CHAPTER 1

EXPERIMENTS, SAMPLE SPACES, AND
EVENTS

1.1 INTROOUCTION

The consequences of making a decision today ofien depend on what will happen
in the future, or at least on that limited part of the world and of the future that is
relevant to the decision. The main purpose of using statistical methods is to help in
making better decisions under uncertainty.

Judging from the failures of weather forgcasts, to more spectacular prediction
failures, such as bankruptcies of large companies and stock market crashes, it would
appear that statistical methods do not perform very well. However, with a possible
cxception of weather forecasting, these examples are, at best, only partially statis-
tical predictions. Moreover, failures tend to be better remembered than successes.
Whatever the case, statistical methods are at present, and are likely to remain indef-
initely, our best and most reliable prediction tools.

To analyze a given fragment of reality relevant for the specific purpose at hand,
ong usuatly needs to collect some data. Data may come from past experiences and
observations, or may result from some controlled processes, such as taboratory or
field experiments. The data are then used to hypothesize about the laws (often called
mechanisms) that govern the fragment of reality of interest. In our book we are
interested in laws cxpressed in probabilistic terms: They specify directly, or allow
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us to compute, the chances of some events to occur, Knowledge of these chances is,
in most cases, the best one can get with regard to prediction and decisions.

Probability theory is a domain of pure mathematics and as such, it has its own
conceptual structure. To enable a variety of applications (typically comprising of
all areag of human endeavor, ranging from biological, medical, social and physical
sciences, to cngineering, humanities, business, ete.), such structure must be kept on
an abstract level. An application of probability to the particular situation analyzed
requires a number of initial steps, in which the elements of the real situation are
interprefed as abstract concepts of probability theory. Such interpretation is often
referred to as building a probabilistic model of the situation at hand. How well this
is done is crucial to the success of application.

One of the main concepts here is that of an experimeni—a term used in a sense
somewhat broader than usual. It means any process, possibly under partial control,
that we may observe and whose behavior in the future is not totally determined
because it is influenced, at least in part, by chance.

1.2 SAMPLE SPACE

In analyzing an cxperiment, one is primarily interested in its owicome—the concept
that is not defined {i.e., @ primitive concept) but has to be specified in every partic-
ular application. This specification may be done in different ways, with the only
requirements being that (1) outcomes exclude one another and (2) they exhaust the
set of all logical possibilities.

B EXAMPLE 1.1

Consider an experiment consisting of two tosses of a regular die. An outcome
is most naturally represented by a pair of numbers that turn up on the upper
faces of the die so that they form a pair {x, ¥}, with =,y = 1,2,...,6 (see
Table 1.1).

Table 1.1 Outcomes on a Pair of Dice

H
1 2 3 4 5 6

1 (1,1 (L2) (1,3) (1L,4) (L5) (1,6)
2 (21) (2,2) (2,3) (2,4) (2.5) (2.6)
3 (3,1) (3.2) (3,3) (3,4) (3,5) (3,6)
4 4.1 (4,2) (43) (44 (4.5 (46
5 (5,1) (5,2) (5,3) (5,4} (5.5) (5,6)
6 (6,1) (6,2) (63) (6,4) (6.5) (6.6)

In the case of an experiment of tossing a die three times, the outcomes will be
triplets (z,y, z}, with z, y, and 2 being integers between 1 and 6.
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Since the outcome of an experiment is not known in advance, it is important to
determine the set of all possible outcomes. This set, called the sample space, forms
the conceptual framework for all further considerations of probability.

Definition 1.2.1 The sample space, denoted by &, is the set of all outcomes of an
experiment. The elements of the sample space are called elementary outcomes, or
sample points. O

B EXAMPLE 1.2

In Example 1.1 the sample space & has 62 = 36 sample points in the case
of two tosses, and 6° = 216 points in the case of three tosses of a die. The
first statement can be verified by direct counting of the elements of the sample
space. Similar verification of the second claim, although possible in princi-
ple, would be cumbersome. In Chapter 3 we will introduce some methods of
determining the sizes of sets without actually counting sample points,

B EXAMPLE 1.3

Suppose that the only available information about the numbers, thase that tum
up on the upper faces of the die, is their sum. In such a case as outcomes we
take 11 possible values of the sum so that

S=1{2,3,4,5,6,7,8,9,10,11,12}.

For instance, all cutcomes on the diagonal of Table 1.1—(6, 1), (5, 2), {4, 3),
(3,43, (2, 5}, and (1, 6}—are represented by the same value 7.

B EXAMPLE 14

If we are interested in the number of accidents that occur at a given intersection
within a month, the sample space might be taken as the set 8 = {0, 1,2,...}
consisting of all nonnegative integers. Realistically, there is a practical limit,
say 1000, of the monthly numbers of accidents at this particular intersec-
tion. Although one may think that it is simpler to take the sample space
& = {0,1,2,..., 1000}, it turns out that it is often much simpler to take
the infinite sample space if the “practical bound” is not very precise,

Since outcomes can be specified in various ways (as illustrated by Examples 1.1
and 1.3), it follows that the same experiment can be described in terms of different
sample spaces &, The choice of a sample space depends on the goal of description,
Mortcover, certain sample spaces for the same experiment fead to easicr and simpler
analysis. The choice of a “better™ sample space requires some skill, which is usually
gained through experience. The following two examples illustrate this point,

B EXAMPLE 1.5

Let the experiment consist of recording the lifetime of a piece of eguipment,
say a light bulb. An outcome here is the time unti! the bulb burns out. An
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outcome typically will be represented by a number ¢ > 0 (f = 0 if the bulb
is not working at the start), and therefore S is the nonnegative part of the real
axis. In practice, ¢ is measured with some precision {in hours, days, etc.), so
cne might instead take & = {0,1,2,...}. Which of these choices is better
depends on the type of subsequent analysis.

M EXAMPLE 1.6

Two persons enter a cafeteria and sit at a square table, with one chair on cach
of itg sides. Suppose we are interested in the event “they sit at a corner” {(as
opposed to sitting across from one another). To construct the sample space,
we let A and B denote the two persons, and then take as S the set of outcomes
represented by 12 ideograms in Figure 1.1.

B B
—_—
AL B A Bj
B A
A B
BE A E A
Y B
A B
R::IB B A
B A

Figure 1.1  Possible seatings of persons A and B at a square table

One could argue, however, that such a sample space is unnecessarily large.
If we are interested only in the event “'they sit at a comer,” then there is no
need to {abel the persons as A and B. Accordingly the sample space & may be
reduced to the set of six outcomes depicted in Figure 1.2,

Figure 1.2 Possible seatings of any two persons at a square table

But even this sample space can be simplified. Indeed, one could use the
rotational symmetry of the table and argue that once the first person selects
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a chair (it does not matter which one), then the sampie space consists of just
three chairs remaining for the second person {see Figure 1.3).

O

Figure 1.3  Possible seatings of one person if the place of the other person is fixed

Sample spaces can be classified according to the number of sample points they
contain, Finite sample spaces contain finitely many outcomes, and elements of in-
Sinitely countable sample spaces can be arranged inte an infinite sequence; other
sampie spaces are called uncountable.

The next concept to be introduced is that of an evenr. Intuitively, an event is
anything about which we can tell whether or not it has occurred, as scon as we know
the outcome of the experiment. This leads to the following definition:

Definition 1.2.2 An event is a subset of the sample space 8. O

B EXAMPLE 1.7

In Example 1.1, concerning two tosses of a die, an event such as “the sum
equals 7” containing six cutcomes {1, 6}, (2, 5}, (3,4}, (4, 3),(5,2),and (6, 1)
is a subset of the sample space S. In Example 1.3, the same event consists of
one outcome, 7.

When an experiment 1s performed, we observe its outcome. In the interpretation
developed in this chapter, this means that we observe a point chosen randomly from
the sample space. If this point belongs to the subset representing the event A, we
say that the event 4 has occurred.

We will let events be denoted either by letters A, B, O, ..., possibly with iden-
tifiers, such as Ay, By, ..., or by more descriptive means, such as {X = 1} and
{a < Z < b}, where X and Z are some numerical attributes of the sample points
{formally: random variables, to be discussed in Chapter 6). Events can alsa be de-
scribed through verbal phrases, such as “two heads in a row occur before the third
tail” in the experiment of repeated tosses of a coin,

In all cases considered thus far, we assumed that an outcome (a point in the sam-
ple space) can be observed. To put it more precisely, all sample spaces S considered
so far were constructed in such a way that their points were observable. Thus, for
any event A, we were always able to tell whether it occurred or not.

The following examples show experiments and corresponding sampic spaces
with sample points that are only partially observable:
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B ¥XAMPLE 1.8 Selection

Candidates for a certain job arc characterized by their level = of skills required
for the job. The actual value of z is not observable, though; what we observe
is the candidate's score = on a certain test. Thus, the sample pointin S is a
pair s = (z, z), and only one coordinate of s, z, is observable.

The objective might be to find selection thresholds zy and g, such that the
rule: “accept all candidates whose score r exceeds z¢” would lead to max-
imizing the (unobservable) number of persons accepted whose true level of
skill z exceeds zp. Naturally, to find such a solution, one needs to understand
statistical relation between observable + and unobscrvable 2.

Another example when the points in the sample space are only partially obsery-

able concerns studies of incidence of activities about which one may not wish fo
respond truthfully, or even to respond at all. These are typically studies related to
sexual habits or preferences, abortion, law and tax violation, drug use, and so on.

8l EXAMPLE 1.9 Randomized Response

Let ¢ generally be the activity analyzed, and assume that the researcher is
interested in the frequency of persons who ever participated in activity ¢ {for
simplicity, we will call them Q-persons). It ought to be stressed that the ob-
jective is nor to identify the Q-persons, but only to find the proportion of such
persons in the population.

The direct question reduced to something like “Are you a (J-person?” is not
likely to be answercd truthfully, if at all. 1t is therefore necessary to make the
respondent safe, guaranteeing that their responses will reveal nothing about
them as regards . This can be accomplished as follows: The respondent is
given a pair of distinguishable dice, for example, one green and one white.
She throws them both at the same time, in such a way that the experimenter
does not know the results of the toss {e.g., the dice are in a box and only the
respondent looks into the box after it is shaken). The instruction is: If the
green dic shows an odd face (1, 3, or 5, then respond to the question “Are you
a Q-person?” If the green die shows an even face (2, 4, or 6}, then respond to
the question “Does the white die show an ace? The scheme of this response
is summarized by the flowchart in Figure 1.4,

The intervicwer knows the answer “yes” or “no™ but does not know whether
it is the answer to the question about ¢} or the question about the white die.
Herc a natural sample space consists of points s = (i, . y), where ¢ and y
arc outcomes on green and white die, respectively, while i is | or 0 depending
on whether or not the respondent is a (J-person, We have ¢(s) = (i, z, y}=
“ves"ifi=1landx =1,3,or5forany y,orifz = 2.4, 6, and y = 1 for any
1. 1n all other cases ¢{s} = “no.”

One could wonder what is a possible advantage, if any, of not knowing the
question asked and observing only the answer. This does not make sense if
we need to know the truth about each individual respondent. However, one
should remember that we are only after the overall frequency of (J-persons.
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Green die

odd
r
Ate youa White die
—person?
Q-person 1] 23456

! |

i
T

Figure 1.4 Scheme of a randomiszed response

We are in fact “contaminating”™ the question by making the respondent
answer either a €)-question or some other auxiliary question, But this is a
“controlled contamination”: we know how often (on average) the respondents
answer the auxiliary question, and how often their answer is “yes” Conse-
quently, as we will see in Chapter 12, we can still make an inference about the
proportion of Q-persons from the observed responses.

PROBLEMS

1.2.1 List all sample points in sample spaces for the following cxperiments: (i) We
toss a coin. If heads come up, we toss a die. Otherwise, we toss the coin two more
times. (if} A coin is tossed until the total of two tails occurs, but no more than four
times (i.e., a coin is tossed uniil the second 1ail or fourth toss, whichever comes first).

1.2.2 Alice, Bob, Carl, and Diana enter the elevator on the Grst floor of a four-story
building. Each of them leaves the elevator on either the second, third, or fourth floor.
(1) Find a simple way of describing the sample space (do not list all sample points}.
(ii)y List all sample points such that Car] and Diana leave the elevator on the third
floor. (iii) List all sample points if Carl and Diana lcave the elevator at the same
floor.

1.2.3 An urn contains five chips, labeled 1, ..., 5. Three chips are drawn. List all
cutcomes included in the event “the second targest number drawn was 3.

1.2.4 In a game of craps, the player rolls a pair of dice. 1fhe gets a total of 7or 11,
he wins at once; if the total is 2, 3, or 12, he loses at once. Otherwise, the sum, say
x, is his “peint,” and he keeps rolling dice until either he rolls another 2 (in which
case he wins) or he rolls a 7 in which case he loses. Describe the event “the player
wing with a pofut of 5.
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1.2.5 The experiment consists of placing six balls in three boxes. List all outcomes
in the sample space if: (i) The balls are indistinguishable, but the boxes are distin-
guishable, (Hint: There are 28 different placements.) (ii) Neither the balls nor the
boxes are disiinguishable. (iii) Two balls are white and four are red; the boxes are
distinguishable.

1.2.6 Johnand Mary plan to meet each other. Each of them is to arrive at the meeting
place at some time berween 5 p.mi. and 6 p.m. John is to wait 20 minutes (or until
6 p.m., whichever comes first), and then leave if Mary does not show up. Mary
will wail only 5 minutes (or unti! 6 p.m., whichever comes first), and then leave if
John does not show up. Letting = and y denote the arrival times of John and Mary,
determine the sample space and describe events (i}<{viii) by drawing pictures, or by
appropriate inequalitics for :x and y. If you think that the description is impossible,
say so. (i) John arrives before Mary does. (ii) John and Mary meet. (ili) Either Mary
comes first or they do not meet. (iv) Mary comes first but they do not meet. (¥) John
comes very late. (vi) They arrive ess than 15 minutes apart and they do not meet.
(vii) Mary arrives at 3:15 p.m. and meets John, who is already there. (viii) They
almost miss one another.

Problems 1.2.7-1.2.8 concem the possibility of expressing some gvents, depending
on the choice of the sample space.

1.2.7 Let £ be the experiment consisting of tossing a coin three times, withHand T
standing for heads and tails, respectively,

(1) The following sct of outcomes is an incomplete list of the points of the sample
space & of the experiment £; {HHH, HTT, TTT, HHT, TTH, HTH, THH}. Find the
missing outcorne.

(if) An alternative sample space &’ for the same experiment £ consists of the follow-
ing four outcomes: ne heads {0}, one head (1}, two heads (2), and three heads (3},
Which of the follewing events can be described as subsets of S but not as subsets of
8 =1{0.1,2,3}?

A1 = More than two heads.

A; = Head on the second toss.

Az = More tails than heads.

Ay = At least onc tail, with head on the last toss,
Ag = At least two faces the same.

Ag = Head and tail alternate.

(iit} Still another sample space & for the experiment £ consists of the four out-
comes (0,0], (0,1}, {1,0),and {1, 1). The first coordinate is 1 if the first two tosses
show the same face and O otherwise; the second coordinate is 1 if the last two tosses
show the same face, and 0 otherwise, For instance, if we observe HHT, the outcome
is (1, 0). List the outcomes of & that belong to the event A = {(1, 1), (0, 1)} of 5",
{iv) Which of the following events can be represented as subsets of S, but cannot be
represented as subsets of &7

By = First and third tosses show the same face.
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B> = Heads on all tosses.

By = All faces the same.

B34 = Each face appears at least once,
By = More heads than tails.

1.2.8 Let £ be the experiment censisting of tossing a die twice. Let & be the sample
space with sample points (4, 7),4, 7 = 1,2, .. .6, with { and j being the numbers of
dots that appear in the first and second toss, respectively.

(i} Let S’ be the sample space for the experiment £ consisting of all possible sums
i+ jysothat & = {2,3,...,12}. Which of'the following events can be defined as
subsets of & but nat of $'?

Ay = One face odd, the other even,

Ay = Both faces even.

Az = Faces diffcrent.

A4 = Result on the first toss less than the result on the second.
Ajs = Product greater than 10.

Ag = Product greater than 30.

{ii) Let 8" be the sample space for the experiment £ consisting of all possible ab-
solute values of the difference |i — 7| so that 8 = {0,1,2.3.4,5}. Which of the
following events can be defined as subsets of S but not of S*'?

By = One face shows twice as many dots as the other,

By = Faces the same,

B3 = One face shows six times as many dots as the other,

By = One face odd, the other even,

B, = The ratio of the numbers of dots on the faces is different from 1.

1.2.9 Referring to Example 1.9, suppose that we modify it as follows: The respon-
dent tosses a green die (with the outcome unknown to the interviewer), If the out-
comme is odd, he responds to the Q-question; otherwise, he responds to the question
“Were you bom in April?” Again, the interviewer observes only the answer “yes”
or “no’’ Apart from the obvious difference in frequency of the answer “yes” to the
auxiliary question (on the average one in 12 instead of one in 6), are there any essen-
tial differences between this scheme and the scheme in Example 1.9? Explain your
answer.

1.3 ALGEBRA OF EVENTS

Next we introduce some concepts that will allow us to form composite events out of
simpler ones. We begin with the relations of inclusion and equality.

Definition 1.3.1 The event 4 is contained in the event B, or B contains A, if every
sample point of A is also a sample poinl of B. Whenever this is true, we will write
AT B, orequivaiently, B D A. d

An alternative terminology here is that A impfies (or entails) B,
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Definition 1.3.2 Two events A and B are said to be equal, A = B, if A ¢ B and
BC A m]

It follows that two events are equal if they consist of exactly the same sample points.

B EXAMPLE 1,10

Consider two tosses of a coin, and the corresponding sample space S consist-
ing of four outcomes: HH, HT, TH, and TT. The event 4 = “heads in the first
toss” = {HH, HT} is contained in the event B = “at least one head” = {HH,
HT, TH}. The events “the results alternate™ and “at least one head and one
tail” imply one another, and hence are equal.

Definition 1.3.3 The set containing no clements is called the emp#y set and is de-
noted by B. The event corresponding to ¢ is called a nufl (impossible) event. O

M EXAMPLE 1.11  *

! The reader may wonder whether it is correct to use the definite article in the
definition above and speak of “the empty set,” since it would appear that there
may be many different empty sets. For instance, the set of all kings of the
United States and the set of all real numbers z such that z2 + 1 = 0 arc both
empty, but onc consists of people and the other of numbers, so they cannot be
equal. This is not 30, however, as is shown by the following formal argument
(1o appreciate this argument, one needs some training in logic). Suppose that
@3, and B, are two empty sets. To prove that they are equal, onc needs to prove
that @, < @y and @2 < 0). Formally, the first inclusion is the implication:
“if & belongs to @, then s belongs to (" This implication is true, because
its premise is false: there is no s that belongs to @1, The same holds for the
second implication, so 0; = @2,

We now give Lhe definitions of three principal operations on events: complemen-
tafiun, union, and intersection.

Definition 1.3.4 The set that contains all sample points that are not in the event A
will be called the complement of A and denoted AS, to be read alse as “not A” O

Definition 1.3.5 The sct that contains alt sampie points belonging either to A or 10
B (so possibly to both of them) is called the union of 4 and B and denoted AU B3,
tobereadas“Aor B” a

Definition 1.3.6 The set that contains all sample points belonging to both A and B
is called the intersection of A and B, and denoted A M B, to be read as “A and B.”
O

An alternative notation for a complement is A’ or A, whereas in the case of an
intersection one often writes A3 instead of A M B.

! Asterisks denote more advanced material, as explained in the Preface.
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The operations above have the following interpretations in terms of occurrences
of events:

1. Event A® occurs if event A does not occur.
2. Event 4 U B occurs when either A or B or both events occur,

3. Event A M B occurs when both 4 and 8 occur.

B EXAMPLE 1.12

Consider the experiment of tossing a coin three times, with the sample space
consisting of outcomes described as HHH, HHT, and so on. Let A be the
event “heads and tails alternate,” and let B be “heads on the last toss.” The
event 4% occurs if either heads or tails occur at least twice in a row so that
A = {HHH, HHT, THH, HTT, TTT, TTH} while B is “tails on the last
toss,” hence B¢ = {HHT, THT, HTT, TTT}. The union A U 5 is the event
“either the results alternate or it is heads on the last toss,” meaning A U 7 =
{HTH, THT, HHH, THII, TTH}. Gbserve that while A has two outcomes
and B has four outcomes, their union has only five outcomes, since the out-
come HTH appears in both events. This common part is the intersection ANS.

Some formulas can be simplified by introducing the operation of the difference
of two events.

Definition 1.3.7 The difference A\ B of events A and B containg all sample points
that belong to A but not to B

A\ B=An B

The symemerric difference, 4 < B, containg sample points that belong to A orto B,
but not to both of them:

A+ B=(ANBY)L (AN B) = (AUB)\ (AN B). o

M EXAMPLE 1.13

In Exampile 1,12, the difference B®\, A is described as “at least two identical
outcomes in a row and tails on the last toss,” which means the event {HHT,
HTT, TTT}.

Next we have the following important concept:

Definition 1.3.8 If A B = &, then the events 4 and B are called disjoint, or
mutually exclusive. o
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B EXAMPLE 1.14

Based on Example 1,12 we know that the following two gvents arc disjoint:
¢ = "“more heads than tails™ and the intersection 4 M B = “the results alter-
nate, ending with tails”

Example 1.14 shows that to determine whether or not events are disjoint, it is not
necessary to list the outcomes in both events and check whether there exist common
outcomes. Apart from the fact that such listing is not feasible when sample spaces
are large, it is often simpler to employ some logical reasoning, for instance, that one
of the events is contained in the complement of the other {i.e., if one of them occurs,
the other does not), In the case above, if the resulis alternate and end with tails, then
the outcome must be THT. Since there are more tails than heads, C does not occur.

The definitions of union and intersection can be extended to the case of a finite
and even infinite number of events (discussed in the Section 1.4). Thus

AU U A, ={ ] 4 (1.1
i=1

is the event that contains the sample points belonging to A; or A; or ...or A,
Consequently, (1.1) is the event “ at least one 4; occurs” Similarly

A NAz N Ay =[] 4 (1.2}
i=1

is the event that contains the sample points belonging to A; and A and ... and 4,,.
Conscquently, the event (1.2) is “ all A;'s occur”

B EXAMPLE 1.15

Suppose that » shots are fired at a target, and let A;, i = 1,2, ..., n denote
the event “the target is hit on the ith shot” Then the union A; U - U A, is
the event “the target is hit” (at least once). Its complement (A; U - -- U A,)°
is the event “the target is missed” (on every shot), which is the same as the
intersection A§ - -1 A,

A perceptive reader may note that the unions 4, U -- - A, and intersections
Ay M-- M Apn donot require an extension of the definition of union and intersection
for two events. Indeed, we could consider unions such as

AU (A2 u ( "(ATL——Z U (An—l L An}) ' ))

where the union of only two events is formed in each set of parentheses. The prop-
erty of associativity (below) shows that parentheses can be omitted so that the ex-
pression A; U- - U A, is unambiguous. The same argument applies to intersections.

The operations on events defined in this section obey some laws. The most im-
portant ones ate listed below.
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Idempotence:
AU A= A, AnNA= A

Double Complementation:
(A9) = A.

Absorption:
AUB=8 iff AnNB=A4 if ACB {1.3)

In particular,
Al=4, AUS=8, And=P, AnS=A4,

which in view of {1 .3} means that } ¢ A C &.

Commutativity:
AuB=BuA4, ANB=BnNA
Associativity:
AUBUCI=(AUB)UC,
AN{BNCY={ANnBINC.
Distributivity;

AN{BUC)= (AN B)U(ANC),
AU(BNC)=(AUB) N(AUC).

De Morgan’s Laws;

(AU UAE = Afne.-m AL
(A;N---NAg) = Afu-- UAL. (1.4}
When studying mutual relations between composite events in the same sample

space, it is often helpfirl to use Venn diagrams, where the sample space S is repre-
sented by a rectangle, while its subsets represent events (see Figure 1.5).

1@ o)

() ' (b) ©

Figure 1.5 Complement, union and intersection
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Figure 1.6 The ftrst De Morgan's law

The complement of event A is represented in Figure 1.5(a), the union and inter-
section of the events A and B are represented in Figure 1.5(b) and (c), respectively.

Venn diagrams can also be used to check the validity of formulas. For example,
consider the first De Morgan’s law (1.4} for the case of two events:

(AU B)° = A° B°, (1.5)

Venn diagrams made separately for the left-hand side and the right-hand side of (1.5)
(sce Figure 1.6) indicate that both regions are the same. Although a picture does not
constitute a proof, it may provide convincing evidence that the statement is true, and
sometimes may even suggest a method of proving the statement.

PROBLEMS

For the problems below, remember that a statement (expressed as a sentence or for-
mula} is true if it is true under afl circumstances, and it is false if there is at least one
case where it does not hold.

1.3.1 Answer true or false. Justify your answer.

(i) If 4 and B are distinct events {i.c., 4 ¢ B) such that 4 and B¢ are disjoint, then
A° and B are also disjoint.

(ii) If A and B are disjoint, then A° and 3° are also disjoint.

(iii) If A and 5 are disjoint, and also B and C are disjoint, then 4 and C are disjoint.
(iv) Tf 4 and B are beth contained in (7, then ¢ © A% N Be.

(v) If Aiscontained in B, C is contained in [, and B is disjoint from D, then A is
disjoint from C.

(vi} If AU 13° = B then B < A“

1.3.2 In the statements below 4, B, C and D, are events, Find those statements or
formulas that are true.

) fANB=ANCthen B=C.

(i) AU(ANBYU(AN B = A.

(i) AU(ANBYU (A1 B°) = B.

(ivi IfA\ B =C,thend=BucC.

) (AUB)N{CuDy=(ANCYU{ANDJU{(BNCYU (BN D)

iy (AnBuidnD)={AcC)n(AuDn{BUCIN{BJD}.
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(vil} (AU BUC = AN B°NC*

(viiiy f A  B,and BN =¥, then M AN B =,

(ix) If AN B, AN C and B C are not empty, then AN BN C is not empty.
(x) Showthat (A= B} - C=A4=-(B+ ).

133 Find X i () A+ X =0 (i) A+X = A (i) A+ X =8.(iv) A+ X =5,

1.3.4 In a group of 1000 students of a certain college, 60 take French, 417 take
calculus, and 509 rake statistics. Moreover, 20 take French and caleculus, 17 take
French and statistics, and 147 take statistics and calculus. However, 196 students
do not take any of these three subjects. Determine the number of students who take
French, calculus, and statistics.

1.3.5 Let A, B, and C be three events. Match, where possible, events 0 through
D1q with events £y through £, Matching means that the events arc cxactly the
same; that is, if one occurs, so must the other and conversely (see the Definition
1.3.2). {Hint: Draw a Venn diagram for cach event D1, ..., Dyg, do the same for
events 5y, ..., Eyq, and then comparc the diagrams.)

Among events A, B,
[}, = two or more ogccur.
Dy = exactly one occurs.
Dy = only A occurs.
Dy = all occur.
D5 = none oceurs,
Ds = at most one oceurs,
D; = at least one occurs.
Dy = exactly two occur.
Dy = no more than two oceur.
Dyg = B oceurs.

Ex={ANB AU (AN BNCYYU(A N B°NC).
E3=(ANBEN{ANCKN(BNC),
Ey=(AUBUCY.

E5=!‘1CHBCHCC‘

Es=AnBndC.

E:=1h.

Ey=Arbeng-
Fo={ANBOCHU{ANBENC)L(ASNBNC).
E]_(_}= (Ar‘]BﬂC)L’
Ei=(AnBu{anciu(B8ng).

1.3.6 A standard deck of cards is dealt among players NV, S, E,and W. Let Ny &k =
1,2,3,4 be the event “N has at least k aces,” and let S, Er, and Wy, be defined
similarly. For each of the events below, determine the number of aces that V has.
D MASINE MWy (@) BN (Wa U So). @) Na \ Mo (iv) Ss N WL (W)
ST WE N ES (vi) Ng 0 Ey.
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1.3.7 Five burglars, 4, B, C, D, and E, divide the loot, consisting of 5 identical
gold bars and 4 identical diamonds. Let A be the event that A got az least j gold
bars and af most k diamonds. Let Bjy, C; denote analogous events for burglars
B, C (e.g., By is the event that B got 2, 3, 4, or 5 gold bars and ¢ or 1 diamond}.
Determine the number z of gold bars and the number y of diamonds received by E
if the following events occur (if determination of x and/or y is impossible, give the
range of values): (i) (AzgU BogUCap) N Dgp. (i) ES,. (fil) Az N Bz NCiaN Dy
(iv) Az U Bja UiCa U D

1.3.8 Let A" be defined inductively by A% = A, A1 = (47¢)¢ Find A™°
A7¢ and AU A for m,n > 0.

1.4 INFINITE OPERATIONS ON EVENTS

As already mentioned, the operations of union and intersection can be extended to
infinitely many events. Let 45, Ag, ... be an infinite sequence of events. Then

ot

(==
AiuAu---=} 14, and Alr"/‘ﬁﬂ”:ﬂz‘i«;
1

are events * at lcast one A; occurs™ and “all A;'s ocour”

If at least one event A; ocecurs, then there is one that occurs first, This remark
leads to the following useful decomposition of a union of events into a union of
disjoint events:

3

I
—

Ap= A U(AS N A U(ASNAS N Ag) U -, (1.6)

where A7 M- -1 Af _, N Ay is the event “ Ay, is the first event in the sequence that
ocours.”
For an infinite sequence A;, Az, ... one can define two events:

o0 oo
imsup A, = [} 4 (1.7
k=11i=k
and
oo o
liminf A, = { ][] 4, (1.8)
k=1 1=k

these being, respectively, the event that “infinitely many A;’s ocewr” and the event
that “all except finitely many 4;’s occur” Here the inner union in the event (1.7)
is the event “at least one event A; with 1 > &k will occur™; call this event B, The
interscction over k means that the event By, occurs for every k. No matter how large
k we take, there will be at least one event A; with 1 > & that will oceur. But this is
possible only if infinitely many A;’s occur.

For the event lim inf A,, the argument is similar. The intersection Ax M Ag4: N

- = (, occurs if all events A, with ¢ > & occur. The union O U Ch iU - - - migans











