1
Basic Concepts of the Probability Theory

In order to formulate the theoretical concepts that will be crucial for the subsequent
chapters, we must first mention some basic notions of the probability theory and
their further ramifications. This chapter provides a brief outline. The interested
reader will find a more detailed discussion of the relevant topics in textbooks and
monographs on the probability theory and statistical physics (see the list of refer-
ences at the end of the chapter).

1.1
Events, Set of Events, and Probability

Some of the typical situations considered in this chapter are as follows: a particle is in
small volume (elementary volume) that includes a point X; N particles are in a small
region of space; N; particles of type 1 and N, particles of type 2 are in a certain
region. Speaking more generally, we shall be dealing with situations having to do
with particle positions in space at different instants of time. Every such case can be
thought of as a specific realization of some event. We shall define an event as an
element of a certain space of events. In what follows, we will most often be using
vector spaces defined by vectors X (X, X5, . . ., X,), where X; are real numbers. The
probability theory introduces the notion of a set of events. Then the condition that an
event ® belongs to a set of events A is written as ® € A.

Consider an event of finding a particle in some volume element AV centered at a
point X. Let all such events form an ensemble of events denoted as A(AV, X). It turns
out that it is possible to determine whether the particle is in the vicinity of X, but it
makes no sense to determine whether the particle is exactly at the point X. Physically,
the probability of finding a particle exactly at some given point is zero. As an
idealization one can consider a probability distribution given by a delta function,
in which case the probability can be a finite number, and it is associated with an
infininesimal interval around this point as the interval tends to zero. Let ®(X) denote
the event that a particle is found in infinitesimal volume element centered at X. We
can then ascribe a certain probability to the condition o(X) € A(AV, X). This is just
the probability for the particle to be in the volume element AV centered at X.
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The probability P(A) of a set of events is defined as a function of A which satisfies
the following probability axioms:
1. P(A) >0 for all A;
2. PQ)=1;
3. if {A;} is a finite or countable sequence of non-overlapping
sets, that is, (AiN Aj=¢), then P(UA;) = > P(Ay).
The two consequences of these axioms are:
1. P(A) = 1-P(A);
2. P(¢)=0.

Here N and U denote, respectively, the intersection and union operations on sets;
Qs the set of all events; ¢ — the empty set; A — the complement of a set A, that is set
of all events not belonging to A.

Coexisting with the notion of probability is the notion of frequency of an event. To
understand the difference between probability and frequency of events, consider an
event o selected at random from the full set Q. The number of occurrences of ® € A
in Ntrials gives us the relative frequency of realization of the event ® € A. When Nis
increased, the relative frequency goes to the limit P(A), which is defined as the
probability of the event A. At N>> 1, it is safe to assume the relative frequency of an
event to be equal to the probability of occurrence of this event presuming that
relative frequency has been normalized.

The axiom 3 is given for a finite or countable number of sets. But often it is
necessary to deal with uncountable infinite number of sets. For instance, when
studying the motion of particles under the action of external forces, one has to deal
with sets of particle positions in spacetime. Let Xis the position of a particle in space.
The probability for the particle to be exactly at point X (it would then belong to a set
consisting of only one element) is equal to zero, while the probability to find the
particle in the vicinity of that point (that is, in the finite volume element AV centered
at X) is nonzero. The region AV can be visualized as a union of an infinite number of
one-element sets of the type X. A direct application of axiom 3 to this case would
produce an uncertainty of the type 0-oco. Therefore the axiom 3 is unsuitable for
infinitive sequences of sets, and the probability for the event to belong to the set AV
cannot be obtained as the sum of such probabilities for the sets XC AV.

Axiom 3 is applicable only to incompatible events, that is, mutually exclusive
events that belong to non-overlapping sets. Consider now the case of intersecting
sets and overlapping events, that is, events belonging to two or more sets at the same
time. Such events are called joint. Consider two sets A and B, whose intersection
AN Bis not empty. We say that o belongs to the intersection (@ € AN B) if ® € A and
o € B. Then the probability of the joint event @ can be written as

P(ANB) = P(0€A and weB). (1.1)

As examples of joint events, consider two situations, which will prove to be of
interest further on:
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1. At a given time, the volume element AV centered at the
space point X contains N; particles of type 1 (first event) and
N, particles of type 2 (second event). The probability of
this happening is given by the joint probability of both
events.

2. Avolume element AV centered at a space point X contains N;
particles of type 1 and N, particles of type 2 at the time #; (first
event) and n, particles of type 1 and n, particles type 2 at the
time ¢, (second event). The probability of the joint event is the
joint probability of both events at times ¢; and ¢,.

Sometimes one is interested in the probability of an event given the occurrence of
some other event. For example, we may want to know the probability of finding a
particle in a volume element AV centered at the point X at the time t given that at the
time to <t, it was located in a volume element AV, centered at the point X, # X.
Actually, we consider the set of all events C, where C denotes an event of finding the
particle in the volume element AV at the time t. The particle could get into this
element from any initial spatial position (with different probabilities), but we are
interested only in some of those positions, that is, in a subset B of the set A. The
probability of such an event is called a conditional probability. Conditional proba-
bility is defined as the probability of realization of an event w € A under the condition
that ® € B and is equal to

P(A|B) = P(AN B)/P(B). (1.2)

The theory of stochastic processes is based (to a considerable degree) on the notion
of joint probability. In this context, let us mention an important property of the joint
probability. Suppose the full set Q is divided into non-overlapping subsets B;, that is,

BiﬂBJ‘:q) and L‘JBL‘ZQ.
1
As far as

U(ANB) =AI(UB) = ANW = A

1

and (see axiom 3)
> P(ANB;) = P(U(AU By)) = P(A)
we find from (1.2):
ZP(A|Bi)P(Bi) = P(A). (1.3)

Thinking of the subset B; as a variable, one can see from the last relation that
summation over all mutually exclusive possibilities (i.e. over all sets B;) eliminates
this variable from the outcome.
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Yet another important notion is the notion of independent events. Two sets of
events A and B are called independent if the probability for an event to belong to set
A and the probability to belong to set B are not correlated. Then

P(ANB) = P(A)P(B). (1.4)

1.2
Random Variables, Probability Distribution Function, Average Value, and Variance

The concept of a random variable is of primary importance in stochastic processes. A
random variable F(X) is defined as a function of the element X of the space of
probabilistic events X. An event is specified by X, so X now stands for the event
previously denoted by ®. The examples of random variables include position, mo-
mentum, and spatial orientation of a particle driven by random external forces
(Brownian motion, motion in a turbulent flow). The introduction of a random
variable notation simplifies operations with functions of random variables, calcula-
tions of random variable distributions, of averages and other statistical character-
istics of distributions. Furthermore, the introduction of continuous random vari-
ables enables us to operate with stochastic differential equations and study the
change of random variables in space and in time in the same way as we study
deterministic systems by using differential equations.

The frequency (or probability) of realization of a definite event is equal to some
value between zero and one. If the events are mutually exclusive, the sum of
probabilities must be equal to one. This means that one of the events will realize.

Statistical mechanics is usually concerned with continuous random variables, that
is, variables that can assume a continuous range of values. As far as the probability to
get any given value from a continuum of possible values is zero, and the sum of all
probabilities is one, it is necessary to look at the probability of realization of an event
that is associated with an infinitesimal interval (set) of values rather than a single
value. This probability is also an infinitely small quantity having the same order as
the length of the interval (measure of event) and so is proportional to the measure of
events, that is, to dX. Thus the probability that a random variable is contained in the
interval (X, X+ dX) can be represented as

P(X € (X, X + dX)) = p(X)dX. (15)

The function p(X) is called the probability density function (PDF) or simply the
probability density. The condition that the sum of probabilities for a continuous
random variable is equal to one can be written in the integral form:

memx:1, (1.6)

X

where X is the domain of the n-dimensional space in which X varies. The relation
(1.6) can be interpreted as the normalization condition for the PDF.
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The introduction of a PDF enables us to find statistical characteristics of the
distribution of a random variable X. The most important of them is the average
value (aka mean value, or expectation value) of a random variable or random func-
tion:

() = |00 pxax. 7)

X

If X is a vector in an n-dimensional coordinate space, then (1.6) and (1.7) can be
written in the coordinate form:

J J J X17X2,...,Xn)p(Xl,Xz,...,Xn)Xm,dXz,‘..,dX,, =1.

o-f)

Another statistical characteristic is the variance o2, For a one-dimensional space,
the variance is defined as

8%8

J ){1,){27 .. .,Xn)p(Xl,Xz, .. .,Xn)dxl,dXZ, .. .,an.

o = j(f—< £ p(X)dX. (18)

The square root ¢ of the variance is called the standard deviation. Sometimes the
PDF has the form of a function with a sharp peak at the point X= Xj. In limiting case
it is infinite at X=X, and zero at X# X,. Such a case arises when we idealize a
process. For example, we can choose to regard a mass that is continuously distrib-
uted in a small volume element centered at X, as localized at one space point Xj (i.e.
as “point mass”). Than the density of the substance differs from zero only at this
point and the integral (1.7) has the meaning of the total mass. A similar reasoning
leads to the concept of a point force — the net force with which we replace a force that
is continuously distributed over a small volume element. To ensure the existence of
integrals of such functions, we have to extend the notion of a function, what is
achieved by the introduction of generalized functions.

13
Generalized Functions

The simplest and most extensively used generalized function is Diracs delta func-
tion §(X — X), which can be defined as the limit of following sequence (sometimes
referred to as “delta sequence”):

5
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m n
8(X—Xo) = lim (—= —m*(X—Xo)). 1.9
(X-X0) = fim () exp(-m(X-X0)) (19)
Here n is the number of dimensions and, accordingly, X is an n-dimensional vector
with components Xj, X, .. ., X,.. Eq. (1.9) can also be written for one-dimensional
sequences of X;—X?. Then the following identity will hold:

(X1 —X)8(30—XY). . .8(X,—X?) = 8(X—Xo). (1.10)

The limit on the right-hand side of Eq. (1.9) is 0 at X# X, and +oc0 at X=X,
Therefore Diracs delta function is not a function in the usual sense and should not be
interpreted as giving the value of the dependent variable at each point. What is
important, however, is that this function is still integrable, and behaves similarly to
ordinary functions in its capacity as an integrand. In particular, the integral of the
scalar product of Diracs delta function §(X — Xo) and an ordinary function ¢(X) equals

(8(X—X,), p(X)) = JB(X*XO)(P(X)dX

X

- i [(2) " exp(—m (X Xo))0(X)dX = p(Xo0)

m — oo

provided the domain contains the point X,,.
Thus, by its definition, the Delta function has two basic properties:

s00-{7 o 7% (1112
JS(X—XO)(p(X)dX — 0(X,). (1.11b)

X

In the particular cases ¢(X) =1 and ¢(X) =X one gets:

JB(X—XO)dX =1. (1.12)
and
JS(X—XO)XdX = Xo. (1.13)

Hence, according to Eq. (1.7), 8(X—X,) can be taken as a PDF such that the
random variable X has the average value X,. For the one-dimensional case, the
following equality can be written:
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(X=X0)8(X—X) =0
or

X3(X—Xp) = Xod(X—X). (1.14)
Taking ¢(X) = (X — Xo)%, we can write

JS(XfXO)(XfXO)ZdX = (Xo—Xo)* = 0. (1.15)

X

The left-hand side of (1.23) coincides with the definition of the variance for the
PDF §(X — Xo). Thus, its variance is zero, and the delta function describes the case
when one knows for sure that (X) = X,.

The (one-dimensional) Cauchy sequence is not the only sequence converging to
the delta function. For example, the sequence

§(X—X,) = lim €

1.16
sﬁon(X,Xo)ZJrsz ( )

can be used as an alternative representation of the delta function.
The delta function is an infinitely differentiable function. Its derivative can be
defined by differentiating the integral

d
[ 000 80x-x0)ax
by parts and using the property (1.11):

j6’<x—xo><p<x>dx - j6<x—xo><p'<x>dx = (%), (117)

X X

from which there follows a useful symbolic equality
§(x)= -2 (x+0)

In the more general case, one can write

8(X)
xr’

87 (x) = (-1)" (X40, r=0,1,...). (1.18)

If a function Y= f{X) is single-valued, that is, if it can be solved with respect to X in
a unique way, then X=f'(Y) and

7
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S(Y— (X)) = W (1.19)

A similar relation takes place for a vector function Y=f(X):

S(Y—f(X)) = w. (1.19)

where A is the determinant of the Jacobian ||0f;/0X]|.
The delta function can be connected with the unit step function (Heaviside function)

defined as

0, for X<O,
H(X)_{l, for X>0

through the symbolic relation

dH

8(X) == (1.20)

If there is more then one independent variable, one has to use partial derivatives
of the delta function. For example, if we take the delta function as a generalized
vector function d(X— Xy), its gradient is defined as

(1.21)

B(X-X,) (06 08 05
X '

d=———— =525
v 0X;'0X, 70X,

1.4
Methods of Averaging

When looking at the hydrodynamic characteristics of a turbulent flow or at the
motion of particles under the action of random external forces, we notice one
distinguishing feature shared by these two types of motion: the presence of random
fluctuations. Because of fluctuations, the dependences of hydrodynamic field para-
meters on spacetime coordinates, and the configuration of particles in space at
different moments look irregular and have a confusing pattern. If a process is
repeated multiple times under the identical set of initial and boundary conditions,
the observed values of field parameters and particle positions will be different. This
necessitates the use of averaging methods in any study of random motions. Aver-
aging allows us to make a transition from irregular characteristics to much more
smooth and regular mean values. In practice the mean value is determined by
averaging over the time interval,
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T/2
1
G0 | oo (122)
-T2

or by averaging over the considered spatial region,

()=, @60 FOX+ 2 nas (123)

v
or, most generally, by spacetime averaging,

T/2

FX ) = %J J o(x,7) F(X +x, ¢+ )dxd, (1.24)
V_T2

where o(x, t) is the weight function.

We can also introduce the autocorrelation function ¥(t), which is defined as
follows: take a random function f{t) at one and the same point of space but at
instances of time ¢ and ¢+ 1, form the product, and find its average value over the
time interval (0, T) for T— oc:

T
¥(1) = lim %J F(O) £+ ). (1.25)

This function plays an important role in many applications.

The three types of averaging mentioned above have one drawback, namely, they
apply to only one instance of the process under consideration (turbulent velocity
field, etc.). Another shortcoming is that one is faced with the problem of choosing
the most convenient weight function.

If the process is repeated multiple times under the same initial conditions, we are
dealing with many instances of the same process. In this case one can talk about a
statistical set of identical processes (flows, particle motions etc.) taking place under
fixed initial and external conditions. Let one and the same experiment be replicated
N times under the same conditions, yielding different values u; of one and the same
parameter, for example, velocity u. By averaging the velocities u; observed in a
discrete set of similar tests, we obtain the mean value

1 N
<”(X7 t)> = Nzuiv
i=1

which is called the ensemble average. In many cases the ensemble average proves to
be stable enough, in other words, the outcomes of a sufficiently large set of experi-
ments show a very small variance.

9
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Let a continuous random variable u (—oo < u < 00) be characterized by the PDF
p(u). If we are interested in the value of u at one and the same space point M, then
p(u)du signifies the probability for u to be found in interval (u, u+ du). Then the
ensemble average of u is

(u(X,t)) = Jup(u) du. (1.26)

By analogy, the ensemble average of any function F is equal to

oo

(F(u(X, 1)) = jF(u)zo(u)du. (1.27)

—oo

Now, let u be measured at different spacetime points M;= (X, t), M=
(X2, t2), ..., My=(Xn, tn). The resulting values of u are denoted by uq, u,, ...,
uy. We then introduce the N-dimensional PDF p(uy, uy, . . ., uy), where p(uq, 4y, . . .,
un)duidu, . . . duy means the probability of finding u; in the interval (u;, u; + du;) . We
have used a common convention where the index stands for all N variations, that is
(ui, ui + du;) = (ug + duq, . .., uy + du,). The average of any function will be written
as

(Fy = [ J...JF(ul,uz,...,uN)p(ul,uz,...,uN)dulduz. .. duy. (1.28)

By introducing an N-dimensional vector u(uq, u, ..., uy), we can rewrite the
relation (1.28) in a more compact form:

(F) = [ F(u) p(u)du. (1.29)

Multidimensional PDFs are especially important for studying the behavior of an
N-particle system in a random field of external forces. If u; denotes the coordinate of
the i-th particle, then the above-introduced PDF is called a multiparticle PDF. One-
particle and two-particle PDFs are of particular interest in applications. Sometimes
the two-particle PDF is also called “pair PDF” or “pair distribution’. These PDFs can
be derived from multidimensional PDFs by integrating them over all possible posi-
tions of the remaining particles. For instance, a single-particle PDF is obtained as

oo

p(X1) = oj J...Tp(Xl,Xz,...7XN)dX2...dXN (1.30)

-8

Such PDFs are also called marginal PDFs.
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If we consider spherical particles of different radii a;, than the PDF p(Xj, ..., Xx,
a1, ..., ay) will be associated with the radius distribution in addition to the coordi-
nate distribution, and p(Xi, ..., X, 81, - .., an) dX ... dXy da; . .. day will have the
meaning of probability to find the N-particle system in the volume element (dX; . ..
dXy) with particle radii lying in the interval (a; +day), ..., (any+day). The corre-
sponding single-particle PDF is

0 oo

p(Xl, al) = J Jp(X17X27 . .,XN, Ay, ..., aN)dXz. . ‘dXNdaz. . .daN. (131)

—oo()

If the radius a must be the same for all particles, then it is convenient to operate
with particle distribution over the radius

n(X,a) = Np(Xv a)7 (132)

such that n(X, a)da is the probabilistic numerical concentration (aka number con-
centration) of particles with radius in the interval (a + da) in the volume element dX.
The multidimensional PDF should satisfy the following properties:
1. p(u) >0;
2. |7 p(u)du=1;

3. p(ur,ua,...,un) = p(ui, v, ..., ui), where the set {iy, i,
..., in} is formed from the set {1, 2, ..., N} by changing the
order.
4. p(uq,ug, ..., uy) = J J J p(ur,ug,. ..,
Upy Uni1y - - UN)BUpy1 - .. duy for n<N;
5. For independent random variables u;, u,, . .. , uy, there holds:
p(ur, vy, ..., un) = p(uq) p(ua), ..., p(un) (1.33)

Property 3 is known as the symmetry property and property 4 — as the consistency
property.

It is now time to discuss the connection between different types of averaging. In
practice, we use time or space averaging rather than ensemble averaging, because
the latter requires a large number of experiments. In Statistical Mechanics, ensem-
ble averaging, that is, averaging over the set of all possible states, is often replaced by
time or space averaging, with the implicit assumption that by increasing the aver-
aging interval we can always make the average values converge to the corresponding
ensemble averages. This assumption is called the ergodic hypothesis, or, in those
special cases when it can be rigorously proved, the ergodic theorem.

When studying such problems as the flow of a disperse medium or the filtration
of a fluid through a porous medium, one often uses the so-called Saffman step

1
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function:

0, for X inrigidbody,

H(X) = { 1, for X in fluid. (1.34)

This function depends on statistical parameters of the distribution of moving
particles of the disperse phase or fixed particles of the porous medium. After
averaging over the particle ensemble, we get

(H(X)) =1-9, (1.35)

where ¢ is volume concentration of particles.
One can use the Saffman function to perform space averaging of hydrodynamic
parameters. For example, the velocity of the fluid u will be averaged as

u= (Hu)/(H) = (u)/(1-9), (1.36)

where # is the mean-flow-rate velocity through the microcapillaries of the porous
medium. It should not be confused with the ensemble average (u), although for a
highly permeable medium (¢ < 1), the two velocities are equal: (u)=i.

1.5
Characteristic Functions

Instead of using the PDF p(uy, u,, ..., uy), it is often convenient to use its Fourier
transform:

oo oo )

. N
O(P1:P2s- - PN) = J J J eXP{inkuk}p(ul, Uz, ..., Un)dunduy. . duy
e k-1

—oo—o0

or, in the vector form,
o(p) = J P p(u)du. (1.37)

Here p is an N-dimensional vector with components (ps, p, - - ., pn)- The function
¢(p) is called the characteristic function or the moment-generating function.
Because of Eq. (1.29), it can be represented as

o(p) = (¢**). (1.38)
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If the characteristic function is known, then the PDF is obtained as the inverse
Fourier transform:

p(u) = Je’i"'“tp(p)dp- (1.39)

So, the knowledge of the characteristic function is tantamount to the knowledge of
the PDF. Hence the properties of the PDF are readily obtained from those of the
characteristic function. The normalization condition for the PDF means that

o(0) =1. (1.40)

For independent random variables we have, according to (1.33):

o(p) = 9(P1)9(P2)- - -O(py)- (1.41)

The symmetry and consistency properties of characteristic function follow from
properties 3 and 4 of the PDF:

(p(plvpzw"?pN) :(p(pi17piz7"'>piN)7 (1'42)
(P(pp p27 e pn) = (P(pp p27 e pm 07 07 e 0)’ (1'43)
where iy, i, . . ., iy is any combination of non-repeating numbers 1, 2, ..., N. In the

last relation, n < N and the number of zeros is equal to N — n. The property (1.57)
allows us to obtain the characteristic function for a smaller number of dimensions
(smaller number of particles) from the N-dimensional (N-particle) characteristic
function, and then to get the corresponding marginal PDF by using the inverse
Fourier transform (1.39). Therefore one can specify all PDFs, describing random
variables at all possible points, through a single characteristic function known as the
characteristic functional. In particular, for one-dimensional random function u(X)
defined on a finite interval a < X < b, the characteristic functional is

b

(I)(p(X))—<exp in(X)u(X)dX > (1.44)

a

where p(X) is a function selected in such a way that the integral in the exponent
converges. The left-hand side is a function of a function, which is why it is called a
functional.

If

p(X) =D _pd(X-Xy),

13
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then Eq. (1.44) gives us:

D(p(X)) = <eXp{inka}> =@(P1,P2- - Pn)s (1.45)
k=1

Thus the characteristic functional turns into a characteristic function of the multi-
dimensional PDF for u(X;), u(X,), ..., w(Xy). Additional information about the
characteristic functional can be found in Section 1.15.

1.6
Moments and Cumulants of Random Variables

To solve a specific problem in a rigourous way, one has to specify a multidimensional
(multiparticle) PDF. However, one run into difficulties with this approach because
the PDF cannot be determined with a sufficient accuracy. Furthermore, it is incon-
venient to use because it results in cumbersome expressions. In practice, when
solving applied problems, one usually considers only the more simple parameters
that characterize specific statistical properties of the process. The most important of
these parameters are moments.

Let us consider a set of N random variables with N-dimensional PDF p(uy, uy, . . .,
uy). The moments are defined as follows:

ki k k
Bklkz..AkN = <u1‘ uzz. . ub}’>

= J J .. J u’l‘lu’;. . u]f{,” p(u1, uy, ..., un)durdu,. . duy, (1.46)

where kq, k,, ..., ky are non-negative integers, whose sum K=k; +kp+ ... +ky s
called the moments order. It is evident that moments of the first order are simply the
mean values of random variables uq, u,, ..., un.

In addition to ordinary moments (1.61) one often uses some combinations of
moments. In particular, central moments are defined as moments of fluctuations
(deviations of random variables u,, u,, ..., uy from their mean values):

bk1kz.,.kN = <(u1*ﬁ1)kl (uzfﬁz)kz. . .(I/LNfﬁN)kN>. (1.47)

For N=1 and k; =2, we get the second-order central moment b, = 6*.

If u; are the velocities of a turbulent flow at spatial points x;, then the differences
u; — (u;) have the meaning of velocity fluctuations at these points. Thus central
moments characterize statistical properties of random variables — velocity fluctua-
tions. In the case when u; are the random positions of particles driven by a random
external force, central moments characterize the statistical properties of the disperse
phase in the suspension.

By removing brackets in Eq. (1.47) and making use of Eq. (1.46), we can obtain
connections between central and ordinary moments. The case of N=1 yields
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b1 =0; b= Bz*B?; b; = B3—3B:B; + ZB%;

1.48
by = B4—4B;B; + 6BB,—3B; etc. (1.48)

When #; = 0, the central and ordinary moments coincide. The two combinations of
central moments,

b b
VBi= 2 b= (1.49)
2

serve as statistical characteristics of a random quantity and are called, repectively, the
asymmetry and the excess.

The moments of random variables uy, u,, ..., uy can be expressed through a
corresponding characteristic function @(py, pa, - - -, pn) by comparing the relations
(1.46) and (1.37):

KaK(p(ph P2s-- o pN)
op}'op5. . .Opy!

7 (1.50)
p1=py=-.=py=0

Bl ky = (—1)

from which one can see that moments can also be thought of as coefficients in the
Taylor expansion of the characteristic function:

x Bubobw bk ok
_ K 1K2...KN 1 A% N
PPy P2y PN) = khg;}mt AP LR (1.51)

Thus, if the moments are known, Eq. (1.51) gives us the characteristic function,
and then the PDF follows from Eq. (1.39). It means that the PDF is uniquely defined
by the moments of the distribution.

The other category of combinations of central moments are the so-called cumu-
lants (aka semi-invariants) S,k . Let us introduce the logarithm of the character-
istic function

W(p17p2>~">pN) :ln(p(p1>p27"'7pN)a (1'52)

which is called the generating function of cumulants. Cumulants can then be
defined as the coefficients in the Taylor expansion of \ in just as the moments
were defined as the coefficients in the expansion (1.66):

K Skkky ko N
V(P1,P2s- - P) = kzk thp’{ PSR (1.53)

K05 Q(P1, Py - PN)
Gp’?ap’?. . .ap’;?

, (1.54)
p1=py=-.=py=0

Skikydey = (=)
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Recalling that ¢(0, ..., 0)=1 and taking N=1, we can express cumulants in
terms of ordinary and central moments:

51 :Bl; 52: BZ—B% :bz; S3:B3—3BlB2+ZB? :bg;
Sy = B4—4BB3—3B5 + 12B{B,—6B} = b,—3b3; (1.55)
Ss = bs—10b,b3  etc.
By the same token, moments could be expressed in terms of cumulants:

Bi=S;; By=S5+S% B3=253+355 +S et (1.56)

In the case of one-dimensional PDF p(u) we have the following expressions for
moments and cumulants:

B, — J i = (1) o0l (1.57)
.= (35) ¥Ooo (1.58)

There is a recurrent relation between moments and cumulants. In one-dimen-
sional case it has the following form:

By = 1; Bn—;:%sw”; (n=1.2...). (1.59)

From this relation, one can derive Eq. (1.56).

1.7
Correlation Functions

In statistical mechanics of disperse media as well as in the turbulence theory, one
often encounters random fields described by a random function u(M) of a spacetime
point M. Following the definition (1.46), let us call expressions

Bun.uw(M1, My, .., My) = (w(Mp)u(My). . .u(My)) (1.60)

the k-th order moments of such a field. Generally speaking, some points may
coincide. The number of different points is called the type of the moment. In this
context, one can talk about single-point moments, two-point moments, and so on.
The average values of products of several correleted random functions of different
fields are called mixed moments.
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Consider, for example, the field of velocities in a turbulent flow given by the
velocity vector u(uy, u,, u3). Components of this vector can be regarded as different
mutually correlated random functions. Since the values of velocity components
could be taken at the same point or at different points, there are moments of various
types and orders. Of primary importance in statistical mechanics are two-point
second-order moments known as correlation functions (or simple correlations):

Byj(Mi, My) = (ui(M1)uj(My)). (1.61)

Bj; are the components of a second rank tensor B. It is obvious that the relation
(1.61) could be written in a matrix form:

B(My, M;) = (u(M;)u' (M),

where the superscript T stands for transpose.

When M;, M,, ..., Mgare points in spacetime, the corresponding moments and
correlations are called spacetime moments/correlations. In statistical mechanics
one usually has to deal with correlations of random functions at different points
at one and the same instant of time or with correlations at one and the same point
but at different instants of time. The former correlations are called spatial correla-
tions and the latter — time correlations.

Let us metion some important properties of correlation functions. A correlation
function B,,,,(M1, M) = (u(M;)u(M,)) is symmetric with respect to the pair of points
M, M,

Buuw(Mi1, M3) = Byu(My, My). (1.62)

A quadratic form with coefficients B, (M;, M;) is always non-negative, that is,

ZZBMM(Mi>Mj)}(in =0, (163)
=1 j=1
for all real X;, non-negative integer n and any selection of points My, M5, ..., M,. In

particular, at n=2 the expression (1.63) becomes
|Bus(My, Ma)| < [Buus(M1, My)|'? | Buu(Mz, My)[ /2. (1.64)

In addition to the above-mentioned two-point moments of one random function
at different points, u(M;) and u(M,), one can consider two-point moments of dif-
ferent random functions, u(M;) and v(M,). A mixed two-point moment B, (M1, M)
is called the mutual correlation function. Its properties are similar to those of
“ordinary” moments. For example, the symmetry property still holds:

B,y(My1, M) = B,,(My, My). (1.65)

17
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Two-point moments of orders higher than two are referred to as correlation func-
tions of higher order.
By analogy, one can define two-point central moments of the second order:

b = (M) — (M) (w(My)— ((M)))
= B (M. My)—(u(M)) (M), (166)
b = {(W(My)— (M) (o(My)— (o (M) (167)

Buv(Mh MZ)_<u(M1)> <V(M2)>

The variances of distributions of random variables u and v can be expressed through
central moments:
6:(M) = b (M, M), ©2(M) = b, (M, M). (1.68)

Two-point central moments of the second order relate the deviations of random
functions from their mean values (i.e. fluctuations) at two different points. This is
why they are also called correlation functions of fluctuations.

Another important statistical parameter is the correlation coefficient, defined
as

buu(M17M2) buv(MlaMZ)

V(M) = Gu(M1)ou (M) V(M) = Gu(M1)Gy(My)° (1.69)

As a consequence of the Schwartz inequality, these coefficients satisfy [V,,| <1
and [,,,| < 1. If the correlation coefficient vanishes, the correlation between fluctua-
tions at different spatial points is absent.

An important property that follows from physical considerations is the damping
of correlation between random variables at different spacetime points as we increase
the distance between the points. As the distance goes to infinity, the correlation
function will tend to zero. Of course, the “distance” that goes to infinity can be the
geometrical distance, |X; — X;| — oo at t, =t;, the temporal distance (time interval),
|t — 1| — oo at X, =X, or both.

1.8
Bernoulli, Poisson, and Gaussian Distributions

Let us consider the three distributions that are most frequently used in physical
applications — the Bernoulli, Poisson, and Gaussian (normal) distributions.

Bernoulli distribution To begin, let us formulate the random walk problem, which
will be considered in more detail farther on, in the chapter dedicated to Brownian
motion. A particle undergoes a sequence of random displacements along a straight
line. Each displacement is a step of the same length 1, and each step can be directed
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either forward or backward with the same probability of 0.5. The origin of the
reference system is coincident with the initial position of the particle. Then the
particles coordinate can assume only integer values ... —N, - N+1,...,0,1, ...,
N—1, N.... The probability of finding the particle at a point m after N steps is given
by the Bernoulli distribution,

N
P(m,N) = C(%m)/z (§> , (1.70)
where C(bliv iy = Wm are binomial coefficients.

The mean and root-mean-square displacements of the particle are, respectively,

(my=0, +/(m?)=+N.

In the limiting case where N>>1 and m < N this reduces to an asymptotic
formula

P(m, N) ~ (%) Y e (_ ’2”_@ (1.71)

Poisson distribution  Let N particles be randomly distributed in a volume V. Then the
probability of finding n particles in a volume element v, where v is a small part of V, is
given by the Bernoulli distribution

Py(n) = W(NLLH)' (%)”(1—%)%”. (1.72)

For a given N, Vand v, the mean value of n equals

In the limiting case where N — 0o and V— oo but v remains finite, the distribu-
tion (1.72) tends asymptotically to the Poisson distribution

Vne—v

P(n) =

If v is large and v is of the same order as n, the Poisson distribution is close to the
distribution

1/2 V)2
P(n) = <ﬁ> exp <( 2\7) > (1.74)

o (1.73)
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Gaussian (normal) distribution The distributions (1.88) and (1.92) are both special
cases of the Gaussian (aka normal) distribution. In the general N-dimensional case
this distribution has the following normalized form:

p(ur,uy,...,uy) =C exp{—%ZZgjk(uj—aj)(uk—ak)}, (1.75)

=1 k=1

Here g; are real numbers; gj, are the elements of the positive definite matrix ||gy||;
C=g"?/(2m)N? is a constant that is given by the normalization condition for prob-
ability density (see Eq. (1.6); g=|gj| is the determinant of the matrix ||gi||. The
constants a; and gy, are related to the first and second moments of the distribution
(1.75) (see Eq. (1.46) and Eq. (1.47):

(uj) =aj; bj = ((uj—(uj) (m—(w))) = % (1.76)

Here Gj, = 0g/0gj. is the algebraic complement of the element g, in the determinant
g. It means that the matrices [|g|| and ||b;|| are mutually inverse.
The Gaussian distribution can also represented in the matrix form:

P = {5 ) ) a7)

where b= ||b;|| and b= |by/.
The ordinary second-order moments Bj, can be expressed in terms of the normal
distribution parameters according to Eq. (1.76):

By = <ujuk> :%Jrajak. (1.78)

We see from Eq. (1.76) and Eq. (1.77) that the first two moments completely
determine the PDF, and thereby the entire statistics of random variables, for a
normal distribution. Hence the knowledge of mean values and correlation functions
provides a complete statistical description of a random Gaussian field u(M) = [u;(M),
Uy(M), . .., un(M)]. Central moments can be obtained from the property of normal
distributions, which states that all central moments of an odd order are zero,
whereas central moments of an even order are expressed through central moments
of the second order:

Bt by = (11— ()" (2= (2)) 2ty () )
= Z biliz bixiA' . 'biZK—l biz}(’ (179)

where ki 4+ ky+ . .. +ky= 2K and subscript pairs are formed from numbers 1, 2, . ..
2K so that the first index is less than the second, for example,
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b = ((u1— (1)) (w2 —(u2)) (us—(u3)) (ua—(ua)))
= b1yb3s + bisbys + bisbys.

When studying random variables described by a normal distribution it is
convenient to use characteristic functions because of their simple form (see
Eq. (1.37)):

oo oo

. " N
O(p1, P2, -+ PN) = J J Jexp{inkuk}p(ul, U, ..., UN)durduy. . .duy
- k=1

—oo—o0

N 1NN
= exp{iZakpk— Ezzbﬂ‘pjpk}' (1.80)
k=1

j=1 k=1

Cumulants can be obtained from Eq. (1.53), using Eq. (1.80). For a Gaussian
distribution, the cumulants of the first and second orders are respectively equal to a;
and bj, whereas cumulants of higher orders are identically equal to zero. By using
characteristic functions, one can prove that any linear combination of Gaussian
random variables will also result in a Gaussian distribution.

Gaussian distributions are of great importance in applications due to a number of
reasons. First, the behavior of many random variables is well approximated by a
Gaussian distribution. Secondly, according to the central limit theorem, a random
variable that is a sum of a large number of independent components with arbitrary
distributions (which is the most common situation in statistical mechanics) is
Gaussian.

Let us consider a one-dimensional Gaussian distribution

1 u? 5 5
p(u) =ﬁe><p{fﬁ}, (6® = (u?)). (1.81)

The characteristic function follows from the relations (1.37) and (1.52):

plo? po?
R B A (182)
Then Egs. (1.57)—(1.58) yield
Bi=S8=0; B,=S=06% Su2=0. (1.83)

The recurrent relation (1.59) takes the form
B, = (n_l)canfb (184)

from which there follows

Byi1=0; By, = (2n—1)lc™" (1.85)

21
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Consider yet another average value (Xf(X)), which is helpful in many applications.
Here X is a Gaussian random variable given by Eq. (1.81) and f(X) is an arbitrary
deterministic function. We make a further assumption that f(X) exp(—X*/26%) — 0
for X— +o0 (i.e. the exponent dominates at large values of X). Then

" V2no

—oo

(XFO0) = TXﬂX)exp{—ZX—;}dx.

Integrating by parts, we arrive at the following expression:

(X f(X)) = [ 4/ exp{ X’ }dX . 52<m>. (1.86)

(o)
\/—z_nJ dx - 20% dx

—oo

A similar expression can be obtained for a Gaussian random vector X= (X, X;, . . .,
Xy) with a multidimensional distribution given by Eq. 1.75:

(xf00) = By( ), (187)

where Bjj= (X;X;) are components of the correlation matrix.

1.9
Stationary Random Functions, Homogeneous Random Fields

When discussing the problem of random variable averaging in Section 4, we men-
tioned the ergodic hypothesis, which states that as we increase the temporal or
spatial averaging interval to infinity, the corresponding mean values tend to the
ensemble average. For the ergodic hypothesis to be valid, some necessary conditions
should be satisfied. We thus arrive to a special class of random fields u(X, t) satisfying
the ergodicity conditions. These fields are frequently encountered in Statistical
Mechanics, in particular, in problems that involve Brownian motion and turbulence.

Consider first the time averaging of a function u(t), written for simplicity as a
function of one variable because its dependence on space coordinates X is of no
relevance to the problem. The time average will be denoted by (u); Then, in
accordance with Eq. (1.22),

T/2

<u(t))T:% J u(t + )dr. (1.88)
_T/
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According to the ergodic hypothesis, (u(t))rshould tend to the ensemble average
(u(t)) at T— oc. For this to happen, the following simple relation must take place:

(u(t))y= U = const. (1.89)

This condition can be derived by considering the difference between the average
values of the random variable calculated at different moments, ¢t and t,, where ¢, > t:

/2 /2
(u(t))Tf<u(t1)>T=% J u(t + 7)di— J u(ty +1)dt
~T2 ~T/2
“Tj21n T/2+4
:% (s)ds— j u(s)ds . (1.90)
~T/24t ~T/2+t

At T— oo the right-hand side of Eq. (1.90) goes to zero, thus giving rise to the
condition (1.89).

Similarly, by time-averaging the product u(t)u(t;) = u(t)u(t+s), where s=t; —t,
and letting T'go to oo, we conclude that the time average of the correlation function
(Buu(t. t1)) can be equal to its ensemle average (B,,.,(t, t1)) = (u(t)u(t;)) only if for any
two instants of time t; and t,, where t, > t;, the following condition is satisfied:

Buu(ta,t1) = Buu(ta—t1). (1.91)
For a moment of N-th order, this condition takes the form

Buu.u(ti, t, .. tN) = Buu(ta—t1, .. ., tn—t1). (1.92)

In order for the ensemble averages of random values u(t;), u(ty), . . ., u(tn) to be
obtainable by time averaging, it is necessary to consider only those random func-
tions u(t) for which the N-dimensional PDF (at any N and ty, t, . . ., ty) will depend
on N—1 parameters t, —ty, t3 — 1, ..., by — by, rather than on N parameters t,, t,,
..., tx- In other words, the PDF must satisfy the condition

Diroing (W15 U2 UN) = Pty ety (W1, U, oo UN). (1.93)

It should be noted that the condition (1.93) leads to the conditions (1.98), (1.91)
and (1.92), and if the random function is Gaussian, then from Eq. (1.89) and
Eq. (1.91) one can derive the properties (1.92) and (1.93).

The condition (1.93) describes a class of random functions whose PDF does not vary
as we shift the time ¢; by any time interval. Such functions are called stationary random
functions or stationary random processes. One example is a steady turbulent flow,
whose average characteristics (velocity, pressure, temperature, etc.) do not change with
time. Any hydrodynamic parameter u(u;(t), ua(t), . . ., un(t)), for example, flow velocity
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at different space points, whose PDF for any set of u;, (t1), u;, (£2), - - . , tiy, (in) does not
vary as we shift all the instants of time &, t, ..., ty by one and the same value,
represents a multidimensional stationary random process. Then all the mixed
moments of functions u(t) will also depend only on the differences between the
corresponding instants of time. For example, all mutual correlation functions By
(t1, t) = (uj{t1)ux(t2)) depend only on the time difference t=1t, —t,.

Consider now the space averaging of a random function u(X), where X(X;, X5, X3)
is a space point. The space average (recall the definition (1.23)) is equal to

AJ2 B/2 C)2
1
<u(X)>ABC:A—BC J J J u(Xy + &, X + &), X3 + &3)dg,d,dE;. (1.94)
—AJ2-BJ2-C/2

By analogy with time averaging, we can find the conditions that must hold in order
for (u(X))apc to coinside with the ensemble average (u(X)) at A— oo, B— oo,
C — oo (or when at least one of the intervals A,B,C goes to the limit). It is evident
that the necessary conditions would be relations similar to (1.89), (1.91)—(1.93) with
replaced by X:

(u(X)) = U = const, (1.95)
Buu(X1,X2) = Buu(X2—X1), (1.96)
le,Xz..“.,XN(uly Uz, ..., ”N) = PXo—Xip,.. Xn—X1 (”17 Uy, ..., Un). (1~97)

where B,, (X1, X3) = (u(X1)u(Xp)).

A random field u(X) satisfying the conditions (1.95)—(1.97) is called a statistically
homogeneous field.

Thus, in order for the space averaging of a function of random variables to
produce the same results as ensemble averaging, it is necessary for the field
u(X) to be homogeneous. Parameters of a homogeneous turbulent flow (velocity,
pressure, temperature, etc.), which do not depend on spatial coordinates, are good
examples. It is clear that homogeneity of the flow cannot be realized in the entire
flow region, because any flow is always restricted by boundaries, and the flow near
the boundary is essentially inhomogeneous. In reality, the property of homogeneity
can be realized only far enough from the boundary.

It should be mentioned that generally speaking, the conditions of stationarity and
homogeneity are not sufficient for the convergence of time and space averages to
ensemble averages. The necessary and sufficient conditions are formulated by
ergodic theorem. Namely, it is necessary and sufficient to ensure the fulfillment
of the following condition for the correlation function of fluctuations b, (t):

T
1
Jim ijuu(r)dr =0. (1.98)
0
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The necessary averaging interval T can be estimated from the corresponding corre-
lation time T, which is given by

Jbuu(‘t)d‘c. (1.99)

For sufficiently large T, the following asymptotic formula for root-mean-square
deviation of the time average from the ensemble average is valid:

<|<u>T—<u>!2> ~2%bw(0). (1.100)

Eq. (1.99) allows us to determine the minimum averaging time for a given deviation
of (u)rfrom (u). In the case of spatial averaging, a similar estimation for the root-
mean-square deviation of (u)y from (u) gives

<|<u>v—<u>\z> %2%%”(0). (1.101)

Here (u)y is the spatial (volume) average, and V; is the correlation volume
equal to

J J buu(r)drldrzdr} (1102)

1.10
Isotropic Random Fields. Spectral Representation

A scalar random field u(X) is called isotropic when all finite-dimensional PDFs
Pxi x,..xy (W1, U2, . .., uy) corresponding to this field are invariant under rotations
of points Xj, X;, . . ., Xy around the axis passing through the origin of the coordinate
system and under mirror reflections of this set of points relative to planes passing
through the origin. In applications, random fields that are both homogeneous and
isotropic present the greatest interest. Henceforth these fields will be called simply
isotropic. Thus the term “isotropic field” will imply a field whose PDF
Px,.%,..xy (W1, Uz, ..., uy) is invariant under parallel translations, rotations, and
specular reflections of the set of points Xj, X5, ..., Xy

The homogeneity condition (1.95) for the field u(X) means that its average value
(u(X)) should be constant. This constant is often made equal to zero by replacing the
initial field w(X) with the field u'(X) = u(X) — (u(X)).

The correlation function B(X, X') = (u(X)u(X")) of an isotropic field has the same
values at any pair of points (X, X') and (X;, X)) that would coincide after a combi-
nation of parallel translation and rotation. If the distance between the points X and

25
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X' is the same as the distance between X; and X, then B(X,X') = B(X;,X)).
Hence the correlation function B(X, X’) depends only on the distance r between
the points X and X' =X+r. Here r=|X' — X| =
written as

(wX)u(X')) = B(r). (1.103)

Application of harmonic (Fourier) analysis to random processes and random
fields, that s, expansion of random functions as Fourier series (for functions defined
on a finite domain) or Fourier integrals (for functions defined on an infinite domain)
has proved to be a very successful approach. For any stationary random functions or
homogeneous random fields, which by their definition cannot decay on the infinity,
it is possible to carry out Fourier expansion (another common term is “spectral
representation’” or “spectral expansion”). It has a clear physical meaning: superpo-
sition of harmonic oscillations (for stationary random processes) or plane waves (for
homogeneous random fields). The integral representation of the correlation func-
tion of a homogeneous random field is

B(r) = Je”"F(k)dk, (1.104)
F(k) = # J % B(r)dr, (1.105)

where F(k) is called the spectrum of the homogeneous field, and k is the wave vector.

For an isotropic field, the condition (1.103) holds, so the spectrum depends on
k = |k| rather than on k. If we represent x, y, z in terms of spherical coordinates as
x=rsin 0 cos ®, y=rsin 0 sin @, z=r cos O, the relation (1.105) will take the
following form:

1 [ sin(kr) 2.
= J ) oy = B, (1.106)
Similarly,
B(r) = 4n J Smk(rkr) F(k)Rdk. (1.107)

Instead of looking at F(k), we can consider the following statistical characteristic:

E(k) = J JF(k)dS(k), (1.108)
ki=k

where S(k) is a surface element of the sphere |k|=k
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Putting r=0 into Eq. (1.104) and recalling Eq. (1.103), we get
B(0) = ([uxX))") = | Bk (1.109)
0

If u is the velocity (for instance, the velocity of a turbulent flow), then B(0) stands
for the total energy of the field u(X). Therefore E(k)dk has the meaning of the energy
of plane waves with wave numbers in the interval (k, k+ dk).

The derivations above can be generalized for the case of an isotropic multidimen-
sional random field u(X) = (u1(X), ua(X), . . ., un(X)) characterized by the correlation
matrix

1Byl = (w(X)uj(X + 1) (1.110)

The components of such a matrix are functions of r=|r| Hence the spectral
representation of this field will be written as

Bij(r) _ 4TEJ sin(kr) Fu(k)kzdk, (1111)

1 (sin(kr
F,J(k) = ﬁj k(r ) Bij(r)rzdr.
0

The above-formulated definition of an isotropic random field is valid for scalar
random functions, for example, pressure p(X), temperature 3(X), one-dimensional
velocity u(X) and so on. In the case of vector random fields such as three-dimen-
sional velocity, as well as for the fields given by a set of vector and scalar hydrody-
namic parameters (for example, a field of three-dimensional velocity, pressure, and
temperature), isotropy is defined in the following way. A random vector field u(X) is
called isotropic if the PDF of the components of the vector u(X) taken at an arbitrary
set of points Xj, Xp, ..., Xy is invariant under parallel translations, rotations, and
mirror reflections of this set of points accompanied by rotation or mirror reflection
of the coordinate system. Using the theory of invariants of the rotation-reflection
group, we may conclude from this definition that the correlation tensor By(r) should
be a linear combination of the constant invariant tensor d; (“Kroneckers delta
function”) and the tensor r;7;. The coefficients in this linear combination will depend
on the only invariant that can be built from components of the vector r, that is, on the
length r=|r:

Bij(r) = Av(r)rirj + Aa(r)8;;. (1.112)
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1.11
Stochastic Processes. Markovian Processes. The Chapman-Kolmogorov Integral
Equation

The term “stochastic process” implies that the time evolution of a system is de-
scribed probabilistically. This means that there is a certain time-dependent random
variable. Examples of stochastic processes include Brownian motion of a particle
driven by a random force and the motion of particles suspended in a turbulent flow.
The random variable is the spatial position X of the particle at different instants of
time. One can measure the values Xj, X;, X, ... at the instants of time t;, £, t3, ...
and assume that there should exist a joint PDF p(X, t1; X;, ty; X3, t3; .. .) such that
p(X1, t; Xo, 1 X5, 135 .. )dXq, dX;, . .. would give the probability for the particle to be
located in the interval (X; + dX;) at the instant of time ¢, in the interval (X, + dX;) at
the instant t,, and so on. When the particle moves under the action of a rapidly
fluctuating random force (in the case of Brownian motion this random force is the
sum of interaction forces between the particle and the molecules of the surrounding
fluid, or, to use a more casual term, the sum of collision forces), it can change its
direction millions times per second. In this context, when considering two succes-
sive particle positions X; and X;,; at the instants #; and t;; such that the time
increment At;=t;, — t; is much smaller than the characteristic time of the process
but large as compared to the time between successive collisions of the particle with
the surrounding molecules, it is natural to suggest a model where the particles
position X; ; at the instant ¢;, ; is determined by its position X; at the previous instant
t; and does not depend on the earlier instants of time . . . ,t;_,, t;_;. In other words, in
the proces of a chaotic small-scale random walk, the particle forgets its past very
quickly. Such processes are known as Markovian processes.

Hence a Markovian process is a stochastic process characterized by the indepen-
dence of the future from the past, where the past is defined as the set of all events
observed up to the present instant of time t. In other words, one has to deal with
random functions whose variations are statistically independent from one another.

A Markovian process can be described by using the concept of conditional prob-
ability. Let us consider an ordered sequence of times t; > 1) > 13> ... > 1, >1,> ...,
where Ty, Ty, ... belong to the past and ... t3, t,, t; — to the future. Let Y3, Y5, ...
denote the values of a random variable at the past instants of time 14, 1, ... and
... X3, X;, X; denote its values at the future instants of time . .. t3, t,, t;. The PDF of
the events Xj, X3, ... under the condition that the events Yy, Y, ... have already
occurred (the conditional PDF) is then written as

(X1, 115 X0, 1, X3, 835 .|V, 715 Y2, To5 .. ).

In accordance with the Markovian principle, we demand that the conditional
probability must be completely determined by the state of the system at the most
recent instant of time, that is, by the knowledge of the random variable at t;. Then
the following equality must be valid:
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P(X1,t; X0, 05 X3, 135 .| V1,113 Yo, Tos .. )
:p(X17t1;X2,t2;X3,t3;...|Y1,Tl). (1113)

This relation means that any conditional probability can be expressed through an
ordinary conditional probability of the type p(Xi, t1|Y1, T1). Indeed, from the defini-
tion (1.2) of conditional probability we have:

p(X1, 115 X2, 5| Y1,T1) = p(X1, 1| Xa, 15 Y1, T1) p(X2, 02| Y1, T1).

Applying the postulate (1.113) to the first factor on the right-hand side, we express
the joint PDF through ordinary conditional PDFs:

p(X1, 113 X0, 05 |Y1,T1) = p(X1,1|X2, 12) p(X2, 12| Y1, T1). (1.114)
Continuing this procedure, we obtain for N successive events:

(X1, X0, b5 .. XNy in) = p(Xa, 0| X2, b) p(Xa, 82| X, 83) X
e X p(XN,l, tN,1|XN, tN). (1115)

As one could expect, the Markovian principle results in the independence of
conditional pairs of successive events.

From the consistency property (see property 4 in Section 4) of the PDF for two
successive events X, and X; and from the relation (1.2) for the conditional probability
there follows:

p(X1,th) = J X1, 113X, 1)dX, = J p(X1, 11X, )p(Xa, t2)dX,.  (1.116)
A similar relation can be written for the conditional probability:
p(X1, 1 |X3, 1) = JP(Xl,t15X27t2|X3J3)dX2
- jp(Xl, 81Xy, 0 X5, 1) p(Xo, 2] X, 1),

As far as t; > t, > t3, the Markovian principle allows to drop the dependence on X3
in the first factor of the integrand:

p(Xl, t ‘X;, tg) = J p(Xl, t ‘){27 tz)p(X27 t2|X3, t3)dX2. (1117)

The integral equation (1.117) is called the Chapman-Kolmogorov equation. This
equation forms the basis of the theory of stochastic processes.
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When considering a Markovian process, it is important to know whether the range
of the random value is continuous or discrete and whether the trajectory X(t) is a
continuous function of t. As an example, consider rarefied gas molecules character-
ized by the velocity V() and by the position X{£). In this example, the velocity range is
obviously continuous, but the function V{t) can be discontinuious, which happens
when the interactions between molecules are modeled by the elastic collisions of
rigid spheres. However, even in such a model, the position of a gas molecule X(#)
remains a continuous function. In reality, molecules do not interact as rigid spheres.
There exists a molecular interaction between them that is characterized by some
interaction potential (for example, the Lennard—Jones potential). If we account for
this potential, we will find that the molecules trajectory deflects continuously in the
process of collision. The characteristic time of molecular collisions is extremely
short. It is much shorter then the time intervals that make up a Markovian chain. It
can be said that the Markovian method circumnavigates the issue of continuity of a
random variable by approximating the real process on a large-scale time grid. Hence,
irrespective of how the collision process is modeled, on large-scale time grid, the
collision will always be marked by a velocity jump. By the same token, the trajectories
are not necessarily continuous on this time grid. Another example is a chemical
reaction that involves production consumption of molecules of a certain substance.
The characteristic time of a chemical reaction is also very short as a rule. Therefore
the random value, for example, molecular concentration, changes discontinuously
on the large-scale time grid during the reaction.

In this context, the following continuity condition looks quite self-intuitive: if for
any € >0 uniformly in Z, t and At there holds

1

lim — X,t+ At|Z,t)dX = 1.11

Jim = [ p(X,t+ At Z,t)dX =0, (1.118)
| X-Z|>¢

then the realization of X(t) is continuous function of ¢, with the probability 1. It
means that the probability that the position X differs from Z by a finite amount at
At— 0 goes to zero faster than At. This is known as the Lindenberg continuity
condition for a random function X{t).

One can show that Einsteins solution of the Brownian motion problem, which is a
Gaussian PDF written as

p(X,t+AHZ, 1) = (X_Z)z}, (1.119)

1
(4nDAt)? eXp{_ 4DAt

satisfies the condition (1.118). On the other hand, the PDF

At

X t+AZ )=
Pl 20 = X2 T A

(1.120)

which describes a Cauchy process, does not satisfy this condition. Both distributions
tend to the delta function 8(X — Z) at At — 0 (see Eq. (1.9) and Eq. (1.16) and satisfy
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Eq. (1.117). So the Chapman—Kolmogorov equation allows for both continuous and
discontinuous solutions (PDFs).

1.12
The Chapman-Kolmogorov, Chapman—Feller, Fokker—Planck,
and Liouville Differential Equations

1.12.1
Derivation of the Differential Chapman—Kolmogorov Equation

When solving concrete problems, one uses the differential form of the Chapman—
Kolmogorov equation, which can be derived from the integral equation (1.117)
under some additional assumptions. An additional assumption of continuity of the
random process leads us to the Fokker-Planck equation. But discontinuous pro-
cesses can also take place, as was mentioned in the previous section. Thus the
Chapman-Kolmogorov differential equation should be able to describe both con-
tinuous and discontinuous processes. To satisfy this general requirement, we shall
demand realization of the following conditions:

1
1. AlfToEp(X’HAt'Z’ t) = W(X|Z,t) (1.121)

should take place in the region | X — Z| > ¢ uniformly for all X, Z, t, and
the limit should not depend on &;

lim lt [(Xi—Zi)p(X,t—F At|Z,t)dX = Ai(Z,t) 4 0(¢); (1.122)

X—-Z|<e

. 1
3. Altu;nOE J()(,’*ZO(XJ*ZJ)}?(XJ‘FAt|Z, t)dX
X-Z|<e

= D,‘j(z7 t) + 0(g). (1.123)

The conditions 2 and 3 assume a uniform convergence with respect to Z, €, and ¢.
Condition 1 is responsible for the continuity of the process. If W(X|Z, t) =0, the
process can be described by continuous trajectories; otherwise the trajectories are
discontinuous.

To derive the differential equation, let us consider how the average value of some
(twice differentiable) function f(X) varies with time. According to Eq. (1.7), the
average is written as

(X)) = [ FX) pX, Y, ¢)dX.
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Then

% = {Altigloij FX)[p(X,t+ At Y, ') — p(X, 1Y, t’)]dX}.

Letusnowput X; =X, t; =t + At, X, = Z, t, =1, X3 =Y, t3 =1 into the Chapman-—
Kolmogorov integral equation (1.110). It means that in addition to the point Yat the
time t' and the point X at the time ¢+ At, we take yet another point Z (between these
two) on the trajectory at the intermediate time ¢ (' < t <t + At). Then the last relation
transforms into

% {J fX)p(X. 1Y, t/)dx} = Alginoi {J dXJ fX)

(1.124)

P14 MZ,OP(Z Y. V)2~ | F(2)p(Z Y. )iz
We replaced the integration variable X by Z in the last term of the right-hand side.
Let us now subdivide the region of integration over X into two regions: | X— Z| > ¢
and |X — Z| < ¢. In the latter region, we shall perform a Taylor series expansion of the
function f{X) that appears in the integrand:

fX) =

1 az 2
+ ZZZ azaz )(X-2)(X;-2)) + IX-ZPR(X,Z),  (1.125)
where the last term on the right-hand side of (1.125) is the residual term that obeys
the condition R(X, Z) — 0 at | X— Z| — 0. Now, substituting Eq. (1.125) into the right-
hand side of Eq. (1.124) and grouping the terms, we get:

%{J FX) p(X, 1Y, t/)dX}

o1 0 10°f
= ima ” {Z w7 X Z+Zzzazaz ~Z)(X=Z;)

X-Z<e

x p(X,t+ At|Z,t) p(Z,1|Y,t)dXdZ

+ JJ|XfZ\2R(X, Z)p(X,t+ AHZ,t) p(Z,t|Y,t)dXdZ

X-Z|<e

+ ”f(X)p(X7t+At|Z,t)p(Z,t|Y7t/)dXdZ

|X-Z|=¢

+ ﬂ F(Z) p(X,t+ AHZ, 1) p(Z, 1Y, ¥)dXdZ— J F(2) p(Z, 1Y, V)dZ
X—-Z|<e
(1.126)
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Consider the terms in the left-hand side of Eq. (1.126) in the consecutive order. Since
pX t+ At|Z, ) is the PDF, we note that

Jp(X,t+At|Z, t)dX = 1.

With this in mind, and using the condition of uniform convergence that allows us
to take the limit of the integrand, the last term in Eq. (1.126) can be rewritten as

| s@pz v, riaz
= J f(Z2)p(Z,1Y, t’)dzJ p(X,t+ At|Z, t)dX
= ” f(Z)p(X,t+ AY|Z,t) p(Z,4]Y,¢)dXdZ.

To transform the first term, it is necessary to exploit the conditions 2 and 3:

.1 0 10
dim ” Z f ZZz azfaz Z)(X;=2))
X-Z|<e !
xp(X,t+ At Z,t) p(Z,4|Y,t)dXdZ}
J ZA (Z,1) az+zz a;afz} p(ZH|Y,¢)dZ + 0(e).

The second term tends to zero because of the condition R(X, Z) — 0 at e — 0, since
|X— 2| —0.

Carrying out integration in the last term over two subdomains, |X— Z| > ¢ and
|X — Z| < e and taking into account Property 1, one can reduce the last three terms to

[J ropec.+ sz pz v vyaxaz

X-Z|=¢

lim —

At—0 At

+ Hf(Z)p(X,t+At|Z,t)p(Z,t|Y,t’)dXdZ
X-Z|<e

- ﬂ F(Z) p(X,t+ AYZ, 1) p(Z, 1Y, ¥)dXdZ

X-Z|=¢
- ﬂ F(Z) p(X,t + AZ, 1) p(Z, 1Y, ¢)dXdZ
X-Z|<e

- ﬂ[f(xwmz, 0 p(ZAY, ¢)~ f(Z)W(X|Z.1) p(Z.1|Y, ¢)]dXdZ

X-Z|=¢

33
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Nothing will be changed if we swap the variables X and Z in the first term:

”f(z)[W(Z|X, 1) p(X, 1Y, ) —W(X|Z,t) p(Z,4|Y,t)|dXdZ.

X-Z|=¢
Going to the limit € — 0 in Eq. (1.126), one obtains the following relation:

%{J FX) p(X, 1Y, t’)dX}

:J ZAi(Zt +ZZ aze{z

+J f(Z)dZJ[W Z|X,t)p(X,1|Y,¥) - W(X|Z,t) p(Z,t|Y,t)]dX,

p(Z,t|Y,t)dZ

(1.127)

which is valid when the integral

J W(Z|X, 1) p(X, 1Y, )dX (1.128)

exists.

The condition (1.121) determines the function W(Z|X, t) only if X+ Z. But there
are situations when X= Z, for example, a Cauchy process given by Eq. (1.120). In
this case the value of the integral (1.128) should be interpreted as the principal
integral value. Because such singular cases are rare, we will not be using the
principal integral value symbol in the discussion below.

Integration by parts of the first term on the right-hand side of Eq. (1.127) yields

Jf(z)ap(zgtmtl)dz
J { Zaz D(Z,HY,V)dZ

+ Zziagafz [Di(Z,8) p(Z,1|Y,¥)]

+J[W(Z|X7 ) p(X, 1Y, ¥)-W(X|Z,t) p(Z,t|Y, t')]dX} +...,

where the dots denote the surface integrals over the boundary enclosing the con-
sidered region. As far as the function f{Z) was chosen arbitrarily with the only
requirement that it should be at least twice differentiable, we can impose an addi-
tional requirement that this function should vanish on the regions boundary. Then
all surface integrals also vanish, and finally, we obtain the Chapman—Kolmogorov
differential equation:
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Op(Z, 1Y, 1)
ot

:_Zaz p(Z, 1Y, 1)]

+ZZ;a§gZ [Di}(Z,t) p(Z, 1Y, t)]

+ J[W(Z\X, t) p(X,t|Y, ) - W(X|Z,t) p(Z,t|Y,t)]dX.

(1.129)

Consider now some particular cases of the Chapman—Kolmogorov equation.

1.12.2
Discontinuous (“Jump”) Processes. The Kolmogorov—Feller Equation

This equation follows from the Chapman-Kolmogorov equation at A;= D;;=0:

op(Z,1]Y,¥)

T = J[W(Z|X7 ) p(X, 1Y, ¥) - W(X|Z,t) p(Z,|Y,t)]dX.

(1.130)

If we take p(Z, t|Y, ) =08(Y— Z) at t=1' as the initial condition, then for small
values of At the solution will be approximately equal to

p(Z,t+ AYY, ) = 8(Y-2Z)[1- J W(X|Z,t)AtdX] + W(Z|X, t)At
It is implied by this solution that for any At, there is a finite probability
1- J W(X|Z,t)Atd X

to find the particle at the initial position Y, and the distribution of particles leaving Y
is given by the function W(Z|Y, t). Hence, the trajectory X(t) consists of linear
segments X = const alternating with jumps whose distribution is given by the func-
tion W(Z|Y, t). That is why the process has discontinuous character and the trajec-
tories have discontinuities in a discrete set of points.

1.12.3
Diffusion Processes. The Fokker-Planck Equation

If the process is continuous, then W(Z|Y, t)=0, and the Chapman—Kolmogorov
equation is reduced to the Fokker—Planck equation:
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p(Z, t|Y ) Zaz ———

+ ZXJ:EW[%(Z 1 p(Z,1Y,1)] (1.131)

Such a process is called the diffusion process. The vector A(Z, t) is called the drift
vector. It is similar to the velocity vector in the convective term of the transport
equation. The matrix D(Z, t) = || D(Z, t)|| is called the dispersion matrix. According
to its definition (see Eq. (1.123)), it is non-negative, definite and symmetric. It can be
shown that D is a tensor. It is known as the dispersion tensor.

To understand the physical meaning of A and D, consider the initial phase of the
process in the same manner as we just did for the Kolmogorov—Feller equation, with
the same initial condition p(Z, t|Y, #)=8(Y— Z) at t=1'.

Assuming that during a small time At <1 the values of A;and D;;. will not change
much as compared to p, the equation transforms to

op(Z, t|Yt
A A ZA ZtaZ [p(Z, 1Y, )]

2

+ZZ (Z,t azaaz [p(Z,4]Y, )], (1.132)

where t—t' = At < 1. On this small time interval, A;(Y,t) and D;;(Y,t) are regarded
as dependent on the initial position Y but independent of time t. The solution of
Eq. (1.132) has the form

1

Z.t+ AHY,E) =
ol 0 = oo ip(y. [ Panr

Xexp{ 1[Z-Y-A(Y,)A]"[D (Z;t)]‘l[ZYA(YJ)At]} (1.133)

where D=|D]| is the determinant of the matrix D.

Eq. (1.333) indicates that at the initial stage, the diffusion process is described
by the Gaussian law (see Eq. 1.77) and that fluctuations with the correlation matrix
D(Y, t)At are superimposed on the regular drift with the velocity A(Y, ¢). It means that
at the initial stage, the systems trajectory can be represented as

Z(t+ At) = Y(t) + A(Y(2), ) At + q () (A1) 2, (1.134)

where v(t) is a random vector with the mean value and the correlation matrix given

by
() =0, (M (1)) = D(Y,1). (1.135)



1.12 The Chapman—Kolmogorov, Chapman—Feller, Fokker—Planck, and Liouville Differential Equations

In a diffusion process, trajectories are continuous everywhere because
Z(t+ At) — Z(t) at At— 0. They are also non-differentiable at any point because of
the term proportional to (At)'/2. Since Z(t + At) — Y(t) = AZ is a random increment
of the particles position, we can divide both parts of Eq. (1.134) by At, obtaining

%:A(Y(t),t) +m(t)(AD) 2, (1.136)

Eq. (1.136) is a stochastic differential equation that has a fundamental role in
describing the motion of particles driven by an external random force.

In a three-dimensional case, the Gaussian distribution (1.133) can be written in a
simpler form. Let us direct the Cartesian axes Z;, Z,, Z3, so that they would coincide
with the principal directions of the dispersion tensor D. Let D;; be the principal
values of the dispersion tensor matrix ||Dy||. In this coordinate system, the distri-
bution (1.133) transforms into

1
(2m)**[D11(t) Daa(t) D33 (£)] /2

(Zi-71)" (Z-Y2)? (Z3—Y3)
xexp{ 2D () — 2Dn () — 2D (0) } (1.137)

p(Z,t+ ALY, t) =

Let us now introduce the probability flux with components
Ji(Z,t) = A(Z,t) p(Z,t + ALY t’)—lzi[D-(Z t)p(Z, Y, )]
1 I 1 I I ’ 2 } @ZJ 1] ’ I I .

Then the Fokker—Planck equation can be written in a compact, universally accepted
form of a conservation equation:

Op(Z,tY,t) ofi(Z,t)
TR > oz O (1.138)

Introduction of the probability flux allows us to formulate the boundary condi-
tions for the Fokker-Planck equation. Consider the process in a region R bounded by
the surface S. One can see the following possible types of boundary conditions.

a) Absorbing boundary

It is assumed that as soon as a particle reaches the boundary, it vanishes, that is, it
leaves the system, for example, adheres to the surface or reacts with the boundary
surface. Hence the probability to find the particle at the boundary is equal to zero,
and the boundary condition for the PDF is

p(Z,t|Y,{)=0 at ZeS. (1.139)
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b) Reflecting boundary
If the particle cannot leave the region R, then the probability flux in the n direction
at the boundary surface should be equal to zero, that is,
nJ(Z,t)=0 at ZeS, (1.140)

where n is the normal to the boundary.

¢) Sutface of discontinuity

Suppose that the coefficients A; and Dj; experience a jump at the surface S, but
particles can cross the surface freely. Such a behavior is possible, when the surface is
an interface between two media with different properties. At such a surface, the
probabilities and the normal components of probability fluxes should be equal at
both sides of the boundary surface:

p(27 t|Y7 t/)‘5+ = p(Z,tlY, t/)|S—’ n'J(Zv t)|S+ = nJ(Z7 t)|S—' (1'141)

d) Conditions at infinity

If the process is considered in an infinite region, then, depending on the problem
under consideration, one of the following two boundary conditions must be valid:

Z
p(Z,t)—0 or 1 and %HO at |Z]| — oo (1.142)

Of special interest is the one-dimensional case of the Fokker—Planck equation,
in which the drift and dispersion coefficients are become scalar quantities A
and D:

op(Z, 1Y, ¢ ) 10
p(Z. 1Y, 1) AZ D) p(Z Y. )] + 555 D20 p(Z 1Y, 1))

ot _&[

This equation can be rewritten as

ot oz
7% ((A(Z, t)f%%g p(Z,1]Y, t’)). (1.143)

op(Z,t|Y,¥) 0 (1 Gl ,
B 5 D(Z.1) 5 p(Z.1]Y, )

Now it is possible to compare it with the molecular diffusion equation, which
describes the change of concentration C of a substance in the solution due to the
thermal motion of solvent molecules:
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aciawo*ia(Dmv7 (1.144)

o o0z "oz\ oz

where v is velocity of the substance under the action of external force. A comparison
of equations (1.143) and (1.144) shows that D/2 has the meaning of diffusion
coefficient D and the drift A

10D
A—V+E&

has the meaning of average velocity of particle displacement. The latter consists of
two terms. The first term is the drift caused by external forces, and the second term is
the drift caused by the inhomogeneneity of the medium. Another difference be-
tween equations (1.143) and (1.144) is the difference between the unknown vari-
ables: probability density p in (1.143) and concentration C in (1.144). But concen-
tration can be obtained from the probability density by multiplying p by the number
of particles N in a unit volume. Therefore if C/N is taken instead of C, then we can
also take C/N instead of p under the condition that N = const.

A process described by the one-dimensional Fokker-Planck equation with A=0
and D=1,

op(Z,tly,t) 10
JL3}—225&5M@JWfM (1.145)
is called the Wiener process. Under the initial condition

p(Z,t]Y,t) =8(Y-Z) at t=t

its solution is

A 1 (Z_Y)Z
p(Z, 1Y, 1) = (2n)1/2 exp{— 20=1) } (1.146)

A multidimensional Wiener process is described by the multidimensional Fokker—
Planck equation

dp(zZ,t|Y,Y) 1 o
I)(THZEZ@[P(ZWYJ/)L (1.147)

whose solution is

1 (Z-Y)*
p(Z,t|Y,t) =(2n)n/2exp{2(t_t/)}. (1.148)

Sometimes the Wiener process is causally referred to as ‘“Brownian motion’.
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1.12.4
Deterministic Processes. The Liouville Equation

The Liouville equation follows from the Chapman—-Kolmogorov equation at
W(Z|Y, t)=0 and D;;=0:

op(Z, t|Y t)

az p(Z. 1Y, 1)]. (1.149)

Eq. (1.149) describes deterministic motion, which is given by a single-valued func-

tion and is determined by the initial conditions. Indeed, consider a trajectory X{t)
that is a solution of the characteristic equation

ax()

= A,

with the initial condition X(Y, #') = Y. Here A is a vector with components A;. Let us

show that
p(Z, 1Y, 1) =8(Z-X(Y,1t))
is the solution of Eq. (1.149) with the initial condition
p(Z,¢Y|X,Y) = (Z-X).
Substituting it into Eq. (1.149), one obtains:
03(Z-X(Y,t))

o
B 08(Z-X(Y,1) dxi(Y, 1) 08(Z—X (Y, 1))
__Z.:{ 0Z; dt }“Z{ 0Z;

A(X(Y,1), t)}
= _ Z%{Ai(x(y, 1), )8(Z—X(Y,1))} = — Z%{Ai(z, 18(Z—X(Y,1))}.

The example above considers the motion of a single particle. In the case of many
particles, the Liouville equation has a somewhat different form. Statistical Mechan-
ics uses the Liouville equation to describe the motion of a particle ensemble as a set
of mass points moving in accordance with Newtons second law,

ax N ATS . dX;
—IF,' or Vi:—IFi; X; =
dt dt

=V, (1.150)

where X;, V,, F; are, respectively, the radius vector, the velocity, and the force exerted
on a unit mass of i-th particle by other particles and the environment. Let

X;(0) =X?, Vi(0) = V). (1.151)
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Dbe the initial positions and velocities of the points. Then in order to describe the time
evolution of the state of an N-particle system, one has to integrate the system of
equations (1.150) with the initial conditions (1.151). For N>> 1, this is practically
impossible, so one has to use statistical methods. Statistical Mechanics usually
studies the dynamics of a mass point system by introducing generalized coordinates,
which are either the ordinary coordinates X; and velocities V; or the ordinary co-
ordinates X; and momenta m;V; of particles.

The state of an N-particle system is characterized by the joint probability
density taken at one given instant of time, which determines the chance to find
particle 1 in the generalized coordinate interval (X; +dX;, V;+dV;), AND to
find particle 2 in the interval (X; + dX,, V,+dV,), ..., and to find particle N in
the interval (Xy+ dXn, Vn+dVy). If particle trajectories are known, that is, the
functions

are given, then the probability density is equal to zero if X; # Xi(t) or V;# V;(t) for
even one value of i. It means that probability reduces to certainty and the proba-
bility density is given by a product of delta functions:

P(X,V,b) = ﬂS(Xi—Xi(t))S(Vi—Vi(t)). (1.152)

i=1

It is easy to show that this PDF satisfies the Liouville equation. Taking the deriva-
tive of the product of functions and using properties (1.10), (1.18), (1.21) of the delta
function, we write:

6p(X, Va t)
A
N N . .
_ ’Z I 3x—Xu(1)8(Vi—Xu(r)) | X;
J= kizjl

, 98X —X;(t))

X

S(Vi—X;0)-Y_| JI dXe—Xi(£)d(Vi—Xi(t))
il k=1
k#j

xa(Xj—Xj(t))Xj.a&Vfa;‘jf(t)).
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Now, using the relation (1.14) and the first equation (1.150), we get

op X Vt Z 7@))6(‘@_5@0))
x l_N[ (X=X (£))3(Vi—X(1) XN: 7@)
k=1 —
k=j

N

x3X—Xe(1) | [ 8X—Xu(£)8(Vi—Xi(1))
k=1
k= j

It is easy to verify that

Op(X,V,t)  08(X;—X;(t))
ox; oxX

3(Vi—Xi(t)) x 8(X—Xi(£)3(Vi—Xi (1)) |,

—_

M=

e

Ap(X,V,H) 38(V;—X;(t))
ov, ov;

x 8(Xp—Xu(t)) x (X —Xu(1)3(Vi—X(1))

M=

Eay

The Liouville equation finally reduces to

IpX, V1) & XVt XVt)
= —; ZF . (1.153)

If the generalized coordinates Z; are defined as coordinates X; and momenta
per unit particle mass V;, then Eq. (1.153) will assume the following compact
form:

Op(Zt) N, Op(Z1)
5 7_;&. Z (1.154)

where A is the generalized vector that includes V; and F..
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1.13
Stochastic Differential Equations. The Langevin Equation

When a randomly and rapidly fluctuating function of time and (or) spatial coordi-
nates appears in a differential equation, this equation is called stochastic. The
presence of a random component in the equation means that the solution will also
be a random function. One example of a stochastic differential equation is the
Langevin equation describing random trajectories of a particle driven by a random
force. Another example is the equation of diffusion, which takes into account
chemical reactions that are responsible for fluctuations. Let us consider these equa-
tions in more detail.

1.13.1
The Langevin Equation

In the theory of Brownian motion one frequently encounters the following Langevin
equation:
ax

= = X1 + X, DE(), (1.155)

where a(X, t) and b(X, t) are known functions and §() is a random fluctuating
function.

The problem of Brownian motion of a particle driven by a fluctuating external
force (that is, the force resulting from collisions with molecules of the surrounding
fluid) reduces to this equation. Every second, the particle experiences millions of
collisions, each collision resulting in a microscopic motion in the direction of
impact. Therefore the particles position at the time ¢t is determined only by its
position at previous instant of time and does not depend on the motion prehistory.
The particles motion can be considered as a Markowian process that is taking place
under the action of a random force §(t) with the average value of zero:

(£() = 0 (1.156)

The force &(t) is a “pseudoforce” that models the real impact forces. There is no
correlation between the forces at different instants of time, in other words, &(t) and
&(Y) are mutually independent if t#¢. Or, to use another term, they are delta-
correlated:

(E(DE(r)) = £3(1—1). (1.157)

Equations (1.155) and (1.157) serve as idealizations of Brownian motion. The
actual equation of motion of a particle is given by Newtons second law:

d*X dx

43



44

1 Basic Concepts of the Probability Theory

where —hdX]dt is the drag force exerted on the particle by the surrounding fluid (see
Example 4 for more details), Fis a systematic force such as gravitational, centrifugal,
or electrostatic force (in other words, an external force), and fis the stochastic force.
The small size of the particle allows us to neglect its inertia in the first approxima-
tion, in other words, the left-hand side of Eq. (1.158) is set to zero. This immediately
results in Eq. (1.155). The condition (1.157) is also an idealization, because at t =¢' it
gives an infinitely large dispersion, which is an obvious impossibility. The assump-
tion (1.157) is similar to the idealization inherent in the concept of white noise in
electrical engineering. The delta function representation of the correlation function
is a natural idealization that helps us make the transition from a small time scale to a
large scale typical for Brownian motion. Note, however, that differential equations
that include perturbating terms given by random delta-correlated functions must be
treated carefully, because the usual calculation rules will not always apply.

1.13.2
The Diffusion Equation

A deterministic description of processes in continuous media requires the use of
conservation equations (conservation of mass, momentum, energy, and so on). But
in order to get concrete solutions, the system of conservation equations must be
complemented by constitutive relations or equations. As examples of such relations,
we can mention Ficks law for diffusion (mass transport) processes, Fouriers law for
heat transport processes, and the Navier—Stokes law describing the hydromechanics
of viscous fluids. You may ask how these equations account for fluctuations of the
relevant quantities. We shall answer this question by taking the diffusion equation as
an example.

According to Ficks law, the diffusive flux of the substance j(X; t) is proportional to
the concentration gradient:

j(X,t) = —DVC(X, 1). (1.159)
On the other hand, we have the equation of conservation of mass (the continuity
equation):

aa—f + V(X ) =0. (1.160)

Substitution of j(X; t) from (1.159) results in the standard diffusion equation:

oc

5 = V[DVC(X,1)]. (1.161)

Fluctuations could be taken into account by adding a fluctuating term to the right-
hand side Eq. (1.159):

j(X,t) = —DVC(X,t) +j(X,1). (1.162)
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Just as we did for the fluctuating term in the Langevin equation, we assume that this
term has the following statistical properties:

(" x.0) =0, (Gl x.njf 1)) 1163
= K(X, )8 x8(X—X")3(t—t).

The second property says that different components of the fluctuating flux vector j*
taken at one and the same spatial point, as well as the values of one and the same
component taken at different instants of time and/or at different points are assumed
to be statistically independent. Or, to say it in fewer words, this property states that
fluctuations have local behavior.

Egs. (1.160) and (1.162) give us a diffusion equation where the additional term is
expressed as the divergence of a vector:

o~ VbV 1) V(x5 (1.164)

It can be shown that this term possesses the following statistical properties:

(Vi x,n) =0,

(VX OV X)) = V-9 K (X, DB XX B~ (1.165)

1.13.2.1  The Diffusion Equation with Chemical Reactions Taken into Account
The deterministic diffusion equation with a source/sink term arising due to chemi-
cal reactions has the form

o V(X1 = FlC(X. 1), (1.166)

where the rate of substance production/consumption in the course of the chemical
reaction appears in the right-hand side. This term usually depends on the substance
concentrationl; depending on the reaction kinetics, it could be a linear or a nonlinear
function of concentration. Production/consumption of matter gives rise to fluctua-
tions, which can be taken into consideration by adding a fluctuating term g(X; ) to
the systematic term F[C(X, t)]. The new term must satisfy the following statistical
conditions:
(g"(x.1)

= O7 ﬂ(){7 t) ﬂ(}(l7 t/)
= Kz%@ t)S(Xg—X')S(tZt’), (1.167)

The second condition expresses locality (lack of correlation between fluctuations
at different points) as well as the Markovian character of chemical reactions.
Egs. (1.162), (1.166), and (1.167) give us the stochastic diffusion equation that
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accounts for chemical reactions:

o V(X1 = FIC(X, 8] + GA(X 1), (1.168)

where
GHX, 1) = =V57(X, 1) + g/(X, 1),
The fluctuating term has the following properties:

(GAxn6chxn)=0; (GHX,1GHX'Y))
= {K(X-X")8(X—X') + V-V'[K; (X, )d(X—X")]}S(t—t).

Egs. (1.164) and (1.168) are both Langevin equations. The main shortcoming of
these equations is that the functions K;(X, t) and K,(X; ) are not known in advance.
Information about these functions can be obtained by studying the process on the
microscopic level, using the same approach that helped us derive the Chapman—
Kolmogorov equation. This approach allows to interpret diffusion coefficients as
components of a dispersion tensor or a correlation matrix. The difference between
equations (1.168) and (1.164) is that F[C(X, t)] that appears in Eq. (1.168) is not a
function but a functional.

1.13.2.2  Brownian Motion of a Particle in a Hydrodynamic Medium

Slow motion of a particle in a fluctuating hydrodynamic medium (the medium is
assumed to be at rest at the infinity) under the action of the average viscous force
exerted by the surrounding fluid (F(t)) and the fluctuating force F(t) (a force
induced by thermal hydrodynamic fluctuations in the fluid or by some other source
of random forces) is described by the Langevin equation (a stochastic analogue of
Newtons second law):

du

_dx
g T

—(Ft))+ F*, U= =

(1.169)

To find the statistical properties of the random force F/, it is necessary to use the
hydrodynamic equations describing the fields of velocity u and pressure p in the
fluid. The particle motion occurs at low Reynolds numbers, so one can use Navier—
Stokes equations in the inertialess approximation, (i.e., Stokes equations):

Vu=0, V-T=0, (1.170)

where T(r, ) = T° + T''is the stress tensor in the fluid, which consists of a systematic
component T* = —pI + 2y,E and a fluctuating component T'%; —pI is the spherical
tensor (the isotropic part of the stress tensor); 21 E is the deviator (the deviatoric part
of the stress tensor); E=0.5(Vu + Vu') is the symmetric rate-ofstrain tensor, p, is
the coefficient of dynamic viscosity of the carrier (external) fluid.
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In a statistically homogeneous medium, the fluctuating stress tensor T/' is sym-
metric and its trace is equal to zero, that is, Ti{l = 0. The components of T/" are
usually assumed to have a Gaussian distribution with the average value <T£> =0
and the correlation matrix

2
<Tifkl(f17 tl)Tl{ln(m t2)> = 2k0u, (8i8km + Bimp— §5ik51m)
X 6(1‘1—?2)8(t1—t2). (1171)
Equations (1.170) can then be rewritten in the coordinate form:
ou . OT; _ _aTif

X X oX;

(1.172)

Following the method of small perturbations, we shall be looking for the solutions in
the form

wi= () + oy T = <Tfj> + 1, (1.173)
where (u), (T*) are the average values and #,T* are small fluctuating ““additions”
(perturbations).

Substituting (1.173) into (1.172) and neglecting small terms of higher orders, we
get the equations for the average values and for the fluctuating terms:

s - = = fl
o) _ 6<TU>_O O oT; 0Ty

- —0; = . 1.174
O > AR SR ¢ (1.174)

Now, we must introduce two boundary conditions. First, the relative velocity at the
interface between the fluid and the solid particle should be zero: (u;) = U;, #; = 0.
Secondly, the fluid must be at rest at the infinity: (u;) = o, = 0.

As a rule, the main purpose of hydrodynamic calculations is to find the force the
surrounding fluid exerts on a moving particle. This force has systematic and fluc-
tuating parts F and F/', whose components are

() = J<Tisj>njds; Ff = Jﬁjnjdg (1.175)

N N

where n; are components of the outer normal vector and S is the surface of the
particle.

Solving the first two equations (1.174), we get the relation between the particles
velocity and the drag force:

<Fi> = Ri}'U}' (1.176)

where R;; are components of the resistance tensor R.
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In order to determine statistical characteristics of the random force F;, let us use
the relation that follows in a self-obvious way from Gausss theorem, equations
(1.174), and the above-mentioned boundary conditions:

~5 . /=s aT‘J ~ ~
= J((ui>Tij—ui<Tij>)njds =— J(W)st = J UiT;jn;ds = UiFi,

J
s

where integration is carried out over the volume Voccupied by the fluid. Using this
relation together with the property (1.171), we finally get the two-time correlation
between components of the fluctuating force:

FORO) =55,

ZkTS(t—t/) J(ui><Tij>njds = ZkTRiJﬁ(t—t,). (1.177)

N

1.14
Variational (Functional) Derivatives

When considering random processes and random fields, one can see that the PDF
depends on random variables, which, in turn, are functions of time and (or) spatial
coordinates. Therefore, the variables in the PDF are random functions rather than
random variables.

It was shown in Sections 1.5 and 1.6 that knowing the characteristic function ¢
and the characteristic functional, one can determine statistical parameters of ran-
dom quantities such as moments and cumulants from the formulas (1.50) and
(1.54). These formulas contain derivatives of ¢ and In¢p. When considering random
processes and random fields, we treat these derivatives as derivatives with respect to
functions and not as derivatives with respect to random variables. Hence, instead of
ordinary differentiation we have to perform functional, or, to use another term,
variational, differentiation. The corresponding derivatives are called functional
(variational) derivatives.

Let us recal the general definition of a functional. We say that a functional is given
when there exists a rule that assigns a definite number to each function belonging to
some set of functions. Some examples are given below:

- linear functional
X,

Flo00)] = [a(g(x)ax,
Xp

where a(X) is a given function and the limits X; and X, can be
either finite or infinite;
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- quadratic functional
%%
Flo(x)] = | [Bm.wom)om)dnde,
X%

where B(ty, 1,) is a given function;
- function of functional

Flo(X)] = f(®[o])
where f{X) is a given function and ®[p(X)] is a functional.

Consider the difference in values of one and the same functional taken for two
functions ¢(t) and ¢(t) +3¢(t), where t lies in the interval 1€ (X—0.5AX;
X+ 0.5AX). The difference (more strictly, the linear (with respect to d¢(t)) part of
that difference) is called variation of the functional:

8F[g] = {F[¢ + 3¢]—Flg]}.

The variational (functional) derivative is defined as

dFlg] . 3F|g]

dp(X) AQTOW. (1.178)

The variational derivative of a functional F[] is itself a functional of ¢(t) that also
depends on the point X as a parameter. Thus the variational derivative itself has two
different derivatives. One can differentiate it in the ordinary way with respect to the
parameter X; or one can take the variational derivative with respect to ¢(t) at the
point 7 = X. The latter would be the second variational derivative of the initial
functional F[o]:

2
5 {5F[<P]] __ OFle (1.179)
3p(X) 130(X)]  80(X)d0(X)

The second variational derivative is also a functional of ¢(t), but, in contrast to the
first variational derivative, it now depends on two points: X and X. Variational
derivatives of higher orders can be defined in a similar way. As examples, consider
variational derivatives of the above-mentioned functionals.

X X+40.5AX

OF = F[@ + 0¢]—F[o] = J‘a(t)&p(t)dr = J a(1)d¢(t)dr.

X X—0.5AX
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If the function a(t) is continuous on the interval AX, then, according to the mean
value theorem,

Blo] = a(x) | B0ty

AX

where X' € (X— 0.5AX; X+ 0.5AX). The definition (1.178) yields

8F[] _ . , -
so(x) ~ aimo X )<AJX5‘P(T)‘“ / AJX&P(T)dT) = a(X). (1.180)

Applying the same approach to the quadratic functional, we get

;5—([;‘;]) = J(B(I,X) + B(X,1))p(t)dt; (X <1<X). (1.181)

Note that in many cases the function B(t, X) is a symmetric function of its argu-
ments, that is, B(t, X) = B(X, 1).
Finally, for a function of a functional,

Flo +8¢] = f(®[¢ +3¢]) = f(Plg] + D)
= f(®lo]) +M8®+... = Flo] +M8®+...

oo oo
and
5 of (@[g]) 3[0]
Wf(q)[(ﬂ) =50 se(X) (1.182)

Consider now some properties of variational derivatives. Let a functional be a
product of two functionals: ®[@] = F;[¢]F,[¢]. The variation and variational deriva-
tive of this functional are:

3P = D[ + 39| —D@[@] = F1[¢ + 8¢]F,[¢ + d¢]—F:1[¢]F;[g]
= F1[Q]0F,[¢] + Fa[@]OF: (0],

SF; (0] SF (o]

o
———[F;[o@|F =F + F . 1.183
5o(X) [F1[o] F2[¢]] 1[0] 50(X) 2[0] 50(X) ( )
Of special interest is the functional of a Gaussian distribution,
Flo] = TLe _Gow)’ (t)dt (1.184)
o= ) Vomo P 260 [PV '
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Eq. (1.180) gives us its variatlional derivative:

8Flg] 1 exp{_ (T—To)z}_ (1.185)

d0(T) NG 202

Going to the limit 6 — 0 in Egs. (1.183), (1.184) and using the definition of the
delta function Eq. (1.9) and its property (1.11), we obtain:

lim Flo] = o(t0),  lim = S — 5(z—1,),

c—0

Therefore,

do[to] _
S0(T) d(1—19). (1.186)

The relation (1.186) facilitates the derivation of formulas for some variational
derivatives. As an example, let us derive the formula (1.181) for the quadratic
functional:

%{JJEKT% T2)0(11)9(T2)dT1 4T }

XX
= | | B(11,12)

XX,

= | [B(t,X) + B(X,1)]o(t)dr, (Xi<1<X)).

X,
Another example is the variational derivative of the functional

X,

Flo(o)] = [ (w000, 000, 4(0) = dolc)

Xi
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We have:
5Flo] [[OL OLd]8(to) , [[OL OLd
—(p — Y Y O(To _ OL OLd B
g0~ | e ot st~ | [og ] 0
X %,

~ |~ o g LR 0060 X0 %0),

The functional F[@(t)+ n(t)] can be expanded as a functional Taylor series in the
vicinity of the point n ~0:

Flo®) + n(8)] = Flo(®)] + [ 5 S n(x)dx
+ %J J%H(Xﬂﬂ(&)d&d& +... (1.187)

Here and later, when the range of integration is not pointed out, it is assumed to be
infinite.
The Taylor series (1.187) could be written in the compact form

Flo(1) +n(0)] = xp{j axn(X) %}F[wn

using the following operator notation:

exp{Jan(X)%(X)} =1+ Jan(X)%

1 &

=1+ Jan(X) %—k%“ axn(X) %}2—&-. e

Consider the transformation of variational derivatives as we change the functional
variables. Let us replace the function ¢(t) by a new function \(t) given by the equality
o(t) =P[U(t); ], where \ is the functional of a function \(t), which also depends on t.
Then the functional F[¢(t)] is a composite functional of y(t):

Flo(v)] = F[¥[y(t); 1] = Fi[y(7)].

For such functional, there exists the following expression for the variational deriva-
tive:

8F [y(1)] J gy SF0(0)] 8% [y (1); X'

Sot) )% Se(t)  sw() (1.188)
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A functional change of variables plays an important role in Fourier transforms:
0(X) = | ww)*do = ghu(w): X

According to the formula (1.173), we have

do[y(0); X] — Jo'X
dy (o)

and from (1.180), there follows

ammwmm1jwmm@wM4 (1189)

So(of) ) Bo(x)
1.15
The Characteristic Functional
It was shown in Section 1.5 that a random value u is completely determined by its

characteristic function @(p) = (exp(ipu)), which allows us to use the inverse Fourier
transform to get the PDF,

1 .
_ —ipu
) =5 | e o

the moments,

B, = (u") = E%} n(p(p)\pzo,

the cumulants,
141"
Sp = {;%} [lne(p)]y—o

and other statistical parameters of the PDF.
For a multidimensional random quantity u= (uy, uy, ..., uy), the complete de-
scription is contained in the characteristic function

o(p) = 0(p1; P2, - - - Py) = (exp(ipu)) = <eXP(iZPk”k)>v (1.190)
k

The corresponding joint PDF of the random values uy, u,, ..., uy is the Fourier
transform of the characteristic function @(py, p2, - .., Pn):
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p(X1, X, XN) = " Je_ip'xcp(p)dp

1 , 1.191
=— JeXP(—lZ PLXe) (P, Pas - - -, Px)dP1dp,. . .dpy (1.191)
(2m) .
= 8(141 —X1)6(u2—X2). . .S(MN—XN).

Consider now a random function u(X). For its complete statistical description, it is
sufficient to know the characteristic functional

olp] = <exp{in(T)u(’c)dT}>, (1.192)

where the function p(t) is an arbitrary function replacing the set of numbers p;, p,,
.., py in (1.190).
Given @[p], we can find statistical characteristics of the random function u(X), for
example, the average value (u(X)), N-point moments B,,,, ., = (u(Xy) ... u(Xy)), etc.
To find the variational derivative, let us use the results obtained in Section 1.14,
keeping in mind that the averaging operator commutes with the operator §/5p(X):

% = (;EX) exp<{i[p(r)u(r)dt}> = <%exp{ijp(r)u(r)dr}>

=1 u(X)exp{in(r)u(r)dt

(=4

Similarly, we write

(%Sp?Xl))”(%Sp(SXn))q) _ <u(X1). . .u(Xn)exp{in(r)u(r)dr}>.

Setting p=0 in the last relation, we obtain:

1 3"

P Sp(%). . p(X)

= (u(X1)... w(X4)) = Buu..u- (1.193)
p=0

So, it is possible to find the multi-point moments for a given characteristic
functional. Expanding the functional ®[p] into a functional Taylor series according
to Eq. (1.187) and taking into account Eq. (1.193), one can express the characteristic
functional in terms of moments:

(I)[p] = ;’ %J~~~JBuu...u(X17X2:~~~7Xn)
n=0 """
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If the functional has the form

@[p] = exp(y(p]),

then V is called the cumulant-generating function (see Section 1.6), and the cumu-
lants themselves given by

8}1

_(_nk
Sllu,l(XlaXb .. '7Xn) - ( l) SP(X1) ] Sp(Xn) oo

(1.195)

As an example, let us find the characteristic functional for a Gaussian random
process u(X) with (u(X)) =0, under the additional assumption that the joint distri-
bution for any two given values of X is also Gaussian. Let the random variable

(A) = [ p(DU(D)d, (p(dee) = 0,

have a Gaussian distribution

1 [ Ay
V271G 4 P 205

with the parameters

p(A) =

A= T p(1)(w)(t)dt = 0,
o; = (A%)— T T B(t1,72)p(T1)p(T2)dT1dT,,

where B(tq, T5) = (u(t1)u(t,)) is a two-point correlation function. The characteristic
functional of the random quantity A is

; 1
(exp(e)) = exp (— —GA>
Therefore the characteristic functional of a Gaussian random process is

oo oo

@[p] = exp —% j JB(rl,rz)p(rl)p(rz)drldrz . (1.196)

—o0—o0

Characteristic functionals and variational derivatives are widely used in problems
pertaining to particle motion under the action of random fluctuating forces, for
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example, in the theories of Brownian motion, diffusion, turbulence, etc. Such
problems are the subject of the statistical theory of dynamic systems with fluctuating
parameters. These parameters (e.g., coordinates and velocities of particles sus-
pended in a fluid), are described by ordinary or partial differential equations (sto-
chastic equations). The main challenge is to obtain and then solve a closed system of
equations. It turns out that many processes can be treated as Markowian processes.
Also, the distribution of fluctuating parameters (random variables) has proved to be
Gaussian.

As an example, consider a simplified form of the Langevin equation (see
Section 1.13) that describes the time rate of change of velocity V(t) of a particle
driven by a fluctuating force &(#):

‘Z_‘t’ =—hV+E&(t); X(0) =0, (1.197)

where h is a constant and &(t) is a random function.
For a given &(t), the solution of Eq. (1.197) has the form
V(t) = J&(t)exp(—h(i—’c))d’t. (1.198)

0

From Eq. (1.198), one can derive all statistical characteristics of the random
process V(t). On the other hand, all statistical characteristics are contained in the
characteristic function

t

(P(P)—(eXP(iPV(t))—<eXP ipji(t)exp(—h(t—ﬂ)df > (1.199)

0

Taking into account the relation (1.192), the last equation can be rewritten as
o(p) = @{pexp(—h(t—1))}. (1.200)

Finally, we should mention the Furutsu—Donsker-Novikov correlation formula
for the product of a Gaussian random function X(f) and a functional R[X(t)] that may
depend (either explicitly or implicitly) on X(t):

ORXE) = | 80,10 (Gl )i (1.201)

This formula is the functional analogue of Eq. (1.86).
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