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CHAPTER 1

A BRIEF HISTORY OF OPTIMIZATION

Optimization is everywhere, from engineering design to financial markets,
from our daily activity to planning our holidays, and computer sciences to in-
dustrial applications. We always intend to maximize or minimize something.
An organization wants to maximize its profits, minimize costs, and maximize
performance. Even when we plan our holidays, we want to maximize our
enjoyment with least cost {or ideally free}. In fact, we are constantly search-
ing for the optimal solutions to every problem we meet, though we arc not
necesgarily able to find such solutions.

It is no exaggeration to say that finding the solution to optimization prob-
lems, whether intentionally or subconsciously, is as old as human history itself.
For example, the least effort principle can often explain many human behav-
iors. We know the shortest distance between any two different points on a
plane is a straight line, though it often needs complex maths such as the cal-
culus of variations to formally prove that a straight line segment between the
two points is indeed the shortest.

In fact, many physical phenomena are governed by the so-called least ac-
tion principle or its variants. For example, light travels and obeys Fermat’s
principle, that is to travel at the shortest time from one medium to another,
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thus resulting in Snell’s law. The whole analytical mechanics is based on this
least action principle.

1.1 BEFORE 1900

The study of optimization problems is also as old as science itself. It is known
that the ancient Greek mathematicians solved many optimization problems.
For example, Euclid in around 300BC proved that a square encloses the great-
est aren among all possible rectangles with the same total length of four sides.
Later, Heron in around 100BC suggested that the distance between two points
along the path reflected by a mirror is the shortest when light travels and re-
flects from a mirror obeying some symmetry, that is the angle of incidence
iz equal to the angle of reflection. It is a well-know optimization problem,
called Heron's problem, as it was first described in Heron’s Catoptrice (or On
Mirrors).

The celebrated German astronomer, Johannes Kepler, is mainly famous for
the discovery of his three laws of planetary motion; however, in 1613, he solved
an optimal solution to the so-called marriage problem or secretary problem
when he started to look for his second wife. He described his method in his
personal letter dated October 23, 1613 to Baron Strahlendorf, including the
balance of virtues and drawbacks of each candidate, her dowty, hesitation,
and advice of friends. Among the eleven candidates interviewed, Kepler chose
the fifth, though his friend suggested him to choose the fourth candidate. This
may imply that Kepler was trying to optimize some utility function of some
sort. This problem was formally introduced by Martin Gardner in 1960 in his
mathematical games column in the February 1960 issue of Scientific American.
Since then, it has developed into a field of probability optimization such as
optimal stopping problems.

W. van Royen Snell discovered in 1621 the law of refraction, which remained
unpublished; later, Christiaan Huygens mentioned Snell’s results in his Diop-
trice in 1703. This law was independently rediscovered by René Descartes
and published in his treatise Discours de la Methode in 1637. About 20 years
later, when Descartes’ students contacted Pierre de Fermat collecting his cor-
respondence with Descartes, Fermat looked again in 1657 at his argument
with the unsatisfactory description of light refraction by Descartes, and de-
rived Snell and Descartes’ results from a more fundamental principle — light
always travels in the shortest time in any medium, and this principle for light
is now referred to as Fermat’s principle, which laid the foundation of modern
optics.

In his Principia Muathematica published in 1687, Sir Isaac Newton solved
the problem of the body shape of minimal resistance that he posed earlier in
1685 as a pioneering problem in optimization, now a problem of the calculus of
variations. The main aim was to find the shape of a symmetrical revolution
body so as to minimize the resistance to motion in a fluid. Subsequently,
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Newton derived the resistance law of the body. Interestingly, Galileo Galilei
independently suggested a similar problem in 1638 in his Discursi,

In June 1696, J. Bernoulli made some significant progress in calculus. In
an article in Acta Eruditorum, he challenged all the mathematicians in the
world to find the shape or curve connecting two points at different heights
so that a body will fall along the curve in the shortest time due to gravity
— the line of quickest descent, though Bernoulli already knew the solution.
On January 29, 1697 the challenge was received by Newton when he come
home at four in the afterncon and he did not sleep until he had solved it by
about four the next morning and on the same day he sent out his solution.
Though Newton managed to solve it in less than 12 hours as he becaine the
Warden of the Royal Mint on March 19, 1696, some suggested that he, as
such a genius, should have been able to solve it in half an hour. Some said
this was the first hint or evidence that too much administrative work will slow
down one’s progress. The solution as we now know is a part of a cycloid. This
stecpest descent is now called Brachistochrone problem, which inspired Euler
and Lagrange to formulate the general theory of calculus of variations.

In 1746, the principle of least action was proposed by P. L. de Mauper-
tuis to unify various laws of physical motion and its application to explain all
phenomena. In modern terminology, it is a variational principle of station-
ary action in terms of an integral equation of a functional in the framework of
calculus of variations, which plays a central role in the Lagrangian and Hamil-
tonian classical mechanics. It is also an important principle in mathematics
and physics.

In 1781, Gaspard Monge, a French civil engineer, investigated the trans-
portation problem for optimal transportation and allocation of resources, if
the initial and final spatial distribution are known. In 1942, Leonid Kan-
torovich showed that this combinatorial optimization problem is in fact a
case of a linear programming problem,

Around 1801, Frederich Gauss claimed that he used the method of least-
squares to predict the arbital location of the asteroid Ceres, though his version
of the least squares with more rigorous mathematical foundation was pub-
lished later in 1809. In 1805, Adrien Legendre was the first to describe the
method of least squares in an appendix of his book Nouvelle meéthodes pour
la determination des orbites des cometes, and in 1808 he used the principle
of least squares for curve fitting. Gauss later claimed that he had been using
this method for more than 20 years, and laid the foundation for least-squares
analysis in 1795. This led to some bitter disputes with Legendre. In 1808,
Robert Adrain, unaware of Legendre’s work, published the method of least
squares studying the uncertainty and errors in making observations, not using
the same terminology as those by Legendre.

- In 1815, D. Ricardo proposed the law of diminishing returns for land culti-
vation, which can be applied in many activities. For example, the productivity
of a piece of a land or a factory will only increase marginally with additional
increase of inputs. This law is called law of increasing opportunity cost. It
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dictates that therc is a fundamental relationship between opportunity and
scarcity of resources, thus requiring thai scarcely available resources be used
efficiently.

In 1847 in a short note, L. A. Cauchy proposed a general method for
solving systems of equations in an iterative way. This essentially leads to
two iterative methods of minimization: now called the gradient method and
steepest descent, for certain functions of more than one variable.

1.2 TWENTIETH CENTURY

In 1906, Danish mathematician J. Jensen introduced the concept of convexity
and derived an inequality, now referred to as Jensen'’s inequality, which plays
an important role in convex optimization and other areas such as economics.
Convex optimization is a special but very important class of mathematical
optimization as any optimality found is also guaranteed to be the global opti-
mality. A wider range of optimization problems can be reformulated in terms
of convex optimization. Consequently, it has many applications including
contrel systems, data fitting and modelling, optimal design, signal processing,
mathematical finance, and others.

As early as 1766, Leonhard Euler studied the Knighi tour problem, and
T. P. Kirkman published a research article on the way to find a circuit which
passes through each vertex once and only once for a give graph of polyhedra.
In 1856, Sir William Rowan Hamilton popularized his feosian Game. Then,
in February 1930, Karl Menger posed the Messenger’s problem at a mathe-
matical colloquium in Vienna, as this problem is often encountered by postal
messengers and travelers. His work was published later in 1932. The task
is to find the shortest path connecting a finite number of points/cities whose
pairwise distances are known. Though the preoblem is solvable in a finite
number of trials and permutations, there is no efficient algorithm for finding
such solutions. In general, the simple rule of going to the nearest points does
not result in the shortest path. This problem is now referred to as Traveling
Salesman Problem which is closely related to many different applications such
as network routing, resource allocation, scheduling and operations research
in general. In fact, as early as 1832, the 1832 traveling salesman manual
described a tour along 45 German cities with a shortest route of 1248 km,
though the exact mathematical roots of this problem are quite obscure, and
might be well around for some time before the 1930s.

Interestingly, H. Hancock published in 1917 the first book on optimization
“Theory of Minima and Magima” .

In 1939, L. Kantorovich was the first to develop an algorithm for linear
programming and use it in economics. He formulated the production problem
of optimal planning and effective methods for finding solutions using linear
programming. For this work, he shared the Noble prize with T. Koopmans in
1975. The next important step of progress is that George Dantzig invented in



1.3 HEURISTICS AND METAHEURISTICS 7

1947 the simplex method for solving large-scale linear programming problems.
Dorfman in an article published in 1984 wrote that linear programming was
discovered three times, independently, between 1939 and 1947, but each time
in a somewhat different form. The first discovery was by the Russian math-
ematician, L. Kantorovich, then by the Dutch economist, Koopmans, and
the third in 1947 by the American mathematician George Dantzig. Dantzig’s
revolutionary simplex method is able to solve a wide range of optimal pol-
icy decision problems of great complexity. A classic example and one of the
earliest of using linear programmming as described in Dantzig’s 1963 book was
to find the solution to the special optimal diet problem involving 9 equations
and 77 unknowns using hand-operated desk calculators.

In 1951, Harold Kuhn and A. W. Tucker studied the nonlinear optimiation
problem and re-developed the optimality condition, as similar conditions were
proposed by W. Karush in 1939 in his MSc dissertation. In fact, the opti-
mality conditions are the generalization of Lagrange multipliers to nonlinear
inequalities, and are now known as the Karush-Kuhn-Tucker conditions, or
simply Kuhn-Tucker conditions, which are necessary conditions for a solution
to be optimal in nonlinear programming.

Then, in 1957, Richard Bellman at Stanford University developed the dy-
namic programming and the optimality principle when studying multistage
decision and planning processes while he spent some timne at the RAND Corpo-
ration. He also coined the term Dynamic Programming. The idea of dynamic
programming can date back to 1944 when John von Neumann and O. Mor-
genstern studied the sequential decision problems. John von Neumann also
made important contribution to the development of operational research. As
earlier as in 1840, Charles Babbage studied the cost of transportation and
sorting mails; this could be the earliest research on the operational research.
Significant progress was made during the Second World War, and ever since
it expanded to find optimal or near optimal solutions in a wide range complex
problems of interdisciplinary areas such as communication networks, project
planning, scheduling, transport planning, and management.

After the 1960s, the literature on optimization exploded, and it would take
a whole book to write even a brief history on optimization after the 1960s. As
this book is mainly about the introduction to metaheuristic algorithms, we will
then focus our attention on the development of heuristics and metaheursitics.
In fact, quite a significant number of new algorithms in optimization are
primarily metaheuristics.

1.3 HEURISTICS AND METAHEURISTICS

Heuristics is a solution strategy by trial-and-error to produce acceptable solu-
tions to a complex prablem in a reasonably practical time. The complexity of
the problem of interest makes it impossible to search every possible solution
or combination, the aim is to find good, feasible solutions in an acceptable
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timescale. There is no guarantee that the best solutions can be found, and
we even do not know whether an algorithm will work and why if it does work.
The idea is that an efficient but practical algorithin that will work most of
the time and be able to produce good quality solutions. Among the found
quality solutions, it is expected that some of them are nearly optimal, though
there is no guarantee for such optimality.

Alan Turing was probably the first to use heuristic algorithms during the
Second World War when he was breaking German Enigma ciphers at Bletchley
Park where Turing, together with British mathematician Gordon Welchman,
designed in 1940 a cryptanalytic electromechanical machine, the Bombe, to
aid their code-breaking work. The bombe used a heuristic algorithm, as Tur-
ing called, to search, among about 10%? potential combinations, the possibly
correct setting coded in an Enigma message. Turing called his search method
heuristic search, as it could be expected it worked most of the time, but there
was no guarantee to find the correct solution, but it was a tremendous success.
In 1945, Turing was recruited to the National Physical Laboratory (NPL}, UK
where he set out his design for the Automatic Computing Engine (ACE). In
an NPL report on “Intelligent machinery’ in 1948, he cutlined his innovative
ideas of machine intelligence and learning, neural networks and evolutionary
algorithms or an early version of genetic algorithins.

The next significant step is the development of evolutionary algorithms
in the 1960s and 1970s. First, John Holland and his collaborators at the
University of Michigan developed the genetic algorithms in the 1960s and
1970s. As early as 1962, Holland studied the adaptive system and was the first
to use crossover and recombination manipulations for modeling such systems.
His seminal book summarizing the development of genetic algorithms was
published in 1975. In the same year, Kenneth De Jong finished his important
dissertation showing the potential and power of genetic algorithms for a wide
range of objective functions, either noisy, multimodal or even discontinuous.

Genetic algorithms (GA) is a search method based on the abstraction of
Darwin’s evolution and natural gelection of biological systems and represent-
ing them in the mathematical operators: crossover or recombination, muta-
tion, fitness, and selection of the fittest. Ever since, genetic algorithms be-
come so successful in solving a wide range of optimization problems, several
thousand research articles and hundreds of books have been written. Some
statistics show that a vast majority of Fortune 500 companies are now using
them routinely to solve tough combinatorial optimization problems such as
planning, data-fiiting, and scheduling.

During the same period, Ingo Rechenberg and Hans-Paul Schwefel both
then at the Technical University of Berlin developed a search technique for
solving optimization problem in aerospace engineering, called evolution strat-
egy, in 1963. Later, Peter Bienert joined them and began to construct an
automatic experimenter using simnple rules of mutation and selection. There is
no crossover in this technique; only mutation was used to produce an offspring
and an improved solution was kept at each generation. This is essentially a
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simple trajectory-style hill-climbing algorithm with randomization. As early
as 1960, Lawrence J. Fogel intended to use simulated evolution as a learning
process as a tool to study artificial intelligence. Then, in 1966, L. J. Fogel,
with A. J. Owen and M. J. Walsh, developed the evolutionary programming
technique by representing solutions as finite-state machines and randomly
mutating one of these machines. The above innovative ideas and methods
have evolved into a much wider discipline, called evolutionary algorithms and
evolutionary computation.

The decades of the 1980s and 1990s were the most exciting time for meta-
heuristic algorithms. The next big step is the development of simulated an-
nealing (SA) in 1983, an optimization technique, pioneered by S. Kirkpatrick,
C. D. Gellat and M. P. Vecchi, inspired by the annealing process of metals. It
is a trajectory-based search algorithm starting with an initial guess solution
at a high temperature, and gradually cooling down the system. A move or
new solution is accepted if it is better; otherwise, it is accepted with a proba-
bility, which makes it possible for the system to escape any local optima. It is
then expected that if the system is cooled slowly enough, the global optimal
solution can be reached.

The actual first usage of metaheuristic is probably due to Fred Glover's
Tabu search in 1986, though his seminal book on Tabu search was published
later in 1997.

In 1992, Marco Dorigo finished his PhD thesis on optimization and natural
algorithms, in which he deseribed his innovative work on ant colony optimiza-
tion (ACO). This search technique was inspired by the swarm intelligence of
social ants using pheromone as a chemical messenger. Then, in 1992, John
R. Koza of Stanford University published a treatise on genetic programming
which laid the foundation of a whole new area of machine learning, revolu-
tionizing computer programming. As early as in 1988, Koza applied his first
patent on genetic programming. The basic idea is to use the genetic principle
to breed computer programs so as to produce the best programs for a given
type of problem.

Slightly later in 1995, another significant step of progress is the development
of the particle swarm optimization {PSQO) by American social psychologist
James Kennedy, and engineer Russell C. Eberhart. Loosely speaking, PSO is
an optimization algorithm inspired by the swarm intelligence of fish and birds
and even by human behavior. The multiple agents, called particles, swarm
around the search space starting from some initial random guess. The swarm
communicates the eurrent best and shares the global best so as to focus on the
quality sclutions. Since its development, there have been about 20 different
variants of particle swarm, and have been applied to almost all areas of tough
optimization problems. There is some strong evidence that PSO is better
than traditional search algorithms and even better than genetic algorithms
for most type of problems, though this is far from conclusive.

In 1997, the publication of the ‘no free lunch theorems for optimization’ by
D. H. Wolpert and W. G. Macready sent out a shock wave to the optimization
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community. Researchers have always been trying to find better algorithms, or
even universally robust algorithms, for optimization, especially for tough NP-
hard optimization problems. However, these theorems state that if algorithm
A performs better than algorithm B for some optimization functions, then
B will outperform A for other functions. That is to say, if averaged over all
possible function space, both algorithms A and B will perform on average
equally well. Alternatively, there is no universally better algorithms exist.
That is disappointing, right? Then, people realized that we do not need the
average over all possible functions as for a given optimization problem. What
we want is to find the best solutions; this has nothing to do with average over
all the whole function space. In addition, we can accept the fact that there is
no universal or magical tool, but we do know from our experience that some
algorithms indeed outperform others for given types of optimization problems.
So the research now focuses on finding the best and most efficient algorithm(s)
for a given problem. The task is to design better algorithms for most types
of problems, not for all the problems. Therefore, the search is still on.

At the turn of the twenty-first century, things became even more excit-
ing. First, Zong Woo Geem et al. in 2001 developed the Harmony Search
{HS) algorithm, which has been widely applied in solving various optimiza-
tion problems such as water distribution, transport modelling and scheduling.
In 2004, 8. Nakrani and C. Tovey proposed the Honey Bee algorithm and
its application for optimizing Internet hosting centers, which followed by the
development of a novel bee algorithm by D. T. Pham et al. in 2005 and the
Artificial Bee Colony (ABC) by D. Karaboga in 2005. In 2008, the author of
this book developed the Firefly Algorithm {FA). Quite a few research articles
on the Firefly Algorithm then followed, and this algorithm has atiracted a
wide range of interests.

As we can see, more and more metaheuristic algorithms are being devel-
oped. Such a diverse range of algorithms necessitates a system summary of
various metaheuristic algorithms, and this book is such an attempt to intro-
duce all the latest and major metaheuristics with applications.

EXERCISES

2

1.1  Find the minimum value of f{x) = 2* — 2 — 6 in [—o0, x].

1.2 For the previous problem, use simple differentiation to obtain the same
results.

1.3 In about 300BC, Euclid proved that a square encloses the greatest area
among all rectangles, assuming the total length of the four edges is fixed.
Provide your own version of such proof.

1.4 Design a cylindrical water tank which uses the minimal materials and
holds the largest volume of water. What is the relationship between the radius
7 of the base and the height A?
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EXERCISES 11

ol
A
Figure 1.1: Reflection of light at a mirror.

In about 100BC, Heron proved that a path PA(Q} is the shortest when

reflecting at a mirror with the angle of incidence « is equal to angle of re-
flectance 3 (see Figure 1.1)., Show that « = 3 leads to the shortest distance
PAQ.
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