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* operator, 260
1 function, 244
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absolute convergence of series, 192
adjoints of matrices, 269
advanced techniques, 21
Airy, George Biddell, 208
Airy’s equation
differentiating and substituting power
series into differential equation,
207-208
ensuring same index value, 208
overview, 207
putting together solution, 210-211
using recurrence relation to find
coefficients, 209-210
AnalyzeMath.com
introduction to differential equations, 317
Runge-Kutta applet, 321
angles
of pendulum equations, 18
phase, 149
Appleby, John, 318
augmented matrices, 267
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bank interest rate problem, 55-59
body falling through air example, 13-14
boldfaced text in book, 2
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calculator, graphing
Coolmath.com, 321
GCalc, 322

chain rule, 44, 65

classifying differential equations
linear versus nonlinear equations, 18-19
by order, 17
ordinary versus partial equations, 17-18
overview, 17
coefficients, undetermined. See method of
undetermined coefficients
complex conjugates of matrices, 269
complex roots, 100, 164-166, 223-224
compound interest rate problem, 55-59
conjugates of matrices, complex, 269
connecting slopes into integral curve,
14-15
constant coefficients, second order linear
homogeneous differential equations
with
elementary solutions, 94-95
linear equations, 95-96
overview, 94
constants, 11-12, 26
continuous functions, 35, 93, 195
conventions used in this book, 1-2
convergence, radius of, 193
convolution integrals, 259-261
Coolmath.com graphing calculator, 321
cos at function, 244
cosh at function, 244
cosine, finding particular solutions in
cosine form, 185
curve, 14-15. See also Euler’s method
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damping, 148
Dawkins, Paul, 319
Dendane, Abdelkader, 317
derivatives
of cos(x), 12
involving multiple functions, 12-13
involving trigonometry, 12
Laplace transform of, 247
overview, 8
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derivatives (continued)
partial, 17-18
of product of two functions, 13
of quotient of two functions, 13
of sin(x), 12
of sum (or difference) of two functions, 12
that are constants, 11-12
that are powers, 12
determinants, of matrices, 274
difference equations
equilibrium solutions
overview, 85
working with constant, 86-87
working without constant, 86
iterative solutions, 84-85
overview, 83
terminology related to, 84
direction fields
connecting slopes into integral curve,
14-15
equilibrium value in, 16
and first derivative, 20
of flow problem solution, 54
graphs
of advanced solution, 34
equilibrium value in, 16
of flow problem solution, 54
of nonlinear separable solution, 45
of separable equation with hard-to-find
explicit solution, 49
of separable equation with initial
conditions, 47
solution in, 15
of nonlinear separable equation, 45
overview, 13
plotter for, 322
plotting, 13-14
recognizing equilibrium value, 16
of separable equations, 47
distinct roots, 220-221. See also real and
distinct roots
drag coefficient, 14
drag force, mass with, 148-150
duplicate roots
fiftth order equation with identical real
roots, 167-168
fourth order equation with identical real
roots, 166-167

identical complex roots, 170-171
identical imaginary roots, 169-170
overview, 166
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e, raising to certain power, 12
e’ inverse of, 12
e“ cos bt function, 244
e“ function, 242, 244
e“ sin bt function, 244
e.class, 81
eigenvalues and eigenvectors
calculating eigenvectors, 282-283,
286-287
changing matrix to right form, 282
figuring out eigenvalues, 282
overview, 281
equal roots, 222-223
equilibrium value, 16
e™, g(x) in form of, 127-128, 176-179
Euler equations
complex roots, 223-224
overview, 219-220
real and distinct roots, 220-221
real and equal roots, 222-223
recognizing, 227
Euler, Leonhard Paul, 76
Euler’s method
checking method’s accuracy on computer
defining initial conditions and functions,
78-79
examining entire code, 79
example at work, 80-83
overview, 77-78
fundamentals of method, 294-295
graph, 77
improved
coming up with new code, 300-304
overview, 299-300
plugging steep slope into new code,
304-308
understanding improvements, 300
overview, 75, 294
understanding method, 76-77
using code to see method in action
overview, 295
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surveying results, 297-299
typing in code, 295-297
exact differential equations. See also
nonexact differential equations
defining, 64
determining whether equation is exact,
66-70
solving, 74-75
typical, working out, 65-66
existence and uniqueness theorem,
35, 37-40
explicit solution, 44
exponents at the singularity, 232

ofFe

F = ma (Newton’s second law), 14
falling body example, 13-14
f(ct) function, 244
fifth order equation with identical real
roots, 167-168
first order difference equations, 84
first order differential equations, 19-20.
See also systems of first order linear
differential equations
linear, 23-40
basics of solving, 24-26
determining if solution exists for, 35-38
solving with integrating factors, 26-34
nonlinear, 38-40
online solver for, 322
separable, 41-61
finding explicit solutions from implicit
solutions, 45-47
implicit solutions, 43-45
sample flow problem, 52-55
sample monetary problem, 55-59
turning nonlinear separable equations
into linear separable equations, 49-51
using partial fractions in, 59-61
when can’t find explicit solution, 48-49
flow problem solution, 52-55
direction field of, 54
graph, 55
f™(f) function, 244

force
drag force, mass with, 148-150
periodic, 145, 146
restorative, 144
fourth order equation with identical real
roots, 166-167
fractions
factoring Laplace transforms into,
258-259
partial, using in first order differential
equations, 59-61
friction, mass without, 144-148
functions
continuous, 93, 195
cos at, 244
cosh at, 244
e, 244
e cos bt, 244
e“ sin bt, 244
f(ct), 244
fF), 244
multiple, derivatives involving, 12-13
piecewise continuous, 241
product of two, derivatives of, 13
quotient of two, derivatives of, 13
sin at, 244
sinh at, 244
solving differential equations involving,
25-26
step, 261-263
sum (or difference) of two,
derivatives of, 12
t", 244
t"e”, 244
o, 11
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GCalc online graphing calculator, 322
general solutions, 36
graphing calculator
Coolmath.com, 321
GCalc, 322
graphs
direction fields
of advanced solution, 34
equilibrium value in, 16
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graphs (continued)
of flow problem solution, 54
of nonlinear separable solution, 45
of separable equation with hard-to-find
explicit solution, 49
of separable equation with initial
conditions, 47
solution in, 15
Euler’s method, 77
of flow problem solution, 55
math behind mass
with drag force, 150
without friction, 148
solution to equation, 105
with complex roots, 105
with real and distinct roots, 100
with real and imaginary roots, 164
step function, 262
g(x)
as combination of sines and cosines,
131-133, 182-185
in form of €™, 127-128, 176-179
as polynomial of order n, 128-131,
179-182
as product of two different forms,
133-134

o/ o

Harvey Mudd College Mathematics Online
Tutorial, 318
heat conduction equation, 18
higher order differential equations
overview, 20-21
solving with Laplace transforms
figuring out equation’s Laplace
transform, 256
getting equation’s inverse Laplace
transform, 258
overview, 255
unearthing function to match Laplace
transform, 256-258
higher order linear homogeneous
differential equations
basics of
format, solutions, and initial conditions,
153-154
general solution of, 155

overview, 153
solutions as related to Wronskian, 156
different types of
complex roots, 164-166
duplicate roots, 166-171
overview, 156
real and distinct roots, 156-161
real and imaginary roots, 161-164
notation of, 152-153
overview, 151
higher order linear nonhomogeneous
differential equations. See also second
order linear nonhomogeneous
differential equations
method of undetermined coefficients for
overview, 174-175
when g(x) is combination of sines and
cosines, 182-185
when g(x) is in form e™, 176-179
when g(x) is polynomial of order n,
179-182
overview, 173
solving with variation of parameters
basics of method, 185-186
overview, 185
working through example, 186-188
homogeneous differential equations. See
higher order linear homogeneous
differential equations; linear
homogeneous differential equations;
second order homogeneous equations;
second order linear homogeneous
differential equations; systems of first
order linear homogeneous differential
equations
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icons used in this book, 4
identical complex roots, 170-171
identical imaginary roots, 169-170
identity matrices, 272
imaginary roots, 161-164
indicial equations
distinct roots that don’t differ by positive
integer, 235-236
equal roots, 236
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overview, 235
roots that differ by positive integer,
236-237
initial conditions, separable equations
with, 47
integers, positive
distinct roots that don’t
differ by, 235-236
roots that differ by, 236-237
integral curve, connecting slopes into,
14-15
integrals, convolution, 259-261
integrating factors
solving linear first order differential
equations with
overview, 26
solving advanced example, 32-34
solving for integrating factor, 27-28
trying special shortcut, 30-32
using integrating factor to solve
differential equation, 28-29
using integrating factors in differential
equations with functions, 29
using with nonexact differential equations
completing process, 72-73
multiplying by factor you want to find,
71-72
overview, 70
integration by parts, 30-31
interest rate problem, 55-59
italics in book, 2
iterates of difference equation’s
solution, 85
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Java programming language, downloading,
78, 294

JavaView Ode Solver, 323

John Appleby’s introduction to differential

equations, 318
juice flow problem, 52-55
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Kardi Teknomo’s page, 318
kernel of Laplace transforms, 239
Kutta, Martin Wilhelm, 309
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Laplace, Pierre-Simon, 240
Laplace transforms
breaking down, 239-240
calculating, 241-244
transform of 1, 242
transform of e, 242
transform of sin at, 242-243
of common functions, 244
convolution integrals, 259-261
deciding whether converges, 240-241
factoring into fractions, 258-259
kernel of, 239
overview, 239
solving differential equations with
overview, 245-246
solving higher order equation, 255-258
solving second order homogeneous
equation, 247-251
solving second order nonhomogeneous
equation, 251-255
step functions, 261-263
Legendre, Adrien-Marie, 219
Legendre equation, 218, 219
limiting expressions, 11
line, slope of, 9
linear equations, versus nonlinear
equations, 18-19
linear first order differential equations.
See also nonlinear first order
differential equations
basics of solving
adding constants, 26
applying initial conditions from start,
24-25
overview, 24
solving differential equations involving
functions, 25-26
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linear first order differential equations
(continued)
determining if solution exists for, 35-38
overview, 23
solving with integrating factors
overview, 26
solving advanced example, 32-34
solving for integrating factor, 27-28
trying special shortcut, 30-32
using integrating factor to solve
differential equation, 28-29
using integrating factors in differential
equations with functions, 29
linear homogeneous differential equations,
second order
characteristic equations, 96-109
with constant coefficients, 94-96
getting second solution by reduction of
order, 109-113
overview, 91-93
theorems, 114-122
linear independence
assembling vectors into one matrix,
278-279
determining determinant, 279-281
overview, 115-117, 278
linear nonhomogeneous differential
equations. See higher order linear
nonhomogeneous differential
equations; second order linear
nonhomogeneous differential equations
linear separable equations, 49-51
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Martin J. Osborne’s differential equation
tutorial, 318
mass
with drag force, 148-150
without friction, 144-148
Math @ CowPi’s System Solver, 323
matrices
adjoints of, 269
assembling vectors into one matrix,
278-279
augmented, 267

basics of
overview, 266
setting up matrix, 266-267
working through algebra, 267-268
complex conjugates of, 269
identity matrices, 272
inverter from QuickMath Automatic Math
Solutions, 323
non-invertable, 277
operations
addition, 270
equality, 269
identity, 272
inverse of a matrix, 272-278
multiplication of matrix and number, 270
multiplication of matrix and vector,
271-272
multiplication of two matrices, 270-271
overview, 269
subtraction, 270
singular, 277
transpose of, 269
triangular, 268
method of undetermined coefficients. See
undetermined coefficients, method of
methods. See also partial fractions;
reduction of order method
Euler’s
checking method’s accuracy on
computer, 77-83
fundamentals of method, 294-295
graph, 77
improved, 299-308
overview, 75, 294
understanding method, 76-77
using code to see method in action,
295-299
Runge-Kutta
method’s recurrence relation, 308-309
overview, 308
working with method in code, 309-313
Midnight Tutor’s Video Tutorial, 319
monetary problem, first order differential
equations, 55-59
monofont text in book, 2
u(, 26, 27
multiple functions, derivatives involving,
12-13
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n, g(x) as polynomial of order n, 128-131,
179-182
Nanthakumaar, Vithya, 320
Newton’s second law (F = ma), 14
nonexact differential equations, using
integrating factors with. See also exact
differential equations
completing process, 72-73
multiplying by factor you want to find,
71-72
overview, 70
nonhomogeneous equation. See second
order nonhomogeneous equations;
systems of first order linear
nonhomogeneous equations
non-invertable matrices, 277
nonlinear equations, versus linear
equations, classifying by, 18-19
nonlinear first order differential equations,
determining if solution exists for,
38-40. See also linear first order
differential equations
nonlinear separable equations
direction field of, 45
turning into linear separable equations,
49-51
non-partial (ordinary) derivatives, 17-18
numerical methods
Euler’s method
checking method’s accuracy on
computer, 77-83
fundamentals of method, 294-295
improved, 299-308
overview, 75, 294
understanding method, 76-77
using code to see method in action,
295-299
overview, 293
Runge-Kutta method
method’s recurrence relation, 308-309
overview, 308
working with method in code, 309-313
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Ohio State University Physics
Department’s introduction to
differential equations, 319

online tutorials

AnalyzeMath.com’s introduction to
differential equations, 317

Harvey Mudd College Mathematics
Online Tutorial, 318

John Appleby’s introduction to
differential equations, 318

Kardi Teknomo’s page, 318

Martin J. Osborne’s differential equation
tutorial, 318

Midnight Tutor’s Video Tutorial, 319

Ohio State University Physics
Department’s introduction to
differential equations, 319

overview, 317

Paul’s Online Math Notes, 319

S.0.S. Math, 319

University of Surrey Tutorial, 320

order, classifying by, 17

ordinary (non-partial) derivatives, 17-18

ordinary equations, versus partial
equations, classifying by, 17-18

ordinary points, 196

Osborne, Martin J., 318

o e

parameters method
breaking down equations with variation of

applying method to any linear equation,
138-142

basics of method, 136

overview, 135

solving typical example, 137-138

variation of parameters method and
Wronskian, 142-143
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parameters method (continued)
solving higher order linear
nonhomogeneous differential
equations, solving with variation of
basics of method, 185-186
overview, 185
working through example, 186-188
partial derivatives, 17-18
partial equations, versus ordinary
equations, classifying by, 17-18
partial fractions, using in first order
differential equations, 59-61
particular solution, 124
parts, integration by, 30-31
Paul’s Online Math Notes, 319
peanut butter price increase example, 8-10
pendulum angle equation, 18
periodic force, 145, 146
phase angle, 149
piecewise continuous functions, 241
pitcher of water problem, 52-55
plotting direction fields, 13-14
points, singular
behavior of, 214-215
Euler equations
complex roots, 223-224
overview, 219
real and distinct roots, 220-221
real and equal roots, 222-223
finding, 214
overview, 197, 213
regular
defined, 216
figuring series solutions near, 227-237
versus irregular, 215-219
severity of, 215
positive integers
distinct roots that don't differ by, 235-236
roots that differ by, 236-237
power series
basics of, 191-192
determining whether converges with
ratio test
fundamentals of ratio test, 192-193
overview, 192
plugging in numbers, 193-195

solving second order differential
equations with
Airy’s equation, 207-211
overview, 196
when already know solution, 198-204
when don’t know solution beforehand,
204-207
powering through singular points
behavior of singular points, 214-215
Euler equations
complex roots, 223-224
overview, 219
real and distinct roots, 220-221
real and equal roots, 222-223
finding singular points, 214
overview, 213
regular singular points
defined, 216
figuring series solutions near, 225-237
versus irregular, 215-219
powers, derivatives that are, 12
product of two functions, derivatives of, 13
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quadratic equations, 45
QuickMath Automatic Math Solutions, 322
quotient of two functions, derivatives of, 13
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radius of convergence, 193
ratio test, determining whether power
series converges with
fundamentals of ratio test, 192-193
overview, 192
plugging in numbers, 193-195
real and distinct roots
fourth order equation, 159-161
overview, 156
third order equation, 156-159
real and imaginary roots, 161-164
recurrence relation, 201, 295
reduction of order method, 108
Remember icon, 4
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AnalyzeMath.com’s introduction to
differential equations, 317
Harvey Mudd College Mathematics
Online Tutorial, 318
John Appleby’s introduction to
differential equations, 318
Kardi Teknomo’s page, 318
Martin J. Osborne’s differential equation
tutorial, 318
Midnight Tutor’s Video Tutorial, 319
Ohio State University Physics
Department’s introduction to
differential equations, 319
overview, 317
Paul’s Online Math Notes, 319
S.0.S. Math, 319
University of Surrey Tutorial, 320
restorative force, 144
rocket wobbling problem, 41
roots
complex, 164-166
distinct, 156-161
duplicate, 166-171
Euler equations
complex roots, 223-224
distinct roots, 220-221
equal roots, 222-223
real roots, 220-223
imaginary, 161-164
indicial equations
distinct roots that don’t differ by
positive integer, 235-236
equal roots, 236
roots that differ by positive integer,
236-237
real and distinct
fourth order equation, 159-161
third order equation, 156-159
and solving equations near singular
points
applying first root, 232-233
overview, 229
plugging in second root, 233-235

Runge, Carl David Tolmé, 309
Runge-Kutta method
method’s recurrence relation, 308-309
overview, 308
working with method in code
examining results, 311-313
inputting code, 309-311
overview, 309
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second order differential equations
overview, 20-21
solving with power series
Airy’s equation, 207-211
overview, 196-197
when already know solution, 198-204
when don’t know solution beforehand,
204-207
second order homogeneous equations,
solving with Laplace transforms
finding Laplace transform of equation’s
unknown solution, 249-250
overview, 247
uncovering inverse Laplace transform to
get equation’s solution, 250-251
second order linear homogeneous
differential equations. See also second
order linear nonhomogeneous
differential equations
basics of
homogeneous equations, 93
linear equations, 92-93
overview, 91
characteristic equations
complex roots, 100-105
identical real roots, 106-109
overview, 96
real and distinct roots, 97-100
with constant coefficients
elementary solutions, 94-95
linear equations, 95-96
overview, 94

Index 333



334 Differential Equations For Dummies

second order linear homogeneous
differential equations (continued)
getting second solution by reduction of
order, 109-113
theorems
linear independence, 115-117
overview, 114
superposition of solutions, 114-115
Wronskian, 117-122
second order linear nonhomogeneous
differential equations
breaking down equations with variation
of parameters method
applying method to any linear equation,
138-142
basics of method, 136
overview, 135
solving typical example, 137-138
variation of parameters method and
Wronskian, 142-143
finding particular solutions with method
of undetermined coefficients
overview, 127
when g(x) is combination of sines and
cosines, 131-133
when g(x) is in form of e, 127-128
when g(x) is polynomial of order n,
128-131
when g(x) is product of two different
forms, 133-134
general solution of, 124-126
mass with drag force, 148-150
mass without friction, 144-148
overview, 123
second order nonhomogeneous equation,
solving with Laplace transforms
determining Laplace transform, 252-253
matching function to Laplace transform,
253-255
overview, 251
using table to find inverse Laplace
transform, 255
separable equations
with hard-to-find explicit solution,
direction field of, 47, 49
with initial conditions, direction field of, 47

separable first order differential equations
basics of
finding explicit solutions from implicit
solutions, 45-47
implicit solutions, 43-45
turning nonlinear separable equations
into linear separable equations, 49-51
when can’t find explicit solution, 48-49
sample flow problem
determining basic numbers, 52-53
solving equation, 53-55
sample monetary problem
adding set amount of money, 58-59
compounding interest at set intervals,
56-57
general solution, 55-56
using partial fractions in, 59-61
series index, shifting, 195
severity of singular points, 215
shifting the series index, 195
sin at function, 242-243
sine, 185
singular matrices, 277
singular points, 197, 213-219
sinh at function, 244
sinusoidal, 149
sin(x), 12
slopes
connecting into, 14-15
of curves. See Euler’s method
of lines, 9
S.0.S. Math, 319
step functions, Laplace transforms,
261-263
sum (or difference) of two functions,
derivatives of, 12
superposition of solutions theorem,
114-115
systems of first order linear differential
equations. See also systems of first
order linear nonhomogeneous
equations; systems of first order linear
homogeneous differential equations
eigenvalues and eigenvectors
calculating eigenvectors, 282-283
changing matrix to right form, 282
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figuring out eigenvalues, 282
overview, 281
linear independence, 278-281
assembling vectors into one matrix,
278-279
determining determinant, 279-281
matrices, basics of
overview, 266
setting up matrix, 266-267
working through algebra, 267-268
matrix operations
addition, 270
equality, 269
identity, 272
inverse of a matrix, 272-278
multiplication of matrix and number, 270
multiplication of matrix and vector,
271-272
multiplication of two matrices, 270-271
overview, 269
subtraction, 270
overview, 265
systems of first order linear
nonhomogeneous equations
assuming correct form of particular
solution, 289
crunching numbers, 290-292
overview, 288
winding up work, 292
systems of first order linear homogeneous
differential equations
coming up with eigenvectors, 286-287
finding eigenvalues, 285-286
getting right matrix form, 285
overview, 283
summing up solution, 287-288
understanding basics, 284-285
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Taylor expansion, 215
Taylor series, 195-196
Technical Stuff icon, 4
Teknomo, Kardi, 318
Tip icon, 4

t" e” function, 244

t" function, 244
tools for solving differential equations
AnalyzeMath.com’s Runge-Kutta
Applet, 321
Coolmath.com graphing calculator, 321
direction field plotter, 322
equation solver from QuickMath
Automatic Math Solutions, 322
First Order Differential Equation Solver, 322
GCalc online graphing calculator, 322
JavaView Ode Solver, 323
Math @ CowPi’s System Solver, 323
matrix inverter from QuickMath
Automatic Math Solutions, 323
overview, 321
Visual Differential Equation Solving
Applet, 323
transpose of matrices, 269
triangular matrices, 268
trigonometry, derivatives involving, 12
tutorials, online
AnalyzeMath.com’s introduction to
differential equations, 317
Harvey Mudd College Mathematics
Online Tutorial, 318
John Appleby’s introduction to
differential equations, 318
Kardi Teknomo’s page, 318
Martin J. Osborne’s differential equation
tutorial, 318
Midnight Tutor’s Video Tutorial, 319
Ohio State University Physics
Department’s introduction to
differential equations, 319
overview, 317
Paul’s Online Math Notes, 319
S.0.S. Math, 319
University of Surrey Tutorial, 320
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undetermined coefficients, method of
finding particular solutions with
overview, 127
when g(x) is combination of sines and
cosines, 131-133
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undetermined coefficients, method of
(continued)
when g(x) is in form of e, 127-128
when g(x) is polynomial of order n,
128-131
when g(x) is product of two different
forms, 133-134
for higher order linear nonhomogeneous
differential equations
overview, 174-175
when g(x) is combination of sines and
cosines, 182-185
when g(x) is in form e™, 176-179
when g(x) is polynomial of order n,
179-182
University of Surrey Tutorial, 320

oo

vectors, assembling into one matrix,
278-279

Visual Differential Equation Solving
Applet, 323
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Warning icon, 4
Wronski, Josef Maria Hoéné, 119
Wronskian
arrays and determinants, 117-119
formal theorem, 119-122
and higher order linear homogeneous
differential equation solutions, 156
overview, 117
and variation of parameters method,
142-143
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X, raising to power of n, 12









