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General Methods of Decoding
of Linear Codes

In this chapter we consider the general methods of linear codes decoding, i.e. the decoding
methods that do not need any special properties of codes, except linearity. We start with
minimum distance (Hamming distance) decoding, which coincides with the maximum
likelihood decoding for channels with independent errors, then we consider more
comprehensive methods of decoding linear codes.

3.1 MINIMUM DISTANCE DECODING

Usually we take the words minimum distance decoding to mean the procedure of searching
for the codeword that is the closest one to the received word. Such procedures can be
realised by an exhaustive search on the set of codewords or on the set of syndromes of
probable error vectors.

The exhaustive search algorithm on the set of codewords consists of comparing the
received word with all codewords and choosing of the closest codeword.

The exhaustive search algorithm on the set of syndromes of error vectors can be realised if
we have table T, in which syndromes correspond to coset leaders. The algorithm is as
follows:

1. Calculation of the syndrome s of the received word b;

2. The search of the syndrome s and the corresponding coset leader e in the table T;

3. Calculation of decoded vector a:

a=b+e.

The first algorithm usually needs more operations, which is related to the necessity to
generate all codewords (to execute ¢* encoding procedures) and to compare them with the
received word (¢¥ comparisons). The decoding on the syndromes requires keeping in
memory the table with ¢" words of length 7.
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52 GENERAL METHODS OF DECODING OF LINEAR CODES
It is usually difficult to implement these algorithms in practice due to their high
complexity. Now we will consider less complex algorithms which, however, cannot provide

full decoding, i.e. the decoding of all errors, which can be corrected with the help of given
code (all coset leaders).

3.2 INFORMATION SET DECODING

The key concept for many general methods of decoding is the concept of the information set

of the code. It is known that for systematic code first k symbols ay, . . ., a;_; fully define the
word ag, ..., dx_1, Gx,..., a,—1 of the (n, k) code. That means there is only one word in
the code where the symbols ay, ..., a;_; occupy the positions {0,...,k — 1}.

However, the set of positions {0,...,k — 1} is not a unique one. For every code there
exists many other sets {ji,..., i}, (0<j <...<jr<n—1), such that for any
aj,, ..., aj, there exists only one word in the code where the symbols a;, ..., a; occupy
the positions {ji, ..., ji}. Hence, the symbols on the positions { ji, ..., ji} also fully define

the codeword.

Definition 3.1 The set of positions {ji,..., ik}, 0<ji<---<jr<n-—1) is
called the information set of the code V if the symbols a;,, ..., a; uniquely define the
codeword from V.

Let G be the generator matrix of the code V. Let us denote by G(+y) the matrix constructed
from the columns of G enumerated by the elements of set . It is obvious that set  is the
information set if, and only if, the mapping f, : V — A¥, which put in correspondence to the
codeword it coordinates with numbers from <, is one-to-one mapping. This fact as was
shown in chapter 2, is equivalent to the nonsingularity of matrix of mapping f., which is the
matrix G(7) in the basis {vy,..., v;}. Thus, the following statement is correct:

Lemma 3.1 The set of positions v = {ji,..., ji} is the information set if, and only
if, the matrix G(+y) is nonsingular.

If in the received erroneous word there is at least one information set without erroneous
symbols (i.e. symbols with indexes from this information set do not contain errors), then the
transmitted word can be restored on the basis of this information set. In this case the
decoding procedure can be regarded as the search of an information set that is free of errors.
As this takes place, the issue of the ‘stop rule’ is very important, i.e. we should choose the
rule according to whether it is possible to identify that the information set free of errors is
found. Hereafter we will consider the decoding of 7-fold errors.

Let us describe now the decoding algorithm based on the information sets. Let
v={J1,..., jx} be the information set of the code V, and let G and H be the generator and
the parity matrix of this code. Let us denote by G, the matrix

G, =(GH) "G (3.1)

!
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It is obvious that the columns of matrix G, with numbers {j;,..., ji} form the identity
(k x k)-matrix. Multiplying the vector (j,,...,a;) by matrix G, results in the codeword
with symbols a;,, ..., a; on the positions {ji,..., ji}:
Ji J2 Jk
0
(ajl,...,ajk)-GA/:(aj],...,ajk)« . 0 .. 1 ... 0
0 0 1
B J1 J2 Jk
( Gy ey Gy, ey Gy e )

Let us put matrix G, in correspondence to parity matrix
H, = (H(¥)'-H, (3.2)

where ¥ = {1, 2,..., n}\, i.e. the set of positions that are not included in , and H(¥) is
the matrix formed by the columns of matrix H with indexes from 7. The columns of matrix
H, with indexes not included in ~ form the identity (r x r)-matrix. Hence, if all nonzero
elements of error vector e are located in the set v (i.e. v is free of errors), then the weight of
the syndrome

s,(e)=e- H:, (3.3)
is equal to weight of error vector. Therefore, the algorithm of the information set decoding of
v-fold errors, v <t = %—‘ , can be formulated as follows:

Let I' = {71, 72, ..., 7} be the set of information sets of the code. Let us assume that the

set I' contains a reasonable number of information sets to correct of v-fold errors.
1. Calculation of the syndromes s.,(b), where b = (b, by, ..., b,_) is the received vector,

b =a+ e, a is the transmitted vector and e is the error vector, until information set
~v={Jj1, j2,---, jx} is found such that the weight of the corresponding syndrome

w(sy(b)) < v. (3.4)

2. If the condition (3.4) is satisfied the codeword a is regarded as the decoded word.

a=b(y) -G, = (b, bj,..., b,) - G, (3.5)

!

3. If none of the information sets v; satisfy the condition (3.4) the calculation (3.5) is not
executed and it is assumed that an uncorrectable error is detected.
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Example 3.1 Consider the decoding of the binary (7, 4) code with d = 3. Let the
generator matrix G and the parity matrix H be as follows

R 1110100

G= . H=|0 1 1101 0|. (3.6)
0010110 L 10100 1
0001011

The set of symbols 7 = {0, 1, 2, 6} is the information set of the code and the set
" ={0, 1, 2, 4} is not the information set of the code because the determinant of the
matrix G(7)

1 0 01
W01 01
0 0 0 1
and the determinant of the matrix G(")
1 0 0 1
01 0 1]
00 0O

In the same way we can verify that (¥ = {0, 1, 2, 3}, /() = {3, 4, 5, 6}, 2 =

{0, 1, 2, 6} are the information sets. For these information sets H7<0) =H, GA/,(O) =G;
111! 1 1 0] [1 110100
H,\’/(l):(H(071,2))71'H: 0 1 1 H= |11 1(-]0 1 1 1 O 1 O
1 1 0 1 0 1 1 101 0 0 1
1 001 1 10
=]/0 1 0 O 1 1 1],
0O 0 1 1 1 0 1
1 01 1 000
1 11 01 0 O
G, =(G(3,4,5,6)" - G= :
o = (G ) 1100010
01 1 00 01
1 101 0 01
HW(2>:(H(3,4,5))71~H: 1 1101 0 0f;
1 01 0 0 1 1
1 00 01 01
01 0 0 1 1 1
G.o=(G(0,1,2,6) ' - G=
o = (G ) 0010T1T1°0
0 1 1 0 0 O 1
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The set of information sets I' = {+(*, ~(1), 42} allows decoding any 1-fold errors
in (7,4) code. Let a=(0,0,0,0,0,0,0) be the transmitted word and
b=(0,0,0,1,0,0, 0) be the received word. The decoding procedure in accordance
with the algorithm described above is as follows:

d—1
s,0(b) =b-H o = (0,1, 1) = w(s,0(b) =2> 1= —
d—1
s, (b) =b-Hl,) = (1,0, 1) = w(s,n (b)) =2 > 1 =
d—1
s,o(b) =b-H, = (1,0,0) = w(s,a(b) =1= 5

With the help of the information set v(2) we can calculate the decoded word

1 0 001 01
. 01 0 0 1 1 1
a:(bo,bl,bz,b(,)'Gv(z)2(0000)' 0010110 2(0000000)23
00 01 0 01

The cardinal number of set I', i.e. the number of information sets, which is required for
decoding generally increases very quickly with the increasing of the code length and the
number of correctable errors. Since each information set v from I' needs in keeping or
calculating matrices G, and (or) H,, then the complexity of the algorithm increases. The
simplification of the information set decoding is associated with two modifications of this
algorithm - permutation decoding and decoding with the help of covering polynomials (or
covering-set decoding).

As was defined above, the permutation 7 (7 € §,)) is the one-to-one self-mapping of set
{1, 2,..., n}. Each permutation 7 € S, corresponds to the linear operator on space A", i.e.
m(ai, ..., an) = (@x(1); - - » dr(n)). Arbitrary permutation transfers the word of the code V' to
some other word (normally this word does not belong to the code V). However, there exist
some permutations that transfer any codeword to the codeword of the same code. Such
permutations are said to be preserving the code permutation, and the code is said to be
invariant relative to this permutation. It is easy to verify that the set of permutations
preserving the code V forms the subgroup in the group S, of all permutations. This subgroup
is denoted as Aut V.

Example 3.2 Consider the binary linear (3, 2)-code consisting of 4 words (000),
(110), (100), (010). The permutation of the first and the second symbol of any
codeword transfers it to the codeword, but the permutation of the second and the third
symbol transfers the codeword (110) to the word (101), which does not belong to the
code.

Let G be the generator matrix and H be the parity matrix of the code V
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It is a necessary condition for some permutation 7 to preserve the code V if matrix

m(g)
m(G) =
(g)
satisfies the following equation
7(G)-H' = 0.

Let 7 be the permutation preserving the code V. Then for any vectorb=a+e, acV,
7(b) = w(a) + w(e) = a’ + ¢,

where a’ is some codeword and €’ is the error vector, which has the same weight as vector e.
If the weight of vector e is no more than ¢, then the weight of vector € also is no more
than ¢.

With the help of permutations preserving the code, information set decoding can be
realised as follows. Let G be the generator matrix and H be the parity matrix of the code V,
and let both these matrices be in systematic form, i.e. corresponding to the information
set v ={0,1,...,k —1}. Let AutV = {my,...,m} be the set of permutations preserving
the code. Let us calculate the syndromes of vectors m;(b) with the help of information
set ,y(o)

s(m;(b)) = m(b) - HT, (3.7)

then we calculate the weight of syndromes (3.7). If some permutation 7 transfers vector e to
vector €/, where all nonzero components are located on the positions {k,..., n — 1}, then
the information set v(%) is free of errors, and the weight of the corresponding syndrome is no
more than z. In this case it is sufficient to use the permutation 7~! to vector a’ to restore the
transmitted codeword.

Example 3.3 Consider the permutation decoding of (7, 4)-code with d = 3, which
was defined in the Example 3.1. This code is invariant relative to the cyclic
permutation 7, T(i) = (i + 1) mod 7. Really,

—_ O = =
S O O =
o O = O
S = O O
- O O O
[ T S
_— = O
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Let us decode the word b =a + e = (1011000) + (0100000) = (1111000). Let us
calculate

s,0(T'(b)) for i =0, 1,..., 6 since T =1 =T°.

s;0(b) =b-H' = (111) = w(s,0(b)) =3 > 1=——;

s,0(T(b)) = T(b) - H = (110) = w(s o (T(b))) =2 > 1 =~

!

s,0(T*(b)) =T*(b) - H" = (011) = w(s,0 (T*(b))) =2 > 1 =——;

d-1
s, (T3(b)) = T3(b) - H" = (100) = w(s,0(T?(b))) =1 = , and the condition

(3.4) is satisfied. With the help of information set v(*) calculate the word a’ = 73(a), a

is the decoded word

a’ = T°(a) = (0001) - G = (0001011),
and

a=T7(a') = (1011000) = a.

Another way of ‘clearing’ the information set from errors is the covering of errors
in the information set. This method is called decoding with the help of covering
polynomials'.

Let 6 be the vector (covering polynomial), which coincides with error vector e on the
positions of the information set v and with zeroes on the other positions. Then for vector
(b — ) the information set v is free of errors, and the weight of the corresponding
syndrome

s;(b—0)=(e—0)-H"
is
w(sy(b—6)) <t —w(8). (3.8)
If we search vectors 6 in increasing order of their weights (starting with 8y = (0...0))
until some 6* satisfy (3.8), then it will be possible to restore the transmitted vector with the

help of vector b* = (b — 6*) and the information set 7 (of course, if the weight of error
vector does not exceed f).

Example 3.4 Let us use decoding with the help of covering polynomials for the case
considered in Example 3.1. Let the set of covering polynomials be 8, = (0000000),
6, = (1000000), 6, = (0100000), 63 = (0010000), 64 = (0001000). Consider the

'The term ‘covering polynomial’ is well-established in coding theory but is not exactly correct. The proper
term is ‘covering vector’ ‘covering word’.
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information set 7(®). Let the received vector be b= (0001000) =a+e =
(0000000) + (0001000). Calculate the syndromes

5,0/ (b — o) = (0001000) - H" = (011) = w(s,0 (b —6)) =2 > 1= d%l;

s,0 (b —6;) = (1001000) - H" = (110) = w(s,0 (b — 1)) =2 > 1 = % — w(6));

5,0 (b — ;) = (0101000) - H' = (100) = w(s,0 (b —6)) =1 >0 = ? — w(6);

s,0 (b — 63) = (0011000) - H" = (101) = w(s,0 (b —6;)) =2 > 0 = % — w(03);
d—1

s,0 (b — 6) = (0000000) - H" = (000) = w(s,0 (b — 64)) = 0 = === — w(6s).

(0
Then 6* = 4, b* = (b — 6*) = (0000000), and the transmitted word can be restored
with the help of v(%) and vector b*:

a= (b, b},..., bi_) - G0 = (0000000) = a.

The best results can be obtained with the joint use of the algorithms considered above. Let
I'={~y9 ...~} be the set of the information sets of code V and 6, ..., 6" be the
sets of covering polynomials corresponding to information sets ~@ ... ~(": 90 =
{900, ey 90[0}, e 79(m) = {9,,,0, ey 9m,m} with 9,-0 =0 and W(gjo) < w(9j1) <...<Z
w(0y,), j=0,..., m. The decoding algorithm based on the joint use of information sets
and covering polynomials is as follows:

Covering-Set Decoding:

1. Calculate the vector b; =b — 0 and the syndrome s (b;) =b; - H' for each pair
YD, 05 (i=0,...,m;j=0,...,1;) until the pair i*, j* will be found, such that the
following condition is satisfied

W(SA/(/*)(bi*f — 9)) <t— W(e,*j*) (39)
2. If the condition (3.9) is satisfied, calculate
a—= f,(/y(i*)) G,

where b(y")) is the subvector of vector b;- ;+ combined from the elements of vector b I
which belong to the information set (")
3. If any pair ", 0; does not satisfy the condition (3.9), then it is assumed that the

transmitted word was corrupted by the uncorrectable error.

The set of set I' and sets of the covering polynomials © = {6 ..., #"} is called the
decoding set and is denoted as DS = {I', ©}.

It is often convenient not to use all covering polynomials for decoding but only those with
weight no more than v, i.e. vectors with nonzero elements located on the positions of set ~,
and the number of these nonzero elements does not exceed v. Such kinds of vector we
denote as 6, (v).
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Example 3.5 Consider (7,4) code from the Example 3.1. Consider 7o = {0, 1, 2, 3}.
The set of polynomials 6.0 (1) consists of five polynomials 6y = (0000000),
o1 = (1000000), b, = (0100000), 6oz = (0010000), Hos = (0001000).

It is easy to verify that if -y is the information set of the code V and = is the permuta-
tion preserving the code, then the set 7(7y) is also the information set of code V.

Example 3.6 Consider the decoding of the (15, 5) Hamming code with distance
d =7. 1t is possible to use the decoding set DS ={I', (1)} to decode this code,
where I' = {7y~ =134}, 4O = {0, 1,2, 3,4}, and T°(?) ={5, 6, 7,
8, 9} is the cyclic shift of the informatlon set 40 by 5 positions. Let the received word
bbeb=a+e=(001110110010100) + (010100010000000), i.e. the received word
is corrupted in the first, third and seventh position. Calculate so;(b) = by; - H (0) with
the help of information set ~v(©:

boo = b + gy = b + (000000000000000),

- d—1
s00(b) = boo - Hly = (0011110110) = w(suo(b)) = 6 > 3 = “——— w(fho);
bor = b+ 6 = b + (100000000000000),
- d—1
So1 (b) = by 'H::(()) = (1101000100) = W(S()] (b)) =4>2= T — W(Go]);
bos = b+ fos = b + (000010000000000),
d—1

SOS(b) = f)os 'Hz(u) = (1110010011) = W(SOS(b)) =6>2= T — W(905)

Now let us use the information set v(!) = 7°(+(?), and the corresponding matrices

G, =T°(G,0) and H o) = T°(H ) are
1001 0100001 T1T10 1]
1100101 0000T1T1T1°0
Gw=1[1111000100T1T1010],
0111100071 00°T1T1GO01
0010100001 110 1 1]
00000 O010T1 011000 0
000001 117171071000
0000O0T1T101000T1T00
00000O0T1T10T1O0O0GO0T1O0
H._|000001 001100001
71100001 110000000
01 0000711100000 0
001 0000T1T1T100000
0001010110000 00
00001 010110000 0]

59
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Calculate s;(b) = by, - HI(,) with the help of information set v():

bio = b + 610 = b + (000000000000000),

~ d—1
S]o(b) =b - H:l;(l) = (1101010100) = W(S]o(b)) =5>3= T — W(elo);

by = b+ 6;; = b + (0000100000000000),
s11(b) = by - HJj) = (0011100110) = w(sii (b)) = 5 > 2 = =5— —w(b);

b3 = b + 613 = b + (0000000100000000),

s13(b) = b3 - Hz(,) = (0000001010) = w(s;3(b)) =2 = — w(b13).
With the help of the word b;3 and the information set (") we can restore the word a:
a=bi3(y"")- G, = (01100) - G, = (001110110010100) = a.

In this example the decoding set can be constructed with the help of the permutation 73
rather than the usage of the information set (1), In this case the decoding algorithm consists
of calculation of sy;(b) and then the calculation of so;(7°(b)).

Actually finding set I is very difficult. A few nontrivial examples are found in [1], [2], and
[3]; see also [4]. Therefore, to implement the general information-set decoding algorithm,
we have to specify a way of choosing information sets. One obvious suggestion is to take
random uniformly distributed k-subsets of set {0, 1,..., n— 1}. We call the following
algorithm generalised covering-set decoding because in essence, it produces a random
covering design and can be regarded as a generalisation of the algorithms considered
above.

Generalised Covering-Set Decoding:

1. Seta=0.
2. Choose randomly a k-subset . Form a list of codewords M(y) = {c € V]e(y) = b(v)}.
3. If there is a ¢ € M(v) such that
dist(c,b) < dist(a,b)
assign a « c.
4. Repeat the last two steps L, (k) times. Output a.

The number of steps L, (k) needed to execute the algorithm will be discussed later.

An improvement of this algorithm was achieved in two steps in [5], [6]. The idea in [5] is
to organise the syndrome table more economically by computing the syndrome separately
for the ‘left’ and ‘right’ parts of the received vector b.

Suppose that the actual number of errors is ¢. Let us split the set {0, 1,..., n— 1} into
two parts, /={0,1,...,m—1} and r={m,m+1,...,n— 1}, and let [H;/H,| be the
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corresponding partition of the parity-check matrix H. Any error vector e = (e;|e,) with
e-H' =¢ -H/ +e,-H' =sis a plausible candidate for the decoding output. Assume, in
addition, that the number of errors within the subset [ equals u, where the numbers u and m
are chosen in accordance with the natural restrictions u < m, t —u < n — m. For every
possible m-vector e;, compute the products; = e; - HlTand store it, together with the vector e,
as an entry of the table X;. Likewise, form the table X, and look for a pair of entries (s;,s,)
that add up to the received syndrome s. Therefore, for every given s, occurring in X,, we
should inspect X; for the occurrence of s — s,. One practical way to do this is to order X; with
respect to the entries s;.

However, in reality we know neither the number of errors nor their distribution. Therefore,
we have to repeat the described procedure for several choices of m and u. In doing so, we
may optimise the choice in order to reduce the total size of memory used for the tables X;
and X,. For every choice of m there are no more than ¢ different options for the choice of u.
Hence, by repeatedly building the tables, though not more than st times, we shall capture
any distribution of ¢ errors. Finally, the entire procedure should be repeated for all
t=1,2,..., duntil we find the error vector that has the ‘received’ syndrome s. Let us give
a more formal description of the algorithm.

Split Syndrome Decoding:

Precomputation stage: For every weight ¢, 1 <t < d find the point m such that the tables
X; and X, have an (almost) equal size. Store the pair (m, u)in the set E(¢).

1. Compute s =b-H” and set = 1.

2. For every entry of E(z), form the tables X; and X, as described.
3. Order X; with respect to the entries s;.
4

. For every entry of X, check whether X; contains the vector s; = s — s,. If this is found,
then output a = b — (e/|e,)and STOP.

5. Otherwise, set t =t 4 1 and repeat Steps 2-5 while ¢ < d.

3.3 A SUPERCODE DECODING ALGORITHM

A supercode decoding algorithm is based on the ideas illustrated in the previous section. A
more detailed description of this algorithm can be found in [7]. The basic idea of the
supercode algorithm is to combine lists of candidates obtained after decoding of several
‘supercodes’ of V, i.e., linear codes V' such that V C V’. We begin with an example that
illustrates some of the ideas of the algorithm.

Example 3.7 Consider the (48, 24, 12) Binary Extended QR Code. The aim is to
construct a decoder that corrects five errors. Suppose the first 24 coordinates form an
information set of the code. Since the code is self-dual, the last 24 coordinates also
form an information set. The decoding algorithm consists of two stages, one for each
of the two choices of information sets. We only explain one of them; the other is
symmetric. Suppose the parity-check matrix H is reduced to the form [In|A]. Let
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e = (e/|e,) be an error vector of weight < 5, where e; and e, are the first and the
second halves, respectively. At this stage we aim at correcting error vectors satisfying
wit(ele,) = (5, 0)or (4, 1) or (3, 2); the remaining possibilities will be covered by the
second stage.

Let b = (b;|b,) be the received vector. First, the decoder assumes that wt(e,) < 1.
There are 25 such error vectors. Each of them is subtracted from b,. The obtained
vector is then encoded with the code and compared to b. If the distance between them
is less than or equal to 5, the decoding stops.

Otherwise, let s =b-H’ be the received syndrome. Let H;, 1 <i <4, be the
submatrix of H formed by rows 6(i — 1)+, 1 <j<6, and let s; =b - HIT be the
corresponding part of the syndrome. Denote by A; the corresponding six rows of the
matrix A. The partition into submatrices defines a partition of the first 24 coordinates
of the code into four parts

Ni=1[6(Gi—1)+1,6(—1)+2,...,6(—1)+6], 1<i<4

The syndrome s is divided into four parts s, s, S3, S4 where part s; is formed by the
sum of the columns in H; that correspond to the positions of errors. If a part, say Ny, is
error-free, then there is an error pattern e with wr(e,) < 2 such that e, - AIT =s;. Any
single error in N; affects one coordinate in the syndrome. Therefore, if N contains one
error, by inspecting all error patterns e, of weight < 2 in the information part we shall
find a syndrome s’ = e, - AlT at a distance one from s;. Therefore, this step can be
accomplished as follows. For each i, 1 < i < 4, we make a list of error patterns e, with
wi(e,) < 2 that yield a syndrome s’ at a distance < 1 from s;. An error pattern is a
plausible candidate if it appears in three out of four lists.

Since we do not know the actual error distribution, we need to store four tables of
error patterns for each of the two message sets. Each table consists of 64 records, one
for each possible value of s;. Finally, each record is formed by all error patterns e, of
weight 2 or less for which dist(s;, e, - A]) < 1.

The decoding is repeated for each of the two information sets. For a given
information set, we compile a list of error patterns that appear in three out of four
tables 7; in the record corresponding to the received syndrome s;. Each error pattern is
subtracted from the 24 coordinates of b that correspond to the message part. The
obtained message set is then encoded with the code. The decoding stops when we find
a vector at a distance of at most 5 from b.

The total size of memory used by tables T; is 8 kbytes. The decoding requires about
3000 operations with binary vectors of length 24 and seems to be the simplest known
for this code. Note that the straightforward search over all error patterns of weight < 2
in the message part would require about twice as many operations.

Let us now pass to the general case. The algorithm involves an (exponential) number of
iterations. Each iteration is performed for a given information set with respect to V and
consists of O(n — k) steps of decoding different codes V’. Let a be the current decision,
which is updated in the course of the decoding. The initial value is set to 0.

First, we describe what happens after we fix an information set v C {0, 1,..., n— 1}
with respect to the code V. Let H be an ((n — k) x n) parity-check matrix of V. Choose the
basis of Vin such a way that H is diagonal on {0, 1,..., n — 1}\, i.e., H=[A|L,_«]. The
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idea is to look for the part of the syndrome least affected by errors. Let y, 0 <y <n—k
be an integer parameter whose value will be chosen later. Represent the matrix H in
the form

AL 0
H_{Az 0 Inky}

Let b be a received vector, i.e., b = a + e, where a € Vis the closest codeword to b. Isolate
the first k +y coordinates of V and denote by V(y) the linear code orthogonal to
H, = [A,|L]. Let s, be the syndrome of b with respect to H,. Decoding in V(y) amounts to
solving the equation

u- H}T, =s, (3.10)

with respect to the unknown vector u. Suppose u is represented as u = (u;|u,), where u; is a
k-vector and u, is a y-vector. Then in (3.10) we are looking for vectors satisfying

(ufuy) - [A1|I)']T =8y (3.11)

To build the list of solutions to this equation, we again use the split-syndrome algorithm.
Suppose that we also know that wt(u;) < e; and wr(uy) < e, (below we abbreviate this as
wi(uy|uy) < (ey|ez)). This restriction allows us to reduce the size of the list of solutions to
(3.11). Here e; and e; again are integer parameters whose values are chosen below. Partition
the subset {0, 1,..., n— 1}\y of size n-k into s = (n — k)/y consecutive segments of
length y (we assume that s is integer). Repeat the decoding for all s placements of the
y-segment within the check part of V. The ith placement supplies us with a list
K; = {u = (u;]uy)}, where every vector u satisfies (3.11). We are only going to test those
error vectors u; that appear as first parts of u for at least [ lists K;, where [ is another
parameter of the procedure. Form a list

1
K = K(’y) = {ll]|ll Z(ll]|l12) S mKif forsomel <in<ip-- << S} (312)
=1

Entries of this list are possible error vectors in the coordinates of +. Therefore, we subtract
them from b(~y) to form a list J(y) = {b(y) — w;|u; € K(v)}. For every vector z in this list
we examine all code vectors ¢’ with ¢/(y) = z. We update the current decision a by setting
a = ¢ if this procedure finds a vector with dist(b, ¢’) < dist(b, a). Now let us give the formal
description of the algorithm [7].

Supercode Decoding:
1. Compute the syndrome s = b - H”. Set a4 = 0.

2. Choose a random subset v € {0, 1,..., n— 1}, |y| = k. Bring the matrix H to the
form H' = [A[I,_;], where the columns of A have their numbers in .
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3. Split the subset n — k into s = (n — k)/y segments of length y. For every i, 1 <i <, do
the following two steps:

3.1. Form the (y x (k + y)) matrix H; = [A;|L,], isolating rows y(i — 1) +j, 1 <j <y, of
the parity-check matrix H. Form the vector s; = (sy(_1)4;), 1 <j <.

3.2. Apply the split-syndrome algorithm to form a list K; of vectors {u = (u;|uy)} with
wi(u;|up) < (eqlez) that satisfy the equation s; = u - H .

4. Form the list K(v) of those vectors u; that appear in at least [ lists K;, see (3.12).

5. For every k-vector m = b(y) —w;, u; € K(v) generate successively all code vectors
¢’ € V whose projection on the chosen k-subset v equals m. If dist(b,c') < dist(b, a),
assign a = ¢

6. Output a.

The steps 2-5 are performed L, (k, ;) times. The value of L,(k, e;) will be discussed later.
This algorithm rests on a number of assumptions. First, we have assumed that v is an
information set. In reality, however,  is not to be found immediately; therefore, we may not
be able to diagonalise the parity-check and generator matrices of V. Next we assume that we
are able to control the weight of errors on different parts of the received vector. The detailed
explanation why these assumptions hold true can be found in [7].
We conclude this section by estimating the performance of our algorithm.

Theorem 3.1 [7]. For almost all long linear codes the supercode algorithm performs
complete minimum-distance decoding.

Proof 1If all our assumptions about the code and the number of errors hold true, the
‘true’ error vector will appear in at least / lists K; for a certain choice of . Then it will
be included in the list J(y) and will be encoded on Step 5 into a code vector (a list of
code vectors). Obviously, one of these code vectors is the transmitted one. It will be
chosen as the decoding result if it is the closest to the received vector b. Therefore,
decoding with the supercode algorithm can result in a wrong codeword, i.e., a
codeword other than the transmitted one if one of the following events takes place.

1. The weight of the error is greater than d;

2. The correct code vector appears in one of the lists K() but is not the closest to the
transmitted vector b;

3. Repeated random choice fails to produce a partition with the desired error distribution.

For almost all codes, the first and second events form the part of the inherent error of any
decoding algorithm (even an exhaustive search would yield an error). The error probability
of the complete maximum-likelihood decoding for most codes is known to behave as
pe = q 2" [8]. The third event occurs only with probability n~". We conclude that for
almost all codes, except for a fraction of codes that decays exponentially in the code length,
the decoding error probability up to o(1) terms behaves as the probability p. of the complete
maximum-likelihood decoding.
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3.4 THE COMPLEXITY OF DECODING IN THE CHANNEL
WITH INDEPENDENT ERRORS

The complexity of decoding algorithms is currently a subject of extensive study in coding
theory. However, the way of measuring complexity itself is seldom discussed or specified,
which sometimes results in algorithms that are performed under different computation
models being listed as comparable. Here we work with the following two models: random-
access machines (RAMs) [9] and Boolean circuits. The RAM is a computing device that has
an unrestricted amount of memory with direct access and performs basic operations similar
to those performed by Turing machines. This computational model corresponds to ‘real-life’
computers. Most algorithms in coding theory that are currently being studied are formulated
under the implicit assumption of this model. The complexity is measured by the number of
operations (time complexity) and the amount of memory used by the algorithm (space
complexity). Implementation of decoders by Boolean circuits allows basic operations to be
performed in parallel. This approach has a long history in coding theory [10]. The
complexity is measured by the number of gates in the circuit (size) and the length of the
longest path from an input gate to an output gate (depth). We discuss implementation of
decoders under both models.

The analysis of the complexity of the maximum likelihood (ML) decoding is based on
Lemma 2.2, which reduces the ML decoding to the combinatorial problem of the correction
of the given number of errors. This lemma claims that in a channel with independent errors it
is possible to provide an error probability of not more than two times worse than that
provided by ML decoding if decoded in the sphere of radius dgy (see Section 2.5), i.e. to
correct t-fold errors, where ¢ < dgv, and dgy is the maximal number such that

dGV*l n .
S (4) @-v=at

i=1

where ¢ is the number of symbols in the alphabet, n is the code length, and k is the number
of information symbols of the code. The relative GV distance 8¢y is the limit value of dgy /n
as n — oo. Let R = k/n be the rate of the code, then gy = dgv(R) is the smallest positive
root of the equation R = 1— H,(6), where H,(x) =x-log,(q—1)—-log,x — (1 —x)-
xlog,(1 — x) is the entropy function.

By their nature, decoding algorithms allow a certain error rate due to the occasional high
number of errors in the channel. The idea of reducing the decoding complexity is to allow an
algorithmic error whose rate has, at most, the same order as that of inherent error events. The
overall decoding error rate for long codes is then essentially the same as that for minimum-
distance decoding.

This line of research was initiated by the work of Evseev [11]. He has studied decoding in
discrete additive channels. Let X be a finite input alphabet and Y O X a finite output alphabet
of the channel (say, an additive group). A channel is called additive if Pr(y|x) = Pr(y — x),
i.e., the error process does not depend on the message transmitted. Let py;be the error
probability of maximum-likelihood decoding. Evseev has proved that any decoding
algorithm that examines ¢" ¥ most probable error patterns has error probability p < 2py;.
Specialising this for the g-ary symmetric channel and using the definition of dgy, we observe
that given a (n, k, d) linear code, inspecting all possible errors in the sphere of radius
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dgv(n,k) around the received word rather than all error patterns, at most doubles the
decoding error probability. Based on this, Evseev [11] proposed a general decoding
algorithm whose asymptotic complexity g“(!=®(1+e(1)) improved all the methods known at
that time.

This work opened a new page in the study of decoding algorithms of general linear codes.
Papers [3], [5], [6], [12], [13] and [14] introduced new decoding methods and provided
theoretical justification of those already known.

In the asymptotic setting this approach was later supplemented by the following important
result.

Theorem 3.2 [15]: The covering radius of almost all (n, k) random linear codes
equals dgv - (1 + o(1)).

Remark Most of the results hereafter are formulated for long linear codes. Strictly
speaking, this means that we study families of (n, k,, d,) codes of growing length. Let
V,, be such a family. Suppose there exists the limit R = lim k,/n called the rate of the
family. The statement of the theorem means that if p,, is the ¢ covering radius of V,, then
with probability — oo the quotient p,/n — dgv(R).

Theorem 3.2 implies that for long linear codes, correcting a little more than dgy errors
ensures the same output error rate as complete minimum-distance decoding. For these
reasons, the algorithms considered below restrict themselves to decoding in the sphere of radius
dgy = n- 8y (R). In the rare case that the algorithms find no codeword at all, we can take
any codeword as the decoding result. Asymptotically this will not affect the decoding error
rate. We wish to underline that these algorithms, in contrast to gradient-like methods [16],
[17], perform complete maximum-likelihood decoding only in the limit as n — oo. Their
error probability as a function approaches the error probability of complete maximum
likelihood decoding (the limit of their quotient is one).

Recently, Dumer [18], [19] extended both results to the case of much more general
channels. Namely, he has proved [18] that for a symmetric channel with finite input X and
arbitrary output ¥ D X, a decoding algorithm that examines N > ¢"~* most probable vectors
of X" has error probability p < pyr - (1 + (¢" % /N — ¢"%)). This enabled him to construct
general maximum-likelihood soft-decision decoding algorithms with reduced complexity
similar in spirit to the known hard-decision decoding methods.

Algorithms that we discuss examine a list of plausible candidates for the decoder output.
Our sole concern will be that the transmitted codeword appears in this list. If it later fails to
be chosen, this is a part of the inherent error event rather than the fault of a specific decoder.
Note that in practice we often do not need to store the whole list, keeping only the most
plausible candidates obtained so far.

Minimum-distance decoding can be accomplished either by inspecting all codewords of V
(time complexity O(ng’)) or by storing the table of syndromes and coset leaders (space
complexity O(ng"*)). The last method is called syndrome decoding. The only known
algorithm that yields an asymptotic improvement of these methods based on geometric
properties of the code itself, i.e., without introducing an additional algorithmic error rate, is
the zero-neighbours algorithm [17]. The decoding is accomplished by iterative refinements
of the current decision in much the same way as are standard optimisation methods in
continuous spaces. However, since our space is discrete, in order to determine the direction
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that reduces the value of the objective function (the distance between the received vector y
and the closest codeword found), one has to inspect a certain subset of codewords called zero
neighbors. It is shown in [17] that this subset lies entirely inside the sphere of radius 2¢ + 1
about 0, where ¢ is the covering radius of the code. Both time and space complexity of this
decoding are governed by the size of this set. By Theorem 3.2, the covering radius for almost
all codes of rate R grows as négy (R). Thus the complexity of this algorithm for codes of rate
R is dominated by the asymptotic size of the sphere of radius 2ndcy (R), given in Lemma 3.5
below. This leads to the following result.

Theorem 3.3 [17]: Let V be an (n, Rn) linear code. For any y € Ej, zero-neighbors
decoding always finds a closest codeword. For almost all codes it can be implemented
by a sequential algorithm with both time and space complexity ¢"%(®1+o(1) where

1
R, ogRgl—Hq(‘12>
q

Uq(R) = _
H,(286y) — (1—R), 1 —Hq<"2q1) <R<1.

A parallel implementation of this decoding requires a Boolean circuit of size ¢™(®)(1+o(1))
and depth O(n?).

For instance, for g = 2, the complexity of this decoding is exponentially smaller than that
of the exhaustive search for R > 1 — H,(1/4) = 0.189. This is also smaller than the time
complexity O(ng"!~®)) of the decoding algorithm in [11] for high code rates.

However, as shown in [20], this approach seems to have already reached its limits.
Namely, a result in [20] shows that any ‘gradient-like’ decoding method for binary codes, all
of whose codewords have even weight, has to examine all zero neighbors. (See [20] for
definitions and exact formulations.) For this reason we turn our attention to information-set
decoding.

Let us choose the number of steps L, (k) in Covering-Set Decoding algorithm as follows

L,(k) = (nlogn) - (ZGV)/<”d;Vk>. (3.13)

A key result in [13] and [21] states that as the length of the code grows, any k coordinates
form an ‘almost’ information set, i.e., that the codimension of the space of code vectors in
any k coordinates is small. This means that the number of code vectors that project
identically on any k coordinates, i.e., the size of the list M(y) for any ~, is small. The
following lemma shows that this size grows as qo(”l/2>and, therefore, does not contribute to
the main term of the complexity estimate. In [7] a slightly better estimate was proved for the
corank of square submatrices of a random matrix than the one in [13] and [21].

Lemma 3.2 Let A be a random (k x n) matrix over F, k < n, k,n — oc. For almost
all matrices, the corank of every square (k x k) submatrix B is

corank B < logq (Z ) .
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Proof Let us estimate the probability m(k, u) that a random k X k matrix has rank u.
Every (k x k)-matrix of rank corresponds to a linear mapping that takes EX to a
u-dimensional space F' that can be viewed as a subspace of E’; The number of image

subspaces is
u—]
{ } /(q" = &)
:o

Likewise, the number of kernels of a rank # mapping is [ﬂ . Every choice of the basis in the

~.

subspace F C E" accounts for a different matrix. The number of bases in F equals
u—1

IT (¢* — g’). Therefore, the number of square matrices of order k and rank u equals
j=0

u—1
@ —a’)/(¢" — q’)
j=0
Thus
u=l k _ j k—j _
e 17 e —4’) e 1
mkou) =g * || F——
g(q”—q 11161“’—1

u—1 u—1

where we have estimated [] (¢* — ¢/) = ¢"/?““=D [T (¢*7/ — 1) by ¢". Estimating the
Jj=0 Jj=0

Gaussian binomial, we obtain

u—1 qkii 1 u—1

y u—j u—1 1
u(k—u) q _u(k—u)

[Tt < e A= T (14 )

04 =1 o4 =1 j=0

g/ -1
T A R S
q 7—1 <+q2—1+ .

For g > 2, the constant factor here is less than 5 since the omitted terms are always less than 1.
Thus

n(k, u) < 5¢~ ¢, (3.14)

Since there are (Z) possibilities for B, the probability that there is a submatrix of A with

corank > k — [ is

i (Z)W(k, u). (3.15)

u=0
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Substituting (3.14) in (3.15) we obtain that the value of probability (3.15) does not exceed

-1

-1 !
n ny —(e=0)? —(k—u)*+(k=1)° n\ -1’ —(i+1)+1
Z(k)ﬁ(k’ u) <5(k)q Zq <5(k>q q .

u=0 u=0 i=1

The last sum is maximal for ¢ = 2. It can be checked not to exceed 0.2. Therefore, the

—(k=1)?

required probability is at most (Z) q , which falls exponentially if

n

corank B > 4 [log, (k) Q.E.D.

The time complexity of the generalised covering-set decoding is determined by the
quantity L,(k) (3.13). Let us formulate the properties of the generalised covering-set
decoding algorithm as a theorem.

Theorem 3.4 [13], [21]: The covering-set decoding for almost all codes performs
minimum distance decoding. The decoding can be implemented by a sequential
algorithm with time complexity at most

O(l’l4(10g n)qna(")(R)-h/nHz(R)/logz q) — qna<")(R)(l+o(l)) , (316)
where
0
ol (R) = (10g,2) | Halear) — (1 = B) - 27 (3.17)

and space complexity O(n?). A parallel implementation of this algorithm requires a circuit of
size ¢ ®(1+o(1) and depth O(n).

Now let us consider the complexity of the split syndrome decoding. The total size of
tables X; and X, wused in this algorithm is O(n - (Zl> (g — 1)") and
O(n . (:L__l:n) (g — 1)”‘) correspondingly (see section 3.2). We may optimise on the
choice of m and u in order to reduce the total size of memory used for the tables X; and X,.
Since this size is a sum of two exponential functions, for every error distribution we must

choose the point so that both tables are (roughly) equally populated. The size of the memory
is then bounded as O(M(r)), where

M) =n- ((’") (q— 1)”) 1/211  gHat/m/2 (3.18)

u

Note that in Step 3 this algorithm makes a call to a sorting subroutine. Suppose we need to
order an array of N binary vectors of length n. Sorting can be accomplished by a sequential
algorithm (RAM computation) with both time and space complexity O(nN). Alternatively,
sorting an array can be implemented by a Boolean circuit of size O(nN) and depth O(n?)
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[22], [23]. The complexity of sorting dominates the space complexity of split syndrome
decoding and all algorithms dependent on it. The properties of the algorithm can be
summarized as follows.

Theorem 3.5 [5]. For most long linear codes the split syndrome decoding algorithm
performs minimum-distance decoding. Its sequential implementation has for any code
of rate R time complexity O(n-d%, -M(dgy)) = ¢//P"(1-R+o(1) and space
complexity O(n - M(dgy,)). Its parallel implementation requires a Boolean circuit of
size O(n* - g(/2m(1=R)1+e(1))) and depth O(n?).

The time complexity of the split-syndrome algorithm is smaller than the complexity
of the generalised covering-set decoding for high code rates. For instance, for g = 2
the complexity exponent of this algorithm is better than o (R) in (3.17) for
R > 0.954. Therefore, if we puncture the code V (i.e., cast aside some of its parity
symbols) so that its rate becomes large, we can gain in complexity by applying split
syndrome decoding to the punctured code V'. By Lemma 3.2 we may regard any
symbols as parity ones provided that their number is less than n — k. This is the basic
idea of the second improvement of covering-set decoding, undertaken in [6]. We shall
call this algorithm punctured split syndrome decoding. The main result of [6] is
expressed by the following theorem, which we state for g = 2. Let

BI(R) = minmaX{(l —u)- [1 — <6GV . O‘)},

a I—u
1-R —%qu(%) —(—u) [1 —H (%V—_ua)}}

with R <u <1 and max(0, égv +u — 1) < o < min(bgy, u), and let a* = a*(R) and
u* = u*(R) be the values that furnish this minimum for a given rate R.

(3.19)

Theorem 3.6 [6]. For most long binary linear codes the punctured split syndrome
algorithm performs complete minimum-distance decoding. Its sequential implementa-

tion for a code of rate R has time complexity 2777 ®(1+o(1) and space complexity
2(1/2)u*-nH2(a*/u*)(1+0(1)).

Setting the parameters o and u to values other than o and u*, we can trade time
complexity for space complexity. Taking o = o* and u = u* furnishes the minimum time
complexity of the algorithm.

Now let us discuss the complexity of the supercode decoding algorithm (see section 3.3).
Given a code rate R, we choose the values of v, «, [ and that furnish the minimum to the
complexity exponent, found below in Theorem 3.7. This determines the algorithm
parameters y =v-n and e; = « - n. Let

ey (/)2 o

~ (bgy—a)-y
82—1_R_(l_1)'v. (321)
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The supercode decoding implies that we need to find a partition of the set
{0, 1,...,n— 1} into a k-subset with at most e; errors and an (n — k)-subset. This
(n — k)-subset must have the property that once it is partitioned into s consecutive segments,
at least / of them have at most e, errors. This is done in two stages. In the first stage we
choose a partition of {0, 1,..., n— 1} into subsets of size k and n — k randomly and
independently many times. The probability that one such choice does not generate the
required distribution of errors equals

() (k) ()

By repeating this choice independently L,(k, e;) times (see (3.20)) we ensure that the
probability of failing to construct the mentioned above system decays as e "1°¢",
Letting k = Rn and e; = « - n, we obtain the estimate of (3.20) as follows

Ln(k, 61) < qnel(R,(y)-(l+u(l))7 (322)
where
Q@ bgy — «
51(R, a) = (logq 2) . |:H2((SG‘/) —R- H2 (E) - (1 - R) Hz( (];V— " ):| . (323)
The second stage is performed for each partition of {0, 1,..., n — 1} generated in the

first stage. Taking the second subset, we split it into s = (n — k)/y = O(n — k) consecutive
segments of length y (except maybe the last, shorter, one). Every choice of this segment
supplies us with a desired partition of {0, 1,..., n — 1} into three parts. The total number of
partitions equals O(n — k) - L,(k, e}).

Each partition enables us to isolate the coordinates of V(y). We intend to perform the
decoding of V(y) by solving (3.11), i.e., to form a list K;, 1 < i < s of vectors {u = (u;|uy)}
that satisfy it. The goal of this decoding is that wt(e;) < e, provided that the ‘true’ error
vector appears in K; for at least / different indexes i. To achieve this, we compute the
minimal value of e, such that (s — I + 1) y-segments of the error vector cannot all be heavier
n—k—(I-1)-y

y

than e;. Since s — [+ 1 = we obtain for e, the inequality

bgv —er  (bgv — ) -y
e > = .
s—I4+1 1—-R—(I-1)-v

Note that the greater the value of e, the greater is the size of the resulting list of vectors that
should be tested in further steps. Therefore, e, should be as small as possible. This justifies
our choice of e, in (3.21).

Looking at the description of the supercode decoding algorithm, we see that Steps 1-3.1
have algebraic complexity. The most computationally involved parts are Steps 3.2—5. Let us
estimate their asymptotic complexity.

We begin with Step 3.1. Suppose that the values of e; and e, are fixed. Let us describe
the process of solving (3.11) with respect to the unknown vector (u;|uy) with
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wt(u;|uy) < (eq|ez). To find a list of solutions of (3.11) we apply a version of split syndrome
decoding.

Lemma 3.3 The list of solutions of (3.11) with wt(u;|u,) < (eq|ez), where e; < - n
and e, satisfies (3.21), can be compiled using the split syndrome algorithm. Both time
and space complexity of this stage are bounded as g(1/2)7e2R.v;e.0)-(1+o(1)) " \where

b _
&R, v, a, ) =R- H2<%) +v.H2<1 _R‘i‘/(l _0‘1) ‘ v). (3.24)

The proof can be found in [7].

It is quite essential for us not to write out the lists K; explicitly but to store them as pairs of
lists (X;, X,) since the size |K;| can be much greater than the size of its ‘building blocks.’
This happens because each entry in X; can be coupled with many entries in X, to form error
vectors u in the list K;. We remark without further discussion that writing out the lists K;
explicitly would yield an algorithm of complexity asymptotically equal to that of punctured
split syndrome decoding (Theorem 3.6).

Thus we need to find intersections of the lists K; each of which is specified by two
‘halves,’ i.e., lists X; and X,. Our goal is to find error vectors that appear in at least / out of
the s lists K;, where [ is a constant that depends only on the rate of the code V. Therefore, we

can afford to examine all the possible (;

The complexity of constructing the intersection of a given group of [ lists K; is the sum of
the number of operations needed to compute the intersection and the size of the resulting list.
The number of operations is estimated in the following lemma.

) groups of [ lists.

Lemma 3.4 The intersection of given / lists K; can be computed in time of order

(1/2)ne2(R,v, 0 l)+vn - The size of the memory used by the computation is at most
q(1/2)~n52(R,v,n.l)'

Proof See in [7].
Let us estimate the size of K(vy). For this we use the following lemma.

Lemma 3.5 Let Vbe an (n, k) code of rate R = k/n. Suppose S C Ej is a set of size
q"", 1—R<o<1andletU,=|V()S| be the number of codewords of V in this
set. Then

S
Uy < |n—|k Lq o) = grlo R o) (3.25)

q
for all codes except for an n~" fraction of them.

Proof See in [7].
Note that the decrease rate of the fraction of ‘bad’ codes, i.e., codes that do not satisfy
the statement of this lemma, is quite important for us since we are going to choose the
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order of g°") codes V(y) and need the estimate (3.25) to hold for all of them at a time.
A more accurate estimate shows that this decay rate can be brought down to q‘o(”2>.
The last lemma allows us to estimate the size of the list of those vectors u; that appear

in at least / of the codes K;, see (3.12).

Corollary 3.1 For almost all codes Vand almost all choices of / supercodes V(y), the
size of the list K () is at most g (2R v e.)=)-(1+0(1)) " yhere the function e, is defined
in (3.24).

Proof See in [7].
We are now able to estimate the complexity of Step 4 of the supercode decoding
algorithm.

Lemma 3.6 The time complexity of implementing Step 4 of the supercode decoding

1
algorithm has the exponential order max Eez(R, v, a,l)+v, e2(R, v, a, I) — lv}.

The space complexity is bounded above by g(!/2me®v;e.0),

Proof As said before Lemma 3.4, the complexity of Step 3.2 is a sum of two terms.
The first term is estimated in Lemma 3.4. The second term is the size of the resulting
list, estimated in the previous corollary. The complexity of this step is estimated from
above by the sum of these two exponential functions. Therefore, the exponent of the
time complexity of this step is at most the maximum of the two exponents. Q.E.D.

Combining Lemmas 3.3, 3.6, and formula (3.23), we can prove the following result.
Theorem 3.7 The supercode decoding algorithm for almost all long linear (n, k)

codes of rate R = k/n performs minimum-distance decoding. The time complexity of
its sequential implementation for almost all codes is at most q”g(q) (R)-(1+o(1)) " where

73

¢C9(R) = mir}{sl(R, a) + max <%52(R, a, v, ) +v, &2(R, a, v, I) — lv> } (3.26)

v,

and the functions €; and e, are defined in (3.23) and (3.24), respectively. The
optimisation parameters are restricted to

max (07 bgv + R — 1) < a < min (6GV7 R)
bgv—a<1—R—(I—-1)-v '

The space complexity of the algorithm is estimated from above as
q\1/2rmeaRy o0 D)-(1+0(1) " A parallel implementation of the algorithm requires a Boolean
circuit of size ¢"¢ ®(1+e(and depth O(nl).

Proof The complexity of Steps 2-3.1 is algebraic and contributes only to o(1) terms

in the exponent. Let us estimate the complexity of Step 5. As said above, for each
. 1/2 . ..

vector m € K we compute a list of at most g° ™) code vectors that agree with it in the

(3.27)
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Figure 3.1 Complexity of the hard-decision decoding algorithms for binary codes
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k-part. If one of these vectors, say ¢/, is closer to the received vector b than the current
decision a, we update it by assigning a = ¢/. Thus Step 5 has time complexity of the
same exponential order as Step 4. Therefore, by Lemma 3.6 we see that the most time-
consuming steps of the algorithm are Steps 4 and 5. The entire sequence of steps is
repeated L,(k, ;) times. Therefore, the complexity exponent of the algorithm
equals log, L, (k, e1), given by (3.23), plus the exponent found in Lemma 3.6. The
parameters «, v, [ should be chosen to minimise this value. The first of inequalities
(3.27) is obvious; the second is implied by the definition of e;. Q.E.D.

The asymptotic complexity of the supercode decoding algorithm is exponentially smaller

that the best known result [6] for any ¢ > 2 and any code rate R, 0 < R < 1. The
complexity exponents of the algorithms mentioned in this section for binary codes are shown
in Figure 3.1 (the complexity of the zero-neighbors decoding is represented in Theorem 3.3,
covering-set decoding in Theorem 3.4, split syndrome decoding in Theorem 3.5, punctured
split syndrome decoding in Theorem 3.6, and the complexity of the supercode decoding is
represented in Theorem 3.7).

Thus the asymptotic complexity of the supercode decoding algorithm is less than the

complexity of all other hard-decision decoding methods known.
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