
Chapter 1

Probability Theory and
Performance Evaluation

In this chapter, we outline the elements of probability theory. Most readers will have taken
courses on probability and statistics, and this chapter is meant mainly as a refresher on tech-
niques that are used in the papers collected in this book. Probability is a vast subject, and
the Further Reading section contains a brief list of some introductory volumes.

1.1 Introduction

It is possible to make up a rigorous definition of probability, based on sigma algebras and
measure theory, but our interests are much more practical. Prom our point of view, there are
some things, called events, which have a given probability of occurring. For example, if you
have a "fair" coin, the probability of getting a tail upon tossing it is 0.5. This is a way of
saying that if you toss a fair coin N times, then

Number of Tails out of N Tosses 1 /t | ., xhm ~ = - (1.1)
N-> oo N 2

Two events that cannot occur at the same time are called mutually exclusive. For example,
if you have a memory module with one I/O port, you cannot have two simultaneous reads in



progress. Suppose that events ei, e2, • • •, en are mutually exclusive, and P(ei) is the probability
of ei occurring. Define E as the event that one of ei, e2, • • •, en occurs. Then,

Prob {E occurs} = ]T P(e{) (1.2)
2 = 1

The probability of any event must lie between 0 and 1. An event that occurs with probabil-
ity 1 is said to happen almost surely. This term points up a common misconception about
probabilities: namely, that an event with probability 1 is certain to occur, and an event with
probability 0 will never occur. This is not true. For example, suppose we run an experiment
which consists of choosing a random point in an interval [0,1]. There is an uncountable infinity
of such points, and so the probability that we choose a given point (say, 0.55), is zero. In fact,
every outcome in this experiment will have probability zero!

Given events Ai, A2, • - •, An the event that they all occur is expressed by Ain^H • • -nAn,
while the event that at least one of them occurs is denoted by Ai U A2 U • • • U An. The notation
arises from the fact that we can denote the event probabilities by area in a Venn diagram. In
such a diagram, Prob(Ai) would be proportional to the area occupied by A*. The probability
of the event that either A\ or A 2 (or both) occurred is proportional to the area of A\ U A 2.
Similarly, the probability of both Ax and A 2 occurring is represented by the area covered by
AiHA2.

We have
Prob (Ax U A2) = Prob (Ax) 4- Prob (A2) - Prob (Ax n A2) (1.3)

The Prob (A\ D A2) term corrects for the double-counting that occurs when both events occur.
We can extend Equation 1.3 recursively. For example,

Prob (Ax U A2 U A3) = Prob (Ax U A2) + Prob (A3) - Prob ([Ax U A2] H A3) (1.4)
Prob ([Ai U A2) n A3) = Prob {[Ax n A3] U [A2 n A3])

= Prob (Ax fl A3) + Prob (A2 n A3) - Prob ([Ax n A3] n [A2 n A3])
= Prob (Ax H A3) + Prob (A2 n A3) - Prob (Ax DA2n A3) (1.5)

Thus,

Prob (Ax U A2 U A3) = Prob (Ai) + Prob (A2) + Prob (A3)
-Prob (Ax H A2) - Prob (Ax n A3) - Prob (A2 n A3)
+Prob (Ai n A2 n A3) (1.6)

It is probably easier to see this graphically, using a Venn diagram. See Figure 1.1, and relate
the area enclosed by the circles to the probabilities in Equation 1.6.
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Figure 1.1. Venn Diagram for Prob (Ai U ^ U A3)

If Ai, • • •, An is the set of all possible events (n may or may not be finite), then

Prob (Ai U A2 U • - • U An) = 1 (1.7)

Two events A and B are said to be independent if

Prob (A fl B) = Prob (A) x Prob (J5) (1.8)

For example, if successive tosses of a fair coin are independent, the probability that we have a
head followed by a tail is 0.5 x 0.5 = 0.25. We can extend Equation 1.8 recursively. If A, S, C
are independent events, then

Prob (A n B H C) = Prob (A) x Prob (B) x Prob (C) (1.9)

One of the most useful concepts in probability theory is conditional probability. We denote
by Prob (B\A) the probability that event B occurs, given that event A has occurred. The
fundamental equation relating to conditional probability is Bayes' law:

We can rewrite Bayes' law as follows:

Prob(AnB) = Prob(B\A) x Prob (A) (1.11)

This leads to the following useful construct



Prob (A\B) xProb(£)
Prob (A)

(1.12)

1.2 Random Variables

A random variable can be formally defined as a mapping from the set of events to the real line.
That is, a random variable is a function, which associates a real number with each event. The
real number usually denotes some parameter of physical interest. For example, if the event is
accessing memory, we can define a random variable taccess which is the memory access time.
Suppose we are given that an access is to cache with probability pcache, to main memory with
probability pmain, to disks with probability pdisks, and to tape with probability ptape- Denote
by t(cache), t(main), t(disks), and t{tape) the access times associated with these various
media. We can now write

t(cache) with probability Pcache
I t(main) with probability pmain n ^

taccess \ t(disks) with probability pdisks
 [ }

t(tape) with probability ptape

Associated with each random variable, X, is a probability distribution function (PDF),

Fx(x) = Prob {X < x} (1.14)

Assuming that t(cache) < t(main) < t(disks) < t(tape), we can write the PDF of taccess as

' 0 if t < t(cache)
Pcache if t(cache) < t < t(main)

Ftaccessit) = \ Pmain + Pcache if t(main) < t < t(disks) (1.15)
Pdisks + Pmain + Pcache if t(disks) <t< t(tape)
1 otherwise

If the PDF is a differentiate function (that is, it can be differentiated), its derivative is called
the probability density function, (pdf). If the PDF takes discrete jumps (as was the case with
taccess in our example), a pdf does not exist and we can define instead a probability mass
function (pmf),

mx(x) = Prob {X = x} (1.16)
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For example, the pmf of taccess is given by

™«aeceM(0 = <

Pcache if £ = t(cache)
Pmain if * = t(main)
Pdisks if t = t{disks) (1-17)
Ptape ift = t(«apc)
0 otherwise

The expectation, E[X], of a random variable, X, is its average or mean. If the random variable
takes discrete values from the set A = {ai, a2, • • •}, it has a pmf, and we have

£[*] = £ aimjcfo) (1.18)
ieA

If X has a pdf, we have

E[X] = f°° xfx(x)dx (1.19)

If the expectation of X is finite, we can also determine it by the expression

E[X] = f°° (1 - Fx(s)) <iz - / F^a) cte (1.20)

If you remember elementary techniques of integration, you might try deriving Equation 1.20
from Equation 1.19.

Expectation is a linear operator. That is a fancy way of saying that

E[XX + X2 + • • • + Xn] = E[Xi] + E[X2] + -• + E[Xn] (1.21)

The n'th moment of a random variable X is E[Xn). The first moment is, of course, the
mean. The variance of X is given by

V[X) = E[X2)-{E[X})2 (1.22)

The standard deviation of a random variable is the square root of its variance.
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Figure 1.2. Illustrating Variance

While the first moment gives us the average value, the variance tells us how much variation
or spread we can expect. For example, consider the random variables X and Y with pdf's
shown in Figure 1.2. We have

. . _ f 0.125 if - 4 < a: < 4 . . _ J 0.250 if - 2 < x < 2
fxW - < Q otherwise ; fy[X) ~ \ 0 otherwise (1.23)

While random variables both have a mean of 0, it is clear that X is more "spread out." This
is reflected in the variances: V[X] = 8; V[Y] = 2.

Let us now turn to the distribution of the sum of independent random variables. This
will also give us an opportunity to demonstrate the usefulness of Bayes' law. If X,Y are
independent random variables with pdf's, then

PTob(X + Y < w) = / Prob(X + Y < wDX =x)dx
Jx~—oo

= / Prob (X + Y < w\X = x)fx(x) dx

/•oo

= / Prob (Y < w - x\X = x)fx(x) dx

AOO

= / fy(w -x)fx(x)dx
Jx=—oo

(1.24)



We can apply this expression recursively to the sum of more than two variables. For example,

Prob (X + Y + Z < w) = f°° fy+z(w - x)fx(x) dx (1.25)

where fy+z is the pdf of the random variable Y + Z.

Let us now look at two important PDFs. Perhaps the simplest is the uniform distribution,
which we have already encountered in Figure 1.2. For a continuous random variable, the PDF
and pdf are

{ 0 if x < a\

a2 - ai w 0 otherwise v

-i _AI i v

The exponential distribution and density functions are given by

_ , . f l - e - " * i f z X ) , , . J /xe"^ i f x > 0 M __,
F x ^ = 0 otherwise ; fx(x) = 0 otherwise ( L 2 7 )«{

A random variable which is exponentially distributed is said to be memoryless. The reason for
this lies in the following computation:

_ Prob(X > x f l l > a)
Prob {X > x \X > a) = p , fv r

Prob (X > a)

P r o b ( x > a ) { i a > x

froh\x>a) l t a ^ x
 ( 1 2 8 )Prob(x>a;) i i a < x

Prob(x>a) u a < x

Since Prob (X > t) = e-/x*, we have

„ w , x Prob (X > x fl X > a) f 1 if a > x ^ _nN

Prob (X > x X > a) = ^ _ / v r i = ^ -ura--.^ .f "" (1-29)
v l } Prob (X > a) \ e ™x a) if a < x '



If a < x, we have from Equation 1.29 that

Prob (X > x | X > a) = Prob (X > x - a) (1.30)

which is a function of the difference between x and a. That is, for every 6 > —a,

Prob (X > x | X > a) = Prob (X > x + 6\X > a + 8) (1.31)

If, for example, a light bulb has an exponentially-distributed lifetime, the probability that it
will burn out over the next hour is not a function of how old it is, but only of whether it has
yet burned out or not. That is why this distribution is called memoryless. This property is
very important in mathematical modeling.

Associated with the exponential distribution is the Poisson process. Consider some events,
such as memory requests, that occur over a period of time. Let N(t) denote the number of
such events over the interval of time [0, t]. The event-arrival process is called Poisson with rate
\{t) if:

• The probability of one or more events occurring in an interval [a, b] is unaffected by what
happened outside this interval.

• The probability of an event occurring in an interval [tt t + dt] is X(t) dt.

• The probability of two events occurring in an interval of length dt is of the order of {dt)2

or less.

If X(i) = A for all t, we have a homogeneous Poisson process. We can show that

if \{x)dx\
Prob(iV(*) = n) = e-J*=oxlx)dxUxs=o >— (1.32)

If A(t) = A for all t, we have

Prob (N(t) = n) = e~xt^¥- (1.33)
n\

That there is a relationship between the Poisson process and the exponential distribution is
demonstrated as follows. Denote by r the time between two successive event occurrences. We
have

Prob (r > t) = Prob (N(t) = 0)

= e~xt (1.34)



Thus, the interarrival time (that is, the time between successive event arrivals) of a Poisson
process is exponentially distributed.

Another important process is the Bernoulli process. Consider a set of random variables,
X\, X2, •' •, Xn, • • •, which can take only two values: 0 and 1. The sum Sn = Xi -fX2H \-Xn,
n = 1,2, • • •, is called a Bernoulli process.

Suppose Prob (Xi = 1) = p, and Prob (Xi = 0) = 1 - p for all t = 1,2, • • -. Then,

p if k = 1
Prob(5i = fe) = ^ 1 - p iffc = 0 (1.35)

0 otherwise

Prob(S2 = fc) = Prob(5i + X2 = ifc)

= Prob ([Si = fc - 1 D X2 = 1] U [Si = fc H X2 = 0])

= Prob(Si = fc-l)p + Prob(Si = fc)(l~p) (1.36)

Prob (5n = fc) = Prob (Sn-i = * - l)p + Prob (5n_i = fc)(l - p) (1.37)

It is easy to show (try it) that this series of equations yields

* . - *>-( ; )Prob(Sn = t ) = '• / ( ! - ? ) " - « (1.38)

where I ^ J is the number of combinations of n things, taken A: at a time. You will no doubt

remember from elementary algebra that

\ / [ 0 otherwise



As an elementary exercise, try proving this result.

1.3 Markov Chains

Markov chains are perhaps the most important tool in the development of mathematical perfor-
mance models. In this section, we will provide an informal (well, almost informal) treatment.
We will make no claims of rigor, restricting ourselves to some common sense observations and
basic mathematics.

Everyone is familiar with the idea of a finite-state machine (FSM). It consists of a finite
set of states and transition rules. At any time, the system must be in exactly one state. The
transition rules govern how the system moves from state to state, usually in response to a clock
and other inputs. The next state thus depends only on

• The present state;

• The input(s), if any; and

• The transition rules.

An FSM is deterministic (if it weren't, computing would be impossible!). In other words,
if you have two identical FSMs, start them in the same initial state, and provide them with
identical inputs, you will get identical outputs. Markov chains are very similar to FSMs, except
in two crucial respects:

• They may have a finite or a countably infinite number of states.1

• Their state transitions are usually not deterministic: it is possible to have probabilistic
transition rules. That is, we can specify that the system will move from, say, state 1 to
state 2, with probability pi,2(0 in response to an input, i.

xBy "countably infinite," we mean that it is possible to set up a one-to-one mapping between the states of
the Markov chain and the set of integers. For example, the set of rational numbers is countably infinite, while
the set of real numbers is not. Consult any book on real analysis for further information.
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(iHniMv) (1-40)



Figure 1.3. Markov Chain for First Coin-Tossing Example

Because their state transitions can be probabilistic, it is possible to take two identical Markov
chains, start them in the same initial state, apply identical inputs, and yet end up in different
states. When dealing with Markov chains, we are interested in finding the probability of the
chain being in a particular state.

A Markov chain may be either discrete- or continuous-time* A discrete-time chain only
undergoes state changes at integral multiples of some time granule (that is, a clock), while
continuous-time chains can undergo state changes at any time.

Let us consider a few toy examples of discrete-time chains. Consider a situation where we
toss an unfair coin once every clock period. We are not concerned with the total number of
heads and tails that result: only with whether that total number is odd or even. Given that
we start with even parity at time 0, what is the probability of having even parity at time n,
for any n = 1,2, • • •? Let the probability of having a head be h; that of a tail is 1 - h.

There are only two states: odd and even. At any time, the next state that the system goes
to depends only on the present state, and the outcome of the present coin toss. It is therefore
a Markov chain.

Figure 1.3 shows the Markov chain associated with this example. The arcs are labelled
with the transition probabilities, which are calculated from the following table:

Present State
Odd
Odd
Even
Even

Event
Head
Tail

Head
Tail

Next State
Even
Odd
Odd
Even

Probability
h

1-h
h

1-h
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We can write the probability of the system being in a state at time i as a function of its
state at time i - 1. That is,

Podd(i) = Podd(i - 1) • (1 - ft) + Peven{i - 1) • ft (1.41)

Peven(i) = P«fd(* - 1) • ft+P«en(* - 1) • (1 - ft) (1-42)

Note that peven(i) + Poddi}) = 1> since the chain must be in one of its states at any one time.
Thus, one of these equations is redundant. Let us drop Equation 1.42 from consideration, and
limit ourselves to Equation 1.41. We therefore have:

Podd{i) = P«M(< - 1) • (1 " ft) + (1 - P«W(< - 1)) • ft
= P«w(* - 1) • (1 - 2ft) + h, i > 0 (1.43)

If h = 0, every toss of the coin will turn up tails, and there will be no state change, that is, the
system will be frozen at its initial state. If ft = 1, every toss will turn up heads and there will be
a state change every clock period. In both cases, the memory of the initial state will propagate
to eternity. If h = 0, we will have limf_»oo Podd(i) = podd(fy, and if ft = 1, lim^ooPodd(i) does
not exist. Now, if 0 < h < 1, the limit limi~>oo Podd{i) exists, and is independent of the initial
state (that is, Poddi®))'- w e c a n s e e ^his by inspection, and will not show this formally. How
can we obtain this limit? The easiest way of doing this (once we are assured that such a limit
exists) is to take limits in Equation 1.43 as follows:

lim podd(i) = Jim podd(i - 1)(1 - 2ft) + ft (1.44)
I—MX) Z—•OO

But, limj—ooPodd{i) = limi—ooPodd(i - 1)- For brevity, write lim^ooPodd{i) = ^odd- We
therefore have from Equation 1.44,

TTodd = "odd • (1 - 2ft) + A (1.45)

^TTodd = 1/2 (1.46)

Equations such as Equation 1.46 are commonly referred to as balance equations. They can
usually be written down by inspection of the Markov chain, by balancing the "flow" out of a
state with the "flow" into it. The intuitive argument is that if the probability of being in a
state does not change with time (which is the case here in the limit as time goes to infinity),
there must be an equality of flow into, and out of, each state. In our example, the "flow" out of
state odd was given by ftoddh, and the flow into state even was given by (1 — nodd)h. Equating,
we obtain

Koddh = (1 - nodd)h (1.47)

which yields the result TTO^ = 1/2.

In general, the flow out of a state in a discrete-time chain is the product of the probability
of being in that state and the transition probability.

12
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Figure 1.4. Markov Chain for Second Example: Birth-Death Process

Probabilities of the form lim^oo podd{i) are called steady-state probabilities for obvious
reasons.

As a second example, consider the discrete-time chain in Figure 1.4. If the system is in
state i, at each clock tick, the probability of a transition to state i + 1 is a, and for all i > 0
the probability of a transition to i — 1 is b. This Markov chain represents a birth-death process:
the term arose from considering each move to the right a birth, and each move to the left a
death. The balance equations can be written down by inspection. Once again, denote by -K{
the steady-state probability of being in state i.

aTTQ = &7T1

(a + b)iTi = a7ri_i + bni+i, i > 0
(1.48)

We also have the boundary condition that all the probabilities must add to one:

7TQ + 7T1 H h 7Tn H = 1 (1.49)

To obtain the value of 7TJ, i = 0,1, • • •, we use Equation 1.48 to express all the ni in terms of
7TQ, and then use Equation 1.49 to solve for TTQ. We have from Equation 1.48 and some algebra,

7Ti = (b/a)iro

7r2 = (6/a)27T0

7rn = (6/a)n7TO

(1.50)

From Equations 1.49 and 1.50, we have

(1 + (b/a) + {b/af + • • • + (b/a)n + • • ><> 1

7TQ =
1 - (b/a)

(1.51)

13



• • •

Figure 1.5. Markov Chain for Third Example: Coin Tossing

Note that we have n{ > 0 only if b/a > 1, that is, if b > a. It is only if b > a that steady-state
exists.

Let us now construct a third example of Markov chains- This time, let us count the number
of heads that are generated by n coin tosses, for n = 1,2, • • •. The Markov chain for this system
is shown in Figure 1.5. Note that this chain has an infinite number of states. State i represents
the situation where i heads have been obtained. Let Pi(n) denote the probability of obtaining
i heads after n tosses. We have

Pi(n) = fcpi_i(n - 1) + (1 - h)Pi(n - 1) (1.52)

Note that unless h = 0, the limit limn-+ooPt(™) = 0, for all i = 0,1,2, • • •. A state whose
probability goes to zero in the limit as time goes to infinity is called a transient state. In this
chain, every state is transient.

1.4 Queues

A queue is a waiting area where jobs are held, awaiting service. They are served in first-come-
first-served, or some other prespecified order. There is a vast literature on queues, and we
restrict ourselves here to providing the bare minimum needed to understand the papers in this
volume.

Let us begin with some notation. An A/B/C/D/E queue means the following:

• A refers to the arrival process.

• B refers to the service process.

• C is the number of servers.

• D is the maximum number of jobs for which the queue has room. The default value is
oo.

• E is the maximum number of jobs. The default value is oo.
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For example, the queue A/B/ l refers to a queue with arrival process denoted by A, service
process denoted by B, and having a single server. Since the fourth and fifth fields are not
specified, the default values are assumed for the waiting room and the maximum number of
jobs.

We denote by M a Poisson arrival process or an exponentially distributed service process;
by D a deterministic arrival or service process, and by G a general arrival or service process.
For example, the queue M/M/l means that:

• Jobs arrive according to a Poisson process.

• The service time of each job is exponentially distributed.

• There is one server.

• There is infinite waiting room and no limit on the number of jobs.

Similarly, the queue M/G/ l means that:

• Jobs arrive according to a Poisson process.

• The service time of each job is generally distributed (that is, there is no restriction on
the form the service-time distribution may take).

• There is one server.

• There is infinite waiting room and no limit on the number of jobs.

and the queue M/D/ l means that:

• Jobs arrive according to a Poisson process.

• The service time of each job is deterministic, that is, each job takes exactly the same
service time.

• There is one server.

• There is infinite waiting room and no limit on the number of jobs.

We shall not go into how to analyze these queues, but content ourselves with pointing out
some basic formulas. If the mean arrival rate into a queue is A, the expected waiting time in
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the queue, W, and the mean number of jobs in the queue, L, are related by Little's Law2:

L = XW (1.53)

The Pollaczek-Khinchine (PK) formulas apply to M/G/l queues. Let W*(s) and B*(s) denote
the Laplace transforms of the pdfs of the job waiting and service times, let the arrival rate
be A, and let the mean job service time be r. Further, let N(z) = Z^o7*"*^ where TT{ is the
probability of i jobs in the queue. N(z) is called the ^-transform of TT», i — 0,1, cdots. The PK
formulas are as follows:

The Laplace and z transforms can be used to find the moments of the waiting time and number
in the queue. It is easy to show that if A*(s) is the Laplace transform of a pdf a(x), the n'th
moment of that pdf is given by

(-D
« dnA*(s)

dsr
s=0

(1.56)

and if N(z) is the ^-transform of the pmf of random variable X, given by

E[X] =

E[X(X-l)} =

dN(z)
dz z = l

d2N{z)
dz2

2 = 1

(1.57)

(1.58)

Equations 1.56 and 1.58 are easy to verify. We can use them to find an expression for the mean
waiting time in an M/G/l queue:

W = P+*.'}2 ( l - A r ) ' T +C° (1.59)

2There are some types of queues which do not follow Little's law, but these will not be encountered in this
volume.
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where a8 is the standard deviation of the service time. The mean number in the queue is given
by

L = Xr + W^) (1'60)

Equations 1.59 and 1.60 are also sometimes referred to as the Pollaczek-Khinchine formulas.

1.5 The Role of Analytical Performance Models

It is important to understand where analytical models can, and cannot, be used. To ensure
that they are tractable, almost all analytical performance models are approximate. Also, there
is often no way to tightly bound the accuracy of such models. That is, one cannot guarantee
that the real performance measure is within x% of that predicted by the model, for some finite
x%. Usually, the only way to assess the accuracy of the model is to run a few simulations and
compare the simulation and model outputs.

The approximate nature of performance models is often acceptable for two reasons. First,
the models themselves might be used to explore design alternatives, and it is sufficient to
have approximate estimates to correctly rank the alternatives. Second, it may be impossible
to accurately estimate the input parameters for the model. For example, we may have only
an approximate idea of the workload. In such cases, approximate estimates are all that is
theoretically possible.

If more accurate performance characterization is needed (and we have sufficiently accurate
workload information to make it possible), the designer must turn to simulation or experiments
on a prototype. Of course, one has to pay for the additional accuracy: writing simulation
models and developing prototypes are neither easy nor inexpensive tasks.

One should also realize that the quality of the output of a performance model depends
also on the quality of the input data, and on the appropriateness of the chosen performance
measure. No matter how good the model may be, it cannot be expected to give accurate
results if the input data are wrong or not representative of the workload that the system will
be subjected to in practice. Collecting representative workload data is critical to accurate
performance prediction.

The appropriateness of the performance measure is a more subtle factor than the accuracy
of the model or the representative nature of the input data, but is no less important. A good
performance measure will have the following characteristics:
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(a) The measure will be relevant or meaningful in the context of the application.

(b) The measure will allow an unambiguous comparison to be made between machines.

(c) It will be possible to develop models to estimate this performance measure.

(d) The model to estimate this performance measure will not be very difficult to collect or
estimate.

It is usually impossible to meet all four requirements, (c) and (d) are essential if the measure
is to be practically meaningful, and we try to do the best we can with respect to (a) and (b).

This introductory chapter contains one paper. This is an excellent survey of performance
evaluation techniques. In addition, the authors also discuss the gathering of workload data
and simulation techniques.

1.6 Suggestions for Further Reading

1. L. Kleinrock, Queuing Systems, Vols. 1 and 2, New York: Wiley, 1975 and 1976.

This is an excellent, if slightly dated, introduction to performance evaluation using
queuing theory. It is meant for readers with a fair background in probability theory,
and is highly recommended.

2. K.S. Trivedi, Probability & Statistics with Reliability, Queuing, and Computer Science Applica-
tions, Englewood Cliffs: Prentice-Hall, 1982.

This is a very good introduction to probability techniques used in performance
evaluation. It requires no prior knowledge of probability.

3. W. Feller, An Introduction to Probability Theory and its Applications, (2 vols.), New York: John
Wiley, 1968, 1971.

This book is a classic. Many regard this as the best book on probability theory they
have ever read. Not only does it provide an excellent introduction to probability theory,
but it includes a wealth of examples which illustrate the applicability of probability
to a wide range of fields.

4. D.E. Knuth, R.L. Graham, and O. Patasnik, Concrete Mathematics, Reading: Addison-Wesley,
1989.

This is a well-written book containing much of the mathematics that computer
scientists should know.
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Other useful sources include:

• A.O. Allen, Probability, Statistics, and Queuing Theory with Computer Science Applications, New
York: Academic Press, 1978.

• D. Ferrari, Computer Systems Performance Evaluation, Englewood Cliffs: Prentice-Hall, 1978.

• H. Kobayashi, Modeling and Analysis: An Introduction to System Performance Evaluation Method-
ology, Reading: Addison-Wesley, 1978.

• E.A. MacNair and C.H. Sauer, Elements of Practical Performance Modeling, Englewood Cliffs:
Prentice-Hall, 1985.
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Abstract — The quantitative evaluation of computer per-
formance is needed during the entire life cycle of a computer
system. We survey the major quantitative methods used in com-
puter performance evaluation, focusing on post-1970 devel-
opments and emphasizing trends and challenges. We divide the
methods used into three main areas, namely performance mea-
surement, analytic performance modeling, and simulation per-
formance modeling, which we survey in the three main sections of
the paper. Although we concentrate on the methods per se, rather
than on the results of applying the methods, numerous application
examples are cited. The methods to be covered have been applied
across the entire spectrum of computer systems from personal
computers to large mainframes and supercomputers, including
both centralized and distributed systems. The application of these
methods has certainly not decreased over the years and we antici-
pate their continued use as well as their enhancement when needed
to evaluate future systems.

Index Terms—Computer performance measurement, com-
puter performance modeling, computer workload character-
ization, discrete event simulation, queueing networks.

I. INTRODUCTION

PERFORMANCE is one of the key factors that needs to be
taken into account in the design, development, configu-

ration, and tuning of a computer system. Hence, the quanti-
tative evaluation of computer performance is required during
the entire life cycle of a system. (The evaluation of a com-
puter system can also involve such factors as function, ease
of use, cost, availability, reliability, serviceability, and secu-
rity but we will not consider these factors here.) In this paper
we will survey the major quantitative methods used in com-
puter performance evaluation. We will focus on post-1970
developments and emphasize trends and challenges for the
future. We will concentrate on the methods per se, rather than
on the results of applying the methods, but will also cite
numerous application examples. The methods to be covered
have been applied across the entire spectrum of computer
systems from personal computers to large mainframes and
supercomputers, including both centralized and distributed
systems. (Although the methods have also been applied in
evaluating the performance of communication networks, we
will not consider network performance evaluation.) The main
challenge to be faced in computer performance evaluation is
that the development of the required performance evaluation
methods keep pace with the explosion of new system designs
brought on by rapid technological advances.

Manuscript received March 7, 1984; revised August 8, 1984.
The authors are with the IBM T.J. Watson Research Center, Yorktown

Heights, NY 10598.

As we will see, a broad spectrum of skills is needed in
computer performance evaluation. The skills range from de-
signing and implementing measurement instrumentation to
mathematically analyzing queueing models of computer per-
formance. While computer performance evaluation is of
great practical importance to computer manufacturers and
computer installation managers, it is also an area of consid-
erable research activity both in industry and universities. The
number of recent books which deal with aspects of computer
performance evaluation attests to the interest in this area.
Recent books include [57], [61], [69], [110], [117], [127],
[163], and [197]. Computer performance evaluation papers
regularly appear in computer science journals as well as in
more practically oriented publications and there are journals
that are devoted exclusively to the topic (e.g., Performance
Evaluation). In addition there are regularly held conferences
devoted exclusively to computer performance evaluation in-
cluding the highly practical conferences sponsored by the
Computer Measurement Group, Inc. and the more research
oriented conferences sponsored by ACM S1GMETRICS and
by IFIP.

We have divided computer performance evaluation meth-
ods into three main areas, namely performance measurement,
analytic performance modeling, and simulation performance
modeling. We will survey these areas in the remaining three
sections of the paper. Performance measurement is possible
once a system is built, has been instrumented, and is running.
However, modeling is required in order to otherwise predict
performance. Performance modeling is widely used not only
during design and development, but also for configuration
and capacity planning purposes. Performance models span
the range from simple analytically tractable queueing models
to very detailed trace driven simulation models. One of the
principle benefits of performance modeling, in addition
to the quantitative predictions obtained, is the insight into the
structure and behavior of a system that is obtained by de-
veloping a model. This can be particularly valuable during
system design and can result in the early discovery and
correction of design flaws. Finally, it is common that
performance measurement and both analytic and simulation
performance models are used during the life cycle of a sys-
tem. As more information about the design of a system be-
comes available, more detailed models can be developed.
Once the system can be measured, previously developed
models can be validated and modified if necessary. The
models can then be used with greater confidence to investi-
gate the performance effects of design enhancements and
configuration changes.

Reprinted from IEEE Trans. Computers, Vol. C-33, No. 12, Dec. 1984, pp. 1195-1220. Copyright © 1984 by The Institute of
Electrical and Electronics Engineers, Inc. All rights reserved.
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II. PERFORMANCE MEASUREMENT

A. Introduction

The measurement of system performance is of great prac-
tical importance to computer installation managers and to
computer manufacturers. For example, in order to effectively
manage a computer installation performance measurement is
required to do the following.

1) Identify current performance problems and correct
them, e.g., by tuning or workload balancing.

2) To identify potential future performance problems
and prevent them, e.g., by upgrading system resources in a
timely manner.

These measurement activities are typically carried out in
an uncontrolled live user environment. Computer manu-
facturers typically measure performance in a controlled envi-
ronment using benchmarks which may be real workloads or
synthetic executable workloads. For interactive systems re-
mote terminal emulators are commonly used to provide a
reasonable approximation of an interactive environment. The
purposes of a computer manufacturer's measurement activi-
ties include assessing the performance of a new system as
soon as a prototype is running, providing performance data
for competitive bidding, and helping customers configure
their systems to meet performance objectives.

Performance measurement is also a fundamental part of
research activities conducted at universities and elsewhere in
which new system designs are not simply proposed or studied
on paper but are implemented, tested, and studied empiri-
cally. An early example of a system that was heavily instru-
mented for performance measurement as part of research
activities is the Multics system, an advanced (for its time)
time sharing operating system developed at the Massachu-
setts Institute of Technology in the 1960's [157]. Other early
examples are the C.mmp multiprocessor system developed at
Carnegie-Mellon University in the 1970's [65], [ 100], and the
PRIME multiprocessor system developed at Berkeley in the
1970's [56]. More recent examples are the Cm* multi-
processor system developed at Carnegie-Mellon University
starting in the 1970's [67], [173], and the Erlangen General
Purpose Array currently being developed at the University of
Erlangen-Nurnberg [64]. The increasing support for experi-
mental computer science at universities will increase the re-
search use of performance measurement.

Another use of performance measurement is to obtain input
parameter values for and to validate performance models. A
discussion of such performance measurement in the context
of analytical queueing network models can be found in [156]
and in the context of a trace driven simulation model of
C.mmp in [134].

The advantage of performance measurement over perfor-
mance modeling is, of course, that the performance of the
real system is obtained rather than the performance of a mod-
el of the system. Interactions may be present in a system that
affect performance and are difficult to capture in a model. If
they can be captured, say in a very detailed simulation model,
the model may take extremely long to program and run. An
example illustrating this is a recent paper on cache per-

formance [42] where measured cache hit ratios differed con-
siderably from those in comparable trace driven simulation
studies due to such effects as operating system references,
task switching, and instruction prefetching which are not
normally represented in simulation studies of cache per-
formance. Among the disadvantages of performance mea-
surement are the need for a running system, not just a design,
the measurement instrumentation required, the need for a
dedicated system if controlled measurements are to be taken,
the time consumed to set up and make a measurement run,
and the difficulty of modifying the system so that the effect
of system changes can be studied.

A method that has recently been used to evaluate per-
formance that lies somewhere between system measurement
and detailed simulation modeling is virtual machine emu-
lation. A virtual machine is an execution environment that is
functionally the same as a target system other than the actual
physical system on which the environment runs. One use of
virtual machines is to do functional prototyping. Although
the functional properties of the target system are maintained,
real-time properties and hence performance are not. IBM's
VM/370 control program supports multiple virtual machines
on a single physical system. Canon et al. [31] describe an
enhancement to VM/370 that adds timing simulation via a
virtual clock in order to closely approximate the real-time
properties of a target system. The user specifies the processor
and I/O device timing characteristics of the target system.
Executable workloads can be run on the emulated system and
performance measured. Virtual machine emulation does not
exactly reproduce the performance of the target machine
since the timing characteristics of the target machine's de-
vices are only approximated. For more detail and validation
results see [31] and for a discussion in the context of emu-
lating distributed systems and networks see [202]. Emulation
capabilities are not widely available and this approach, while
interesting, does not appear to be widely used.

Numerous measurement studies have been reported on in
the literature although their number is dwarfed by the number
of analytic or simulation modeling studies. For example,
Schwetman and Browne [ 172] reported on experiments on a
large multiprogrammed computer system at the University of
Texas. The experiments were conducted in a controlled envi-
ronment using an artificial batch workload and had the pur-
pose of studying the variations in performance produced by
changes in resource availability and scheduling. Recent ex-
amples include measurement studies of the speedup achieved
when running algorithms on a multiprocessor [67], per-
formance enhancements to a relational database system
[188], cache performance of a minicomputer [42], the per-
formance of a new virtual memory management technique
(146], the computational speed of supercomputers [26], the
degree of parallelism achieved by a processor array [64], and
the paging characteristics of a virtual memory system for
an object oriented personal computer [15], In addition to
measurements aimed at evaluating some aspect of system
performance, the measurement of program performance has
received considerable attention. The importance of mea-
suring program performance was demonstrated in [ 108]. It is
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particularly important for programs written in very high level
languages where there is no simple mapping between source
code and machine operations so that performance is difficult
to predict. This point is discussed and illustrated in detail in
[46]. Our concern, however, will be aspects of system perfor-
mance rather than program performance.

The focus of the remainder of this section is not on the
applications of performance measurement but rather on the
methods and tools that are used in performance mea-
surement. The measurement of new systems often requires
new tools and techniques as we will see. The topics we will
cover are measurement instrumentation, workload character-
ization, and statistical aspects of performance measurement
including design of experiments and analysis of results.

B. Instrumentation

We will review some of the principles of measurement
instrumentation, present an early important example, and
then several recent examples that illustrate trends and chal-
lenges. A thorough discussion of measurement instrumen-
tation principles can be found in [57, chapter 2] and in [61,
chapter 5].

The basic means of instrumenting a system for per-
formance measurement purposes are hardware probes and
software (or microcode) probes. Hardware probes are high-
impedance electrical probes that are connected to the hard-
ware device being measured. They can be used to sense the
state of hardware components of the system, e.g., registers,
memory locations, and data transfer paths. The term hard-
ware monitor refers to a measurement device that uses hard-
ware probes. A hardware monitor is typically external to the
measured system and does not interfere with the measured
system or alter its performance. The sensed signals can be
combined in order to sense more complex states than those
measured directly. The resulting signals together with the
output of a real-time clock can be processed to detect events
(state changes) of interest which can then be counted or
recorded as a trace (time stamped sequence of events). In
addition, times between events can be obtained by counting
clock pulses between events. Hardware monitors are com-
monly implemented using both high-speed hardwired logic
and slower speed stored program logic. A mini- or micro-
computer may interface with the monitor to set up and control
a measurement session and reduce, analyze, and display the
collected data. Hardware monitors usually do not have access
to software related information such as which process caused
an event, although there are exceptions as discussed later in
the examples. This is a disadvantage of hardware monitors
along with their cost and often their lack of ease of use.

Software probes are instructions added to the measured
system (i.e., to the operating system or to application pro-
grams) to gather performance data. They may gather data by
reading memory locations or otherwise sensing status. A
measurement device that uses software probes is called a
software monitor. (Microcode probes may also be used.)
Since the monitor's instructions run on the measured system
and hence use system resources they alter, possibly signifi-
cantly, the performance of the system. In some cases this

effect is straightforward to compensate for, e.g., by sub-
tracting out the CPU utilization and other resource usage due
to the monitor, but in other cases it may not be. Thus, soft-
ware monitors produce performance estimates that may differ
from the true performance of the system running without the
monitor.

A software monitor can be either event driven or timer
driven or both. In event driven monitoring the probes detect
events, e.g., instruction executions, storage accesses, I/O
interrupts, and then collect data. In timer driven monitoring
data are collected (sampled) at specified time instants. This
sampling is typically accomplished by generating interrupts
based on a hardware clock or interval timer and then passing
control to a data collection routine. Sampling typically re-
quires less code and that code is executed less frequently
than event driven monitoring. Hence, it interferes less with
the measured system. However, sampling introduces addi-
tional errors in the performance estimates since status is only
sampled periodically. These sampling errors can be decreased
by increasing the sampling frequency, and hence the inter-
ference. Other errors can occur using sampling if care is not
taken. For example, if certain system routines are not inter-
ruptable then their contribution to CPU utilization will not be
measurable by sampling as described above. Hardware moni-
tors need not produce true performance values either, e.g.,
due to the resolution of the real-time clock (see [61,
chapter 5]). However, they are typically much more accurate
than software monitors. It is therefore important that the
accuracy of a software monitor be tested, perhaps by com-
paring its measurements to those of a hardware monitor. One
such study of accuracy and methods for correcting the soft-
ware measurements can be found in [19J.

It is possible to combine the advantages of hardware moni-
tors (speed and accuracy) with those of software monitors
(flexibility and easy access to software related data) by judi-
ciously combining hardware and software probes in a so-
called hybrid monitor, examples of which will be given
below. The software causes of hardware events can be readily
measured with a hybrid monitor.

An early important example of measurement instrumenta-
tion was that done for the Multics system at the Massachu-
setts Institute of Technology [ 157). Multics was an innovative
multiprogrammed time sharing operating system that sup-
ported multiprocessing, demand paging, and sharing, among
other features. Measurement instrumentation was integrated
into the system at the early design phase and software probes
were an integral part of the operating system. Measurement
was directed towards a detailed understanding of operating
system performance and was very successful in revealing
unsuspected performance problems. The hardware (GE 645)
on which Multics ran provided features that were exploited
by the measurement facilities. These hardware features were
a program readable clock and program loadable clock com-
parison register for generating timer interrupts, a memory
cycle counter for each processor, and an externally drivable
I/O channel via which a separate computer could externally
monitor memory contents. The many software monitor facili-
ties that were implemented are discussed in detail in [157].
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Included were timer and counter facilities for selectable
operating system modules and limited tracing facilities. The
performance interference caused by these facilities was found
to be acceptably small. A remote terminal emulator was
implemented to simulate interactive users but due to physical
limitations the number of simulated users was small. There-
fore, an internal driver was also implemented to generate
heavier loads. Real-time graphical displays of performance
were generated using the separate computer that served as an
external monitor.

We next briefly discuss recent examples of monitors that
illustrate trends in this area. Each monitor is described in
detail in the references that are given. DIAMOND [90] is a
hybrid monitor developed by DEC for internal use. Hardware
probes sense the program counter, the CPU mode, channel
and I/O device activity, and a system assigned task id which
is contained in a special register. A software probe senses the
user's id which is also contained in a special purpose register.
All sensed signals are buffered in a digital interface and then
analyzed by a microcoded machine to obtain traces and histo-
grams of various kinds. A separate minicomputer controls the
measurement. Emphasis was placed on ease of use. There is
a natural language interface with interactive dialogs for new
users. The interface facilitates the set up of a measurement
session, replication of experiments, maintenance of a mea-
surement log, and report preparation.

XRAY [14] is a low overhead event and timer driven
software monitor developed by TANDEM for networks of
TANDEM/16 computer systems. It is integrated into the
GUARDIAN network operating system. Networkwide mea-
surements are controlled from a single node with data col-
lected and analyzed locally at each node. The emphasis is on
measuring hardware utilizations and access rates, both in
total and the contributions by specified processes. Counters
are employed that are incremented using microcoded in-
structions in order to keep the overhead low. The counters are
periodically written to files. The primary use of the monitor
is for bottleneck detection. A language is provided for the
selection of hardware components and processes to be mea-
sured and this selection can be changed online while data are
being collected. The language also facilitates browsing
through the data and real-time displays are provided. There
is no time synchronization between nodes so that typically no
attempt is made to correlate data from different nodes.

A hybrid monitor was developed by Olivetti for its S6000,
a single-bus architecture minicomputer, and similar ma-
chines [60]. Data are captured by hardware probing of the
bus's address and data lines. Additional general hardware
probes were provided as well as a clock pulse signal from the
measured system. Low overhead software probes were in-
serted in the operating system. Event traces, event counts,
and times between events were obtained from the measured
signals using hardwired logic. However, this processing is
controlled via the contents of registers that are loadable
by the user via a controlling minicomputer. This separate
computer both controls the measurements and analyzes the
results.

The Erlangen General Purpose Array is a tightly coupled

hierarchically organized multiprocessor being developed at
the University of Erlangen-Nurnberg. It is an extensible array
of elementary "pyramids," each pyramid consisting of a top
control processor and four bottom working processors. The
control processor is multiprogrammed and the working pro-
cessors can execute in parallel on behalf of one program at a
time. Both hardware and software monitors were imple-
mented to study in detail the dynamic behavior of the paral-
lelism achieved by the system as well as more traditional
performance measures [64], [86]. The hardware monitor,
Zahlmonitor III, records event traces as well as event counts
and elapsed times. Software events can be measured by prob-
ing a register that contains system assigned process numbers,
as well as by other hardware means. The trace for a single
processor consists of a time ordered sequence of the pairs
(process executing, execution time). The asynchronous
traces from the different processors are merged by the hard-
ware into a single well-ordered trace. (So far measurements
have been reported for only a single pyramid.) Such detailed
trace information has been used, for example, to compare dif-
ferent methods of process synchronization [64]. Traces of
I/O activity are also obtained and can be related to the
processor traces. In addition to thfe hardwired logic used to
implement the above functions a minicomputer is used to
control the measurements, analyze the traces, and provide
graphical displays. A software monitor for tracing software
events on each processor was also implemented and graphical
methods were developed for dynamically displaying parallel
activities.

A general trend is illustrated by these examples. In terms
of applications the measurement of multiple processor sys-
tems, ranging from tightly coupled to geographically distrib-
uted systems, is of increasing interest. In order to understand
the complex interactions that occur in such systems when
they run parallel or distributed programs and the effect of
these interactions on performance, special instrumentation
will be required. Flexible and easy to use monitors, either
hardware monitors that can access software related data,
hybrid monitors, or low overhead software monitors, are fun-
damental tools that will aid in gaining this understanding.
Hardware and hybrid monitors are being made flexible and
easy to use by the use of a controlling computer that provides
a user friendly interface including real-time graphics ca-
pabilities for displaying measurement results. A further
discussion of using a separate computer for controlling dis-
tributed system experiments can be found in [63], which
includes a description of a distributed system experimental
testbed developed at Honeywell.

C. Workload Characterization

The performance of a system obviously depends heavily on
the demand for hardware and (application and system) soft-
ware resources of the workload being processed. Therefore,
the quantitative characterization of the resource demands of
workloads is an important part of computer performance
evaluation studies. This is true for both measurement and
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