absolutely continuous component 82, 144
absolutely continuous copula
bivariate 81, 82
multidimensional 144
affine factor models 13-14
affine intensity 32-3
arbitrage deal, definition 2
arbitrage-free (fair) prices 2, 21
arbitrage pricing theory (APT) 4
Archimedean copulas
basic properties 121-2
bi-dimensional 120-8
calibration using sample dependence measures
172-4
definition 121-2
density 122
dependency 123
multidimensional 149-51
one-parameter 124-7, 150
see also Clayton copula; Frank copula;
Gumbel copula
asset-or-nothing (AoN) options
attainability 6, 21

12, 270

barrier options, pricing 267-78
calibrating the dependence structure 276
with copulas 268-70
marginal probability of the trigger event
272-4
pricing barrier options 274-6
put barrier option 270-2
reflection copula 276-8
specifying the trigger event
basket default swaps (BDSs)
210-12
loss distribution and pricing of 208-10
pricing and risk monitoring 221-5
Bernstein copula 162
Bernstein polynomial 162
Beta 33
Blomgqvist’s Beta 96, 164

272-6
196, 198, 201,

Index

binomial model 2-7
bivariate options, pricing, in complete markets
232-9
alternative pricing techniques 235-9
conditional distribution approach 238-9
copula pricing kernels 232-5
probability density approach 235-6
probability distribution approach 236-7
bivariate options, pricing, in incomplete markets
239-43
Black and Scholes model 1, 7-13
copula pricing kernel 241-3
digital options 12-13
for plain vanilla call option 11
for plain vanilla put option 12
Fréchet pricing 240-1
martingale property 11-12
Black’s formula 17
bootstrap, statistical 158
bounds for distribution functions of sum of r.v.s.

bi-dimensional case 84-7
multidimensional case 145-6
Value-at-Risk bounds 85-7, 146

BSB (Black, Scholes & Barenblatt) fundamental
equation 27
buyer price 23

Cameron-Martin—Girsanov theorem 9-11, 16
Canonical Maximum Likelihood (CML)
160-1
canonical representation 83, 145, 154
cap 17
capacities 25, 239
cash flow CDO 200
cash-or-nothing (CoN) options
272
cash settlement 35
Choquet integrals 25
Clayton copula 73-4, 75, 124, 150, 184-5
and association measures 126
comprehensiveness 127

12, 270, 271,
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Index

Clayton copula (Continued)
density 124-6, 225
level curves 125
simulation 184-5, 191-2
tail dependency 127
co-copula 77-8, 258
collar 17
collateralized debt obligation (CDO) 196,
199-202
EuroStoxx50 CDO application 210, 212-16
EuroStoxx50 CDO pricing and risk
monitoring 216-20
loss distribution and pricing of 206-8
comonotonicity 70-1, 92-3
complete market 21-2
Sklar’s theorem applied to 62-4
concordance 95-7
concordance order 52-6
bi-dimensional case 53-55
multi-dimensional case 134
conditional copula 177-80
conditional distribution via copula 52
Fréchet copula 119
Gaussian copula 113
Marshall-Olkin copula 128
Student’s ¢ copula 117
conditional sampling 182-8
constant elasticity of variance (CEV)
models 19
copula, definition 49-51, 129-33
correlation products 201
countermonotonicity 71-2
counterparty risk 27, 245, 247, 249
credit risk and 36-7
effect on prices of options
hedging in options 253
Cox, Ingersoll and Ross model
Cox process 32, 202-3
credit contagion 196
credit default swaps 35-6, 195, 196-8
bootstrap algorithm from 36, 198, 229
correlated default times 227-8
credit derivatives 195-6
credit event 200
credit-linked products
credit risk  27-37
counterparty risk 367
implied default probabilities
corporate bond markets
credit default swap markets
stock markets 33-4
loss distribution and pricing of
CDOs 206-8
of homogeneous basket default swaps
208-10
multiple default calibration 205-6

250-2

13, 14

44-7, 196, 199

33-6
34-5
35-6

multiple survival time modeling 203-5
reduced form models 31-3
single survival time modeling and calibration
202-3
Sklar’s theorem applied to  64-8
structural models 28-30
credit spread options 196, 199
CreditMetrics 44, 45, 201
Cuadras—Augé definition 61
cumulative parisian options 268

Debye functions 126, 175
default probability 30, 34
default risk 195-6; see also credit risk
default times, correlated 227-8
defaultable contingent claim 27
defaultable derivative 36; see also counterparty
risk
Deheuvels’ empirical copula 161
density
Archimedean copula 122
Clayton copula 124-6, 225
copula 81-4, 93
Frank copula 124-6, 226
Fréchet copula 118
Gaussian 81, 112-13
Gumbel 124-6
Marshall-Olkin copula 128
multivariate copulas 144-5
Student’s ¢ copula 117
dependence 37-8
dependence functions 49, 58, 136
dependence measures 97
diffusive process 7
digital (one touch) asset-or-nothing (AoN)
option 12, 270
digital (one touch) cash-or-nothing (CoN) option
12, 270, 271, 272
digital binary default swap 197
digital options 12-13
with log-normal underlyings, Sklar’s theorem
applied to  138-40
discounting under probability measures
distance to default 34
dual of the copula 77, 257, 261
dynamic replication trading strategy 6

5-6

edokko options 268

eigenvalue method 229

elliptical copulas, simulation methods for 181
empirical copula frequency 161

equity-linked products 43-4

equivalent martingale measure (EMM) 4
evaluation criteria for copulas 1767

Everest notes 43, 263-7
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Exact Maximum Likelihood Estimator 153,
154-6
Extreme Value Theory distribution 87
fair (arbitrage-free) prices 2, 21
fat-tails 42, 43
first-to-default 44-7, 198
Fisher’s information matrix
floater 17
floor 17
forward martingale measure
forward price 15
Frank copula 64, 66, 68, 124
association measures 126
comprehensiveness 127
density 124-6, 226
MLE estimates for alpha parameter 160
multivariate 150-1, 186—8
simulation 187, 193-4
tail dependency 127
Fréchet bounds 40, 52-6, 59, 133-5
Fréchet class 60, 136
Fréchet copula 40, 42, 118-20
comprehensiveness 119, 120
conditional probability via 119
density 118
positive ordering 119
Fréchet—Hoeffding inequality 59
Fréchet pricing 240-1
free lunches (arbitrage gains) 2
Fubini’s theorem 207
fundamental partial differential equations 12
futures-style markets 27
fuzzy measure model 25-6

154-5

15-16, 27

Gaussian bivariate joint distribution function

113
Gaussian copula 63, 66, 72
bivariate 112-16

comprehensiveness 115
conditional distribution via copula
definition 112
density of 81, 112-13
estimation of correlation matrix for, with
CML method 160-1
multivariate 139
positive ordering 115
generalized inverse 49
generalized method of moments (GMM) 158
generator 121
geometric brownian motion (BMs) 7, 9, 272
Gini’s gamma 96-7, 164
Girsanov theorem; see
Cameron—Martin—Girsanov theorem
Godambe information matrix 157-8
greek letters 12

113, 117

delta 12
gamma 12
theta 12

groundedness 49

Gumbel copula 124, 127
association measures 126
density 124-6
level curves 125
multivariate 150, 185-6
simulation 186, 190
tail dependency 127

Gumbel-Hougaard family 124

hedging error 6

hidden linkage 200

Hoeffding’s theta 164

horizonal sections of subcopulas 51

implied probability 20-1
implied volatility 18
incomplete market 6, 21-7
independence 69, 70, 137
independence axiom 22
infectious default models 201
inference for the margins (IFM) method
156-60
interest rate derivatives 13-18
invariance, copula 72-3, 93
Ito’s division rule 15-16
Ito’s lemma 8-9, 10, 14, 34

Jacknife method 158
Jarque—Bera Gaussianity test statistic (JB)
158-9
joint distribution function (joint cumulative
distribution function; joint c.d.f) 49
joint survival function
bi-dimensional case 75-80
multidimensional case 140-4
joint survival probability 76

Kendall’s sample tau 99

Kendall’s tau 42, 96, 97-100, 164, 175, 176,
228-9

Kernel copula 162-72

Kimberling theorem 187

Kolmogorov—Smirnov test 177

Laplace transform 121-2, 123, 188
last-to-default basket 198

Lebesgue integrals 25

level curves 53

LIBOR market model 16-18
linear correlation 38, 103-8
local volatility models 19-20

local volatility surface 19
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loss distribution and pricing of
CDOs 206-8
of homogeneous basket default swaps
208-10

loss given default 27, 30, 244

marginal distribution functions (d.f.s; margins)
49
marginal probabilities 38-9
marginal survival probabilities (functions) 76,
140-1
market-value CDO 200
Marshall-Olkin copula 80, 82—-3, 98
comprehensiveness 128
conditional distribution via copula 128
density 128
generating outcomes 189
survival copula 80, 82-3, 98
Marshall-Olkin method 188-90
martingale 4
martingale property of Black—Scholes
formula 11-12
maxima of two random variables 78
Maximin Expected Utility (MMEU) 23
maximum copula 40, 53, 54, 133
maximum likelihood estimation (MLE) 153
mean reversion 14
measures of association 95-111
Merton approach 203; see also credit risk,
structural models
mezzanine 200
minima of two random variables 78
minimum copula 53, 54
minimum variance hedging 22
mixed estimators 164
mixture copula 119
mixture of log-normal distributions 19
Modigliani—Miller theorem 28
money market mutual fund 9
monotone transforms 72-3, 93, 137
Monte Carlo approach 181, 207
pricing using 278-80
multivariate copulas
bounds for distribution functions of sums of
N random variables 145-6
definition and basic properties 129-33
density and canonical representation 144-5
Fréchet bounds and concordance order
133-5
multivariate dependence
Sklar’s theorem 135-40
survival copula 140-4
multivariate dispersion copula 149
with Weibull margins 156
multivariate Gaussian copula 147-8, 155
multivariate options, pricing 278-80

146-7

basket option application 279-80
see also rainbow options
multivariate Student’s ¢ copula 148

negative lower orthant dependence (NLOD)
147
negative orthant dependence (NOD) 147
negative upper orthant dependence (NUOD)
147
net loss 200
no-arbitrage 2
objective probability and 4-5
risk-neutral probability and 3-4
non-parametric estimation 161-72

application to equity market data 164-6,
167-70

application to Value at Risk for an asset
portfolio 166-72

nth-to-default basket 198

objective probability measure 4-5
occupation time 276
over-the-counter (OTC) transactions 27

parisian options 268, 272
partial differential equation (PDE) 10-11
Pearson product-moment; see also linear
correlation 103
Pearson’s correlation index 175, 176; see also
linear correlation
percentage loss of a BDS 198
perfect hedge 22
plain vanilla options 2
Poisson process 202, 203
positive lower orthant dependence (PLOD) 147
positive orthant dependence (POD) 146-7
positive quadrant dependency (PQD) 110-11
positive upper orthant dependence (PUOD)
147
pricing
barrier options 267-78
bivariate options in complete markets
bivariate options in incomplete markets
239-43
multivariate options
rainbow two-color options
vulnerable options 243-53
probabilistic interpretation of copulas 58
probability-integral transforms 52
product copula 40, 55, 137
pseudo-inverse of a generator 121

232-9

278-80
253-67

quasi-debt-to-firm ratio 29
quasi-leverage 29

rainbow two-color options, pricing 253-67
call options on the maximum of two assets
257-8
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call options on the minimum of two assets
254-17

option to exchange 262-3

pricing the rainbow option 265-7

put options on maximum of two assets

258-60
put options on the minimum between two
assets 261-2

rainbow put/call parity 259-60
retrieving the implied probability from market
prices 263-5
super-replicating portfolios 255-7
rank correlation 101, 229; see also Spearman’s
rho
recovery rate 27, 33; see also loss given
default
reduced form approach 28
replicating portfolio 3
rebalancing 6
replication trading strategy 6-7
self-financing portfolio 7
residual claimants 28
risk-neutral probability measure 3-4, 10
risk premium 5
RiskMetrics 1, 201

Schweitzer—Wolff’s sigma 164
second-to-default basket 198
seller price 23
senior CDO notes 200
shifted log-normal distributions 19
singular components 82, 144
singular copula
bivariate 81, 82
multivariate 144
Sklar’s theorem 39, 52, 56-9, 135-8
in financial applications 61-70
bivariate digital option pricing 62—4
credit risk evaluation 64-8
digital options with log-normal underlyings
138-40
Value-at-Risk computation 68-70
modelling consequences 60-1, 138—40
proof 89-92
subcopula in  59-60
smile effect 18
Spearman’s tho 42, 96, 100-3, 164, 166, 175,
229
Spearman’s sample rho 101
static replication portfolio 6
step-up credit default swap 199
Stieltjes integral 207
stochastic volatility models
Student’s ¢ copula

18-19

bivariate 116-18

density 117

in multidimensional modeling

multivariate 148

positive ordering 118

simulation 181
Student’s ¢ distribution 87, 159
Student’s ¢ test 68, 69
subcopulas

definition and properties
Sugeno fuzzy measure 25
super-replication 23

in two dimensions 240-1

super-hedging strategies 23-7
SuperSenior (SS) tranche 206, 210

139-40

49-52

SuperSenior transactions 200
survival copula 39, 75-80
multidimensional 140-4

survival function 76, 141
survival time calibration 205-6
survival time modeling

multiple 203-5

single 202-3
synthetic CDO 200

tail dependence 42-3, 108-10

total rate of return swap 196, 199
tranches 200
2-increasing functions 49, 50, 87

uncertain probability model 24-6
uncertain volatility model (UVM) 26-7
utility theory 22-3

Value at Risk 166
bounds for 85-7, 146
Sklar’s theorem applied to 68-70
trade-off 73-5
variance—covariance robust estimation 228-9
Vasicek model 14
vertical sections of subcopulas 51
volatility term structure 18
vulnerable derivative 36
vulnerable options, pricing 243-53
in practice 250-3
effect of counterparty risk on prices of
options  250-2
hedging counterparty risk in options 253
vulnerable call options 246-—8
vulnerable digital options 244-6
vulnerable put options 248-50

waterfall 200

Wiener process 7, 9, 10, 16



