Contents

Preface / xv

Chapter 1. Probability Theory / 1

1.1

1.2.

1.3.

1.4.

1.5.

1.6.

1.7.

Probability Space / 1

1.1.1. Events/ 1

1.1.2.  Conditional Probability / 7

Random Variables / 10

1.2.1.  Probability Distributions/ 10

1.2.2.  Probability Densities / 13

1.2.3.  Functions of a Random Variable / 16

Moments / 18

1.3.1.  Expectation and Variance / 19

1.3.2. Moment-Generating Function / 22

Important Probability Distributions / 24

1.4.1.  Binomial Distribution / 24

1.4.2.  Poisson Distribution/ 26

1.4.3.  Normal Distribution / 28

1.4.4. Gamma Distribution / 29

1.4.5.  Beta Distribution / 33

1.4.6.  Computer Simulation /37

Multivariate Distributions / 39

1.5.1.  Jointly Distributed Random Variables / 39

1.5.2.  Conditioning / 43

1.5.3.  Independence/ 45

Functions of Several Random Variables / 47

1.6.1.  Basic Arithmetic Functions of Two Random Variables / 47
1.6.2.  Distributions of Sums of Independent Random Variables /51
1.6.3.  Joint Distributions of Output Random Variables / 53
1.6.4.  Expectation of a Function of Several Random Variables / 56
1.6.5.  Covariance /57

1.6.6.  Multivariate Normal Distribution / 61

Laws of Large Numbers / 62

1.7.1.  Weak Law of Large Numbers / 63

1.7.2.  Strong Law of Large Numbers / 66

1.7.3.  Central Limit Theorem /67

vii



viii

1.9.

Parametric Estimation via Random Samples / 72
1.8.1.  Random-Sample Estimators/ 72

1.8.2.  Sample Mean and Sample Variance / 74
1.8.3. Minimum-Variance Unbiased Estimators /77
1.8.4. Method of Moments / 80

1.8.5.  Order Statistics / 82
Maximum-Likelihood Estimation / 84

1.9.1. Maximum-Likelihood Estimators / 84
1.9.2.  Additive Noise / 87

1.9.3. Minimum Noise / 90

Entropy / 91

1.10.1.  Uncertainty / 91

1.10.2. Information/ 94

1.10.3. Entropy of a Random Vector /95
Source Coding/ 96

1.11.1. Prefix Codes/ 97

1.11.2.  Optimal Coding / 104

Exercises for Chapter 1/ 107

C}lapter 2. Random Processes / 115

2.1.
2.2,

2.3.

2.4.
2.5.
2.6.

2.7.

Random Functions/ 115

Moments of a Random Function/ 119

2.2.1.  Mean and Covariance Functions/ 120
2.2.2. Mean and Covariance of a Sum/ 128
Differentiation / 130

2.3.1.  Differentiation of Random Functions/ 130
2.3.2.  Mean-Square Differentiability / 132
Integration / 137

Mean Ergodicity / 142

Poisson Process / 146

2.6.1.  One-dimensional Poisson Model / 146
2.6.2.  Derivative of the Poisson Process / 148
2.6.3.  Properties of Poisson Points / 150

2.6.4. Axiomatic Formulation of the Poisson Process/ 153

Wiener Process and White Noise / 154
2.7.1.  White Noise/ 154

2.7.2. Random Walk/ 155

2.7.3.  Wiener Process/ 156

Contents



Contents

2.8.

2.9.
2.10.

Stationarity / 157

2.8.1.  Wide-Sense Stationarity / 158

2.8.2. Mean-Ergodicity for WS Stationary Processes / 164

2.8.3.  Covariance-Ergodicity for WS Stationary Processes / 167
2.8.4.  Strict-Sense Stationarity / 169

Estimation / 173

Linear Systems/ 177

2.10.1.  Communication of a Linear Operator with Expectation /177
2.10.2. Representation of Linear Operators / 178

2.10.3. Output Covariance / 181

Exercises for Chapter 2/ 188

C}lapter 3. Canonical Representation / 197

3.1.

3.2

3.3.

3.4.

3.5.

3.6.

Canonical Expansions / 197

3.1.1.  Fourier Representation and Projections / 197

3.1.2.  Expansion of the Covariance Function / 203

Karhunen-Loeve Expansion / 204

3.2.1.  The Karhunen-Loeve Theorem / 204

3.2.2.  Discrete Karhunen-Loeve Expansion /208

3.2.3.  Canonical Expansions with Orthonormal Coordinate Functions
/209

3.2.4. Relation to Data Compression /213

Noncanonical Representation /216

3.3.1.  Generalized Bessel Inequality /216

3.3.2.  Decorrelation /218

Trigonometric Representation / 220

3.4.1.  Trigonometric Fourier Series / 220

3.4.2.  Generalized Fourier Coefficients for WS Stationary Processes
/222

3.4.3.  Mean-Square Periodic WS Stationary Processes / 224

Expansions as Transforms / 227

3.5.1.  Orthonormal Transforms of Random Functions / 227

3.5.2.  Fourier Descriptors / 230

Transform Coding / 233

3.6.1. Karhunen-Loeve Compression /233

3.6.2.  Transform Compression Using Arbitrary Orthonormal Systems
/236

3.6.3.  Walsh-Hadamard Transform / 240

3.6.4.  Discrete Cosine Transform /243

3.6.5. Transform Coding for Digital Images / 251



X Contents

3.6.6.  Optimality of the Karhunen-Loeve Transform /255
3.7.  Coefficients Generated by Linear Functionals /258
3.7.1.  Coefficients from Integral Functionals / 258
3.7.2.  Generating Bi-Orthogonal Function Systems /261
3.7.3.  Complete Function Systems /262
3.8.  Canonical Expansion of the Covariance Function /265
3.8.1.  Canonical Expansions from Covariance Expansions /265
3.8.2.  Constructing Canonical Expansions for Covariance Functions
/269
3.9. Integral Canonical Expansions /270
3.9.1.  Construction via Integral Functional Coefficients /271
3.9.2.  Construction from a Covariance Expansion /274
3.10. Power Spectral Density / 275
3.10.1. The Power-Spectral-Density/Autocorrelation Transform Pair
/275
3.10.2. Power Spectral Density and Linear Operators / 278
3.10.3. Integral Representation of WS Stationary Random Functions
/281
3.11. Canonical Representation of Vector Random Functions / 284
3.11.1.  Vector Random Functions / 284
3.11.2. Canonical Expansions for Vector Random Functions / 286
3.11.3. Finite Sets of Random Vectors /287
3.12. Canonical Representation over a Discrete Set / 288
Exercises for Chapter 3 / 294

Chapter 4. Optimal Filtering / 307

4.1.  Optimal Mean-Square-Error Filters / 307
4.1.1.  Conditional Expectation /307
4.1.2.  Optimal Nonlinear Filter/ 311
4.1.3.  Optimal Filter for Jointly Normal Random Variables / 312
4.1.4.  Multiple Observation Variables/ 315
4.1.5.  Bayesian Parametric Estimation /316
4.2.  Optimal Finite-Observation Linear Filters / 320
4.2.1.  Linear Filters and the Orthogonality Principle / 320
4.2.2.  Design of the Optimal Linear Filter / 322
4.2.3.  Optimal Linear Filter in the Jointly Gaussian Case / 329
4.2.4.  Role of Wide-Sense Stationarity / 331
4.2.5.  Signal-plus-Noise Model / 333
4.2.6.  Edge Detection /337



Contents xi

4.3.

4.4.

4.5.

4.6.

4.7.

4.8.

4.9.

4.10.

Steepest Descent / 341

4.3.1.  Steepest Descent Iterative Algorithm /342

4.3.2.  Convergence of the Steepest-Descent Algorithm / 344

4.3.3.  Least-Mean-Square Adaptive Algorithm / 346

4.3.4.  Convergence of the LMS Algorithm / 348

4.3.5. Nonstationary Processes / 351

Least-Squares Estimation / 352

4.4.1. Pseudoinverse Estimator /353

4.4.2. Least-Squares Estimation for Nonwhite Noise / 356

4.4.3.  Multiple Linear Regression /358

4.4.4.  Least-Squares Image Restoration /363

Optimal Linear Estimation of Random Vectors / 365

4.5.1.  Optimal Linear Filter for Linearly Dependent Observations / 365

4.5.2.  Optimal Estimation of Random Vectors / 369

4.5.3.  Optimal Linear Filters for Random Vectors/ 370

Recursive Linear Filters / 374

4.6.1.  Recursive Generation of Direct Sums/ 374

4.6.2.  Static Recursive Optimal Linear Filtering / 377

4.6.3.  Dynamic Recursive Optimal Linear Filtering / 380

Optimal Infinite-Observation Linear Filters / 385

4.7.1.  Wiener-Hopf Equation / 385

4.7.2.  Wiener Filter / 389

Optimal Linear Filter in the Context of a Linear Model / 397

4.8.1.  The Linear Signal Model / 397

4.8.2.  Procedure for Finding the Optimal Linear Filter / 406

4.8.3. Additive White Noise / 413

4.8.4. Discrete Domains/ 415

Optimal Linear Filters via Canonical Expansions /417

4.9.1.  Integral Decomposition into White Noise / 417

4.9.2.  Integral Equations Involving the Autocorrelation Function /420

4.9.3.  Solution via Discrete Canonical Expansions / 421

Optimal Binary Filters / 426

4.10.1. Binary Conditional Expectation / 426

4.10.2. Boolean Functions and Optimal Translation-Invariant Filters
/428

4.10.3. Optimal Increasing Filters / 435

Pattern Classification / 442

4.11.1. Optimal Classifiers / 442

4.11.2. Gaussian Maximum-Likelihood Classification / 446

4.11.3. Linear Discriminants / 448



Xii

Contents

4.12. Neural Networks/ 451

4.12.1. Two-Layer Neural Networks /451

4.12.2.  Steepest Descent for Nonquadratic Error Surfaces / 455
4.12.3.  Sum-of-Squares Error /457

4.12.4. Error Back-Propagation / 459

4.12.5. Error Back-Propagation for Multiple Outputs / 462
4.12.6. Adaptive Network Design / 464

Exercises for Chapter 4 / 466

Cl]apter 5. Random Models / 483

5.1.

5.2.

5.3.

5.4.

5.5.

5.6.

5.7.

Markov Chains / 483

5.1.1.  Chapman-Kolmogorov Equations / 483

5.1.2.  Transition Probability Matrix / 485

5.1.3.  Markov Processes / 488

Steady-State Distributions for Discrete-Time Markov Chains / 489

5.2.1.  Long-Run Behavior of a Two-State Markov Chain /490

5.2.2.  C(lassification of States /491

5.2.3.  Steady-State and Stationary Distributions / 492

5.2.4.  Long-Run Behavior of Finite Markov Chains / 496

5.2.5.  Long-Run Behavior of Markov Chains with Infinite State Spaces
/498

Steady-State Distributions for Continuous-Time Markov Chains / 502

5.3.1.  Irreducible Continuous-Time Markov Chains / 502

5.3.2.  Birth-Death Model-Queues / 503

5.3.3. Forward and Backward Kolmogorov Equations / 507

Markov Random Fields / 510

5.4.1.  Neighborhood Systems /510

5.4.2. Determination by Conditional Probabilities / 513

5.4.3.  Gibbs Distributions /515

Random Boolean Model / 519

5.5.1.  Germ-Grain Model / 519

5.5.2.  Vacancy /520

5.5.3.  Hitting/ 526

5.5.4. Linear Boolean Model / 528

Granulometries / 533

5.6.1.  Openings/ 534

5.6.2.  Classification by Granulometric Moments / 538

5.6.3.  Adaptive Reconstructive Openings / 543

Random Sets / 550

5.7.1.  Hit-or-Miss Topology / 550



Contents

5.7.2.  Convergence and Continuity / 552

5.7.3. Random Closed Sets/ 556

5.7.4.  Capacity Functional / 557
Exercises for Chapter 5/ 562

Bil)liograp}ly /575

Index / 583

X1ii



