CHAPTER 1

ELEMENTARY CALCULUS

Introduction

We begin our studics by reviewing the topics that torm the standard core of a firse-year
college calculus or an AP caleulus {AB or BC) class, Precaleulus topics such as the
real numbers and functions arc assumed to he well known. Our plan in this chapter is
to brielly describe the concept. placing the idea historicaliy, and then immediately
move o definitions and results, [ollowed by examples and problems. The problems
will be chosen to (lustrate both examples and counterexamples and to lead o further
thonght,

1.1 PRELIMINARY CONCEPTS

We will take a number of concepts as previously undersiood. We are familiar with
the propertics of the standard number systems, the natural numbers I, integers 2,
rational numbers €, and the real numbers B, For two real numbers ¢ <2 b, the open
imterval {a.b) is (he set {o & Bla < x < b} Similarly, the closed interval is
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2 El FMENTARY CALGULUS

[ B] = {6 B 2w =0 bE We do not use [or 1 lor indinite iotervals since oc 18 not
a real number. An interval may be half-open by including only one endpoint,

A function s asct ol ordered pairs such that no two different pairs have the same
first coordinate. For 4 function . the set ol first coordinates ol the ordered pairs is
called the domain: we wrile downd £ ). The set of seeond coordinates of the funclion is
called the image. The range ol a lunction is a superset of the image. I0.X 15 the domain
of the functon f and Y is the range, we write £ X - » Y oand say 7 f maps X Info
YZFor X =Y withdC XNand 7 _ Y, weset [{d)={f{) Y|z A}
and [T = 4= X | flud = B} Note that writing /=" (£} docs not imply that
F Vs a function. A function is imjecrive or ene-tu~ore if and only if whenever
Fley  fleadthen we muost have v - o0 A function is surfective or onfo if and
only il for cach ¢ ¢ V there must be an v < X with fial - ¢, A bijective function
is both one-to-vue and onto, I f ix bijective, then £ s o funclion. T § is not
one-to-one, then f~' cannot be a function.

The abselute value

B
SR |

gives the distanee from o o O; thus |« y| gives the distance from @ to y. The
lollowing incqualitics hoeld lor any real numbers e, ;. b, and b;.

® |al =0

o | ftand only il —& = <D b

o la-b o al- b
o The triangle imequality v+ 8 =10 + iy
o Lol 10| s b
o The Caschy-Bunvakovsioe-Selvwar? inequaliry
. —_-
o A T
- . - -
2 hy | 2 u.f . 2 _bf
[ =1 f= |
o The Minkenvskr ineguerlify

An efementary function 1s built from a finite combination of operations (|, -,
X. 1. oy shapplied to polynomials. exponentials, logarithms, or triganometric or
inverse trigonometric functions. 1If we allow complex numbers, then the trigonometric
functions and their inverses are included as exponentials and logarithms,

lFor prools and [urther information. refer to any advanced caleulus text or outline;
... Wrede & Spicgel (2002) or Farand & Poxon (1984 ). We will revisit the propertics
of the real numbers more formally in Chapter 2.
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1.2 LIMITS AND CONTINUITY

Liven though studicd first in caleulus classes, historically, limits and continuity were
developed Tormally as concepls well alier integrals and derivatives were established
{sce the calenlus tmeline m Appendix B). The need to put rigorous foundations uoder
the calculus led to the modern delinitions of limut first given by Bolzano and Cauchy.
Both Newton and Leibniz wrestled with justifying limits in their computations without
solving the prohlem. Newton, following the lead of Fermat, used what we would
call infinitesimals and let them be zero at the end of a computation, interpreting all
constructions gcometrically, Leibniz used equivalent differentials but worked lrom
an arithmertic point ol view. [Sce, e.g., Boyer (19539, Chapler V) or Burton {2007,
Chapter 83.] The dispute over credit for inventing calenbus between Newton, Leihniz,
and their tollowers was very unfortunate. Bardi gives an account of the controversy in
The Calcufus Wars (Bardi. 2006) with a thorough histerical perspective.

Limits of Functions

We'll hegin by looking at intuitive forms of the definitions. Our first version will be
taken from Cauchy’s seminal 1821 text, Cours d Anafyse (Cauchy, 1821). These
statements would be encountered in an clementary calculus course. Through problens,
we move from an elementary detinition to dilliculties and challenges that will, in wirn,
lead us to Weterstrass's e-d definition of the limit.

Our first experience 0 caleulus was o see limits numerically and graphically,
often with the heuristics “are the function values coming logether™ or “do U two
sides of the graph appear to connect”?” These intuitive approaches work well for
elementary cateulus but are not sullicient for a deeper understanding and may cven
lead to misperceptions,

Definition 1.1 (Cauchy) When the successive values otfribwted 1o o variable ap-
proaeh indefinitely a ficed value so ox 1o end by differing from it by ay Bitle as one
wishes, this last is called the Lmit of all the others.

Or, in modern rerms, we write

Um f{x) . L
AL
if and only if we can make vadues of (o) arbitrarily close 10 1 by taking @ sufficiently
close but not equal to a.
Betore we try to compute limits, we need (o know that there is al most one answer.
Theorem LY If f{r) has & limit at v = o, thet imit is unigue.

Now it’s time (o do some computations.
B EXAMPLE 1.1

. Determine the value of lim,, ) B — 20
Either a table of values or a graph guickly leads us 1o the answer 3. Do both!
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2. Let 17 be the wnit step function

Find liny, .ot ().
Again using « table or graph, we see this limit does not exisi. Verify this! m

The simple examples above help us to begin to gain intition on limits, We can see
whether function values “approach indefinitely a fixed value” with a table or with
graphs. However, we quickly run into trouble with expressions thal arc a litde more
complex. Try generating tables and graphs for the limits in Examuple 1.2, No algebraic
simplifications allowed!

M EXAMPLE 1.2

1. What is the value ol

' r—2
JEL ;,{.‘? — 1
2. What 1s the valuc ol
" w42
‘L—LI{Z a2 =
3. Evaluate p—
216 -4
lim ¥ = =
w—1l y-

4, Calculale

Several ol the fimils above present diflicultics that can be casily overcome with algebra,
The natural reduction in the frst two Hmits in Example 1.2 reduces the expressions to
simple forms, Rationalizing the numerator of the third Tunit again leaves an easier
form. We need theorems for the algebra of limits. The last limit can be tamed by
applying logarithms, but we'll need continmiry 1o handle that caleulation; we’ll return
to this limil Luter.

Theorem 1.2 (Algebra of Limits) Suppase thut f{a) and y(x) both fave finite limits
aftx = andd fet ¢ & R, Then

o Jim e fle] = ¢ lim fla)

==l

o lim flrl gl - Tan fla) + lim gle)
G LAY v

1
AEEY)
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e lin Sy -gla) = 11111 Fla)- _Ilm glrd
lim f{£)

—Ef

()

. .-f]nn auay /A, thea ling , .
@ i) }E}r g',r(:l.’j

Our challenge now is o understand how o verify (hal the answers in the examples
are correct, The algebra of limits lets us reduce 1o simpler [orms but doesn™t establish
particular instances. We could formally show that lim,. ., .2 = « and then apply the
algebraic rules 1o handle rational functions at any point in their domain. Nevertheless,
this technique would leave a lot of funclions unresolved: i.e., all transcendental
Junetions. A transcendental fanction is one that does not sausty a polynomial equation
whose cocllicients arc themselves polynomials. For example, sines and logarithms
are transcendental.

Acvery uselul theorent for computing limits is based on controlling un cxpression
by finding upper and Jower bounding functivns and sandwiching the desired Himit
between.

Theorem 1.3 (Sandwich Theorem) Suppose thar g(xy <2 f{a) = hix) for all &
in an apen iterval containing o, If both lin, _, g{e)  limg_, Bix) o Lo then
i, . fle) =L

Let’s use the sandwich theorem w lind an interesting limit.
B EXAMPLE 13

» Determine
T = cos{)
i), ————
I <.D -
Using graphs. we are led 1o the inequalily
i Lo T —eosl(d) 1
. el < 7 . -
2 {;')'2 2
The sandwich theorem now easily gives the value of the Emit as 1/2. Draw the
graphs! n

liven though the sandwich theorem is very powerlul, the last limit of Example 1.2
resists algebra and it’s not easy to find bounding functions for 1 + z . Our inluitive
delimtion doesn't oller guidance for the task of computing limits. What we really
need is w formalize what the phrases “arbitrarily close™ and “sufficiently close™ mean.
The “e-0 definition” we use Wodey is attributed o Welcestrass; we state it in a form
appropriate to a basic calculus course.

Detfinition 1.2 (Weierstrass) fer | be defined on an open imterval T containing «,
except possitdy ar o frself. Then

lim fley =
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if and ondy if for every e = O there is a & 2 O such that for every v in the interval T, f
(0 < im—al <, then|f(x) - L <e

Another advantage of this definition is that it casily splits inlo one sided limits.
Ofllen, 1t 1s easier 1o analyse a function from one side of a point than both sides
simultaneously.

Definition 1.3 Ler [ be defined on an open interval T contaiming a, except possibly
al w ifself. Then the limit from the lelt of [ is M and the limit from the right is V.

i fle)=M and lim fley=N

H Al o=

respectively, if and ondy If for every o = O there is a 8 = O such that for every v in the
interval I if0) = o b, then f{r) M| << ¢ fromihe left and if ) < a =4,
then |f(x) — N < ¢ from the righs.

The limits from the lefl and right must mateh [or the limit W exist.

Theorem 1.4 The timiv of [ as v approaches w exists and equals L if and ondy If the
Hmits from both the left and the right exist und are each equal (o L.

We can now give a demonstration that the unit step function has no linit at ¢ = {).

Choose ¢ = | /2. Showing that no & sulfices is left (o the exercises. Compare with
showing that the limit doesn'r exist since the left- and right-hand limits are different.

Figure 1.1 An e-0 Box for the Umit Step Function

Verilying the Tast it of Example 1.2 by the definition would be quite hard, We
need to combing the concepls ol hmil and continuily o iind that limit,
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Continuity

The main inpetus (or studying limits in Lhe beginning of o culeulus course is o sel the
stage lor continuity and for computations giving derivatives and integrals, Newton
and Leibniz only worked with expressions that were essentially continuous functions.
While Leibniz was the first Lo use the term funtetion, mathemalticians up through Buler’s
time considered a function as something that could be wrilten as a single expression,
thus climinating cven simple (ypes such as siep {unctions {Burton, 2007, p. 611).
Today we have a broader conceplion of {unction but still use a narrower view in
beginning classes. Current caleulus texts follow the Jead. either explicitly or implicitly,
of Granviile, Smith, and Longley (1911, p. 16): “In this book we shall only deal with
functions which are in general continuous, that is. continuous for all values of @,
wilh the possible exception of certain isolated values.” Since most “calculus-siyle™
[unctions are quile simple, the common heoristic for deseribing a continnous funciion
is “graphing without lifting the pencil.” Though intuitively appealing. this rubric
quickly breaks down when considering more general functions and, us we'll see in
Chapier 2, is actually misleading.
Let’s start with a standard definition.

Definition 1.4 The function [ is continuous at x - o if aind ondy if

lim fia) = fle)

i,
Definition P4 combines three conditions into a single limit statement.
I. “= f{a]" requires thal a belongs to the domain of {ie.. [ has a value sl a.
2. g o f{a) =" requires that the limit exists.

3l oy S - FLe)7 requires that the value of the limit match the value of
the function at a.
Creating cxamples violating cach condition listed above is left to the exereises.
Since the -4 definition of limnt specifies that f must be defined on an interval
containing the point in question, we have climinated isolated points of s domain
from our discussion ol limits and hence from constderation as points of continuity.

B FXAMPLE 1.4

1. Show that lincar tunctions [} — i + b are continuous everywhere.,
Simple application of the definition.

L

. Verify that the rational functions #() = (@e” + b + ¢}/ (e’ + b + ¢ ) arc
conlinuous wherever defined.
Another sinple application of the definition.

3. Let
g8 = S 0 £ 0

o o=
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Dctermine a value for v that makes g continuous at £/ - 0, il possible.
We need to find Bma.sg g{0). First, graph it! u

A function that is continuous at cach point of a set D 1s said to be continuous on £,
Whalt is the largest set where the [unctions of the example above are continuous? The
tunctions studied in elementary calculus are typically continuous or conlinueus on
contiguous intervals,

Definition 1.5 {fa function [ is continwous on an inferval I except at a finite namber
of points, then fis calfed piccewise continuous on 7.

Classitying points of discontinuity is very useful in understanding a lunction’s
hehavior, We caicgorize these points into four kinds of discontinuity. The classilica-
tions are made on the behavior of the one-sided limits. 17 both exist, the disconlinuity
s simple, otherwise the discontinuily is essenticl. Subclassilication ol & simple
discontinuity 1s bused on whether the one-gided limits are equal. If the limit from
the lelt equals that Irom the right, the discontinuity is removable. otherwise it is
a jump. Subclassification of an essential discontinuity 1s based on whether the
ane-sided limits are unbounded, called an infinife disconrinuiry, or bounded, called
an aseillaiory diveontinuity. These classifications are summarized in Table 1.1 and
shown in ligure 1.2,

Table 1.1 Tour Principal Types of Discontinuity
Simple or First Tipe Discontinuily
Remenvable:  Tan f{x) = L # fla)

.

Juinp: it fley £ Nl fla)
bl L L= =

FLsseadtal or Second Type DNscomtinugity

Infinite: limI Jin) — Locandfor Juw fle) - 4+
Aeeres, e —
Osciflating: Hiodbandfor T [l docsn't exist but is bounded.
: FRTTE

1

Specilic examples of cach kind of discontinuity are lefl (o the exercises.

One of the lirst result-oriented theorems that Tollows casily [Tom the delinition
ol continuity by using the algebra of Imits describes polynomials and guotients of
polyuomials.

Theorem L5 Folyuennials arve continuons evervwhere, Rational funciions are contin-
uois wherever defined; rthe discontinuities of rational functions are eitlier removahble
ar infinite,

Which class of discontinuity could contain the vertical asymptotes or poles ol a
rational function?

Having just used the algebra of limits and realizing that continuity is defined in
Llerms of Timits, we are fed naturalty w the algebra of continuiry.
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Fipure 1.2 Four Types of Discontinuity

Fheorem 1.6 (Algebra of Continuity) Suppose that [ and g are both conrtinuous at
a = a and that ¢ < B Thea

1. of is continuous i a

b

F Ly is continuons at o
3. f g s continuous i a
4. Foley 7 00 then [y is continuous at a

The question of composition of functions s more subtle. The first step s (o see how
conlimuity affects Hmits. Since the change in the output of a continuous function iy
small if the change ininput is small, we expect that near a point of continuity z limit
would be preserved.

Theorem L7 Suppose thar [ is continuous af & = « and that limg. L, ${r) - @
with the range of o contained in the domain of | Then

lin flele)) = F ( lirn ¢ J])

Leds return (o the Tourth it from Example 1.2
B EXAMPLE 1.5

e Calculsie _
li{.u} V1+z
ool
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Rewrite the expression as y = (1 + 2171 % und take logs of both sides to have
In{y) = (1/z) - {1 + = 1. With a litedle work. it can be shown that

o2 (1 z) =z
for {z| < 1/2. Divide by =, assuming that z > 0, and recognizing that, since
z — {), we know that z 18 never equal 1o 0, Thus

, ]r_l('| + 2} -

11— < 1

The sandwich theorem tells us that lufy) - Tas =+ 0}, Similarly, ln{y) — 1
us 2 — 0 from below. Show it! 1lence .o In(y) = 1. Now exponentiale
this relation and apply Theorem 1.7, We arrive at

lim 1« z = imlaly) = ol
T

An immediate consequence of the “continuity preserves limits” thcorem ix that
composition preserves continuity.

Theorem 1.8 The compaosition of contintdous functions is a continuous function.

Continuous tunctions have many uselul features. One of the most important is the
intermediate value propertyv: A continuouns function must take on all intermediate
values, This property 1s 50 geometically natoral that mathematicians soch as Gauss,
Luler, and Lagrange thought it obvious and used the result without proving it, Bolzano
was the first w publish a rigorous argument. [See Hairer & Wanner (1996),

Theorem 1.9 (Intermediate Value Theorem) Lei | be continuous on the closed
irterval [a, bl If ¢ Is any value between f{a) and [0}, there is at feast one @ € [0, 0]
Sfor which i) - e

The existence ol zeros or rools is a direct upplication of the intermediale value theorem.
If a continuous function changes sign in un interval, then ic most have a zero in that
inlerval. Prove it!

Another extremely valuable Tealure ol continuous (unciions is that on a closed
interval the function must have both o Janrest and @ smallest value.

Theorem 110 (Extreme Value Theoremy Lot f be continueos on the closed interved
o, by, Then f is bounded on |a. b and achieves @ maximunm and a minivnon. Thai is,
there are (af least) two valies &y, and x4q in [0, 0] such that for any 2 < [0, 8]
win f{e) fle = fla) = flea) - max flr)
w2 [, h) wZ]e.b

The scarch for extreme values, maxima and minima, of a function was one of
the themwes that led o dervatives, our next topic. It's fascinating to realize that in
the 1630s Iermat developed a method to tind extreme values essentially using the
derivative in the same way we do in caleulus elasses woday—and that was before either
Newton or Leibniz was bom! [Sce Boyer (1959, pg. 155}
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1.3 DIFFERENTIATION

Just as the Tormal concept of imit was investigated alter the mechanics ol calculus
were already well developed, differentiation [ollowed long atfter integration as a
focus of mathematical research. The derivative was originally designed to handle
the “tangent problem.” finding a line tangent to & curve at a point. The ancient
Greeks delined a tangent as a line touching a curve only once. This definition was
broadened as algebra advunced. Oresme noted in passing in the fifteenth century
that “the rate of change is least .. . al the point corresponding 1o the maximom .., 7
Boyer (1959, p. 85). Oresme’s work was very influential and paved the way for the
mathematicians of the 1600s. Fermat and others used algebraic methods for finding
extrerna and lor mathematical modeling. [ Section 1.2, we noted (that Fermat's
method lor [inding exirente values is equivakent w the process, based on derivatives,
used in calculus classes today. Fermat vsed £ in his calculations, Newton o, and
Leibniz efr. The intuitive appeal of Leibniz’s notation led us to use dx and Ax in
current books. Newton’s kinesthetic approach led to the “rate of change™ motivation
ol modem calculus texts. Both Newton and Leibniz knew the differential triangle
from Barrow’s Lectiones Opticee er Geometpicee (1669) shown in Figure 1.3.

Q.

PL IR

T M N

Figure 1.3 Bareow’s Differential Triangle,

Typically, calculus classes study average rutes of chunge, relating thent to the slope
of secant lines, and pass (0 the imit 1o oblain the instuntaneous rate of change. We'll
define the derivative directly using the differcnce quotient Agy/Ax written in two
different ways.

Detinition 1.6 (Derivative) 1he derivative of a fimiction | defiiied vn an interval T

at a potnd @ O L is given, if the limit exists, by

SN . ) — fla
Fied — lim Jr = J—i —]
£ &=t

The derivative function of [ iy given. when the mit exisis, by
g . fia - Axy - fl)
Flia lan =" - T

A=) Ax

I the limit exists, [ i said fo be diflerentiable at ¢,
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Standard notations Lor the derivative of f also include df () fdr, dyfde, and T3y
Physicists often write the derivative with respect to time as 3 this notation 15 due to
Newton,

The definitions of left and 1ight hand derivatives are left to the exercises. Considering
a few examples of using the limit of the difference quoticnt to find a derivative is our
next task,

M EXAMPLE L6
Use the definition of the derivative in the following,

[. Find f/{0) when f(a) -~ a”.
Simple limit calculation. De it/
2. Calculate ¢'(0) when

glx)

Ancilier simple limit, but we need (o splii fnte fwo cases. Do this one, ton!

L

. What is £7(0) Tor the unit step {unction £77
Thix one 75 just a linle move subtle; slopes arbitrarily close to a = 0 on the left
and on the right are both equal 10 0. Let's look carefully,
As e approaches U froin above,

iy 17D i
lin o) (— o dim -
=l | ] ey gt
Mowever, Tor » approaching (0 from below, we see thal
. L — () .
IsHY % = lim — =0
| w0 ERTV IS

Hence, the limit as x approaches () does not exist, and therefore, the devivative
L0} does not exist.
|

An immediate consequence of the definition is the theorem that relates ditferentiamliry
to continuity.

Theorem LYY Jf & furcction [ is differentioble at o, then [ iy continuons at a.

The converse 15 not true, althovgh Cauchy thought it was. Cauchy’'s was a more
restrictive aotion of function than ours today. Bolzano found a nondilfereniable
continuous function in 1834, but his example was relatively anknown, Riemann
alser gave an example in his 1854 thesis, However, in 1872 Weierstrass presented
an cxample of an cverywhere continuous. nowhere differentiable function that
“profovndly surprised”™ mathemuaticians, [Sce Kleiner {1989). | Today, the absolule
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vilue lunciion is the canonical example in current caleulus texts showing that continaity
at a point does not give differentiahility there,

Just as with limits and with continuity, the algebra of derivatives exiends our
toolbox. The prools in the Following result are relatively casy applications of the
delinition, appear in many clanentary caleulus textbooks, and here are leli Lo the
reader as dan excreise.

Theorem 1,12 (Algebra of Derivatives) Suppose that [ and y are differentioble at
r = aand that ¢ & R, Then

1. (e fYla) o filo)
2. (fEglie)  Flay+g'la)
30 g¥la)l Fla)-glad 1 fla)-g'le)

Sy gla) = fla) - 4'{a)
B ga]

4. if gled £ O, then (i) fa)

i
With these techniques in hand. we can casily differentiate any polynomial or rational
{unchion. For transcendental functions, we use the limit definition of the derivative or

triconometric ideniities o develop Tormulas. The three basic results Tollow,

Theorem 113 For anv real number »

¢ .
I, —sin{r) = cos{x)
i ’

s
d;:r( ‘
t 1. .
3. ad ) = = for e = 1)
el w

Many lexts {irst establish the generalized power rule

Friey  rfr e
de” : '
Sfor v C i as part of the development of the chain nife. Since the power rule is a
dircet corollary, we'll proceed direetly to the chain rule.

Theorem 1.14 (Chain Rule) Let [ |a, 6] — e.d] and g ¢ |e d] — & be differen-
tiable functions at x = and & = flu), respectively. Then g o [ @ u b — Kis
differentiahle at v - o and its derivative is given by

(g N (el = g'(fla)) ['(a)

The name of the result comes from the form

dy  dy e

dt dr dt
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appearing to chain derivatives together.

‘The chain rule is an extremely powerlul oot but has a nontrivial proof which
causes most clementary caleulus exts o focus on motivation, heuristics, and usage.
we'll defer the prool until later. One of the nicer "mathemaiical applications”™ of the
¢hain rule is o develop a fermuta Tor the derivalive ol an inverse tunction. Since
[ a £~ s the identity function, we see that

(Fof ")) -1
Applying the chain rule telis us that

P en - @y =1

Employing just a tittle algebea, assuming proper assumptions preventing dividing hy
zero, yields a general resull.

Theorem L5 [ [ : [«,}] — B is differentiable ard [~ (@) = O on [a.b]. then, for

= [z,
s 1

(y) = e

Now that we have the busic mechanics ol differendation in hand, there arc two

f

dircctions to go. We can study the geometry of derivatives and higher order derivatives,
and we can investigate applications. First, let’s consider gecomelry.

Since the derivalive describes the instantaneous rate of change ol a lunction, it
wlls us whether a function is momentarily increasing, decreasing, or constant. Values
where the derivalive is zero, where the function has a horizontlal tangent, are called
eritival values o siationary pointy. [Note: some calculus authors, e.g., Stewart (2009),
add values where the derivative fails fo exist to the definition of critical value; others,
c.z., Thomas (1968}, also add endpoints of the domaim.| A stationary point where
i [unction does not change from tercasing (o decreasing or vice versa is called a
ferrace point. We cap lerther analyze the chaonge in the derivative, the change in that
change, ete. Let’s define higher order derivatives recursively.

Delinition 1.7 Let | be a differentiable funciion and v C ™. Then for v > 1 the nth
derivative of f. denoted by £ (1), is given, when if exisis, by

d
(.

Ay ddr 'y

] | .
f[-n [} or e S e I
) dett do den !

ft'nl(‘_.“} .
Some authors (and calculators like the TI-Nspire) adopt the convention that the zeroth
derivative is the original Tunction; i.c., ._f':”»"[.'r:} = flan. Rewrite the definition above
using this convention. A lite classroom (un cuan be had by asking calculus students,
“What 1s the ‘leap year'th derivative ol the sine’
Geometrically interpreting an increasing raie ol change as a graph curving up,
we call it enncave wp. A decreasing rate of change is called conceave down. Our
definitions follow Granville, Smith, and Longley (191 1) and use “positive” versus
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“nonnegative.” ete.. to eliminate linear functions being simultaneously both concave
up and down.
Delinition 1.8 Ler | be a nvice-differensiable fiunction on the interval T, Then:
o [ el is positive on T, then f'(ir} is increasing and f is concave up on I,
s ff f7ix) is negative un T, then §'{.x) is decreasing and [ is concave down on 7.
o If [ changes concavity about o peint rq, thea xy is arinllection point of f.

In cconomics, an infllection peint of an increasing function changing (rom concave up
(o down is olicu culied a paint of diminishing return since a corresponding change n
input produces a smaller change in outpur as » passes the inflection point, Fxplain
why this happens.

Write this geometric information algebraically to define procedures cquivalent o
l'ermat’s method. bul more general, for finding local extreme values ol 4 lunction.

Theorem 1.16 (First Derivative Test for Extrema) Suppose that §is differentiable
it an Diterval containing the crirical value o.

o If [ clhanges from positive below a to negative above a, then f(a) Is a locel
micexisum of [

o [ [ changes from negative below a to positive above o, then f{a) is a focal
i of f.

o If [ does not change sign about o, then (w, flu)) is a terace point and not ¢

{ocal extreme value,

Using the information on concavity provided by the second derivative yields a simpler
test Tor locul extrema.

Theorem .17 (Second Derivalive Test for Extrema) Suppose that [ iv hwice dif
Jerentiable on an imterval comtaining the critical value o.

o If ["1e) < O, then [{a) is a local masimum of f.
o [ ) = 0, then fla) is a local minimum of f.
o If [ {u) =0, then the test fails.
Let’s use the famous Norman window proflem as an illustration.
B EXAMPLE 1.7 The Norman Window Problem
A Noman window is a window i the shape of a reclangle surmounted by

a semicirele. See Figure L4, I the perimeter of the window is £2 Iind the
dimensions allowing the greatest amownt of light 1o be admitted.
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Figure 1.4 A Norman Window

Sedution. Let the rectangle have height 4 and width . Then the diameter of
the semicirele is also d. Thus, the penmeter s

P2 ) o 73

Since the light admiued is divectly proportonal to the area A, we need (o
maximize A, That is, we need to maximize

A_hdy Za?

bl

Solve the perimeter cquation for foand substitute the result into the srea cquation:

_ P I I
A= 3 d - (; + E) o

Set the derivalive of A with respect o  egual o 0

P
:yzi_(%+0d=0

The critical value is seen 1o be

2r
oo — - -
T4
Singe A" = —1 — 7 /4 < 0. we must have a maximom when the diameter and
width are 28°/{x + 1} and the height is £7/(m — 1), a

The Norman windoew problem has been a favorite of calculus authors for many,
many ycars, See. for example. Graoville et al. (1911, p. 37}, Thomas (1968, p. 129},
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Elis et al. (1999, p. 189), Hughes-Halletr et al. (2009, p. 263}, Stewart (2009, p. 208)
(tunncly, ete.

Continuing witli our geometric theme, we consider what happens to a differentiable
function between points having egual functional values. If the function riscs, then it
must smoothly furn and come hack down. [T the function sinks, it must smoothly turn
and come back up. A function that neither increases nor decreases must be constant.
Whatever the case, there must be at least one point with a horizontal tangent on the
graph. This resull is known as Rolle’s theorem.

Theorem 118 (Rolle’s Theorem) Let f be a function that is continaous on (0. b)
and differentiable on {a, by If [(a} = (U} them there is a value ¢ < {a. k) such that
Flie) =10,

The natural genevalizaiion vl Rolle’s theorem is to let the endpoints be at different
levels. The generalized theorem was first stated by Lagrange.

Theorem 1.19 (Mean Valoe Theorem) Ler [ be o function that is continious on
b and differensioble on (a ). Ther there (s a value o C (0, b) such that

Tk - f{a.)

b—

Fier -

Both Rolle’s theorem and Lagrunge’s mean value theorem are existence theorems; that
is. these theorems specily that there 1s some value satistying the conclusion but give
no dircetion on how to lied that value. Nevertheless, existence theorems often have
very practical ramitications. Two important corollaries of the mean value theorem
concern propertics of dilferentiable Munctions.

Corollary 120 If [/{e) - O forafla < (a by, then fis a constant function on (o, b},

The unit step function has a zero derivative everywhere except al - () yel is not a
constant function. How does thig not violate the corollary? Now apply this idea w
two functions.

Corollary 121 Jf [/} = () Jor aoff w0 < {a.b), then f{r)  glx) + ¢ for all
x € (a,h) for some constanir o,

The last application of the mean value theorem we will cousider is known as the
speed fimit Imw; ¢l Ostebee & Zor (2002, p. 42). This law is the first step on the
road o Taylor series. as we’ll see later in Section 1.0.

Theorem 1.22 (Speed Limit Law} Suppose that [ is differensioble on (a,h) and
contimuouy on (u, b and thar

e ey s M
Jorall € (b for iwe constanty i and M. Then

el — ) < f(h) — fla] < M (b - a)
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Further 1f 0 € [ B, then
fla) 1 anix o)< fie)l < flad 4 AT(h - )

The speed Iimit law defines a cone containing the function as shown in Figure 1.5,
We are able w find vpper and lower bounds Tor the values of f belween « and b.

Figure L5 The "Speed Limit Cone™

A two-tunction variant ot the speed Iimit law, named by Jerry Uhl Professor
Emeritus of Mathematics at the University of Hlinoig, is known as the race track
principle (Davis et al., 1994},

Theorem 1.23 (Race Track Principle} Suppose that [ and g are cominuous on o, D]
and differentiable on {a.h} and that /(0] = ¢’ (] for e < p o b

LI fie) - gla), then [Le) = gla) fora < 0 < h
2Aff(B) = g(By, then [(x) > glo) jura <« < b

The name coimes trom interpreting the derivative as velocily, The principle then says
that 1f two horses start a race together, the faster horse is always in the lead. The
second statement says that it two horses linish together, the faster horse was always
hehind.

Derivatives are incredibly uscful in real life. Since change is much easier to
measure than quantity, mathemaltical models of continuous phenomena are often
specified as differential equations. The simplest models have the form ¢ = f{x).
The exponential growth of Malthusian popilation dynamics comes tfrom the model
. r-p, where p represents a population at time { and r is a constant, These
models ask the guestion, “What function has the specified derivative? ‘I'he connection
between differentiation and integration then hecomes the focus of cur study.
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1.4 INTEGRATION

Integration is the oldest part of calculus and developed from the need lor [ormulas [or
areas and volumes of geometric figures. From Hippocrates of Chios” *Quadrature of
the Lune” [sce Dunham ¢ 19903] onward, the searcl (o understand area and volume has
led 1o deeper mathematical discoveries. The Greek maithematician Fadoxus of Cnidus’
miethend of exhaustion {about 370 B.C.) 15 the progenitor of the definite integral as a
limit of approximating sums, The method of exhaustion was fre echnigue used o
caleulate arca and volume Tormulas Tor 2000 vears. The word guadranre originally
meant constructing, with only a straightedge and compass, a square having exaclly
the same area as a given figure but laler came to mean determining an area or volume.
Modern usage of the term denctes “numerical integration.”

A number of basic results for definite integrals had been determined before cither
Newton or leibniz studied mathematics. For example, the Tormula

i TR |
" i
s - =,
W re=1

appears {in very dilferent notationy in the work of Cavalieri (16351, Torricellr (1635},
Roberval (1636), Fermat [c. 1644, Bover (1943}, Pascal [1654. Bover (1959, p. 149,
and Wallis [ 1665, Burton (2007, p. 3861]. 1t was the genius of Newton and Leibniz that
they saw the significance ol the connection between integration and dilferentiation,
that these arc inverse operations—the fundosnentad theorem of calcaluy. Tsase Barrow,
Newton's teacher and predecessor in the Lucasian Chair at Cambridge, had formulated
the [undamental theorem (published in his 1670 monograph Lectiones Geonretrice,
or Lectures on Geometry, aller he had Iell Cambridge) but had not understood the
theorem’s importance since his focus was very geometrical. not analytic.

Most caleutus texts motivate the definite integral via calculating the arca enclosed
between a curve and the z-axis. We'll begin our look at inlegration by divectly
delining the delinite integral as a Hmit and then move o the fundamental theoren and
applications. However. texts diverge in their definitions. Some use equipartitions |e.g.,
Stewart (2009}, while others use more gencral subdivisions |e.g., Thomas {1968}].
Since we'll be studying the integral in much more generality later, we’'ll begin with
Riemann sums. First, we deline a partition and scmple points or tags.

Detinition 1.9 4 partition of the interval o U] iy a set of v + | values
P=la=xy <> <oy, | <o, b

that divides ‘e, b info n subinfervals with widths Axy - ey . Sample points

or lugs are values o chosen in edch subinterval of P thar s, for each b =7
there is a oy, & [ry 1. 28] A partition together with a set of tugs will be denoted by

..

I 78

Now that we've partitioned the interval and chosen sample points, we can build a
Riemann suim.
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Detinition L.10 (Riemann Sum) Ler | be a function defined on |, b]. The Riemann
sum of £ over P, the partition and chosen sample points, is

R, 1f) X flep}Amy
1

Passing 1 the limit as the largest Acey, goes o 0 gives us the detintie integral of f
over le, 8. Set 17| = ny Ay

Delinition 1.11 {Riemann Integral) Lef f be a function defined on |u. b, The Ric-
maun integral of f over |a, b is, if the limit exists,

h T
lepde — 0 IRYAC
/rr fl\f}( r ||r..'_]_|ri“,[]§f(fk.) g

There are subtleties to this limit that many elementary calculus texts finesse by using
only partitions with uniform widths so that Awe = Ar = (b a)/n. Example
caleulations sre also much simpler with uniform partitions as the limit reduces o

o 1
/ Jlevde = lim Z fleg)Am
o LR B, ;‘,_l

as shown in Figure 1.6.

154

Figure 1.6 A Uniform Width Riemann Partilion

A ypical example Tollows.
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# EXAMPLE 1.8

Caleulate |, o7 du,
Choose the partition {2, = &/ & = 0.....n} with the sample points
e — kjwlork = b0 noThen Ar = 1 /i, and thus

-1 I3 I3 K 1
e - ~
./u e QI“.T;L ;Z _ (”) . N

BoOE
i L n3(n 0 12
Tim - -
oo b 1
_ |
El

[
Just as we did Tor Timits, continuity, and dilfereniation, we extend our tolbox by
showing that infegration is a linear aperation,

Theorem 1.24 (Algebra of Integrals) Suppose that | and g are integrable on |a, b
and that ¢ < &, Then

h )
1. / - Flaide oo / fledde

b gl b
2. |

(F L gdaddr fir)de + / gixtdr
Ja Ju

The proofs are casy verilications using the definition.

An image of a lunction inseribed in one rectangle and circumsceribing another gives
a “proof by picture”™ lor our next resull. Draw the bnaee! The proof 1s lelt to the
exercises,
Theorem 1.25 let [ be integrabie on [a. b . [ there are two constants m and M such
thet =0 fila) =0 M for el 2 ol b, then

(b oa) / floide < M- (h—a)

A third rectangle can be drawn with the rectangie’s area cqual 1o the lunction’s.
This rectangle’s heighi gives the average valie of the Tunction.

Definition L.12 {Average Value of a Function} Jf f is integrable on |a. b then the
average value of [ is given by

. 1 b
= / Sty

h—u



22 ELEMENTARY CALCULUS

B EXAMPLE 1.9

The averuge value depends on the interval. The average value of the sine
function over [0, 2} is

1 A
sin = - / sinfa)dr =0
0

while the average over ). | 1s

— 1 . 2 .
sin . / sini] dx =5 ().6306402
Tt 7

If fis continuous, then, just as with derivalives, the function takes on ils average
value. 'Fhis result is proven by showing that the lunclion must intersect that middle
rectangle.
Theorem 1.26 (Mean Value Theorem for Integrals) 7 [ is continuous on [a, b,
then there is at least one point ¢ = (a, b where f{¢) = f.

At this point 1t 15 natural (0 ask, “What type of [unction has a delinite integral
AN edsy tO prove answer is continuous,

. . ' e .
Theorem 1.27 If [ is eontinons on [0, h). then .Iu FleYdi exists,

In 1823, Cauchy used unitform continuity to show that given ¢ = Othereis a d = 0 8o
that any two partilions with max, Ay, < & have o have Riemann sums within ¢ of
cach other. This argument proved the limit existed withouat (inding the value of the
limit. We will use this method again bater when we consider sequences in Scection 1.5,
Cauchy™s lechnigue is based strongly on the structure of the real numbers: it does not
hold il we oaly allow ourselves 10 usce raltonal numbers.

The title fundamental theorem indicaies that this resull forms the core of calculus,
linking the two main concepts, devivative and integral. While special cases were
known previously, Newton and Leihniz were the first to realize that the theorem
provided a new, general form of analysis connecting the tangent problem o quadrature
and vice versa. The theorem has two staements: The integral is diflerentiable and the
antiderivative gives the quadrature.

Theorem 1.28 (Fundamental Theorem of Caleulus) Les | be a continnous fime-
fion on the interval o lr.

1. Define F'la) = fﬂr FlaVde, Then I is continuons and differenriable on (a,b]

with F'(xz) - f{=).
200 F is any antiderivative of [ then L:' Sleyde = Fb) - Fla).

Boyer (1959, p. 280) ells us that Cauchy was the ficst o give a rigorous prool ol the
fundamental theorem.
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The next three results torm the basis of a good portion of the sccond hall ol an
elementary caleulus course: substitution. integration by parts, and partial fraction
integration. All three address the guestion of how (o {ind an antiderivative; all three
are reductions to simpler forms. not results. Substitution 1s the inverse of the chain
rulc.

Theorem 1.29 (Integration by Substitution) Les [ be a contindgons function of u
and it be a continnousty differentiable funetion of v on a b, Then

/ flihde = / J{utenNe' (2 de
Integration by parts is the inverse of the product rule.

Theorem 130 (Integration by Yarts) Let f and g be continucusly differentiable
Junctions on [e. b Then

- o h
/ Jirg (ay e fli.'?.‘;'l.(j[:l.':]i / gix) £l da

This rule is often written with dilferentials in the form [u de = wn — [

The Last of the three rules is really an algebraic technique for rational functions.
Any rational function B2} cun be decomposed into a sum of a polynomial p and
terms having the farm ¢/ {r DY¥ where £ is a rool of the denominator and a and &
are constants. ‘The partial fraction expansion gives the form

I ‘_\-f ] - f){,!.) | Z (;If h.{: [ FJL:_‘].J + [;{: _ bk:)”“' )

s
=1 !

for  rational function R(2) with denominator roots by having multiplicity ..
Integrarion Ine particd fractions is Just appltying the integral (o both sides of the
equation above. Beginning with his 1833 paper on integrals that are algchraic, which
heavily used partiat fractions, Liouville analyzed the process of integration Lo (ind
which Functions could or could not have antiderivatives with finite elementary forms,
[Sce Kasper (1980 Tor a nice discussion of Liouville’s work and where 1t led others. ]
Liouville’s approach was very influential in the development of computer algebra
systems. We now can use software like Maple and Mathematica and calculators such
as Texas [nstruments’ Yoyage 200, T1-85. and F1-Nspire CAS to calculate integrals
thut would be very difficutl by hand.

Citleulus texts usually include tables having over a hundred [ormulas for antideriva-
tives. The CRC Standard Mathemarical Tables and Formuldae (Zwillinger, 2002)
contains over 000 antiderivative furms. Gradshteyn and Ryzhik’s Tafie of Infegrals.
Series, and Products (Gradshieyn & Ryrhik, 2007) countains thousunds. Lven though
lechniques ol integration for a major locus ol second-semester calenlus and there
arg {exts ltke the Handbook of Integration (Zwillinger, 1992), most functions do
not have elementary antiderivatives. ixiremely poweriul computers and caleulators
have become ubiguitous, leading to a resurgence of approximation theory. These
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ohservations provide motivation for us to study approximate methods of integration
called numerical guadrarires. We will consider three of the standard technigques
that are used in elementary courses. The methods use constant, linear, and quadratic
approximations, respectively.

For the constant approximation. we will use the left endpoint to measure the
function’s height, effeetively giving us Cauchy’s definition of the definite integral:
the associated error is proportional to the first derivative. Other choices of where
1o measure the height include the midpoint and right endpoint. The trapezoid rule
uses the lnear approximation through the lelt and right endpouits wiilh ap ciror
proportional to the second dervalive. Simpson’s rule uses quadratic approxiumation
over the endpoints of two consecutive infervals; the error bound is proportional to the
fourth derivative.

Theorem 1.31 (Numerical Integration Mcthods) Suppose thar T = ]f flatda
exists, Givenn C M, sef Ar _ {D ;_;"] foand gy, o0 | RArwith o 0,0 .
Also, fet My, be an upper bound for | f50 (0)| on |, 6], Then:

Left Sum The left sunr approximation Lo, to T with ervor boand €, iy

L . _ hooal?
2R S L | A
[

Trapeziod Rube The trapezoid rule approximation ', to £ with error bound =, is

P S (R
’Tn. L ) \'\f Cre )| f [m.ﬁ: i _J.'j.;)f I = |‘Ju I| = 1[2 T |_2 o .'H.‘j
ko

Simpson’s Rule The Simpson's ride approximation S, (noust be even) to T with
errov bound &, 18

wit 1

Sr-” = = dap o) A e s \:‘] AN
{E__L_%{f(hk 2) A (ean o)+ Slaze))A
(h—-a)® 1

ST N (C R Y N ikl A

fo TR TR0 T

In caleulus classes, hounds Tor £y, are usually found graphically. Table 1.2 summurnizes
the results of applying the quadratore rules to f[f e dr.

IFinding an antiderivative is much more challenging than calculating a dertvative.
It’s not casy o know a priori whether or not a given function has an clementary
antiderivative. Sometimes 10Us casy W prove as with f{x) — ¢ . Other times. iCs
very hard Lo determine il an elementury antiderivative exists. This ditficulty makes
integration quite a challenge. One ol the guestions we ask 1s if the values ol the
Riemann sums [roin the delinition of the definite integral converge. This question
leads o our next topic, sequences and series of constants,
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Fable 1.2 Numericul Integration of / & 7 dn
BEI
Al e [ e 41_ I __
4 || r2snis | T 10

37493 SERED 000027
10 || 1o7ses | oasmar n. FAOR 10
20 || 0.06120  0.07199 | 0856206 | 0000001 || 0Rs6207 | 4010 7

1.5 SEQUENCES AND SERIES OF CONSTANTS

Some students argue that 1 £ (L9, They are unwittingly reprising Zeno’s paradox from
the fifth century B.C. The most familiar version of the paradox stutes that Achilles can
never cateh a tortoise as first he must cover hall the distance o the tortoise, then half
the remaining distance, then again hall the remaining distance, ad infinitum. What
Zeno objected to was infinite divisibility, We overcome the problem with the concept
of comvergence. basing it on our tformal definition of limit. In this section. we will
consider sequences and series of constants and allow Achilles uitimately 1o cateh the
Lorteise.

Sequences
A real-valued sequence is a real-valued Tunction that bas a special donin,

Definition 1.13 A scquence s a function from the narural numbers ™ to the redal
mumbers. For a sequence N — 8. we denote aln) by a,, and the sequence by {n,, }.

Zeno's paradox concerns the sequence {172,174, 178, ...}, The paradox arises rom
the uct that every term is greater than vero, but we know that the terms eventually get
smaler than any given positive number. We need o define the Iimit of a sequence in
order to let Achilles catch the tortuise.

Definition 1.14 Let [, ] be a sequence. Then L is the limir of {0, ) or

lim ey, - L

L=
if and only if for every e = O there (s an N 2 such that whenever v = N it must
Follow that

ety — £+ e

iy, e o, L then we suy the seguence converges to L osequence that does
nol converyge 15 said 1 diverge. IUs nol hard w prove that Zeno’s sequence converges
Lo zero, L it!

[n 1202, Leonardo ol Pisa’s book Liber Abact introduced Hindu-Arabie numbers
and peositional notation to Europe. However, the text is befter known for a famous
sequence arising from an example:

A certatn man put a pair of rabhits in a place surrosnded on all sides by a
wall. How miany pairs ol rabbits can be produced [rom thal puir in a year 10t 1x
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supposed that every montl caclt pair begets a new pair which from the second
month on becomes productive?

The solution to the problem is the sequence {1, 1,2, 3,5, 8, ... }, which is now called,
using Leonardo’s nickname, the Filungeci sequence. We show the Fibonacel sequence
diverges hy combining two facts: tirst, all terms are positive: second. each term
heyond the sceond is larger than the previous by at least one,

Let's fook at two sequences that may not obviously canverge or diverge at first
glance.

M EXAMPLE L10

1. Does the sequence with general term a,,
diverge?

First. rationalize the numerator;

Vil inon
oy p— —_—— -

T VHE — 91 o

Bt |

Now, it is casy to see that o,, converges to ().

[

Docs the sequence with general term iy, (¢ = 1){=1}" - 1 converge or
diverge Lot an urbitrary « & [87

Write several terms. What do veu see? (Be careful—rhere are two cases)

Once again, it’s ime for an algebra, now of sequences. The proofs are ail straightfor-
ward, esseatially restatements ol carlier limit theorems lor functions, and are lelt w
the exercises.

Theorem 1.32 (Algebra of Sequence Limits) Zer {a,} and {b,} be convergent
sequences and let o < R, Then

b lim (c-ap}=c- lim u,

Ti—nG Te— "3

20 lim (e, 260
i

livn g, | lim By,
" o e

mn = Ti

30 Tim {ey by = Lo a, - B by,

T ==X T ]

4. D (et Sy, ) — Ny S lime B, provided Tin b, £ 0
N T

T [ P aN)

The sandwich theorem can also be restated for sequences.

Theorem 1.33 (The Sandwich Theorem for Sequences) Let {w,,}. {0, }. and {e,]
be sequences for which there is an N < WM such thar for all n = N we have

thyy 55 by, e M N, oy o Loand litng, ag ¢y, - Lothen liing, oo by, = Lo
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The sandwich theorem limits the growth ol a sequence. At tinies, 1L1s useful 1o see 1t
a sequence can deseribe 1 own action. We can classily sequences as increasing or
decreasing.

Definition 1.15 A sequence {a,, | is
e increasing if i, <, forall n.,
e doecreasing if o, T oy, for all n,
s bounded i ey, | <2 M for ol v jor some real number M.
A monoloue sequence iy either increasing or decreasing.

The properties of bounded and monotone are very strong and lead (o important results,
such as the [ollowing duc w Bolzano and Weiersirass.

Theorem 1.34 (Bolzano-Weicrstrass Theorem for Sequences) I o, | is a bounded
seguence of real mumbers, then {a,, | has a subsequence that converges.

Bulzano discovered the theorem first, but his work was relatively unknown: some
ol his manuscripts were not even published until the 1960s (Burton, 2007, p. 671},
Weiersurass independently proved the resalt in the 1860s (Burton, 2007, p. 688). An
immediate corollary of the theorem is that o bounded, morotone sequence converges.

Series

A seres |5, ] is a special sequence in which the elements are formed from a sequence

{u,} by
Sy = Z .
s

Hach s, is called a portial sum. We otten write Y a, to represent the serics. A
serics converges 1 its sequence of partial sums converges, We can lurther classily
coavergence as lollows,

Definition 1.16 (Absolute and Conditional Convergence} A series > a,, iv abso-
lutely convergent if the series S |a,,| comverges. IF Y o, converges bur Y,
18 calfed conditionally convergent.

Lot

diverges. then
The serics >7(- 1/21% is absolutely convergent white (-1} /4 is conditionally
convergenl. We'll develop Lests Lo veniby these statemients in a moment.
Zeno’s claim rephrased in termys ol series is
- . .
2 — < 1 forall p e T
21\

B
Butr what happens to Zeno’s serics as ¢ goes to infinity? Does the series converge?
Before looking at different tests for convergence, fet's consider examples of convergent
and divergenl series. Lixplore these series numerically and graphicafly using different
vatues for their parameters. Zeno's series belongs to which tvpe below?
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B EXAMPLE 1.1l Special Series of Elementary Calculus

1. A geometric serles » ar” converges when |1 < 1 with

2. The harmonic series > 1/ k diverges sinee
"

-1
L_ N 2z nn)

v

(SN

3. A peseries Y1 /RY converges if po= T and diverges for p < | ginee

T

i " T
Z T =z — e = —
Py kbt 1—p

4. The telescoping series Y7 1/ (k{k + 11 and Y7 1726 — 13(24 + 1)) converge
01 and 172, respectiv t‘:l}, since

T

" 1 Ly o 1
[ R .
Z_’ bk 4+ 1} ﬁz‘ (;"\_: b — 1) 41

and
n T t I I 1
- I |-
ZnZ?—l}Zk—l— Z?(’f\—l 2!’;—#—1) 2( '2-:1.+'l)

Oresme showed, in the fourteenth century, that the harmonic series diverges with a
technigque that is stll used in elasses today (Struik, 1986, p. 320). Collect the werms of

the seres as
P (Y L 1+1+1 1
"z 571/ 6 8
PN EA VAN AU A TR B IR A Y
” 2)* 171 R8T E
1

taking groups of size 2™, Since the last series is growing infinitety large, the harmonic
series, being larger, must diverge,
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If o series we arc investigating isn’t one of the standards, how do we determine
convergenee? [T the general term doces not go (o zero, then the serics must diverge.
What about positive unswers? We need a collection of cateria. The casiest procedure
1o apply is the ratio wst.

‘Theorem 1.35 (I Alembert’s Ratio 'Test) fet Y ey, be a series with posifive terms.
Set
Gnit

v = lim
el (L

Then:
s [f'y <0 . the series converges.
o [fr = 1. the veries diverges.
o {fr = 1. the test fuils.

The proof of the ratio test is an application of geometric series convergence., While
the ratio test 18 usually easy to upply. it doesn ™t always prove conclusive. Try the ratio
test on > 7 1 f7? . The root st is more sensitive but can be harder o usc.

‘Theorem 1.36 (Cauchy’s Root Test) Let > o, be a series with positive terms. Set

= lirn {;1;
s LR N

Then:
o [f o0 1, the series comveryes.
o Iy e 1 the seriey diverges.
o Ifp =4, the test fuils.

The comparison lest is casicr to use than the rool wst. The diflicuity is that we must
use a series with known convergence or divergence (0 compare 1o (he series we're
analyzing,

Theorem 1.37 (Comparison Test) Ler Do, and >0, be series of positive terms
with o, < by, for all n.

o IF3 4, converges, then so does o,
o IS uy, diverges, then so does > b,

Another sort of comparigon test is based on Riemann sums. [f we partition [1, oc)
with the natural numbers, then A 1 and the Ricmann sum becomes the summation
we'rte considering. Heuce, the integral and the sum cither both converge or both

diverge.
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Theorem 1.38 (Integral Test) Suppose that [ iy confinnous, positive, and decreasing
Jorr = 1 and that o, = fin]) for alf n.

x
. /f / Fladyde comerges, ther so does > u,,.
1

TR
i / Fleyde diverges. thew so does > iy,
Ji

The last (est we consider, due 10 Leibniz, is for a special type of scries. An
alternating series 1as terms that alternate in sign and monotonicaliy go to zero.

Theorem 1.39 (Alternating Serics Test) Lot {a,,} be a positive, decreasing se-
gience that converges to cer, Then the alternating series

)

S,

no L

COIIVEreS.

s interesting o nole that the fedf ol an allermating serics /5_:; a1 Yo 1s
bounded in absolute value by o,y

Each ol the convergence tests 1s an analog ol an existence theorem, not providing a
limit value. just indicaling whether or not a series converges. For more delicale tests,
see, lor example, Wrede & Spiegel (2002) or, for detailed explanations. see Kosmala
(2004

We have focused on sequences and series of constants in this scetion, getting rcacly
to study sequences and series of functions. Part of Newton's success was his facility
with expressing funclions as series and manipulating them with his new methods of
calcuius. As Newton knew and we'll see, series of Tunctions are a powerlul ool.

1.6 POWER SERIES AND TAYLOR SERIES

Geometric series had been widely used before the calculus methods of Newton and
Leibniz were invented. Nicolas Mercator used a geometric series to develop a power
series representation for I+ b in 1668, Both Newton (16653 and Gregory (1670)
independently discovered the peneral binomial formula

(L+a) =1+ 0 — (f)) w4 (I‘) at

and made significant use of it, Newton in developing integration formulas and Gregory
in serics expansions. Taylor's theorem on the expansion of a funclion in a power
series was first discovered by Gregory in 1671, although in a difTerent form using
difTerences. [Sce Stillwell (1989, Chapter 93]
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Power Series

Generalizing the geometric series Y ar™ by replacing + with a variable and o with a
sequence {e, b is a nawral step.

Definition 1.17 (Power Serics) A power serics cenlered al o is a series having the

Jform
I

~ \ . B L
E gl ) ag ol oY an(e -0l 4
ol

where the thy (TFE CORLSTCIES.

By convention, ag(x - )" = aq for all values of x even though 0V is indeterminate.
Suppose a power series converges for some @ that is {7 unils from o then the
comparison lest lells us that the sevies converges Tor any .« closer w e, Le., Jor all .r
with |0 — ¢ < B, Prove i! Similarly, it a power series diverges for some o thatis R
unirs [rom ¢ then 1t diverges Lor all .r with ' e] > R, This observation leads us o
define the radius of convergence ol a powcer sCrics.

Definition 118 (Radius of Convergence) Fora powerseries > a, (oo ef exactly
otte of the three following stentemenis mist be irue,

1. The serics converges only at w = o The radius of comvergence is It 1.

2. The series converges for afl | - o] = [ and diverges for alt |v o = R for
some pasitive value R The radius of convergence is 1.

3. The series converges for all x. The rudins of convergence is I = .

Given a positive radius of convergence 1Y for the power series Y w, {2 — )", the
mterval of convergence is the interval from ¢ A to ¢ |- A that may or may nol
contain the endpoints:  they must both be checked. Often, the radius of convergence
can be found using the ratio or roof tests. However. both (ests Tail at an endpoint of
the interval of convergence, and other methods are required.

Mercator™s expunsion of In(1 ! &) comes from integrating the geoimetnic series
expunsion for 1/{1 + :¢}. Integrating

1 :
— =1l e
| S

yields

In{i =x) a :_' oo i..:__i__,,

Newton investigaled integrating series expansions for functions Jike /' | + y'* to find
ate lengths without questioning convergence. lorlunately. power series convergence
is preserved hy ditferentiation and integration.
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Theorem L40 Jf (o) D77 a,{a — o)™ comverges for | — ¢| <2 R <0 o0, then

2o A
P
L [y = Z g e — 1" converges for e — ¢ < Rand
n—l
& X (e |
2. / S dt = Z e, ”7”— comverges for |v o] < T,
il

de— i

{.ets explore techmiques for inding power serics expansions.
N EXAMPLE 1.12
Given that

o

] ™
| > " I
w1

find power series expansions for the following functions.

1
1. flx) = ,
i [ || a4
Replace » in the geomeltric power series with —2 1o have
E H
g C _I-)\??_ - wer L Cal e
Fir) - oy (17 AR
n={) r=f\)

20 g4le) !

Rewrite .+ Mas 1/71 = (& ~ 171, As above, replace . with —(ir — 1) in the
geomelric power serics. Note the shift o center ¢ = 1 ¢

P el

glx) = Z (~Ce- 1" = z{\—l)”{:r -1y | — 1] < 1

vl reo 1)

hix}

ad

{1 —w ) ?

Since 1 is the derivative of 1/i 1 - '}, differentiate the geometric power series
termwise:

. ({ e
Bleb= Y —at= na' ! x| <1
el '
re—i{) n=I

4. jlm) = tan (2}
The arctangent is the integral of [ /{1 = 27}, the first series above:

0 et 2rl i

I i s
Jla) = Z /(---1)”@‘2’" do = L{—I}” o T || < 1

[/l U n=0

Hene does the constani of integration come into this compuiation? ]
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In 1772, Lagrange atlempted o fix the “ghost of departed quantities” problem in
the definition ol derivatives and integruls by assuming that all [unctions could be
represented as power series. [Sce Bover (1959, p. 252) and Burton (2007, p. 323).]
Unflortunately, not all functions have power series representations. The classic example
ol a {unction without a power series that has a nonzeroe radius of convergence i
Jlay = exp(—1/2?) for z = 0 and f{07 = 0. Taylor and Maclaurin studicd the
questions of when does o function have a power serics representation and how Lo
compute one.

Taylor Series

In 1715, Taylor published Methodus tncramentorum Divecta et Inversa [see Struik
{1986, p. 328)|. which contained the result we now call Tavlor's theorem, Maclaurin's
1742 text Treatise oa Fluxions used the approach that we eall “order of contact™ to
develap these power sertes. Since Maclaurin concentrated on series centered at e . (3,
woe call them Maclaurin series. The order of contact melhod matches derivatives
ol the funciion w derivatives of the power series in order 1o lind the power series’
coefficients. [Sce Burton (2007, p. 326).]

Theorem 1.41 (Taylor’s Theorem} Ler [ be o function that is contimious logether
with its first o+ 1 derivatives on an interval containing o and 2. Then

D A K :
Fla) = Z {(r el RByleom)
oo

where

Y
e

Jor some a between ¢ and &0
We can rephrase the theorem in terms ot power series.

Theorem 142 (Taylor Series) If [ has a power series expansion that is valid on
a— o = D that is 0

ther
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B EXAMPLE 1.13  Tmportant Maclaorin Series

1 o
: o y| <
[ Z‘ |
E oo
> L aie
sin(x) =Y =1V —— a - R
Hr) gl D2k 1)
. =L i s 2k :
cosfal — ;‘U{_U o5 re R
. < o el
tan {1):;”[_4}&—' EaE
b
o b ;—[ ae
o=ty
. CU ¥
AR S ORI ; v w2 ]
o1

To tind the radius of convergence of a Taylor serics. clementary calculus students
usually use the ratio or rool test. Typical examples of the computations are shown lor
e and (1 + &),

B EXAMPLE 1.14

i. Find the interval ol convergence of the Maclaurin series for e*,
The gencral term of the series is . /nl. so the limit of the ratios is

B AR DI ) |r:
v lin P I 1F
T gt il : a s ||

Hence, the senes converges lor all a: and the interval of convergence is .

2. Find the interval of convergence of the Maclaurin series for In('t -+ ).
The general term of the series is [ 13"~ r" /o so the limit of the ratios is

L I .
@® An—1): . T
#| = ||lli |

r = lun sl ==

PRI

n—oo | — 1

47

Hence, the series converges tor all x| < 1. Since the function is undetined at

x = -, the series cannot converge there, By the alternating series test, the
serics does converge at v 1L Thus the interval of convergenceis { 1, 1], =

'The ratio and root tests work for a large number of cases. However, there is more
subtlety than is readily apparcnt. Consider the function f{x]  tan{sin(r)). 1L is
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guite difficuit to find a simple expression for the general term of s Maclaurin series.
Naive reasoning suggests that since the sine is bounded by one and the tangent behaves
quite well on [+ 1, 1], there should be no problem for any 2, no matter how large,
Unfortunaicly, iCs not that simple. Try as we mighi, we can never gel convergence
for || = 1.9. See Figure 1.7. What's happening here? The answer requires complex

variables. When = = in(i= (=% 4)¥)/2) , we have sin(z) = 7/2, and

henee flz) tan(sin{ =) is undefined. But that vatue of = is a complex number and

we're only using real values! That doesn’t matter. The radius of convergence is the
distunce (o the nearest singularity, real or complex. And so, {or f{z) - tan{sin(=]},
we can never reach bevond | ¢! & 1ET with a Maclaurin series, even on the real axis.

'T]?(_.'C}

eV

-4 2 L

-2

Fipure 1.7 Graph ol f{z) = ran(sin{a)) and £ (x)

The delicateness ol the radiug of convergence guestion notwithstanding, Taylor
and Muaclaurin series provide powerful tools for analysis. Not only can we use the
serics very ellectively for numerical approximation of functions that are difficult to
compute, but the series also provide important theoretical ols. Taylor series are used
in proods throughout the theory of numerical analysis, Maclaurin scrics can be nsed
as an integral part of the proot of the Weterstrass approximation theorem: Let f be a
contirmous function on the closed interval L. Givern e = (), there is a polveomial p(a)
swch that 1f () - plae)| = cforalt s < 1.

Summary

We have recapitulated the standard wpics of an clementary caleulus course in this
chapter. The order that concepts are presenled here and in current courses is nearly
opposite (o their historical development. It ook over two hundred years [rom the time
that Newton and Leibniz made the crucial connection belween derivative and inteygral
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to the limit-based definitions thar are taught today. Nevertheless, it is remarkable that
the origing of the limit concept can be raced w Eudoxus and even [urther back to
Antiphon’s bounds Tor & from the [ifth century BC, What 1s equally surprising o
students 15 that caleulus 13 not Tossilized and moribund but is still an active area of

rescarch.

EXERCISES
LT letf:X Y wiuhA 31
€' 1 ¢ Y. Prave:

ay flAr By C fiAin i)

N oand

by FlAL B SiATU S
o) F{f ey co
d) AT NfAD

1.2
for which

ay f{/ ) £

by A/ A
1.3 Who was the lirst Lo write flx] Lo
denote a function?
1.4 Describe the behavior of the two
functions fix} = [ax 4+ 8 and gie) -
|ee| o |B! Tor various values of a and b

Give examples of [unctions and sels

1.5 Compare 3 - sin{aresinie)) and

= avesingsine].

L6 Prove the treiangle inequality: For
sy IR

le gl <l 4w

1.7 Prove the inverse trinngle inegual-
iry: Yora, < R,

ol = pl| = el - T
1.8 Who lirst used the notation
i Fir]
PSR 4 §

1.9  Determine ihe value of

a) for any real number a = 1),
by for any real namber a < ().

1.10  Find the value of

F b | )t
Ji—l) ’

for » o= (.

11T Using ¢
no d O satisfyving the definiton of the

54 show that there 1s

limit for the unit step function al ¢ =
0. Conclude that Huw,_p (2] does nol

exist. (Hint: Suppose the limit is L. For
any & 7 0, choose a & (0, 6} Consider

both £/ iwg) — £ and 1 {—wy) — F)2)
1.12  The timil
O
FiaaT) w(#) =1
n—a

is important in caleulus.
a) Lse the sandwich thecorem o
prove this limit.
b Use a geometne argument basced
on arcas and the unit circle to
establish this limit.

13 Calcwiale the imil
1 —eosid
i - — —
6§ ) }
1.14  Compute
A
I -
y—1 oy — |
1.15  Find
Vw2234
Lm;) _

R ] e 3



a} by graphing,
b} by rationalizing the numeralor.

1.16  Create a set of limit problems for
an elementary caleuius class iltustrating
the main techmigues.

1.17  Create a set of limit problems tor

an clementary caleulus cluss illustrating
the main pitlalls,

1.I8  Compare and contrast the ap-
proaches used in standard caleculus text-
books such Granville et al. (1901,
Thomas (1968} Finney et al. (19991, Os-
lehee & Zom (2002), and Stewart (2009)
o the limit concept.

119 For cach ol the three conditions
listed for the delinition of continuily, give
examples that fail to satisfy that condition.
120 Show that a polynomial is contin-
uous everywhere,

1.21  Give an example lor cach kind of
the [our types of discontinuity listed 1n
Table 1.1.

1.22  [sthe function
. et = =1 x=
f{x) .
L otherwise
conlinueus at 2 = ()7
123 Diiscuss the continuity off

gy w r

1.24  Choose a value of a so that

€l

] -
t— w4

. —wr—1
hir) =

is continuous everywhere,

1.25  Dueterruine the points of conluily

ot the function

kizy =
) B otherwise

EXERCISES a7

126 Letr{z) = ple}/g{e) be aratio-
nal lunctiom. [f the degree of pis and
that of ¢ 1s 7n, what is the lurgest number
ol discontinuities that » can have? The
smallest?

£27 It [ is continuous at ¢ and g is not,
then f — ¢ is not continuous al «. Can
f g becontinuous at « when neither f
nor ¢ is continuous al «?

1.28  Prove that the composition of con-
tinueus [unctions 15 continuous {Theo-
rem 1.8) by using Theorem 1.7.

129 Give examples showing that each
Ly pothesis, continuous and closed inter-
val, is necessary in the intermediate value
theorem.

L3 Compare and contrast the ap-
proaches used in standard calculus ext-
books like Granville ctal. (1911, Thomas
{1968), Anton et al. (2009), Finney et al.
(1999}, Ostchee & Zorn (2002), and Stew-
art (2009 o continaity.

1.31  Wrile caretul definitions for left-
and right-hand derivatives at a point.
132 Let f{a) = o 222

a) Compute f(3].

b} Compute [*(3).

¢} Compute f(r).

d) Compute ().
1.33  Lixplain why any tangent line 1o a
parabola intersects the curve exactly once,

1.3 Find the derivative of

gizy  Infe+In e+ lufx))].
1.35  Compute the derivative of
- |
My —

|1
[



38 ELEMENTARY CALCULUS

without first simplifying the
complex fraction,

i

b} aller simplilying the comples

fraction.
Let k() = % - B4 2

a} Find the equation of the line
tangent o b ate 172,

b Tind all interseetion poials of L
and k.

¢) Graph /. and & together.

Let fle) - - 3002

a) Find the equation of the line 2V
nomal o kat e = 1.

b) Find ol ntersection points of
Nand k.

¢) Graph N and & together,

1.38  Write the derivative rules

a) for the six trigonometric func-

tHons,
b} Torihe six inverse trigonometric
functions,

1.39
prove

Using the convention ' = |

il

Cos {norned A0 |:

() = cos ]

lorall 7 ™,

140  Consider logarithmic derivatives:
a) Lixecute the [ollowing
Maple staiemients several titnes.
= [segfrand(-3.930), k=143
p = cxpand(
productix-r k], k=1..4));
dp = difftladp), x):
dp = convert{dp, partrac, X3
What do you observe?

lour

) 1.etple) be o polynomial, Com-

pute
U'I Tn(piny
— syt
f_f_rlf_.' ‘.; . JJ

1.41  Dnflerentiate y = ",

142 What is the minimum value of the
[unction

1.43  'I'he distance by bus [rom New
York (o Boston 1s 215 nailes. A bus driver
gets paid S19.50 per hour. The cost of
muning the bus at a steady speed of v miles
per hour is (1.50 | 0.005r dollars per mile.
The minimum and maximunt fegal specds
on the roads are 40 and 55 miles per hour.
What steady speed minimizes the wotal
cost of a noustop wip?

144 A larmer wishes W fence a reclan-
culur licld and o divide the field in half
with another fence. The outside fence
costs S1 per foot, and the fence in the
middle costs 83 per foor. If the farmer
has budgeted 51000 for tencing, what di-
mensions inaximize the total arca?

145 A cvlindrical grain bin of radins
10 teet and height 30 feet is being filled
with corn at the rate of 3 cubic feet per
minute. Liow fast is the depth of the com
increasing?
a) Assume the corp is spread in a
uniform layer,
b} Assume the corn talls in a coni-
cal pile constrained by the bin
wlls.

L.d6 Compare and contrast the ap-
proaches nsed in standard calculus text-
books like Granville et al, (1911), Thomas
(1908}, Cinney ot al. (1999), Ostebee &
Zorm {20023, and Stewart (2009) 10 deriva-
ives.

147 Usea computer algebra system (o
geerale @ random, lilh-degree polyno-
mial pla}. Detine Newton's method fune-



tion N(x) by

p(’:;‘j_
)

Nrw)=mx—

Find the smallest positive root v
hy iterating NV, starting with an
initial guess taken from o graph.

a)

b Deline o new iterating [unction
. )
Mx)=wr— ==
. o ()

What is the result of iterating A/
wilh the starting value » found
n parl a?

1.48
that

Use a geomenic avgument (o show

e |
Vit —atdr = s
. i -

for v = 1

149  Compute

%

a} / V'j i } -t
. SN (S )
[
¢} / ! i

il
NERYAZE

Compute

1
a) / |
Jo

T
sin(a)
Jo T

| ,
2n (\/r — :rtz) Tl

S

1.50

h)

1.51  Find an equation for the curve puss-
ing through the point {2. 1] and having

slope ¥ 2z% e} at vach point
(. u).
1.52  Find the gecometric area between

the sine and cosine curves from 0w 2.

EXERCISES 39

1.53
inlegrale

Use a computer algebra system (o

/hi]] (t t")) ot

Investigate the result,

.54 Let f be integrable on [a, 4] and
be bounded above by 47 and below by .
Prove

s
b —ad = fleddr <MD a)
1,55  Consider the function
4ot 14 i
Liz) = "—u—
o |

) Show that '{:x) ™ and con-
clude that L s an antidenivative
lor ™.

by Calculate

lim Folx}

nw——I1
How does this result relate to
part a?

1.56  Usc a graphing utility lo construct
an accurale Cthree-rectangle diagram™
showing upper and lower bounds und the

) 4 :
average value for the integral f ¢ ™ dir,

1.57
a caleulator to make the u)untupdrl of
Tabie 1.2 Tor the mtegral [ sin{ur) /o e

Use a computer algebra system or

L.58 Compare and contrast the ap-
proaches used o siandard calculus text-
books like Granville et al. (1911), Thomas
(1968), Anton et al. {2009), Finney ot al.
(1999}, Osicbee & Zom (2002), and Siew-
art (2009}  the concept of integration,

1.59
of sequence fimits.

Prove Theorem 1.32, the algebra
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1.60  Determine whether the given se-
quence comveraes,

w1
ay dy o 1P — —
1t
il
b} bn - ;
. !
(-‘J . =

206, (2m)
1.61  Determine whether the given re-
cursively defined sequence converges.
a) g, VE | pr—y Tor nowe
and py — V2
ffr.-.—__] Y P

b) 4, tor o = 2
withgy  Oand gy |

¢y fo Far b fuoafora = 2
with fi; ~ 1and f, ]

1.62

[Does the sequence

Supposc that ¢, converges to (.

converge or diverge?

1.63  Suppose that o, comverges (o1,
Moes the sequence

EI
o, s ( . ) e,
2

converge or diverge?

1.64

for

Investigate the Maclaurin series

a) tan(xl,

b} seclr).
L.63  What value of the center o gives
the best Taylor Tourth-degree polynomial

approximation oy - o™ on the interval
[—1.1]?

1.66
ticns <o not have Maclaurin series.
a) [ir)
b) g(r]
¢} b}

Explain why the following tunc-

]
lnfr]

cotl )

dy kie) = Ju
1.67 Timd the Taylor expansion {or
. 1
,r (:J“) =
TV et

centered at e (),

1.68 Tt 't be the nth-degree Maclau-
rin polynomial of aresin .
a) Tind T, forn - 16L
b) Plot 7, and arcsin together for
7= 3, 6. 1tk

1.69  Le fix) = wanfcos{e]].

a) Produce graphs ol several Tay-
lor polynomials ol f for dilfer-
ent choices of 7. What do you
observe?

Using a 3D graphing utility, plot
sleoy) = |f{e + dy)] in the
window [ 2, 2] x "=2,2]. How
does this relate Lo part a7

b)

Lei i be the imaginary unit /—1.
a) Caleulate all the integer powers
ofl 4.

Substitule 2 in the Maclaurin
expansion of ¢,

1.70

b)

¢) Scparale the cxpansion of ¢+
into terms with ¢ and terms with-
oul,

Compare the results above with
the Maclaurin expansions of
sinc and cosine.

d)

e} Wrile Euler’s identity

i

[ = ...

1.71  Who said,

I searn ter heve boen like a child
Maying on the sea shore, finding
now and then a prettier shell
than ordinary, whilst the prear
cceant of trith fuy undiscovered
hefore me,
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1.72  Who said,

CORCEIVING S CQUNe OF Feason,

. wr a pusteriori when expericnee
I herdd thar the mark of a gen- ! - _" i
L, , pee teaches us that i s im fact in
wine idec iy that its possibility :
. . fLRtiere.
can be proved, either a prioe by

Now thatl vou have (inished looking back at caleulus, iCs time w begin analysis
There is one Last assignment, however— reflect on Monds Kline's comment:

Comtrary to common belict, the caleutus is not the height of the so-called “higher
mutthematios.”™ I0is, i fact, only the heginming,



INTERLUDE: FERMAT, DESCARTES, AND THE TANGENT
PROBILLEM

I we were w weach culeulus Tollowing the order thal topics were originally developed,
we would start with integraton, then study didiereatiation. and tinally consider
limits -the exact opposite of modern cliasses,

Eudoxus of Coidus (108 355 B.C.) based his results concerning arcas and volumes
on his merhod of exbisiion. The term “exhaustion™ refers (0 the dilTerence in arca
or volume of a given objeet 1o the approximaling regular figures being “exhausted”
or “used up.”” Eudoxus would recognize (he illustrations of approximailng sums
for a definite integral shown in modern calculus exts, The method of exhanstion
was the main (ool used o prove quadrature formulas (our definite integrals) up o
the time of Fermat. Cavalicri had developed formulas for the integral of 2™ for x
troom ) to a using “indivisibles™ in his 1633 text Geometria indivisibilibus. Thesce
indivisibles became Newton's sroments and Leibniz's differenrials. Cavalieri’s book
was extremely influential and widely read by mathematicians ol the 1600s [see
O Comnor & Robertson (2008)].

The tangent problem  -canstruct a line tangent to a curve at a specified point—is the
generalization arising from Fuclid's definition of the tangent o & circle. Archimedes
gave methods o construet waneents o spirals and other curves. Descartes, in his
Gégmétrie, considered “algebraic curves.” or curves with simple algebraic formulas,
and rejected “mechanical curves.” While Descartes used algebra heavily, his approach
wuy really bused on geametry, Fermat used algebra with infinitesimals, possibly based
on Cavalieri’s indivisibles, and approached the langent line problem in a fashion
similar (0 whal we do in classes today.

Let's consider the problem of finding the tangent line to the curve i7 = 3 at the
pomt {3, 31 using both Descartes™ and Fermat's methods.

Descartes’ Tangent Circle

Descartes” technique was o find a circle centered on the r-axis that was tangent o
the curve at the point in question and then recognize that the normal w the radius at
that point forms the tangent to the original curve. See Frgure L1,

Begin by looking al the equation ol a circle centered on the r-axis at (4, 0) and

“

passing through the point (3.3). The cirele’s radius is - S13 A2 I 32, Tlence,
I 7 2 2 L3 1
i S T h> Gho 13

Substitute ¥ 3.4 to have the curve and circle intersect. Apply a little algebra to

obtain
27 Dl | B o 6ho- 18 -0

A erucial observation is that the circle is tangent to the curve when the equation
above has @ single rool, ic.. 4 single interseetion in the neighborhood of 3. Since
the roots are 3 and 2h 6, we take b D72, Descartes” compulation reduces the

42
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Figure L1 Descarles Tungent Cirele

problem Lo the simple task of finding a line passing through {3, 3) and perpendicular
(o the segment joining (92,0 w (3.3}, The desired tangent 15 easily calculated to be
Yy - 1 ;2 . I{','T' - :” + 1.

Note that Descartes does nof use limits—even implicitly—in his calculations.

Fermat’s Similar Triangles

Fermat’s lechnigue is based on similar triangles. When the tiangles coincide, the
hypotenuse lies on the tangent line. See Figure 1.2

Fermat starts by drawing the line tangent to the curve at (:3,73). He then creates
trinngle 202 AT by dropping a linc o the r-axis. Add the length £ w point A o
ereate 4 new triangle AO B, Set the length of the segment €24 (0 be s then the
length of 8 15 s -+ £ Since the two triangles are similur, the ratios of the legs are
equal. At this point, Fermat substitnes f{3 + £ = /3(3 + #) for the length of
IiF, claiming that the error disappears when £ = (). Thus

» 3
)RR

Solve this expression {or s, Do the algebra!
3 . !
§ o : so= 33 B3
(\ 33— FE]— 3) ; E

With 7 = 0. we have s = 6.

The criticad observation is that the stope of the tangent line s cqual to the leagih of
A divided by s. Hence the slope is 3/6 = 1/2. The equation of the tangent linc is
givenby iy = 172 (x - 3] + 2.
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Figure L2 Tecmat's Similar Triangles

Conclusion

Descartes’ technique did not involve using inlinitesimals and lewing values not be
zero for simplification, then be zero Tor completion. Because he relied on standard
algebraic manipulation, Descartes” approach could be rigorously defended. Tlowever,
his methad was Himited to simple algebraic corves by the nature ol the compulations.

lermal’s technigue implicitly uses a limiting process as 7 goes to zero. Fyen
though there was no contemporary logical justification. Fermat’s approach handled a
wide variety ol curves and produced results that were correct.

Unloertunately, Descartes and Fermal became entangled in a controversy over
priovicy. Finally, Descartes adnuitted that Fermat's method was the more general, but
the enmity between them was never overcome.



