
Index

Absolute error, 294, 303
Accumulator array, rule-reduction, 283–284,

293, 302
Additively separable, function, 282, 284, 295,

302
Additivity axiom, 611
Adjacency matrix, cognitive mapping, 546
Aggregation operators, averaging, 43

ordered weighted averaging, 43
Algebra, abstract, 6, 264

linear, 6, 264, 275–276
mapping, 264

α-cut (see λ-cut)
Ambiguity, 13, 143, 245
Antecedents, 7, 123

disjunctive, 256
fuzzy, 139

Approaching degree, maximum, 398, 402
similarity, 397
weighted, 401

Approximate reasoning, 162, 249
Arithmetic, fuzzy, 445
Atomic terms, natural language, 143–144
Attribute data, statistical process control, 504

fuzzy, 513
traditional, 510

Axiom of contradiction, 30, 135

Ball-box analogy, evidence theory, 588–589
Basic evidence assignment, definition of, 577

joint, 579,
normal, 579

Basic uncertainty logic, 611

Batch least squares, rule generation, 212,
215–216

Bayesian, decision making, 310, 326, 349
inference, 4
updating, problems with, 310

Belief, monotone measures, 574–578, 586
Binomial distribution, statistical process control,

512
Body of evidence, 579

consonant, 583, 590–591
Boundary, crisp sets 25

fuzzy sets 25, 91–92

Cardinality, classification, 372, 374, 381
consensus relations, 319
possibility distributions, 595
sets, 26, 36

Cartesian product, 125, 253
classical sets, 42, 53
fuzzy sets, 59

Certainty (also necessity), monotone measures,
574, 587, 598

average 317
Chance, 13

games of, 4
Characteristic function, 32, 372
Chi-square distribution, statistical process

control, 504, 519
Classical sets, operations, 27–28

properties, 28–31
Classification, definition, 362–363

metric, 387–388
fuzzy, 379
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Cluster centers, 229–231
Clustering, neural networks, 187–188

method, rule generation, 212, 215, 228
c-means, clustering, 370

fuzzy, 363, 379–387
hard 363, 371–379

Cognitive mapping, conventional, 544
fuzzy, 545

Comb’s method of rapid inference, 276,
282–284, 292, 301

Combinatorial explosion, 2, 275, 282
Complement, classical, 27

standard fuzzy operation, 35
Complex system, 2, 7
Complexity, 245–247, 264, 274
Composite terms, natural language, 143
Composition, 251

chain strength analogy, 58
fuzzy, 60, 138
max-min, 57
max-product, 57
other methods, 74–75

Computational power, 274–275
Concentration, linguistic hedges, 145–146
Conditioning, column vectors, 281
Conjunction, axiomatic, 611
Consensus, degree of, 317

distance to, 319–320
types of, 318

Consequent, 7, 123, 216
fuzzy, 139

Consistency, condition, 601
principle, 592

Consonant measure, possibility distribution, 591
Continuous valued logic, 4
Contradiction, proof by, 131

logic, 121
Contrast enhancement, image recognition,

413–415
Control limits, statistical process control,

505–507, 517
Control surface, 479, 484–485
Control systems, graphical simulation, 489–492

industrial process, 481
multi-input, multi-output (MIMO), 492,

500–504
single-input, single-output (SISO), 492

Control, adaptive, 518
conventional methods, 479, 494–496
disturbance-rejection, 478, 493, 500, 502, 518
economic examples, 477
feedback, 477–78, 492
nonadaptive, 480
regulatory, 477–478
set-point tracking, 478, 493, 496, 500–503,

518
stability and optimality, 480

Convex hull, fuzzy set, 279–281
Convexity, membership functions, 91
Core, membership function, 91
Covariance matrix, 222
Credibility, 246

uncertainty, 274–275
Crossover, genetic algorithms, 193–194, 198

Decision, optimal 321–322
Deduction, 246

fuzzy rule-based, 148
shallow knowledge, 149

Deductive, logic, 9–10
reasoning, 74, 126

Defuzzification, 91, 258–260
Center, of largest area, 108

of sums, 107
-average, 215, 229

centroid, 283, 510
correlation-minimum, 503
first (or last) maxima, 108
fuzzy relations, 98
maximum membership principle, 100,

389–390, 484
mean-max membership, 102
measure criteria, 113
nearest neighbor classifier, 389–390
properties, 97
scalars, 99
weighted average, 101, 276

λ-cut sets, 96, 98–99
Degree of, attainment, 233

confirmation, possibility distributions,
598–599

Delta functions, 217, 221
DeMorgan’s principles, 30–32, 36, 124

relations, 57, 59
Dempster’s rule, evidence theory, 579
Difference, classical, 27, 124
Dilations, linguistic hedges, 145–146
Disjunction, axiomatic, 611
Dissonance, evidence theory, 583
Distance measure, axiomatic, 612
Doubly-stochastic matrix, 279, 288, 290, 300
Dual problem, linear regression, 566

El Farol problem, 9–10
Entropy minimization, inductive reasoning, 200,

202
Equality intervals, system identification, 550
Equivalence, relations, graphical analog, 70

properties of, 66, 69
classification, 363–369

axiomatic, 612
logical, 128–129

Error, surface, 224
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Euclidean distance, 371
norm, 373, 384

Evidence theory, 4, 578
Excluded middle axiom, 36, 134–135, 142, 301,

380
applications of, 602
axiomatic basis, 610, 613
counterexamples, 163
evidence theory, 575
principle of, 163
probability measure, 582
relations, 57, 59

Exclusive-nor, 129–130
Exclusive-or, 27, 129–130
Extension principle, 75, 162, 445, 515

definition of, 448

Falsity set, 121
Feature analysis, pattern recognition, 393
Fitness-function, genetic algorithms, 194
Forgetting factor, automated methods of rule

generation, 222
Frobenius-norm, error analysis, 294–303
Fuzzification, 94
Fuzziness, 13

average 317
Fuzzy, associative, mapping, 254–255, 264, 283

mapping, input-output, 446
matrices, conditioning, 277, 291
measure theory, 4, 573
number, definition, 93

triangular, 515
regression analysis, 556

relational equations, 250, 252
system identification, 550

relations, cardinality 59
operations and properties, 58–59

sets, convex, 98
noninteractive, 40–42
notation, 34
orthogonal, 334

system(s), 8, 121, 143, 148, 162, 275
model, 227, 243
transfer relation, 253
initial, 235

vectors, 44, 311
definition of, and complement, 395
product, inner and outer, 395–397
similarity, 397

weighting parameter, classification, 382

Generalized information theory, 602
Genetic algorithms, control, 518
Gradient method, rule generation, 212, 215, 223
Grammar, formal, 422, 424

language, 423

syntactic recognition, 421
syntax analysis, 421

Graphical inference, 258
Grid-point function sampling, 281

Height, membership functions, 93
Hidden layers, neural networks, 184

Identity-norm, error analysis, 294–303
IF-THEN rules, 249

control, 480
Ignorance, 5, 13, 246–247

monotone measures, 574
total, 586, 601

Implication, axiomatic, 612
Brouwerian, 142
classical, 124, 141, 322
correlation-product, 152
Lukasiewicz, 142
Mamdani, 151
other techniques, 141–142, 215

Imprecision, 2, 13
Inclusive-or, 282
Independence, axiom of, 310, 349
Indeterminacy, cognitive mapping, 545
Induction, 10, 246

deep knowledge, 149
laws of, 201–202

Inclusive-or, logical connectives, 122
Inequality intervals, system identification, 550
Inference, deductive, 132, 151

defuzzification, 152–153
centroidal, 154
weighted average, 156–157

fuzzy, 140
graphical methods, 151–161
implication, max-min, 151

max-product, 154
max-min, cognitive mapping, 547
Sugeno, 155–156, 215
Tsukamoto, 156–158

Information, distinction between fuzzy and
chance, 16

fuzzy, 333
imperfect, 329
perfect and imperfect, 329
uncertainty in, 5, 12
value of, decision making, 329, 348–349

Input-output data, 216
Intensification, linguistic hedges, 145–146

image recognition, 414–415
Interpolative reasoning, 249

control, 479
Intersection, classical, 27

standard fuzzy operation, 35
Intersection-rule-configuration (IRC), 275, 282,

285, 295, 302
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Intervals, types of, possibility distributions,
592–598

Intuitionism, logic, 162
Isomorphism, fuzzy systems, 7
Iterative optimization, classification, 374, 382

Knowledge, conscious, 242–243, 250
information, 246–248
subconscious, 242, 250

λ-cuts, 365–369, 515–517
optimization, 539

Language, fuzzy (see also grammar)
Laplace transforms, control, 494–496
Learning, shallow, 246

neural networks, 185
from examples, rule generation, 212, 214,

231, 239–240
Least squares, 219, 221, 224

statistical process control, 518–519
Length, possibility distribution, 584
Likelihood values, decision making, 328
Linear regression, conventional 555

fuzzy, 556, 566
Linguistic, connectives, 144, 254

hedges, 145–146
precedence, 147

natural language, 144
rule, 125, 264–265

Logic, Aristotelian, 1
classical (binary, or two-valued), 120–121,

134
constructive-or, 163
fuzzy, 134
linear, 163
paradox, 134–135
Sorites, 134

Logical, connectives, 122–123, 135–136
negation, 122–123, 135
proofs, 127–128, 130–132
propositions, 129

empty set, 135
-or, 27, 122
universal set, 135

Logics, multivalued, 162

Mamdani inference, 509, 514
Mapping, function-theoretic, 32

set-theoretic, 32
Matrix norm, classification, 383
Maximal fuzziness, decision making, 317–318
Maximum, fuzziness, 19

membership, criterion of, 394
operator, 33, 42

Measure, decision, 321–322

Measurement data, statistical process control,
504

fuzzy, 507–510
traditional, 504–507

Membership function, definition of, 15–16
generation, genetic algorithms, 197
inductive reasoning, 202
crossover points, 93
generalized, 94
interval-valued, 94
notation, 34
ordinary, 94
properties of, 15, 91
type-2, 94
dead band, 504
genetic algorithms, 193–200
inductive reasoning, 200–206
inference, 180–181
intuition, 179–180
neural networks, 182–193
non-negative, 278, 288, 298–290, 298
ordering, 181–183
orthogonal, 514
overlapping, 278, 288–289, 297–299
prototypical value, 277, 279, 288, 298, 300
regression analysis, 556, 561
smoothness, 156
triangular, 214, 231, 276, 286, 296

Membership, classical (binary) sets, 13–14
fuzzy sets, 14
unshared, 387–388

MIN and MAX, extended operations, 315
Minimum, operator, 33, 42
Model-free methods, 246
Models, abstraction 8–9
Modified learning from examples, rule

generation, 212, 215, 234
Modus ponens, deduction, 126, 251
Modus tollens, deduction, 127
Monotone measures, 4, 573

fuzzy sets, difference between, 573, 575
Multifeature, pattern recognition, 400
Multinomial distribution, statistical process

control, 512, 519
Multiobjective, decision making, 320
Multivalued logic, 4
Mutation, genetic algorithms, 193–194

rate of, 194
Mutual exclusivity, 122

Natural language, 13, 90, 143
interpretations, cognitive, 143–144
linguistic variable, 143, 148, 162

Nearest center, pattern recognition, 401
Nearest neighbor, 228, 236

pattern recognition, 400
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Necessity, monotone measures, 583–584
Nested sets, evidence theory, 583
Nesting diagram, possibility distribution, 585
Neural networks, 246

back-propagation, 185
inputs and outputs, 183
threshold element, 183–184
training, 188, 192
weights, 183

Newton’s second law, 246, 248
Newtonian mechanics, 3
Noninteractive fuzzy sets, 12, 253–254, 265,

401
Nonlinear, simulation, 251, 265

systems, 249, 254
Nonrandom errors, 11
Nonspecificity, 13

possibility distribution, 593–594
Nontransitive ranking, 315–316
Normal, membership function, 91
Null set, 26

evidence theory, 575
Null solutions, system identification, 552,

554–555

Objective function, fuzzy c-means, 382
hard c-means, 373
linear regression, 558–559, 565
optimization, 539

One-norm, error analysis, 294–303
Optimist’s dilemma, 8
Optimization, fuzzy, 537

one-dimensional, 538
Ordering, crisp 312

fuzzy 312
ordinal, 321

Orthogonal matrices, 277, 280, 291

Pairwise function, decision making, 315–316
Paradigm shift, fuzzy control, 476, 518
Partitioning, input and output, 253–258

classification, 371–372
p-chart, statistical process control, 510–513

fuzzy, statistical process control, 513–516
Perfect evidence, possibility distribution, 586,

592
Plausibility, monotone measures, 574–578, 586
Point set, classification, 371
Possibility, theory, 4

distribution, as a fuzzy set, 590–592
decision making, 349
definition of, 584

monotone measures, 574, 583
Power set, 19, 33, 575

fuzzy, 36
Precision, 1, 245

Preference, degree of, 319–320
importance, 322

Premise, 216
Principle of incompatibility, 245
Probability, posterior, 328

prior, 326
densify functions, 93, 577, 579
measure, belief as a lower bound, 586

evidence theory, 582
plausibility as an upper bound, 586

of a fuzzy event, 333
theory, 3, 10, 309

history of, 4
calculus of, 6
evidence theory, 590
monotone measures, 574

Proposition, compound, 122–123, 125
simple, 121
fuzzy logic, 135

Propositional calculus, 122, 138
Pseudo-goal, optimization, 529

Quantum mechanics, 248
Quotient set, classification, 364

Random, errors and processes, 10–11
Rational man, concept of, 162
R-chart, statistical process control, 506
Reasoning, approximate, 137–141

classical, 127
deep and shallow, 8
imprecise, 120
inductive, 8
inverse, 140

Recursive least squares, rule generation, 212,
215, 220, 240–242

Redistribution factor, possibility distributions,
595

Reflexivity, tolerance relations, 66
Regression vector, 221, 218
Relation(s), binary, 53–54

complete, 54, 56, 59
constrained, 55
equivalence, 66, 69
function-theoretic operations, 56
fuzzy 365
fuzzy preference, 318
identity, 55
matrix, 54
null, 56, 59
properties, 56–57
reciprocal, 182, 317
similarity, 52, 66–67
strength of, 54, 70
tolerance, 67, 68, 365
unconstrained, 54
universal, 55
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Relative error, 294, 303
Relativity, function, 315

values, matrix of, 316 (also comparison
matrix)

Reproduction, genetic algorithms, 193–194, 197
Risk averse, 309
Robust systems, 8
Rule generation, methods, 212
Rule-base, reduction, 216, 221, 224, 237, 249,

254, 275
error analysis, 293–295, 303

conjunctive, 282
disjunctive, 282
large and robust, 275

Rule(s), aggregation, conjunctive, 150, 252
disjunctive, 150–152, 253
Tsukamoto, 157

fuzzy IF-THEN, 136, 138, 148
scalability, 276
single-input, single-output (SISO), 282–283
statistical process control, 508

Sagittal diagram, 54–55, 57, 88
Set membership, 13
Sets, as points, 17–18

classical 24
Shoulder, membership function, 156
Sigmoid function, neural networks, 184–185,

189–190
Similarity, classification, 391

relations, cosine amplitude, 72
max-min, 74

Simplex method, linear regression, 562–565
Single-sample identification, pattern

recognition, 394
Singleton, crisp, 166

fuzzy, 80
examples, 584, 586, 589, 593, 595, 601–602

Singular value decomposition, 275–281, 297
Singular values, 276–281, 286–287, 292, 297
Smoothing, image recognition, 413–416,

419–420
Standard fuzzy, intersection, 594

operations, 42, 135, 144
Stationary processes, random error, 10–11
Statistical, mechanics, 3
Statistical process control (SPC), 504
Statistics, 11
Strong-truth functionality, 603, 610, 613
Subjective probabilities, 4
Sugeno output, 276
Support, membership function, 91

Symmetry, tolerance relation, 66
Synthetic evaluation, fuzzy 310–312
System identification, 550

Tautologies, 126
Taylor’s approximation, control 495
t-conorm, 42, 276
Tie-breaking, multiobjective decisions, 323
t-norm, 42, 276

product, 215
possibility theory, 594

Transitivity, equivalence relations, 67
Truth, set, 121

table, 127–128, 130, 132
value, 121, 124

axiomatic, 611
fuzzy, 135

Uncertainty, 246–247
general, 1
linguistic, 11

Union rule configuration (URC), 283–284, 302
Union rule matrix (URM), 283–284, 302
Union, classical, 27

standard fuzzy operation, 35
Universal approximator, 264

control 480
fuzzy systems, 6–7

Universe of discourse, 24–25, 121, 255, 611
Continuous and discrete, 26
monotone measures, 574

Utility, matrix, 327
maximum expected 310, 327, 330
rational theory, 309
values 326

Vagueness, 3, 5, 13, 143
Value set, 33
Venn diagrams, 27–31, 124–126, 129–130

extended, 36–37

Weighted recursive least squares, 222
Weighting factor, modified learning from

examples, 235–236
Whole set, 26

x-bar chart, statistical process control, 505
x-bar-R chart, fuzzy, statistical process control,

511
statistical process control, 507, 510, 518


