,
that would pay X = $1 if Al Gore were elected and 0 if not. Ignoring the
small possibility of a third candidate winning, arbitrage requires that the
sum of the prices P, + P, = $1. Indeed, this was in fact true to a very
close approx1mat10n Should one then, as Huygens argues, interpret P, as
the expected value of a bet that Bush will win and P as the expected
value of a bet that Gore will win? Not quite. For if it were the case, for
example, that participants anticipate better economic times under Bush
than under Gore, and if they are risk averse, then the utility of receiving
an extra dollar if Gore is elected is higher than the utility of an extra dol-
lar if Bush is elected. Or, it may be that if Bush is elected and he had bet
on Bush, a participant may feel so discouraged that he cannot enjoy the
extra dollar as much if instead, Gore had been elected and he had bet on
Gore. Therefore, the prices of bets on Bush and Gore will be affected not
only by subjective probabilities but also by these utilities. In the end, the
price P, of a bet on Bush will be a little lower than the subjective proba-
bility of Bush winning, and P will be correspondingly higher—in any
case, preserving a sum of $1.

Using these three propositions, Huygens then proves 11 others and
proposes but does not solve five additional problems suggested by
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Fermat. Propositions 4 through 9 relate to the Problem of Points, ana-
lyzed at about the same time by Pascal-Fermat (1654). Propositions 10
to 14 move to new territory. To get a flavor of these, Proposition 10 an-
swers the question: How many times does one need to toss a single fair
die before one can expect to see the first six? Huygens solves the prob-
lem recursively. The probability of getting a six in the first toss is X, =
1/6 and the probability of not getting a six is 5/6. The probability of get-
ting a six in the first two tosses is the sum of the probability of getting a
six in the second toss 1/6 plus the probability of having instead rolled a
six in the first toss (5/6)X,. Therefore, the probability of rolling a six in
the first two tosses is X, = (1/6) + (5/6)X,. The probability of getting a
six in the first three tosses is the sum of the probability of getting a six
in the third toss 1/6 plus the probability of instead having rolled a six in
the first two tosses (5/6)X,. Therefore, the probability of rolling a six in
the first three tosses is X, = (1/6) + (5/6)X,. Continuing this line of rea-
soning, the probability of getting a six by the kth toss is X, = (1/6) +
(5/6)X,_,. From this, it is easy to see that when k = 4 the probability of
having thrown a six crosses over from below '/, to 671/1,296. (Although
Huygens does not solve this sequence of equations analytically, it is easy
to see that X, = 1 - (5/6).)

The last proposition, 14, carries this type of recursive solution one
step further to a situation where the potential number of games is un-
bounded. This proposition answers the question: Suppose two players
take turns tossing two fair dice so that player A wins if he tosses a seven
before player B tosses a six; otherwise player B wins; and B tosses first.
What are the odds that A will win? Clearly, the probability that A will
toss a seven in a single throw is 6/36 and the probability that B will toss
a six in a single throw is 5/36. Huygens solves the problem by setting up
two simultaneous equations. Suppose that the probability that A will
win is p, so that the probability that B will eventually win is 1 — p. Every
time B throws, since it is as if the game just started, the probability that
A will eventually win is p. But every time A tosses, the probability that A
will eventually win is somewhat higher, say g. Therefore, from Proposi-
tion 3, when B tosses, the probability of A eventually winning is also
equal to:
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Similarly, when A tosses, the probability of A eventually winning is:

6 (30, _
36 |36 1

Solving these two simultaneous equations for p and g, we get p = 31/61, so
the odds that A will win are 31:30.

The last of the five appended problems is the gambler’s ruin problem,
apparently originally posed by Pascal: Consider a game in which two play-
ers start with the same stakes. They play a sequence of rounds. At each
round the first player wins with probability p and receives one unit from
the stakes of the second player, or the second player wins (with probability
1 — p) and receives one unit from the stakes of the first player. The game
ends as soon as one player has no stakes remaining. What is the probability
that this will occur in at most # rounds?

The gambler’s ruin problem was to play a critical role in the subse-
quent development of the mathematics of random walks and Brownian
motion. In modern terminology, we have a random walk between absorb-
ing barriers, where one barrier marks the ruin the first player and the other
the ruin of the second. As discussed in Hald (2003), p. 352, in his 1713
correspondence with Pierre Rémond De Montmort, Nicholas Bernoulli
solves a generalization of this problem when the players start with different
stakes and can play any number of rounds. Suppose player A begins with
stakes a, and player B begins with stakes b, the probability that A will win
any round is p, and the probability that B will win any round is ¢ = 1 - p.
With this notation, the probability R(a, b; p) that B will be ruined (and
perforce A will win all the stakes) is:

atb _ b _a
R(a, b; p)=w, fora;ﬁbandp;r&l
pa+b_qa+b 2
R(a, a5 p)=—L—
P t+q
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1662 John Graunt (April 24, 1620-April 18, 1674), Natural and Political
Observations Made Upon the Bills of Mortality (London: Martyn, 1662);
reprinted in B. Benjamin, “John Graunt’s ‘Observations,” ” Journal of the
Institute of Actuaries 90 (1962), pp. 1-60.

STATISTICS, MORTALITY TABLES, EXPECTED LIFETIME

he field of investments is distinguished by being, after games of chance,

the first to feel the benefits of the new probabilistic reasoning. In turn,
applications in this area led to further advances in probability theory and
literally initiated the related field of statistics. To begin this story, I first
need to explain the incipient effort to construct tables of human mortality,
and then how these tables were used to determine the present value of life
annuities (annuities with payments conditional upon the recipient remain-
ing alive).

The tradition of drawing up a population census dates back at least to
republican Rome. The famous Doomsday Book of 1086, put together for
the purposes of taxation in England, is a much later example. But it re-
mained for Graunt (1662) to conduct the first published statistical analysis
of this type of data, indeed of any type of data, making him the first known
statistician. Not only was his analysis the first of its kind, but it is surpris-
ingly sophisticated, largely remaining a model of good statistical procedure
to the present day. Of course, he was restricted to displaying data in the
form of tables since the representation of time series and cross sections by
graphs was not yet the practice.

According to Anders Hald, in [Hald (2003)] History of Probability and
Statistics and Their Applications before 1750 (Hoboken, NJ: John Wiley &
Sons, 2003), Graunt’s analysis was based on a compendium of vital statistics
for the population of London, gathered weekly starting in 1604, with some
data as late as 1672 (for subsequent editions). Like a good modern statisti-
cian, Graunt first worries about errors by correcting for unreasonable spikes,
running consistency checks, and checking for confirmatory evidence. For ex-
ample, he makes three independent calculations of the number of families in
London by looking separately at births, burials, and the number of houses.
He then finds useful ways to summarize the data. For example, he aggregates
burials over time according to the cause of death (Chapter 2):

Cause of Death Number of Burials
Plague 16,000
Children’s disease 77,000

Aged 16,000



The Ancient Period: Pre-1950 31

Cause of Death Number of Burials
“Chronical” diseases 70,000
“Epidemical” diseases 50,000
Total 229,000

He distinguishes between the fixed component of causes of death that
are found every year (“chronical”) and the variable component
of those that change from year to year (“epidemical”). He notes that
the fear that many citizens have of dying from particular causes is
often quite exaggerated and hopes that his statistics will set them at ease.
He also makes other tables that present time-series numbers showing the
changes in the cause of death over time. Although Graunt does not yet un-
derstand with any precision the effect of sample size on reducing variance,
he does know this intuitively since he groups data into subperiods, such as
decades, so that trends will be more discernible. Using his data, he is the
first to note that the numbers of males and females in the population are
consistently nearly equal over time. He formulates and tests the hypothesis
that births are lower in years of relatively more deaths.

Most important for the subsequent development of probability
theory, Graunt makes the first attempt we know of to create a mortality
table. To do this, he has to infer the total population over time from
his data and the number of deaths by age. Since he lacks direct information
about this, he devises a clever way to guess this information from the data
at his disposal. Graunt’s resulting mortality table is (Hald 2003, p. 102):

Of the 100 conceived there remains alive at six years end 64.

At sixteen years end 40 At fifty six 6
At twenty six 25 At sixty six 3
At thirty six 16 At seventy six 1
At forty six 10 At eighty 0

It is perhaps worth noting that in the seventeenth century this type of
analysis was originally called “political arithmetic,” and then subsequently
“statistics,” originally taken to mean the collection and analysis of facts re-
lated to affairs of state (status is the Latin word for state).

In 1669, based on Graunt’s mortality table, Christiaan Huygens and
his brother Ludwig made several statistical innovations (these were finally
published in Christiaan Huygens, Oeuvres Completes, Volume 6 of 22,
1895). Ludwig’s objective is to use Graunt’s table to calculate expected
lifetime conditional on current age. To do this, he assumes a uniform dis-
tribution of the probability of death in between Graunt’s observations.
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Hald (2003), p. 107, represents Ludwig’s calculations in the following
table:

Ludwig Huygens’' Mortality Table

Number Number Midpoint Accumulation Average Expected
of of of Age of td_from Age  Remaining
Age Survivors  Deaths Interval Below at Death  Lifetime
x I d, t, td, E(t,) e,
0 100 36 3 108 1,822 18.22 18.22
6 64 24 11 264 1,714 26.78 20.78
16 40 15 21 315 1,450 36.25 20.25
26 25 9 31 279 1,135 45.40 19.40
36 16 6 41 246 856 53.50 17.50
46 10 4 51 204 610 61.00 15.00
56 6 3 61 183 406 67.67 11.67
66 3 2 71 142 223 74.33 8.33
76 1 1 81 81 81 81.00 5.00
86 0 0.00

The variables x and [_are taken directly from Graunt’s table; d_is the first
difference in [ ; ¢ is the midpoint of the beginning and ending of the inter-
vals determined by x. Therefore, assuming a uniform distribution of dying
within each interval, #_equals the expected lifetime for the individuals cor-
responding to d_deaths. Ludwig reasons that 1,822 years is the number of
years the 100 individuals starting at age 0 will in total live: 36 will live on
average 3 years, 24 will live on average 11 years, 15 will live on average 21
years, and so on, so that the sum of all these years is 1,822. Then, each of
the 100 individuals at age 0 can expect to live until they are 1,822/100 =
18.22 = E(t,) years old. By similar logic, each of the 64 individuals at age 6
can expect to live until they are 1,714/64 = 26.78 = E(t,) years old. Given
an individual’s age, calculating his or her expected remaining lifetime is
then a simple matter of subtracting age x from E(t ). Interpolating between
17.5 and 15, Ludwig concludes that Christiaan, who at that time was 40,
could expect to live 16.5 more years.

Christiaan takes his brother’s analysis a few steps further. He represents
the first and second columns of the table graphically as an interpolated con-
tinuous function, the first appearance of a distribution function. He shows
how to calculate the median, as opposed to the expected, remaining life. He
also calculates the expected remaining lifetime for the second of two given in-
dividuals A and B to die. That is, if T,, a random variable, is the remaining
lifetime for A, and T, is the remaining lifetime for B, he calculates E[max(T,,

B
T,)]. First, for each number of years T, remaining in the life of A, assuming
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independence, he calculates E(T,|T, > T,]. Then he weights each of these con-
ditional expectations by the probability of T, and sums the products. Here
we have one of the earliest uses of the idea of conditional expectations. Iden-
tifying T = max(T,, T,), we have the expected remaining lifetime of the sur-

vivor E(T) = E[E(TIT )], what we now call the law of iterated expectations.

1671 Johan de Witt (September 24, 1625-August 20, 1672), Value of Life
Annuities in Proportion to Redeemable Annuities, published in Dutch
(1671); “Contributions of the History of Insurance and the Theory of Life
Contingencies,” Assurance Magazine 2 (1852), pp. 232-249.

1693 Edmond Halley, “An Estimate of the Degrees of the Mortality of
Mankind, Drawn from Curious Tables of the Births and Funerals in the
City of Breslaw; with an Attempt to Ascertain the Price of Annuities upon
Lives,” Philosophical Transactions of the Royal Society 17 (1693), pp.
596-610.

1725 Abraham de Moivre (May 26, 1667-November 27, 1754), A Trea-
tise of Annuities on Lives; reprinted as an addition to de Moivre’s third
edition (“Fuller, Clearer, and More Correct than the Former”) of The Doc-

trine of Chances (1756); reprinted by the American Mathematical Society
(2000), pp. 261-328.

LIFE ANNUITIES, PRESENT VALUE,
MORTALITY TABLES, STATE-PRICES, TONTINES

Today, we think of probability theory as the servant of investments, but
this was not always so. In an earlier time, the need to know the present
value of cash flows dependent on mortality played a parenting role in de-
veloping ideas about probability. A life annuity is a contract that pays the
annuitant a given constant amount every year until the death of a given in-
dividual, the “nominee” (usually the same as the annuitant), with no re-
payment of principal. Social Security is today’s ubiquitous version of a life
annuity. A generalization is a joint life annuity, commonly used for married
couples or shipmates, which continues only for so long as they both live. A
tontine (named after a government funding proposal recommended to the
French Cardinal Jules Mazarin in 1653 by Lorenzo Tonti) is similar except
that the arrangement continues as long as one member survives. In a typi-
cal arrangement, a group of contributors place equal amounts of money in
a fund; each then receives an annuity that represents his or her share of a
designated total sum that the annuitants divide equally among themselves
every year. As the annuitants drop out because of their deaths, those
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remaining divide the same total, leaving a greater payment to each. After
only one annuitant remains, he or she receives the entire annuity payment
each year. Once the last annuitant dies, all payments cease and the corpus
then reverts to the issuer (e.g., the government). In another version, which
provides the theme of Robert Louis Stevenson and Lloyd Osbourne’s
novella, The Wrong Box (1889), the tontine begins with 37 members; no
money is paid out until only one remains alive, whereupon he receives the
entire initial contribution plus all accumulated income.

According to Roman Falcidian Law passed in 40 B.C., during the Civil
War that intervened between the assassination of Julius Caesar in 44 B.C.
and the Battle of Actium in 31 B.C. (dates historians now identify with the
end of the Roman Republic and the start of the Roman Principate), the le-
gal heir, usually the firstborn surviving male, of an estate was guaranteed
to receive at least 25 percent of the value of the estate. Since bequests in
classical Rome often took the form of a life annuity to children who were
not the firstborn, it was necessary to determine their value. Annuities were
quoted in terms of “years’ purchase,” what we would now call the “pay-
back period.” For example, for an annuity of $100 per year, 20 years’ pur-
chase implies a current price of $100 x 20 = $2,000. From the
third-century Roman jurist Domitius Ulpianus (Ulpian), we have a table of
life annuities that apparently recognizes that the value of the annuity
should decrease with the age of the annuitant (although there may have
been an intentional upward bias to protect the estate of the firstborn). In
one of his tables, he quotes that at age 20, a life annuity is valued at 30
years’ purchase, while if one were 60, a life annuity is valued at 7 years’
purchase. We now know how to calculate a simple upper bound to the
years’ purchase. Assuming infinite life and a plausible interest rate of 6 per-
cent, the annuity would be worth $1/.06 = $16.67, implying a years’ pur-
chase of 16.67. That is the most the annuity could be worth since anything
less than an infinite life would produce a smaller value.

The history of life annuities has recently been surveyed in [Poitras
(2000)] Geoffrey Poitras, The Early History of Financial Economics: 1478—
1776: From Commercial Arithmetic to Life Annuities and Joint Stocks
(Cheltenham, U.K.: Edward Elgar, 2000). Beginning in the seventeenth
century, life annuities were used by governments to raise funds. One reason
annuities became quite popular is that they escaped Church usury laws: An
annuity was not considered a loan since the buyer received interest only
and not return of principal, even though a secondary market in annuities
permitted the buyer to cash out early. By that time a more sophisticated
notion of years’ purchase was used. Suppose that P is the price of an annu-
ity certain lasting until some fixed year in the future, X is the annual annu-
ity payment, and the interest return is 7. The years’ purchase ¢ satisfies the
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equation P = X[¥,_,, (1/7)]. In other words, the years’ purchase is the
time at which the present value of the received annuity equals its price.

Although, as we have seen, the Romans apparently used a crude ad-
justment for the expected life of the nominee, little attempt was made to
make this adjustment with any precision until de Witt (1671). In what may
be regarded as the first formal analysis of an option-style derivative, de
Witt proposed a way to calculate the value of life annuities that takes ac-
count of the age of the nominee. His method was crude by modern stan-
dards, but he did make use of one of the first mortality tables. De Witt
assumed nominees would die according to the following table. Out of
every 768 nominees:

Six will die every six months for the first 50 years.
Four will die every six months for the next 10 years.
Three will die every six months for the next 10 years.

Two will die every six months for the next 7 years.

Assuming a compound interest rate of 4 percent, for each of the 768
times to death, he calculated the present value of the corresponding annu-
ity and then took their arithmetic average to be the price of the annuity. De
Witt also mentions that his calculation will be biased low due to what we
would now call “adverse selection,” since the subset of individuals who
purchase annuities will likely contain those who are comparatively healthy
and therefore likely to live longer than others of their age.

While this history intentionally focuses on the development of ideas, in
contrast to the biographies of the creators of these ideas, I cannot resist
mentioning that in 1672, just one year after de Witt published his now-
classic work on life annuities, he was publicly hanged by a revolutionary
mob in Holland, no doubt because of his prominence as a government
minister with special expertise in finance.

Johan van Waveran Hudde (April 23, 1628-April 15, 1704), who had
been consulted by de Witt, derived his own annuity values using mortality
statistics from 1,495 people who had actually purchased annuities. Halley
(1693) made his own calculations. Apart from using different data, Halley’s
formula led to the same result as de Witt’s. But he restructured the solution in
a more fundamental way. The present value of an annuity certain terminating
at date ¢t is X [Zkzl)z,.__’t(l/rk)]. Suppose g, is the probability the annuitant will
die in year t. Then, according to de Witt, the present value of a life annuity is:

1
A=XxZ.q, [Zkzl,z,..-,t( k ﬂ
r
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Alternatively, suppose p, is the probability the annuitant will be alive in
year t. Halley first calculated e, = p /", and then used these molecular prices
to calculate the present value of the life annuity:

t

A:szt(&):Xthet
r

Proof That Halley's and de Witt's
Formulations Are Equivalent

To derive Halley’s formulation from de Witt’s, first derive the relation
between probabilities g,, that the annuitant dies in year ¢, and p,, that the
annuitant is alive in year t. p, equals the sum of the probabilities of dying
at dates # + 1, ¢ + 2, t + 3, ... since if one has not died by date #, one
must then die subsequently. So the probability of being alive at date ¢
must equal the probability of dying after date ¢. Consider a special case
where the annuitant must die by date 4. Then:

p1:q2+q3+q4
P2=q3+6]4
P3:q4

Solving these equations for g, and q,: g, = p, - p,, 9, =P, - p, (and g, =
p, — b, where by assumption p, = 0). So generally,

4,=0,.,-0,

This makes intuitive sense since the probability of dying at date ¢ should
equal the probability of being alive at date # — 1 (and therefore not hav-
ing died before that) less the lower probability of being alive at date z;
the difference between these probabilities can only be explained by hav-
ing died at date .

Substituting this into de Witt’s formulation:

1
A=Xx %, (Pt — P )lzk—l,z,...,t [_kﬂ

r
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Proof That Halley's and de Witt's
Formulations Are Equivalent (Continued)

Looking at the first few terms:

This makes intuitive sense since receiving the annuity at each date is
conditional on being alive at that date so that the present value of the
expected annuity at any date ¢ equals p,(1/#). The result follows since
the present value of a sum equals the sum of the present values.

We can think of the e, as today’s price of your receiving $1 in year ¢ if
and only if you are alive at that time. In today’s life insurance parlance, the
e, is called a “pure endowment” price. Actuaries define pure endowment as
an amount payable to an insured contingent on surviving for a prespecified
length of time; an individual who does not survive receives nothing. En-
dowment insurance is more inclusive: It pays a stated sum plus accruals ei-
ther on a prespecified future date or on the date of death if that occurs
early. Premiums are typically paid in equal installments during the life of
the policy. This type of insurance can therefore be decomposed into pure
endowment insurance, which is canceled if death occurs earlier, before the
designated period is over, plus term insurance, which pays off only if the
insured dies during the period.

The mathematician de Moivre (1725) also worked on the life annu-
ity problem, deriving “closed-form” results for single-life and joint-life
annuities, tontines, and reversions. His Problem #1 (pp. 265-266) deals
with a single-life annuity. To obtain a solution in closed-form, he as-
sumes that the probability of remaining alive decreases with age in an
arithmetic progression:

Supposing the probabilities of life to decrease in arithmetic
progression, to find the value of annuity upon a life of an age given.

Using Halley’s formulation, de Moivre therefore assumes that p, = 1 - (t/n),
where 7 can be interpreted as some maximum number of years remaining
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that the individual could survive. For example, consider a man of age 30; if
= 50, the probability he will be alive in one year is p, =1 - 1/50 = .98, in two
years is p, = 1 —2/50 = .96. The probability that he will be alive in 50 years is
ps, = 1-50/50 = 0. Under this assumption, the present value of the annuity is:

A=XxE (pf] szt(l—i}—f
r n

Using the properties of geometric series, de Moivre shows that (where 7* =

r—1):
r n r-

De Moivre also provided results for a joint-life annuity (Problem #2,
pp. 266-268):

The value [of a life annuity] of two single lives being given, to
find the value of an annuity granted for the time of their joint
continuance.

Suppose that two individuals at ages x and y were to individually buy an-
nuities, which for simplicity each paid off $1 every year they remain alive. Let
the present value of their annuities A_=X(p/r) and A =X ( p/r'). Further,
suppose the probability of remaining " alive is geometrlcally decreasmg with
time so that p, = p/and p, = p;. So, for example, for the individual at age x,
the probablhty that he will be alive in one year is p_, the probability that he
will be alive in two years is p2, and so on. De Moivre proves that if the two
lives are independent, then the present value of an annuity written on their
joint lives (that is, a security that pays off $1 as long as both are alive) is:

A A, A r
xy = (A, +1)(A +1) AxAyr

To see this, the probability that both individuals will be alive after ¢
years from their present ages is (p,p,)’, so that the present value of a joint
annuity is A_ =%, .(p.p/r)". As de Moivre has posed the problem,
we need to express this in terms of single-life annuities. The present
value of a single-life annuity for the first individual is A = X,,, .
(p Ir) = (p )1 - (p/r)] = p/(r—p,), and similarly for the second indi-
vidual A = p /(r - p ). Solving each of these single-life formulas for p_
and p_ and substltutmg these expressions for p_and p, in the expression
for the joint-life annuity, A_, brings the result.
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De Moivre also considers a tontine problem (Problem #4, p. 270):

The values of two single lives being given, to find the value of an
annuity from the longest of them, that is, to continue so long as ei-
ther of them is in being.

which he proves to be A, + A - A_, quite generally without special as-
sumptions regarding the dependence of p,and p, ont.

This follows quite simply from the observation that the probability
that at least one of the two individuals remains alive at time ¢ is
1 - (1 - p)1 - p,). Therefore the present value of the tontine
is X,[1 - (1 - p)(1 - p)l/r'. Breaking this apart into three separate
sums, one for terms p one for terms p,, and one for terms p, p,
ylelds the result.

De Moivre’s Problem #7 (p. 272) deals with a life annuity that results
from a “reversion”:

Suppose A is in possession of an annuity, and that B after the
death of A should have an annuity for his life only; to find the
value of the life of B after the life of A.

which he proves to be A - A, again quite generally without special as-
sumptions regarding the dependence of p,and p, ont.

This also follows quite simply from the observation that the prob-
ability that A will have died and B will be alive at time ¢ is
(1-.p)p, Therefore the present value of the tontine is X[(1 p),plr.
Breakmg this apart into two separate sums, one for terms _p, and one
for terms p, p,, yields the result.
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1738 Daniel Bernoulli (February 8, 1700-March 17, 1782), “Specimen
Theoriae Novae de Mensura Sortis,” in Commentarii Academiae Scien-
tiarum Imperialis Petropolitannae (1738); translated from Latin into Eng-
lish by L. Sommer, “Exposition of a New Theory on the Measurement of
Risk,” Econometrica 22, No. 1 (January 1954), pp. 23-36.

1934 Karl Menger (January 13, 1902-October 5, 1985), “Das Unsicher-
heitsmoment in der Wertlehre,” Zeitschrift fiir Nationaloekonomie, Band
V, Heft 4 (1934), pp. 459-4835, translated from the German into English
by Wolfgang Schoellkopf as “The Role of Uncertainty in Economics,” in
Essays in Mathematical Economics in Honor of Oskar Morgenstern,
edited by Martin Shubik (Princeton, NJ: Princeton University Press,
1967), pp. 211-231.

RISK AVERSION, ST. PETERSBURG PARADOX,
EXPECTED UTILITY, LOGARITHMIC UTILITY,
DIVERSIFICATION, WEBER-FECHNER LAW OF PSYCHOPHYSICS,
BOUNDED UTILITY FUNCTIONS

In their solution to the Problem of Points, Pascal-Fermat (1654) had as-
sumed that a gamble was worth its expected value. Huygens (1657), as
well, as T have noted, developed his entire theory of chance with this pre-
sumption. The classic paper of Bernoulli (1738) originates the idea that a
gamble is worth less than its expected value because of risk aversion.
Bernoulli justified risk aversion by use of the St. Petersburg Paradox. How
much would you pay for the opportunity to flip a fair coin until the first
time it lands heads? If it first lands heads on the nth toss, you will receive
2" dollars. The expected value of this gamble equals

2 3
Tholt] 224[L) 224 ci414140 2o
2 2 2

yet you would pay only a finite amount for it, no doubt far less than
your total wealth; therefore, the gamble must be worth less than its ex-
pected value.

For a solution, Bernoulli proposed that individuals instead maximize
expected utility, or as he then phrased it, “moral expectation.” In particu-
lar, Bernoulli suggested using a utility function U(W) with the property
that “the utility resulting from any small increase in wealth will be in-
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versely proportional to the quantity of goods previously possessed [W]”;
that is:

d—U=— for some b>0

aw W

The solution to this is U(W) = a + b(log W) (where log(e) represents the
natural logarithm), or defined up to an increasing linear transformation,

simply log W. In that case, the expected utility of the gamble is:

2 3
(%)logz + (%) log2? + [%J log2® +---=2(log2) = log4

implying that the individual would pay at most four ducats for the gamble.
Bernoulli notes that his cousin, Nicholas Bernoulli (October 10, 1687-
November 29, 1759), initially proposed the St. Petersburg Paradox. To
Nicholas, the Paradox was quite disturbing since it undermined his sense
that expected value was the essence of fairness. Daniel also notes that the
mathematician Gabriel Cramer anticipated much of his own solution sev-
eral years earlier in a letter to his cousin in 1728.

Anticipating Markowitz (1952/March) and Roy (1952), Daniel
Bernoulli also argues that risk-averse investors will want to diversify: . . .
it is advisable to divide goods which are exposed to some small danger into
several portions rather than to risk them all together.” Bernoulli is hardly
the first to appreciate the benefits of diversification. For example, accord-
ing to Talmudic advice, “A man should always keep his wealth in three
forms: one third in real estate, another in merchandise, and the remainder
in liquid assets.” In The Merchant of Venice, Act 1, Scene 1, William
Shakespeare has Antonio say:

... I thank my fortune for it,

My ventures are not in one bottom trusted,
Nor to one place; nor is my whole estate
Upon the fortune of this present year.

Antonio rests easy at the beginning of the play because he is diversified
across ships, places, and time, although this turns out to be mistaken
security.

An application of Bernoulli’s logarithmic utility appears in [Weber
(1851)] Ernst Heinrich Weber’s (June 24, 1795-January 26, 1878) Der
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Tastsinn und das Gemeingefiibl (1851, “The Sense of Touch and the Com-
mon Sensibility”), one of the founding documents of experimental psy-
chology, which defines the threshold of intensity of any stimulus that must
be reached before it can be noticed, called the “just noticeable difference.”
He proposes that this difference divided by the current intensity of the
stimulus is a constant (Weber’s Law). Gustav Theodor Fechner (April 19,
1801-November 18, 1887), in [Fechner (1860)] Elemente der Psy-
chophysik (1860, “Elements of Psychophysics”), adapted this to explain
why, although the mind and the body appear separate, they are actually
different manifestations of the same reality. He proposed that a change in
sensation (as experienced by the mind) is proportional to the constant
from Weber’s Law.

Menger (1934) points out that concave utility—now commonly
termed “diminishing marginal utility”—is not sufficient to solve general-
ized versions of the St. Petersburg Paradox.* For example, suppose the
payoff from the gamble were e raised to the power 2" dollars if heads
first appears on the nth toss; then the expected logarithmic utility of the
gamble is:

2 3
[%Jloge“(%) log€4+[%J loge +:+=T+1+1+ =0

Indeed, Menger shows that as long as the utility function is un-
bounded, there always exists a St. Petersburg type gamble for which its ex-
pected utility will be infinite. As a result, many economists believe that
boundedness is a prerequisite for a reasonable utility function, although
this continues to be a matter of some controversy.

Menger also discusses another solution to the Paradox that will be
picked up much later by behavioral economists, namely that individuals
tend to ignore completely outcomes with sufficiently small probability of
occurrence—a solution suggested quite early by Georges-Louis Leclerc,
Comte de Buffon (September 7, 1707-April 16, 1788), in [Buffon (1777)]
“Essai d’arithmétique morale,” Supplément a I’Histoire Naturelle 4
(1777). Menger notes that individuals tend to underestimate the probabili-
ties of extreme events, small as well as large, and correspondingly overesti-
mate the probabilities of intermediate events.

Menger’s observation concerning unboundedness led Kenneth Joseph
Arrow, in [Arrow (1965/A)] “Exposition of the Theory of Choice under
Uncertainty,” Essay 2 in Essays in the Theory of Risk Bearing (Chicago:
Markham, 1971), pp. 44-89 (part of which was first published in 1965 as
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Lecture 1 in Aspects of the Theory of Risk Bearing, Yrjo Jahnsson Lec-
tures, Helsinki), reprinted in Collected Papers of Kenneth |]. Arrow: Indi-
vidual Choice under Certainty and Uncertainty, Volume III (Cambridge,
MA: Harvard University Press, 1984), pp. 5-41, to conclude that not all
uncertain outcomes could be admitted under the von Neumann-Morgen-
stern (1947) axioms since both the completeness and continuity axioms
could be violated by St. Petersburg gambles of the Menger type unless the
utility function were required to be bounded both below and above. For
example, one could easily imagine two such gambles, one clearly preferred
to another, but both with infinite expected utility. However, these flights of
fancy do not trouble someone like Paul Anthony Samuelson who, in
[Samuelson (1977)] “St. Petersburg Paradoxes: Defanged, Dissected, and
Historically Described,” Journal of Economic Literature 15, No. 1
(March 1977), pp. 24-535, consoles himself that such gambles, while inter-
esting thought experiments, “do not seem to be of moment in real life.”
Nonetheless, the Paradox has played a lengthy and significant role in the
history of the economics of uncertainty, causing Samuelson to conclude
that it “enjoys an honored corner in the memory bank of the cultured an-
alytic mind.”

Samuelson raises perhaps a more troubling objection to unbounded
utility that does not rely on the infinities of the St. Petersburg Paradox.
Suppose there is a payoff $X, arbitrarily large, that an agent can receive
with certainty. If his utility is unbounded above, there will always exist an
even larger amount $Y that the agent will prefer even though he has an ar-
bitrarily small probability of obtaining it. Unbounded utility, then, implies
a sort of extreme form of nonsatiation. On the other side, in [Arrow
(1974)] “The Use of Unbounded Utility Functions in Expected Utility
Maximization: Response,” Quarterly Journal of Economics 88, No. 1
(February 1974), pp. 136-138, reprinted in Collected Papers of Kennetb ].
Arrow: Individual Choice under Certainty and Uncertainty, Volume III
(Cambridge, MA: Harvard University Press, 1984), pp. 209-211, Arrow
proves that if the utility function U(X) is monotone increasing and concave
with U(0) finite and if E(X) is finite, then E[U(X)] will also be finite. There-
fore, if gambles such as the St. Petersburg gamble with infinite expected
value are not available, as a practical matter, even utility functions that are
unbounded above should not present problems.

1780 Jeremy Bentham (February 15, 1748-June 6, 1832), An Introduc-
tion to the Principles of Morals and Legislation (privately printed); full ver-
sion published 1789.
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1906 Vilfredo Pareto (July 15, 1848—August 20, 1923), Manual of Politi-
cal Economy; translated from Italian into English (New York: Augustus
M. Kelly, 1971).

1951 Kenneth Joseph Arrow (August 23, 1921-), “An Extension of the
Basic Theorems of Classical Welfare Economics,” Proceedings of the 2nd
Berkeley Symposium on Mathematical Statistics and Probability; edited by
J. Neyman (Berkeley: University of California Press, 1951), pp. 507-532;
reprinted in Collected Papers of Kenneth ]. Arrow: General Equilibrium,
Volume II (Cambridge, MA: Harvard University Press, 1983), pp. 13-435.

ORDINAL VS. CARDINAL UTILITY, PARETO OPTIMALITY,
OPTIMALITY OF COMPETITIVE EQUILIBRIUM

Bentham (1780) advocates that the goal of human life is to obtain happi-
ness, that happiness can be numerically measured, and that, in their
choices, humans make careful hedonic calculations trading off advantages
against disadvantages. Bentham writes:

Nature bhas placed mankind under the governance of two sover-
eign masters, pain and pleasure. It is for them alone to point out
what we ought to do as well as to determine what we shall do. On
the one hand, the standard of right and wrong, on the other the
chain of cause and effects, are fastened to their throne.

He also believes that wealth is a means to (and hence to some extent
a measure of) happiness, but that greater and greater wealth will result in
continually diminishing increments to happiness—what is now called
“diminishing marginal utility of wealth” (from this he was able to deduce
that gambling is “bad” and insurance is “good”). The goal of society is
to produce the maximum happiness for all, where the numerical value of
the happiness of each of its members is simply equally weighted and
summed to produce the total. Combining these ideas results in the pre-
scription of redistribution of wealth from rich to poor, although Bentham
realized that the benefits of such a policy had to be balanced against a re-
duction in productivity incentives. One of the many problems with this
prescription is how to decide which people are to be in