Introduction to
Statistical Science

Statistics 15 the science that eelates data w speciiic questions of mierest. This meludes
devising muethnds 1o gather data relevant o the guesiion, micthods o summarize
and dispiay the data (o shed light on the question. and methods that enable vs o
draw answers (o the question thal are supporied by the data. Data almost always
confain unceriainty, This uncertainty may arise from selection of the items o he
mcasured, or it may arise from variability of the measurement process. PDrawing
gcoeral conclusions from data 15 the hasis for increasiag knowledge about the wotld,
attd 15 the basis tor all rational scientific inguicy.  Swafisticdd inference  pives us
methads and 1oels for doing this despue the uncertainty i the data, The methods
useid for analysis depend on the way the data were gathered. i is vitaily important
that there is a probability model explaining how the uncertainty gots into the data,

Showing a Causal Relationship from Data

Suppose we have observed two variables .V and V. Vurisble A appears to have an
assaviarion with vagiable Y. IF high values of X occur with high vidues of variable ¥
and low values of X occur with low values of V7, we say the association is posilive, (n
the otiier hand, the association could be negative in which high values of variable X
acour in wirth low valucs of vartable ¥, Figure 1.1 shows a schematic diagram where
the association is indicated by the dotted curve connecting X and Y. The unshaded
ared indicotes that W and 37 are observed variables. The shaded area indicares that
there may be additional variables that have not heen observed.
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Figure 1.1 Association between two variables.
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Figure 1.2 Association due to causal relationship.

We waould hike to defermine why the two variablos are associaled. There are
several possible explanations. The associalion might be a causal one. For example,
X might be the cause of Y. This Is shown m ¥Figure 1.2, where the caosal velationship
15 indicated by ihe arrow from X o Y.

On the sther hand, there could be av unidentitied third variable Z that has a causal
elfect on buth X and Y. 'They wre not relaied oo divect causal refationship, The
assoctatton belween them s due 10 the eflect of Z. Z 15 called a furbing variable,
sused: it is hidiog in the background and it aficers the data. This is shewn in Figure
1.3

T is possible that both a cavsal etfeer and a lurking variable may both be contribui-
iy (o the association, This is shown in Ficure 1.4, We zay that the cavsal effeci and
the elfect of the Jurking variable are confrumded. This means that both effects are
inctuded in the association.
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Figure 1.3 Association due to lurking variable.

Figure 1.4 Confounded causal and lurking variable effects.

Our Omst goal 15 o determine which of the possible reasons Tor the association
holds. If we conclude that it is due 0 a causal effect. then our next goul is to
determine the size of the effect. If we conclode that the association is due to causal
effect confounded with the effect of a Turking variable, then our next goal becomes
delzemining the sizes of hoth the effects.

1.1 THE SCIENTIFIC METHOD: A PROCESS FOR LEARNING

In the Middic Ages, science way deduced friom principles sel down many centaries
curlicr by guthoritics such as Aristotle, The idea the scientiic iheories should he
testedl against real world data revelutionized thinking. This way of thinking known
#s the scientific method sparked the Ronaissance,

The scientific method rests on the followng preinises:

¢ A scientific hyvpothesis can never he shown ta he ahsolutely true.
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* However, it must polentially be disprovable.
s Uiz g uselul moded until 113 established that it s nol true,

« Abwavs go tor the simplest hypothesis, ooless it can he shown to be false.

ke

Thiz last principle, elaborated by William ol Ockham in the 137" centary, 15 now
known as "Ockham’™s raeor” and is firroly emnbedded in science. U keeps scieace from
Joeveloping Tanciful overly elaborate theorics. Thus ihe scientific method directs
us through an improving sequence of models. s previous ones get falsifed. The
scientific method generally follows the following procedure:

1. Ask a questioa or pose a problem in levms of the current scientific hypothesis.

2. Ciather all the relevant information thae is carrently avaidable. This includes
ihe curvent knowledge about parameters ol the model.

30 Design an ipvestigation or experiment that addresses the question frorm siep L.
The pradicted outconie of the experiment should be one thing if the current
hypothesis is true, and sumnething else i the hypothesis ix false,

4. CGather data from the experiment.

5. Draw conclusions given the experimental resolts. Revite the knowledge about
the parameters to take the current resulls Inio aceount,

The sciemtilic nethad searches for cavsc-and-effect relationships between an ex-
perimental vaviable and an outcome variahle, n other words, how chunging the
experimental variable results in a change 16 the outconie variable, Scientific mod-
clling devetops mathematical models of these relationships. Both of them need o
olate the experiment from cutside factors that could atfect the experimental resualts.
AT outside facturs that can be identified as possibly aifecting the results must be
controfled. It is no coincidence that the earliest successes for the method were in
physics and chemstry where the few outside factors could be identined and cun-
troedfed.  Thus there were 6o lurking variables. Al other relevant variables could
be identificd, and then physicaily controbled by belng hedd constant. Thar way they
would not attect results of the experiment, and the effect of the cxperimental variable
vn the owcomie variable could be determinel. In biology, medicine, etgineering.
icchimlopy, and the social seiences 14 Isn't that casy 1o identity the relevaot factors
that must be controtled. T those ficlds s ditferent way to contro) outside {aclors
1w needed. because they can't be identiticad betorehand and physically conteslled.

1.2 THE ROLE OF STATISTICS IN THE SCIENTIFIC METHOD

Stanstical methads of inference coan be used when there is randosn variohility in the
data. The probabilicy model for the daia is justificd by the design of the investipgarion or



MAIN APPROACCHES TO STANSTICS E

esperiment. This can extend the scienlific meihod into situations where the relevant
vutside factors cannet even be identified.  Since we cannot identify these outside
tactors. we cannot control them directly. The lack of direct control means the outside
lacrors will be affecting the duta. Thers is 2 danger that the wrong conclusions could
be drawn from the experiment due 1o these uncontralled ouiside factors,

The umportant statisiical idea ol randomizurion has been developed to deal with
this possibility. The vnidennfied vutside factors can be "averaged ont” by randomly
assigning ¢ach vnit to cither weatment or control grovp. This comribules variability
to the Juta, Statistical conclusions always have some uncenainty or error duge 1o
variability in the data. We can develop a probability moedel of the data vasiabilily
based on the randomization used. Randomization aot oaly redoces this uncertamty
due Lo vulside Tactors, 1 also allows us 0 measure the gmoant of uncertainly that
remaing bsing the probability maodel.  Randomization lets us control the outside
tactors statistically. by averaging oui their effects.

Underlying this is the idea of a statistical pepulation, consisting of all possible
values of the observations that ¢could be made. The data conzists of observations
taken from a sample of the population. For valid inferences about the population
parameters from the sample srarisrics, the sample must be "representaive” of the
population. Amazingly, choosing e sample randomly is the niost efteclive way to
oet representative samples!

1.3 MAIN APPROACHES TO STATISTICS

There are two main philosuphical approaches to statistics. The firstis often referred to
as the frequentist opproach. Someiinies it is called the classica! approach. Procedures
are developed by looking at how they perform over all possible random samples. The
probabilities don’relate io the particular random sarple that was obtuined, In many
ways this indireet method places the "curl beiore the horse.”

The alernative approach that we take m this book is the Bayesian approach. Tt
applics the faws of probability direcity 1o the problem. This oiters many fundumental
advantages over the wre commonly used frequentist approach. We will show these
advantages over the course of the book.

Frequentist Approach to Statistics

Most introduciory siatisiics honks take the frequeniist approach to statistics, which
is based on the [ollowing ideas:

e Pararneters, the numencal characterisiics of the population, are tixed bur un-
known constants.

« Probabilides are always inferpreted as long-run relative lrequency.

» Suatistical procedures are judged by how well they pertorm in the long run over
an infinite number of hypathetical repetitions of the experiment.
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Probability statements are only allowed for random quantities.  The unknewn
parameters are fixed, oot random, so probabilily statements canaot be made shovt
iicir value. Instead, a sample is drawn trom e population, and a sample suaitistic
iw colevlated. The probability diswibution of the stoiistic over all possible random
symiples {from the population is determined and ix known as the sapyeling distribution
of the stagistic.  The parsmeter of the popolarion will alse be o parameter of the
sampling distnbution, The probability statement that can he made about the statistic
based on its sampling distribution is converted o o confidence statement about the
parameter. The confidence 13 based on the average behavior of the procedure under
all pussible samples.

Bayesian Approach to Statistics

The Reverend Thomas Bayes first discoverad the theorem that now bears his namwe.
It was written uprin & paper An Esyay Tovwards Sabving o Prolidem in the Doctrine of
Chanees. This paper was Tound afler his death by his friend Richard Price, wh hod
it pubhished posthumousty in she Philosopivcal Transactions of the Royal Sociery in
1763, Bayes shawed how inverse probability could be used to calculare probability
of antecedent events from the accurrence of the consequent event. His methods were
adopted hy Taplace anet other scientists in the 19" century, bun had largely tallen
from favor by the early 28% contry, By the middle of the 20¢% century, interest in
Bayesian methods had been renewed by De Dinedti, Jeltfreys, Suvage. and Lindley,
aming others, They developed o complete method of statistical infercnce based on
Ruayee” theoren.

This book introduces the Bayesian approach 19 slatistics. The ideas that forn the
basis ot the thiz approach are;

® Since we are unceriaih abou the true value of the pararmeters, we will consider
them o be random variables,

a The rules of probability are used ditecly to make inferences about the param-
aters,

& robabiiily statements aboul parameters must be inteipreted ay “degres of
beliel” The pricr distribution muost he subjective.  Each porsop can have
his/lier own peior, which contains the relative weights thar peeaon gives 1o overy
possible pararneter valpe., It measures how “plausible” the person considers
cach paramerer value tu be before observing the data.

s W revise our beliefs about parameters alter petting the data by using Bayes®
iheorem, This glves our pesterior distribution which gives the relainve weights
wi give 10 cach parameter value afer analyeiog the data. The postierior dis-
wibution comes from (wo sources: the prior distribution and the observed
daia.

This has a pumber of advantages over the conventional frequentist approach. Baves'
theoremn s the only consistent way to modify our beliels about the paranteiers ziven
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the data that actually cecurred. This means that the interence is based on the actual
oceurring Jata, not all possible data sets that might have oceurred butdidn ™t Allowing
the parameter to be a random variahle lers us make probahility statements about it
posterior 1o the data. This contrasts with the convenitonal approach where inference
prohabilities are based on all possible data sets that could have occurred tor the fixed
parametee value. Given the actoal data, there is nothing randony loft with a fixed
paraineter volue, 0 one can oaly make confidence statements, based on what could
have vecurred. Bavesian siatistics also has a general way ol dealing with a nuisance
parameter. A nuisance paramcter is one which we don™t wunl fe make inference
about, but we don’t want them w interfere with the nferences we are makiog about
the main paraimeters. Frequentist statistics docs not have » general priocedure for
dealing with them. Bayesian statistics is predictive. unlike conventional frequentist
stalistics. This means that we can casily find the conditional probabiliiy distribution
of the next observation given the sample data.

Monte Carlo Studies

In [requentist statistics, the paraimeier is conridersd a tixed, but unknoewn, constant.
A swatistical procedure such as a particular estimiator lor the parameter connot be
Judged from the value it gives. The parameter is unknown, 20 we can’t know the
value the estimator shiould be giving. If we kunew the value of the parameter. we
wouldn't be using an esbmaton

Instead, statistical procedures are evaluated by looking how they perform in the
long run over all possible samples of data, fur fiked parameler values over sme
range. For instance, we Ax the parameter @ some value, The estimitor depends
on the random sample, su it is considered @ random variable having a probability
distribution. This distribution is called the sampling distribution of the estimator,
since 1is probabifity disiribuiion comes from aking all possible random samples.
Then we look al how the estimator is distributed around the parameter value, This is
called sanple space averaging. Essentially itcompares the performance ot procedures
before we ke any data

Bavesian procedurcs consider the parameter w be o random vanable, and its
postenior distribation 1¢ conditional on the swnple data that actually occurred, not all
those saungles that were possible but did not occur. However, Aefore the experimeat,
we mught want to know how well the Bavesian procedure works at some specific
pacameter valaes tn the range.

To evalnate the Bayesian procedare nsiog saniple space averaging, we have (o
consider the parameter o be both g random variable and a DHxed but unknewn value
at the same e, We cun gel past the apparent concradiction mn the naiure of the
paraineter because the probability distribation we pot on the paramerer measures
our uncertainty about the rne value. It shows ibe relabve beliet weights we give to
the possible values of the unknoswn pacameter! Alter Jooking al the data, oue beliefl
distribution over the parameier values has changed. This way we can think of the
parameater as a lixed, but unknewn. value at the same fime as we think of 1t being
a randomn variable, This allows us w evaluale the Bayestan proceduore using sample



8 INTRODUCTION T} STATISTICAL SCIENCE

space averaging, This is called pre-pusierior analysis becanse it can be done hefore
we obtain the data.

In Chapier 4, we will find out that the luws of probability are the besi way o mudei
uncertainty. Because ol (his, Bayesian procedures will be apritnal in the post-daka
setring, given the data thai sctuaity ocourred, In Chapers 9 and 11, we will see
that Bayesian procedures perform very well in the pre-data setiing when evalvated
using pre-posterior snalysis, In fact, it is often the case that Rayesian procedurcs
outperform the usual frequentise procedures even in the pre-dala setting.

Monte Carlo studies are a usetul way to perform sarple space averaging. We draw
a large mumbet of samples randomly using the computer and caloulals the slatistic
{fregueniist or Bayesian} for each sample. The empirical distrthution of the statistie
{uver thi large number of random samples) approximates ils sampling disiribution
{over 2l possible random samples). We can calculate statistics such as mican and
standard deviation on this Monte Carlo sameple to approximatg the mean and stancard
doviation of the sampling distribution, Some smell-scale Monte Carle stmdics e
ineluded az exercises.

14 PURPOSE AND ORGANIZATION OF THIS TEXT

A very large proportion of undergraduates are required to take a service course in
slatistics. Almaost all of these courses are based on frequentist ideas. Most of them
don’teven mention Bayesian ideas. Ag a statistician, T know (hat Bayesian methods
have greac theorerical advantages. ©think we should be intraducing our best students
o Bayesian ideas. from the beginning, There aren’t many intreduciory statistics text
hooks based on the Bayesian ideas. Some other texts include Borry (1996) Press
{1989 and Lea (1989,

This hook aims w nroduace students with a gond wathematics backeround to
Bayesian statistics. It covers the same topics as a standard introdvctory statistios
t2xt. ondy from a Bayesian perspective. Students need reasonable alpebra skills o
follow this book. Bayesian =lalistics uses the tules of probubility, so compelence
11 manipulating matbematical formualas is required. Swdents will fiad that general
kneswledyge of caleulus s helplul in reading this book. Spectfically they need to know
that area under a curve is found by imegrating, and that 2 maximunt or minimum of 2
confinuous ditferennable {onction 1s found where the derivatve o' the funciicn equals
zero. However. the actual calculus used is minimal. The book is self-contained with
a caleulus appendix that studenis can reier .

Chapter 2 introduces some Tundamental principles of scientific data gathering
o condrob the offects of vnidentificd factors. These include the needt Tor drawing
samples rapdomly, along with some randomm sampling techniques, The reason wiy
there is a difference herwveen the conclusions we can draw from data arising from zn
observational study and from data arising from a randomired experiinent is shown.
Completely randomirzed designs and randomized bluck designs are discussed.
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Chapler 3 covers clementary nicthods [or graphically displaying and sumimarizing
data. Cften a 2ood data display is all that is necessary. The principles of designing
displays that are irue (0 the daia are emphasired.

Chapter 4 shows the difference between deduction and inductiva, Plausible rea-
soning is shown (o be an extlenston of logic where there 15 uncertainty. 1t turns out that
plausible reasoning must foliow the same rules as probability. The arioms of prob-
ability are introdoced and the rales of probability, incloding conditional probability
and Bayes’ theorers are developed.

Chapier 5 eovers discrete random variables, including joint and marginal discrete
random variables.  The Sinemial, fvpergeomerric, and Poivson disweibutions we
intcoduced. and the situations where they arise are characterized.

Chapier 6 covers Bayes” theorem for discrete randomn variables using a able. We
see thae bwe imporiant consequences of the method are that multiplying the prior by
a constant, or that multiplying the likelihood by a constant do not affect the resulting
poslerior distribution,  This gives vs the "proportional form™ of Bayes' theorem.
We show thal we gef the same tesults when we analyze the obscrvations sequentially
using the posterior after the peevious observation as the prior for the pext observation,
as when we analyze the obrervations all ar onee using the joint likelihood and the
original prior. We demonstrate Bayes” theorem for binomial observations with a
discrete prier zaind for Poisson observations with a diserete prior.

Chapier 7 covers confinuous random variables, including joint, marginal, and con-
ditional randoni variables. The beta, gamma. and pormal distributdos are introduced
m this chapter.

Chapter 8§ covers Bayes™ theorem for the population propottion (birnamial) with a
continuous prict, We show how to iimnd the posterior distribution of the population
proporticen using either a wniforsm prior or a beta pnor. We explain how to choose a
suitahle prior. We look at ways of summarizing the posierior distribution.

Chapter ¥ compares the Bayesian inferences with the frequentist inferences, We
show that the Bayesian estimator {posterior mean using a uniform priot) has betier
performance than the fregquentist cstimator (sample proportion) 1 terms of mean
squared ervor aver mast of the range of possible values. This kind of frequentise
analysis is uscful before we perform our Bayesian analysis. We see the Bayesiun
eredible interval has a much more usefulinterpretation thun the frequentist coniidence
mterval for the populaiion proporton. One-sided and two-sided hypothesis texis using
Bayesian methods are tnroduced.

Chapler 10 covers Baves' theorem {or the Poisson obscrvations with a continuous
prior. The prior distributions vsed include the peisitive untform, the Jeffrevs’ prios,
and the gameme prior. Bayesian infercuce for the Podsson pararocter using the resulting
posterior in¢lude Bavesian credible intervals and two-sided tesis of hypoihesis, as
well as one-sided fests of hypothesis,

Chapter 11 covers Bayes' theorem for the menn of a mormal diswibution with
known varianee.  We show how to chooge a nommal prior. We discuss dealing
with nuisance paraineters by marginalizaticm. The predictive depstiy of the next
abservation is fouad by considering the populaiion mean a asisance parameter and
marginuliZing it Gul.
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Chapter 12 compaces Bayesian inferences with the frequentist inferences for the
muan of 4 pormat distribution. These comprarisuns include poist and interval estima-
t1om, g ypoliiesis lests including both the ome-sided and the two-sided cases.

Chapter 13 shows how 1o perform Bayesian inlerences for the ditference between
normal means and how (o perfonm Bayesian inferences for the ditference between
propocions using the normal approximation,

Chapter 14 introduces the simple linear regression maodel and shows how o
pecform Bayesian interences on the slope of the model. The predictive distribution
of the next observation 15 found by considering boih the slope and infercept to he
nuisanee parameiers and marginalizing them out.

Chaper 15 introduces Bayesian inference for the stondard deviation «, whon we
Rave a pundonr sample of mormal observanions with known mean g This chapter
15 a1 a4 somewhal higher Jevel than the previoos chapters and weguires (he use of the
change-of-vanable formula for densities. Prioes used include positive uniform for
stenidizrd deviction, positive uniform for variance, Jeffress’ prior. and the imverse chi-
sguared prior. W discuss how to choose an inverse chi-squctred prior thar maiches
our pricr belief’ about the median. Rayesian inferences from the resulling posterior
mclade poin estimates, vredible intervals, and hypothesis tests including both the
onig-sided and two-sided cases.

Chapter 16 shows how we can make Bayesian infecence robust against a misspeci-
ficd prioe by using a mixture prios and marginalizing out the mixiure parameter. This
chapier Is also at g sornewhae higher level than the others. bui it shows how one of
the maia dangers of Bayesian analysis can be avoided.

Main Points

» An gssociation between vwo variables does pot mean that ane causes the oiher,
It may be doe o a causy) relationship. it may be due w the effeet of & third
(lurking) variable on both the other variables, or it may be due Lo 2 combination
ol i causad relationship and the effect of a lurking variuble.

o Scicntific method is a method Tor scavcliing for causc-and-citect relationships
am) measuring their strength. Houses conroled experimenrs, where cuiside
(actors that may affect the measurcments are controlled. This tselales the rela-
tonship between the two variables fromm the owside factors, so the relationship
can be determined.

« Suisticsl methids extend the scientitic method o cases where the ourside
lactars aren’t identified, and hence can’t be comtrodled, The principle ol rmn-
domization is used to stanstically control these unidentified outside factors by
averaging oud their effects, This contributes 10 verfabdity in the data.

o W cnn use the probability model (hased on the randomitsaiion merthod) 1o
weasure the uncertamry.
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The frequentisi approach (o stalistics considers the prrametar to be o {ixed but
unknown constant. The only kind of probahiy allowed iv long-tun relative
frequency. These probabilities are oaly Tor observations and sample staisrics,
oiven the unknown parameters, Slatiztical procedures are judged by how they
perforn in an infinite number of hypothetical repetitions of the experiment,

The Bayestan upproach o stagistics allows the parameier to be convidered a
random varishie, Probabilides cun be caleviated fov parumeters as well as
observations and zample staustics.  Probambnes caleulated tor parameters
are imerpreted as "degree of beliel” and must be subjective, The rules of
probability sre vsed ta revise our beliefs about the parameters, given the data,

A frequentisi estimator s evaluated by looking af its sampling distribution
tor a fixed parameter value and secing how 1t 15 distribued over all possible
repetitions uf the expeariment.

I we look yi the sampling distribuiion of 4 Bavesian estmater Tor o fixed
paraeter value, it is called pre-posterior analysis since i can he done prior o
wakiny the daia.

A Monte Carle study i where we peitform the cxperiment a large number of
times and calowlate the statise for each experiment. We use the empirical
distribution of the statistie over all the samples we took in our study instead of
its sampling distriburion over all possible repetitions,






