CHAPTER 1

INTRODUCTORY CONCEPTS AND
CALCULUS REVIEW

It is best to start this book with a question: What do we mean by “Numerical Mcthods and
Analysis™?! What kind of mathematics is this bock about?

Generally and broadly speaking, this book covers the mathematics and methodologics
that underlie the techniques ol scientific computaiion. Maore prosaically, consider the bation
on your calculator that computes the sine of the number in the display. Exactly how does
the calculater know that correct value? When we speak of using (he compuler to solve
a complicaled mathematics or engineering problem, cxactly what is involved in making
that happen?  Are computers “born”™ with the knowledge of how to solve complicated
mathematical and engineering problems? No, they are nol. Moslly they are progranimed
to do it, and the programs implement algorithms that are based on the kinds of things we
will talk about in this text.

Textbooks and courses in this area generally follow one of twoe main themes: Those titled
“Numerical methods” tend 1o emphasize the implementation of the algorithms, perhaps at
the expense of the underlying mathematical theory that explains why the methods work;
those titled “Numerical analysis” tend to emphasize this underlying mathematical theory,
perhaps at the expense of some of the implementation issues. The best approach, of coursc,
is to properly mix the study of the algorithms and their implementation (“*methods™) with
the study of the mathematical theory (“analysis™) that supports them. This is the goul of
the present Lexl.

Whenever someone speaks of using a computer to design an airplane or predict the
weather, or otherwise solve a complex science or engineering problem, that person is talking
about using numerical methods and analysis. The problems and areas ol endeavor thal
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2 INTRODUCTORY CONGEPTS AND CALCULUS REVIEW

use these kinds of techniques are continually expanding. For example, computational
mathematics—another name lor the material that we consider here—is now commeonly
uscd in the study of financial markets and investment structures, an area of study that does
not ordinarily come to mind when we think of “scientific” computation. Similarly, the
increasingly frequent use of compuater-generated animation in film production is based on
a heavy dosc of spline approximations, which we introduce in §4.8.

There are a number of different ways to break down the subject into component parts.
We will discuss the derivation of the algorithms, we will discuss the implementation of the
algorithms, and we will also analyze the algorithms, mathematically, in order to learn how
best to use them and how best to implement them. In our study of each technique, we will
usually be concemned with two issues that often are in competition with each other:

& Accuracy: Very few of our computations will yield the exact answer to the problem,
s0 we will have to understand how much error is made, and how to control (or even
diminish) that error.

¢ Efficiency: Does the algorithm take an inordinate amount of computer time? This
might seem to be an odd question to concern ourselves with—after all, computers
are fast, right?—but there are slow ways to do things and fust ways to do things. All
else being equal {it rarely is), we preter the fast ways.

We say these two issues compete with cach other because, generally speaking, the steps
that can be taken to make an algorithm more accurate usually make it more costly, that is,
less efficient.

There is a (hird issue of importance, but it does not become as evident as the others
(although it is still present) until Chapter 6:

e Stability: Does the method produce similar resulis for similar data? If we change the
data by a small amount, do we get vastly ditferent results? If so, we say the method
is unstable, and unstable methods tend to produce unreliable results. Tt is entirely
possible to have an accurate method that is efficiently implemented and yet is horribly
unstable; see §6.4.4 for an example of this.

1.1 BASIC TOOLS OF CALCULUS

1.1.1 Taylor’s Theorem

Computational mathematics does not require a large amount of background, but it doces
require a good knowledge of that background. The most important single result in numerical
computations, from all of the calenlus, is Taylor's Theorem,! which we now state:

Theorem 1.1 (Taylor’s Theorem with Remainder) Let f(x) have nt-1 continuous deriva-
tives on |a, b] for some v > 0, and ler x, zy € [a, b]. Then,

f(z)  pulz) | f(2)

'Brook Taylor (1685 — 1731) was educated at St John's Collepe of Cambridge University, entering in 1701 and
graduating in 1709, He published what we know as Taylor's Theorem in 1715, although it appears that he did not
appreciale s lanrer wnportance and he certainly did not bother with a formal proof. He was clected a member of
the prestigious Royal Society of London in 1712

Taylor acknowledged thar his work was bascd on that of Newton and Kepler and others, but he dhid not ac-
knowledge that the same result had been discovered by Johann Bemoulli and published in 1694, {But then Taylor
discovered integration by parts first, although Bernoulli claimed the credit.)




BASIC TOOLS OF CALGULUS 3

for

pal2) - Z(:‘” " 1 a0) (1)
and

Ba{z) — $ [ J.(a:—t.)“ FI D). (1.2}

Moreover, there exists a point £ between & and xq such that

(JJ _ xo)n |1
{r1 1)

The point @y is vsually choscn at the discretion of the user, and is often taken to be 0.
Note that the two forms of the remainder are equivalent: the “pointwise” form (1.3} can be
derived from the “integral” fom {(1.2); see Problem 23.

Taylor’s Theorem is important because it allows us to represeat, exactly, fairly general
functions in tenmns of polynomials with a known, specified, boundable error. This allows us
to replace, 1n a computational sctiing. these same generat functions with something that is
much simpler—a polynomial—and yet at the same time we are able (o bound the error that
is made. No other tool will be as important to us in this course as Taylor’s Theorem, so it
is worth spending some time on it here at the outset.

The usual calculus treatment of Taylor's Theorem should leave the student familiar with
three particular expansions {for all three of these we have used @y - 0):

Rn(z) — Frrie). (1.3)

4o+ oo+ mo? 4 +]”+ Lt
e - £+ —= —a —ux ——— g™ g
2! 3! n! {n 1)
"1
= ngk—i-Rn(z),
k=0
. . 1 i 1 A (_l)n Z2n—1 ( l]ﬂ 21(—!—'3 .
si T T — 3!.’3 ] 5‘.,:1? [ 2n | ])!a: | (Zn I ';}I cos €,
- Sy e
1 1 1)* 1 7i+1
cosx — 11— —x? | —t 1.0 ( ) ( ) "*2(03&3
2! 4! {Zn)' (ZH + 2)f

Z (zk i Ralz).

{Strictly speaking, the index on the last two remainders should be 2n + 1 and 2n, becavse
those arc the cxponents in the last terms of the exparsion, but it is commonplace to present
it as we did here.) In fact, Taylor’s Theorem provides us with our first and simplest example
of an approximation and an error estimate, Constder the problem of approximating the
cxponential funclion on the interval |— 1, 1}, Taylor's Theorem tells us that we can represent
e® using a polynomial with a (known) remainder:

r . 1 1 3 1 n 1 nt+1 o,
¢ 1I'Li§ 1§.L|...fa.1,l| m.x, ¢

i

——
palz), polynomial Rz}, remainder

®

;
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where ¢, i an unknown point between x and (1. Since we want to consider the most general
case, where o cun be any point in [—1, 1], we have to consider that e, can be any point in
|—1, 1], as well. For simplicity, let’s denote the polynomial by p,.(x), and the remainder
by fi,(x), so that the above becomes

" = pn(@) + Lal2).

Suppose we want this approximation (o be accurate to within 1075 in absolute error, ic.,
we wanl
FEI —Pn(il?” = ]0_6

for alf z in the interval |—1, 1]. Note that if we can make | £2,(z)| < 1078 foralle € |1, 1].
then we will have

| — pal#)| = |Ralz)| < L07°

50 Lhat the error in the approximation will be less than 1675, The best way to proceed is
to create a simple upper bound for | R, {z)|, and then vsc that to determine the number of
terms necessary to make this upper bound less than 10 &,

Thus we proceed as follows:

|:L.'n,| 'Ier:,,r
R, R
Ral@)l =
pl|tdl o
|.J:|—c_’ becanse £* > 0 for all z,
(n+ 1)t
= (nthl)‘ because |¢] < 1 forallz € [-1, 1],
e
< ———— hecausec¢®™ <eforallz e |—1,1]
S mrnr cause ¢ < ¢ forall z € [—1,1|
Thus, if we find nz such that
1
— <108
(n | 1)
then we will have
le“ — pulz)|  [fulz)] SE SR TLE 1078

])'

and we will krow that the error is less than the desired wlerance, for all values of = of
inlerest to us, e, all z € [—1, 1], A little bit of exercisc with a calculator shows us that
we need to use n — 9 in order to get the desired accuracy. Figure 1.1 shows a plot of
the exponential function ¢*, the approximation pg{z), as well as the less accurale pa(x);
since it is impossible to distinguish by eye beiween the plots for € and py{2), we have
also provided Figure 1.2, which is 4 plot of the crror €® — po(x); note that we begin to lose
accuracy as we get away from the interval [—1, 1]. This is not surprising. Since the Faylor
polynomial is constructed to match f and its first r2 derivatives at & — =g, il ought 10 be the
case thal pr, 15 a good approximation o f only when z is near zo.

Lere we are in the first section of the text, and we have already constructed our first
approximation and proved our first theoretical result. Theoretical result? Where? Why,
the error estimate, of course. The malerial in the previous several lines is a proof of the
lollowing vesull:
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Figure 1.1 Taylor approximation: ¢, pa(x) = ¢* and pa(s) = . Notc that &* and pa{x) are
indistinguishable on this plot.

I /

Figure 1.2 Error in Taylor approximation: e*  pofx).

Propasition 1.1 Let po(x) be the Taylor polynomial of degree 9 for the exponential function.
Then, for all = € | =1, 1}, the error in the approximation of pg(z) to e* is lexs than 10 5,
ie,

| — pa(z)| < 10 °

Joralle e |—1,1}
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While this result is not of major significance to our work-—the exponential function
is approximated more cfficientty by different means—it does illustrate one of the most
important aspects of the subject. The result tells us, ahead of time, that we can approximate
the exponential function to within 1078 accuracy using a specific polynomial, and this
accuracy holds for all & in a specified interval. That is the kind of thing we will be doing
throughout the text—constructing approximations to difticult computations that are accurate
in some sense, und we krow how accurate they are.

Bl EXAMPLE 1.1

Let f{x) — +/x t 1; then the second order Taylor polynomial (computed aboul
xy — 0) is computed at follows:

Jlw) = 1O =1

o _ ]_3, -1/2 Flgn) — l

Fe) = et ) ) —

" _ _l l.[. —-3/2 e __1,

@) = g glet D S o) — s

pala) = Tlwo) | (@ -zl (w0} 1 5~ 2l (wo) < 11 g —

The error in using pa to approximate v/ 1 1 is givenby Ra(z) = & (z—xa)* 7 (Ex).
where £; is between « and xy. We can simplify the error as follows:

k]

Rl |gpla = )76

3 1 1

9 A5 (5& ' 1)_5/2

.r,|'3

L x
6 2 2 '

1 3 —5/2
- g 117 E
glel e 1 1]

If we want to consider this for all & € |0, 1|, then, we observe thal = € [0, 1] and &,
between x and 0 imply that £, € |0, 1], therefore

(€ + 172 <0y 1772 -1,

so that the upper bound on the emror becomes |Hz{z)| < 1/16 = 0.0625, for all
@ € |0,1]. If we are only interested in = € [0, &), then the error is much smaller:

1 . .
@) - el 1 17,

1 3
L/,
1

128’
—  0.0078125.

[
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83 EXAMPLE 1.2

Consider the problem of finding a polynomial approximation to the function f(x) =
sin x that is accurate to within 10 7 for alt & € [~ 12 l—,] using g - 0. A direct
computation with Taylor’s Theorem gives us that (note that the indexing here is a little
different, becavse we want to lake advantage of the fact that the Taylor polynomial
here has only cdd terms)

L 1 5.5 u 1 dn4l, 2ntl
palz) - Fx - g 4 20" & kA (-1 m‘ﬂ' T ,
1 .

R.lx) = (=1)*] mﬂzm B2 cos Ey

Thus, the error in the approximation 15
(TT.’L'-}I'!'I 13
7@) = pala)] — 1a(a)] — (57 sl con .
where £, is between x and 0; this can be bounded for allz € |— %, %| in the following
fashion:
!ﬂx|2u+3 (,',:./z)zﬂ,-l-il

Ro(z)| — S ——eosé,| < ~E2L
IRn(2)l = on ¥ 3)!"‘“"5 < (2n | 3)!
und some experimentation with a caleulator shows that
[Ry(x)] < 0.3599 x 1075, {Ra(2)| < 0.1604 x 1073,
from which we conclude that 72 — 4 will achieve the desired accuracy, thus we want

mlx) = 7w — %';’rﬂﬁ:d + ﬁ'n‘r’:}:"‘ - 5(]140w7:r:‘ + 36218807.—9;:;9
as our approximation. Figure 1.3 shows the error between this polynomial and f{:x) over
the interval [— 2, 11; note that the error is much better than the predicled error, especially
in the middle of the interval.
While the usual approach is 1o construct Taylor expansions by directly computing the
necessary derivatives of the function f, somelimes a more subtle approach can be nsed.
Consider the problem of computing a Taylor series for the arctangent function, f(x) —
arctan 2, about the poinl xg = 0. [t won'L 1ake many terms before we get tired of trying to
find a general expression for £*!. What do we do'?

Recall, [rom calculus, that
f Toode
arcltan:e _—
o 1+4#

$0 we can get the Taylor series for the arctangent from the Taylor series for (1 + t9) ! by
a simple integration. Now recall the summation lormula for the geometric series:

Tt
1— .,,n+l
Yoo
k=0 -r
If we substilute # = —4% into this, and re-arrange terms a bit, we get

I 12
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Figure 1.3 Error in Taylor approximation to f(z) — sinwz over [—1, ],

Thus,

arclanx — —
Ja 1 | t
n 2)n+1

fo Z( e 4 el

n .!'n 12
Z l)k(Zk 1)—1$'2k—1 i (_l)n+1/
L]

k0

This is known as Gregory's series? for the arclangent and was the basis for one of the carly
methods for computing «. {See Problems 14 — 16.)

Hl EXAMPLE 1.3

Let’s use the Gregory series (o determine the error in a ninth degree Taylor approxi-
mation to the arctangent fanction. Since 2r | 1 - 9 implies that n 4, we have

r i',“)
Roloy=— |
-Q{I) _/c: 1 | tzf El

so0 that (assuming 2 = 0)

E L‘IO
Ra@l = [ T

2 James CGregory (1638 — 1675) was bom in Aberdeen, Scotland, where he first went to university. He later ([ 664—
1668) swdicd in Daly before returning (0 Britain, He published a work on optics and several works devoted (o
tinding the areus under curves, including the circle. He knew aboul what we call Taylor series more than 40 years
befure Taylor published the theorem, and he might have developed the caleulas hefore Newton did if he had been
ol a bess reometric and more analytical frame of mind.
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and we can bound the error as follows:

“ t“) “ 10 1 11
Ity(z ——di < thdl - —w

So, for all : € |—3, 3| the remainder is bounded above by

1 5
|fo(z)| < ﬁ(1,!2)” S 444 x 10 3,

Finally, we close this scction with an illustration of a special kind of Taylor expansion
that will be used again and again.

Consider the problem of expanding f{x + k) in a Taylor scrics, about the point 2y — .
Here hois generally considered to be a small parameter. Direct application of Taylor’s
Theorem gives us the following:

Flath) = fl@)+(z+k-a)f(z)+ (|:."+h|—.r) ()

1
+ o+ a(l]t' —+ }L| — g;)nf(n)(:ﬂ)

+

] -
e

Jtz) 1 Rf' (2} hz @) 4 $h"f“‘-‘(x)

| }.‘.ﬂ+lf(n+l)(§),

(n 4 1)!
This kind of expansion will be useful time and again in our studies.

1.1.2 Mean Value and Extreme Value Theorems

We need 10 spend some time reviewing other results from calculus that have an impact on
numerical methods and analysis. All of these theorems are included in most calculus texis
but ure usually not emphasized as much as we will need here.

Theorem 1.2 (Mean Value Theorem)} f.er [ be a given function, continuous on |, b] and
differentiable on (a,b). Then there exists a point £ € o, b] such that
fiB) — flu
sigy = 1T 04
— £

In the context of calculus, the importance of this result might scem obscure, al best. How-
ever, from the point of view of numerical methods and analysis, the Mcan Value Theorem
{(MVT) is probably second in imporlance only to Taylor’'s Theorem. Why? Well. consider
a slightly reworked form of (1.4):

Jlar) = faa) = J(€) 1 — 2).

Thus, the MVT allows us to replace differences of function values with difterences of
argument values, it we scale by the derivative of the function. For example, we can use the
MVT to wll us that

|coswxy — cosxy| < &) — @3,
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because the denivative of the cosine is the sine, which is bounded by one in absolute value.
Note also that the MVT is simply a speciak case of Taylor’s Theorem, forn 0.
Similar to the MVT is the Intermediate Value Theorem:

Theorem 1.3 (Intermediate Value Theorem) Ler f € C{{a,bl) be given, and assume
that W is a value between f(a) and f(b), that is, either fla) < W < f{b). or f(b) <
W < f(a). Then there exists a point ¢ € [a, b] such that f(c) — W,

‘This seems to be a very abstract resuit; it says that a certain point exists. but doesn’t give
us much information about its numeric value. (Besides which, we might ask, why do we
even care that ¢ cxists?} But it is this very theorem that is the basis for our first method
for finding the roots of functions, an algorithm called the hisection method. (See §3.1.)
Morcover, his is the theorem ihat iells us thal 4 conlinuous function is one whose graph
can be drawn without lifting the pen off the paper, because it says that between any two
function values, we have a point on the curve for all possible argument values. Sometimes
very abstract results have very concrete consequences,

A related result is the Extreme Value Theorem, which is the basis for the max/min
problermns that are a staple of most beginning calculus courses.

Theorem 1.4 (Extreme Value Theorem) Let f € C([a,b]) be given; then there exists a
pointm € [a,b] such that f(m) < [(=) forallz € |a, b, and a point M € |a, D] such thar
F(M) = flx) for all x € la, b]. Morever, | achieves its maximum and minimum values on
[a, b| either at the endpoints a or b, or at a critical point.

{The student should recall that a critical point is a point where the first derivative is either
undctined or equal 1o zero. The (heorem thus says that we have one of M — a, M — D,
F/(M) doesn’texist, or /(M) - 0, and similarly for m.)

There are other “mean value theorems.” and we need to look at two in particular, as they
will come up in our carly ermor anadysis.

Theorem 1.5 (Integral Mean Value Theorem) Ler f and g both be in C([a, b)), and ax-
sume further that g does not change sign on [a, b. Then there exists a point £ € [a, b] such
that

b b
fgﬁﬁmﬁ—ﬂﬂfgmﬁ- (15)

Proof:  Since this result is not commonly covered in the calculus sequence, we will go
ahead and prove it.

We first assume, without uny loss of generality, that g{t) > 0; the argument changes
in an vbvicus way if g is negative (see Problem 26). Let fas be the maximum valuc of
the funclion on the interval, fas - max,; -, » F(x). so that g(£)f(t) < g()far for all
t € {a,b); then

]@mmmg]gmma—ijM@

@

Similarly. we have

b b fr
[ stostiae [ gOsmit g [ oty



BASIC TOOLS OF CALCULLS 11

where fn, = minge[q ¢ f (%) is the minimum vatue of f on the interval. Since g docs not
change sign on the interval of integration, the only way that we can have

/a ’ glw)ds = 0

is if g is identically zero on the interval, in which case the theorem is trivialty true, since
both sides of (1.5) would be zero. So we can assume that

b
[ gtaia 20
Now define ,
o Jea sty
TR e
[ g(t)dt
so that we have
fm E W E JrM"

By the Extreme Value Theorem, there is a poimt M € [a, b] such that f{M)  far, and
simikarly there is a point m € [, 8] such that f(m)  f,,. Therefore
flm) < W < F(M)
and we can apply the Intermediate Value Theorem 1o establish thal there is a point £ in the
interval defined by e and M such that () — W but this implies (1.5) {why?) and we
are done. e
This result will be useful for simplifying some error estimates for numerical integraiion

rules m Chapter 5. A related result 1s the Discrete Average Value Theorem:

Theorem 1.6 (Discrete Average Value Theorem) Ler [ € (X(|a, b]) and consider the sum
T
S ) axf(zx)
k=1
where each point zy € [, b]. and the eoefficients satisfy

ap = 0, Zak - 1.
k=1

Then there exists a point 5 € |, b| such that f(n) = 3, ie.,
o) D arf ().
P

Proof:  The proolis similar in spitil and 1echnique to the previous one. We quickly have
that

T T
S anfl@) < Yok — fur
k—1 k=1

and similarly S > fin,, where far and £, arc defined as in the previous proof. Now define
W — 5 and proceed as before to get that there is a point 17 € [a, d] such that f(n) — 5. e
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All three of the mean value theorems are useful to us in that they allow us to simplify cer-
tain expressions that will occur in the process of deriving error estimates for cur approximate
computations.

Exercises:

1.

2

14.

11.

What is the third-order Taylor polynomial for f{x} - +/z | 1, about zy - 0?

. What is the sixth-order Taylor potynomial for f{x) = +/1 4+ 2, using zg = 07

. Show that the third-order Taylor polynomial for f{z) - (z | 1)7%, aboutzg - 0, is

pfr)=1—=x +x? - 2"

. (riven that

for & € |1, 1], where £ is between = and 0, find an upper bound for | K|, valid for
all ® € [—1, 1], thut is independent of & and €.

. Repeat the above, but this time require that the npper bound be valid only for all

& € [—%,% .

. (hiven that

1 1

- |z}t ¢ ~1
202

for x € {—3, =]. where £ is between & und 0, find an upper bound for | £|. valid for
11

afll & € [—5, 5], that is independent of @ and £.

. What is the fourth-order Faylor polynomial for f(x} - 1/{z | 1), aboutze €7
. What is the fourth-order Taylor polynomial for f{z) = 1/z, about ©g = 1?

. Use a Taylor polynomial 10 find an approximate value for /e that is accurate to within

1073
Find the Taylor pelynomial of third-order for sin x, nsing:

{(a) @ w/6;

by zg w/4

() mg = 7/2.
For each function below construct the third-order Taylor polynomial approximation,
nsing o - 0, and then estimate the crror by computing an upper bound on the
remainder, over the given interval.

(@) flz) —e “.xe|0,1];

(r fle) In{l | z).ze|-1,1];

ic) f{z) sinx zel0,n];

(dy flz)y—1n{l | z),z€[-1/2,1/2];

(&) fla) —L/(z+ 1), € [-1/21/2]
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Construct a Taylor polynomial approximation that is accurate (0 within 10 *, over
the indicated interval, for cach of the following functions, using @ — (.

(a) f(x) —sinz,z € {0,7);

(b) flz) —e "z e|0,1];

© f() —In(l +),3 € |-1/2,1/2];

@) flz) - /e 1 1),z € [-1/2,1/2];

{©) flz) —Inf{l +a),zc| 1,1].

Rcpeat the above, this time with 4 desired accuracy of 1008,

Since
w
- — arctan 1,

we can estimate 7 by estimating arctan 1. How many terms are needed in the Gregory
series for the arclangent 10 approximale (o 100 decimal places? 10007 Hint: Use
the error term in the Gregory series to predict when the error gets sufficiently small.

Elementary trigonometry can be used to show that
arclan(1/239) — 4 arctan(1/5) — arclan{1).

This tormwla was developed in 1706 by the English astronomer John Machin. Use
this o develop a more efficient algorithm for computing #. How many terms arc
needed to get 100 digits of accuracy with this form? How many terms are needed
to get LOOO digits?  Historical note: Until 1961 this was the busis for the most
commonly used imethod for computing 7 to high accuracy.

. In 1896 a variation on Machin’s formula was found:

arctan(1/239) = arclan{l) — 6 arclan{1 /8) — 2arclan(1/57),

and this began to be used in 1961 to compute 7 to high accuracy. How many terms
are needed when using this expansion to get 100 digits of 77 1,000 digits?

. What is the Taytor polynomial of order 4 for f{x) — x* + 1, using g = 07 Simplify

as much as posstble.

. What is the Taylor polynomial of order 3 for f{z) — a? + 1, using g — 07
. What is the Taylor polynomial of order 2 for f(z} = & + =z, using zg = 1?

. What is the Taylor polynomial of order 3 for f() - 2* | &, using g — 17 Simplify

as much as possible.

. Let p{x) be an arbitrary polynomial of degree less than or equal w n. What is its

Taylor pelynomial of degree n. about an arbitrary xo7

. The Fresnel integrals are defined as

() - /U cos{mt? /2)dt
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23.

24,

26.

27.

28,

29

1.2
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and

S(z) = /0 " sin(rt?/2)dt.

Use Taylor expansions to find approximations to C'(zx) and S{z) that are 10~ *accurate
for all = with || < 1. Hint: Substitute = = wi?/2 into the Taylor expansions for
the cosine and sine.

Usc the Integral Mean Value Theorem to show that the “pointwise™ form (1.3} of
the Taylor remainder {usualty called the Lagrange form) follows from the “integral”
form (1.2} (usually called the Cauchy form).

For each function in Problem 11, use the Mean Value Theorem to find a value A
such that

|f(z1} = flz2)| < Mlz1 — 22|

is valid for all &1, z2 in the intervat used in Problem 11.

5. A function is called monotone on an interval if its derivative is strictly positive or

strictly negative on the interval. Suppose f is continuous and monotone on the interval
{a, t], and f{a)f(b) < 0; prove that there is exactly one value o € [a, b] such that

fley=0

Finish the proof of the Integral Mean Value Theorem (Theorem 1.5) by writing up
the argument in the case that g is negative.

Prove Theorem 1.6, providing all details.

leter > Obegiven, 1l €k < n,andletxx € [a,8], 1 < k £ n. Then, use the
Discrete Average Value Theorem to prove that, for any function f € '([a, b]),

Z:—'l Ckf(.’ﬂk) — f[ﬁ)
> k=1Ck

for some £ € [a,b)].

Discuss, in your own words, whether or not the following statement is true: “The

Taylor polynomial of degree n is the best polynomial approximation of degree n to
the given function near the point zy."”

Jeee

ERROR, APPROXIMATE EQUALITY, AND ASYMPTOTIC ORDER
NOTATION

We have already talked about the “error” made in a simple Taylor series approximation.
Perhaps it is time we got a little more precise.
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1.2.1 Error

If A is u quantity we want (o compute snd 4y, is an approximation to that quantity, then the
error is the difference between the two:

error — A4 Ang
the absolute error 18 simply the absolute value of the error:

absolutc crror

A —A}L|; (1.6}
and the relative error normalizes by the absolute value of the exact value:

[ A — Ap|

: (1.7)
4]

relalive error =
where we assume that 4 / Q.
Why do we need iwo dilferent measures of error? Consider the problem of approximating
the number
x— e '® 01125351747 x 10 °.

Because :x is so small, the absolute ervor in iy — 0 as an approximation 10 x 18 also small.
In facl. |# — y| < 1.2 x 1077, which is decent accuracy in many sellings. However, this
“upproximation™ is clearly not a good one.

On the other hand, consider the problem of approximating

z=¢'% = 0.8886110521 x 107

Because z is so large, the absolule error in almost any approximation will be large, even
though almost all of the digits arc matched. For example, if we take w — 0.8886110517 x
107, then we have |z —w| 4 x 1077, hardly very small, even though g matches = 10 9
decimal digits.
The point is that relative error gives a measure of the number of correct digits in the
approximation. Thus
r—y
I

11

which tells us that not many digits arc matched in that example, whereas

4% 1073
04501 x 1070
08886110521 x 107 e ’

which shows that about nine digits are correct. Generally speaking, using a relative error
protects us from misjudging the accuracy of an approximation because of scale extremes
{very large or very small numbers). As a practical mailer, however, we somelimes are nol
able to obtain an error cstimate 1n the relative sensc.

In the definitions (1.6) and (1.7). we have used the subscript b to suggest that, in gen-
eral, the approximation depends {in parl, al least) on a parameter. For the most parl, our
computations will indecd be constructed this way, usually wilth cither a real parameter b
which tends toward zero, or with an integer parameter n which tends toward infinity. So
we might want to think in terms of one of the two cases

lim A4, — 4
h—
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or
Iim A, = 4.

T OO0
In actual applicd problems there are, of course, lots of sources of crror: simple mistakes,
measurement errors, modeling errors, etc. We are concerned here only with the compu-
tational errors cansed by the need to construct computable approximations. The common
terminology is truncation error o1 approximation error or marhematical errvor.

1.2.2 Notation: Approximate Equality

If two quantitics arc approximately equal to cach other, we will use the notation “=™ to
denaote this relationship, as in
A= B

This is an admittedly vague notion. s 0.99 =2 1? Probably s0. 1s 0.8 =2 1?7 Maybe noL
We will almost always usc the = symbol in the sense of one of the two contexts outlined
previously, of a parameterized set of approximations converging €o a limit. Note that the
definition of limil means Lthat

Iim Ah =4 = Ah 2 A

h—0
for all h “sufficicntly small”” (and similarly for the cuse of A, — A asn — o0, for n
“sufficiently large™). For example, one way to write the definition of the derivative of a
funclion y = f{x) iz as follows:

R AR L,

We therefore conclude that, for i small cnough,

[z | h) = jl=)
Morcover, approximate equality does satisly the transitive, symmetric, and reflexive prop-
ertics of what abstract algebra calls an “gquivalence relation™:

A= B, Bx={C=>A4x=0,
A= B= B~ A,
A=~ A

Consequently, we can manipulate approximate equalities much like ordinary equalities (i.e..
equations). We can solve them, integrate both sides, etc.

Despite its vagueness, approximate equality is a useful notion to have around in a course
devoted to approximations.

1.2.3 Notation: Asymptotic Order

Another notation of use is the so-called “Big (¥ notation, more formatly known as “asymp-
totic order” notation. Suppose we have a value w and a family of values {, }, each of which
approximates this value,

Y=
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for small values of f. Tf we can find a constant € > 0, indlependent of k. such that
|y — yn| < CH(R) (1.8)
for all & sufficiently small, thea we say that
¥ yn | OF()), ash— 0.

meaning that y — yy, is “on the order of ™ B(1). Here 3(h) 1s a function of the parameter A,
and we assume that

litn 3{k) — 0.
hﬂ:}f( l)

The utility of this notation is that it allows us to concentrale on the important issuc in
the approximation--the way that the emor ¥ — yp, depends on the parameter b, which is
determined by #(h)—while ignoring the unimportant details like the precise size of the
constant, 7. The usage is similar if we have a sequence &, which approximates 2 given
value & for targe valucs of n. If

e — | < CB(r) (1.9)
for all 72 sufliciently large, then we say thal
T —a, FO(Fn)), asn - oo
The formal definitions are as follows.

Definition 1.1 (Asymptotic Order Notation) For a given value y, Iet {yp)} be a ser of
vafues parameterized by b, which we assume is smaoll, such tharyp, = y for small h. If there
exists a positive function B(h}, (I} — 0ay b — 0, and a constant C > 0, such that for
all b sufficiently small,

[y — wnl < CE{h),
then we say that

v —un 1 O(8(h)).
Similarty, if {yn} s a set of values parameterized by n, which we assume is large, such that
i =3 y for large n, and if there exisis a positive function p(n), p{n) — 0asn —» oo, and
a constani C = 0, such that for all v sufficiently large,

l¢ — gn| < CB(r),
then we say rhat

¥ - a | O(B(n)).
H EXAMPLE 1.4

Let
e o)
4 — / e g,
3}
=TL
A, — / e 2P,
a

Simple calculus shows that 4 —
O{c™?"). Here #in} — e72",

Lo

and A, — 1+ — %e ", 5o that we have A - A, |
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B EXAMPLE L5
Another example—and many such. in fact—can be generated from Taylor’s Theorem.
We have that
1.
cosx - 1— Emz cos &,

where €5 is between = and 0. Since cos &g is bounded by 1 in absolute vatue, we
eastly have that

1.,
|cosh — 1| < ~h?
2
s0 we cun wrile cos b — 1 1 Q(E?). Similarly, we can write thate® 1} 1 | O(h%). Tn

both these cases we have 3(k) = k2,
The following theorem shows how the asymptotic order relationship can be manipulated.

Theorem 1.7 Lety w1 O(B(Rh)) and z — zp, + Ox(h)), with b3(h) > ~(k) for all
k near zero. Then

ylz - iz OB+ (k)
¥z - oy ) L O(B(RY),
Ay = Auyn + O(3(R)}.

In the last equation, A is an arbitrary constant, independent of h.

Proof:  We simply show that each relationship above satisfies (1.8} for some constant C.
For example,

F?} - 'yh| + |Z - Zhle
C1i(k) + Coy(h),
C(B(h) + v(H)),

(¥ + 2) — {yn + 2a)]

A 1A A

where ' max{C", (h). Thus y + z = ya + 2n + O(B(A) + (k). Moreover, since
bF(R) = v(h), we also have that

v +2) —(yn +2n)] = C(B(R) + (),
< C(B(h) | bF(R)),
< (11 ByBh).

Also,
|[Ay — Ayn| —  Aly — wal,
CAR),

sothat Ay - Aya + CG{HE)).
A similar result holds for u,, =~ u with u — w,, } O{3(n)). and v, =~ v withv =
y + OQly(n)), ete.
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B EXAMPLE 1.6

We close this section with a simple example that illustrates the utility of the (notation.
Consider the combination of function values

D——flz+2h)+4f{x+ k) — 3f(x)

where [ 15 assumed (o be continuous and smooth, and k 1s o {small) parameter. We
can use Taylor's Theorem., together with the definition of the O notation, to write

Flo B = fla) | ) 1 3R E) 1 OR)

and

Flz 1 20)  Fla) 1 2hf'(x) 1 22" (x) + O(R™).
Therefore,
D — —fz+2k)4 4f(z+ k) —3f(z)

= —(J(x) +20]"(z) + 212 ["(z) + O(Y))
4(F(@) 1 hf@) | SR ) 1 OUR) 31 (e)
(=11 4=3)F(2) | (2R | 4h)[/(x) | (—20% ) 20%) [" () + O(R)
20 () | OR®).
Il we then solve this for f(x) we get

—f(:::+2h)+‘12fh(:r:+h) —3f(x) Lo

=)= (1),

where we have used the fact that O(R?)/h — O(h?) (see Problem 10); thus we can use

the expression on the right as an approximation to the derivative, and the remainder will

be bounded by 4 constant imes k2. See §2.2 and §4.5 for more on approximations to the

derivative. This particular approximation is derived again, by alternate means, in §4.5.
Note that we have rather quickly obtained an approximation to the first derivative, along

with some notion of the eror—it behaves proportionally to h2—by using the & notation.

Exercises:

1. Use Taylor's Theorem to show that

1
Vilz—1]| 5% | Ofx?)
lor @ sufficiently small.

2. Use Taylor's Theorem to show that ¢ — |t & + Q(2?) for z sufficiently small.

l—cosz
x

3. Usc Taylor’s Theorem te show that = %fc + {(z*) for = sutficiently small.

4. Show that
sinz -z | Of2®).
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Use Taylor’s Thearem to show that
(1 —i—:r:)_l S R (9(:.':3)

for & sufliciently small.

. Recall the summation formula

T ]—Tn-'_l
1 P T S no_ ko
brtr v br gzufr T

Use this to prove that

iy i
k . ntl
- o .
L]" 1—?"+ (T )

k=0
Hint: What is the definition of the ¢ notation?

. Use the above resnlt to show that 9 terms are all that is needed to compute

5— Ze‘_k

k=0

to within 10~ absolute accuracy.

. Recall the summation formula

Use this 10 show that
n I ”
Zk = ﬁn“ + Ofn).
k-1

State and prove the version of Theorem 1.7 which deals with relaticnships of the form

r— Tn t O(ﬁ(ﬂ})

. Use the definition of (2 1o show that if y  y;, | O(hP), then hy - hy, | O(hFL).
. Show thatifa,, O{xnP)andd, O(n?),thena,b, - O(nP'9).

. Suppose that ¥ — yp + O{B(R)) and 2 = =z, + O{A(R)), for k sulliciently small.

Does it follow that y — = — g3, — =5 (for k sufficicntly small)?

. Show that

for all i sufficiently small. Hint: Expand f{x & h) out to the fourth-order terms.

+ O(h?)

. Explain, in your own words, why it is nccessary that the constant ¢ in (1.8) be

independent of k.

N N =
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1.3 A PRIMER ON COMPUTER ARITHMETIC

We need to spend some time reviewing how the computer actually does arithmetic. The
rcason for this is simple: Compuler arithmetic is generally inexact, and while the ertors
that are made are very small, thcy can accumulate under some circumstances and actually
dominate the calculation. Thus we need to understand computer arithmetic well encugh to
anticipate and deal with this phenomenon,

Must computer languages use what is called floating point arithmetic. While the details
will differ [rom machine to machine, the basic idea is the same. Every number is represented
using a (fixed, finite) number of binary digits, usually called bits. A typical implementation
would represent the number in the form:

w—ax [ xFP

Here o is the sign of the number (£ 1), denoted by a single bit;, f is the mantissa or fraction; 3
15 1he base of the internal number system, usoally binary (3 = 2) or hexadecimal {3 — 16),
although other systems bave sometimes been used; ¢ is the (shifted) exponent. i.e., the value
that is actually stored; and p is the shift required to recover the actual exponent. (Shifting
in the exponenl is done 1o aveid the need for a sign bit in the exponent itself.} The number
wotlld be stored by storing only the values of o, f, and t. The standard way (0 represent
the computer word containing a floating point number is as follows:

(o] ¢ ] / |

To keep things simple, we will use a base 2 representation for our floating point examples
here.

The total number of bits devoled to the number would be fixed by the computer archi-
tecture, and the fraction and exponent would each be allowed a certain number of bits. For
example, 2 common situation would allow 32 bits for the entirc word,? assigned as follows:
24 bits {or the fraction, 7 bits for the exponent, and a single bit for the sign.

Nole that this imposes limits on the numbers that can be represented. Bor example, a7
bit cxponenl means that

0 <t <127
In order o allow for an equal range of positive and negative cxponents, the shift should be
lakentobe g 63 so that
—63 <! —p <G4
Attempts to create larger exponents result in what is called an overflow. Attempts to create
smaller exponents result in underflow®. The fraction is alse limited in size by the number
of bits available:

24
0SSy 278 127
k=1

A “word” is the largest unil of computer storage. Usoally a word consists of two nr more buyres that themselves
consist of 2 certain number of bits, typically 8.

*Most modern computers adhere to the so-called IEEE standurd for arithmuelic, which uses a kind of “cxtended
floating peint” number system. In addition 1o ardinary numbers, the IEEE standard allows for results Inf (infinity)
and Nal (not a munber), and includes riles for manipulating with ordinary foating point amnbers and these special
vlucs, Tor example. x/Inf yields (¢ as a result, while /0 yields plus or minus Inf, depending on the sign of x.
Most manipuladions with Nal retumn Nal as their resodt. In older arithmetie schemes, if an overflow or divide by
zero ncewrred, program execution usually terminated.



22 INTRODUCTORY CONCEPTS AND CALCULLIS REVIEW

In practice, most architectures assume that the [raction is rormalized ta be between 371
and 1; any leading zcroes would be dropped and the exponent adjusted accordingly.® Thus
we actually have

B =

24
W ES YIS S H
k=1

The errors in compuler arithmetic come about because the floating point numbers are
allowed only a lixed number of bits, and not every number can be exactly represented
in a fixed number of bits. The common name for the error thal is caused by this finite
representation is rounding error.

Let’s consider the simple addition of two numbers

z—01, y- 000003

assuming that they arc represeated in the scheme outlined above. The exact answer, of
conrse, is
r—x ty 010003

We note first that neither of these numbers can be exactly represented in our scheme. The
best we can do is®

i 0.00011001 10011001 10311001 1004
= 0.0999999510395...

and

# = 0.00000000 00000001 11110111 01010001 0000010,
0.0000295%399992421. .

Thus we have (admitiedly, small) errors being made cven before the addition occurs.
In our floating point scheme these two numbers would be stored as

— 11001100 11001100 11001100, x 260 63
— 11111011 10101000 100000104 x 218 6%

i B

Because the two numbers are of somewhat different sizes, a normalization is required in
order to get equal exponents. One way 1o do this—the precise details would depend on the
particular computer architecture—would give us

F = 1100 11001100 11001100 11000000 060000000, x 2 3¢
#— 000000000000 11111011 IHO1000 100000104 x 2 32
ad we can now add the mantissas to get the sum, which is ficst written as

@ 110011001101 11001000 01101000 10000010, x 2 72

Note thal the fraction here is oo long (o be stored wilth only 24 bits. What is donc with
the exira bits? Depending on the machine, they are cither thrown away, regardless of their

SSome architectunes take advantage of this assumption to aveid actually storing that leading bit—all the basic
anthrocie algorithins ace weitien (0 assume an calra leadhng 1—and thus they are able o ged 23 bits of information
inta 24 bits of storage space.

“Note that we have used the subseript 27 to indicate that the number should be interpreted as a base-2 fraction,
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sive (chopping). or the result would be rounded up or down, depending on size (rounding).
Rounding is more accurate, of course, but chopping is fuster. If we round, thes we have

E o= T100L100 TIONTV00 100001115 x 2 %7
— 11001100 11011100 100001115 x 28¢ #
—  0.100029997527599 ...

and the crror is
|z - 2| — 024724, x 10 8,

Let’s next assume that our machine vses chopping, in which case we end up with

7 .. 11001100 11011100 10000110, x 2 27
11001100 11011100 10000116, x 299-63
0.1000299900770. ..

and a tinal crror of
|z — 2| 0.992298... x 1078,

Note that the chopping error is indeed larger than the error when we used rounding. Similar
errors would of course occor with the other arithmetic operations.

The difference here ~ whether we chop or round—is indeed very small, and we might
be tempted to ignore it as being too small to worry about. In fact, this is usually the case.
But it is possible lor the effects of different rounding errors to combine in such a way as 1o
dominate and ruin a calculation. We can illustrate this point with simple decimal arithmetic
so fong as we insist on using only a small number of digits.

Consider an 8 digit approximation to @ — ¢ (/1007 - 0.99990001 and a similar
approximation to b — ¢~(1/1099" — (,49999900. By construction, both of these numbers
are accurate to 8 decimal digits. What aboul their difference ¢ — a — & — —0.000098997
How many accurate digits do we have here? The answer is: only four. Because we were
sublracting (wo nearly equal numbers, we lost a great deal of accuracy. This phenomenon
is called subrractive cancellarion. Il we had started wilh ore accurale approxirnations,
then the difference would contain more accurate digits; try this by tooking at the [0 digit
values

a — 0.9999000019998333,

b —  0.9999990000005000,
e - -0.0000989950006667.

The result ¢ 18 now accurate to 12 digits.
To see how subtractive cancellation can destroy almost all the accuracy 1n a calculation,
consider the quantity

D= (Jlw1) = [(w2)) ~ (J(w2) — [{es))

where f{x) — «=* and z; - 999/10,000,:5;  1/10,23;  1,001/10,000. Then the
calculation, as organized above and done in 8 digil arithmetic, yields D — —0.1 x 1077,
But when we do it in 16 digit arithmetic, we gel 7 — —0.194049768 x 1077, The 8 digit
calculation had ne accurate digits. Subtractive cancellation is thercfore something 10 avoid
ax much as possible, and 10 be aware of when it is unavoidable.
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Sometimes the problem with rounding error can be eliminated by increasing the precision
of the computation. Traditionally, floating-point arithmetic systems nsed a single word for
each number (“single precision”) by default, and 4 second word could be used (“double
precision”™) by properly specifying the type of data format to be used. Most languages now
use doubic word arithmetic by default. Sometimes the entire extra word is used to extend
the length of the fraction; sometimes the length of the exponent is also extended as well, Jf
changing the precision of a calculation dramatically changes the results, then it is almost
certain thai the computation is being seviously affected by rounding errors.

Another example of subtractive cancellation occurs with the evalvation of the function

for values of x near zero. L’ Hopital's Rule’ can be easily used to show that
Ji ) =1
and Taylor’s Theorem can be used to show that
1 2
fle)— 1 2% | O(z*)

for small x, bul the evaluation of f for & near O will exhibit subtractive cancellation that is
amplified by the division by x (since 2 is small precisely when the subtractive cancellation
is worsi). Table 1.1 shows the results of computing f using single precision and double
precision floating point arithmetic. Note that the error in the single precision results in-
creases dramarically for = < 2712 . 1/4096, which is not that small a number. A second
threshold of inaccurucy is reached at around = — 2724, Note that the usc of double preci-
sion arithmetic defers the onset and lessens the severily of the error, but does not eliminate
it entirely, as the last few rows show. (Even though the limiting value of f is 1, the error in
the computed value for 22 — 2779 is still non-zero; £(2 *) — | = 01657 x 107°, While
this error would be acceptable in single precision arithmetic, it is not acceptable for double
precision arithmetic.) How do we fix this?
Ome approach would be to use Taylor’s Theorem:

(L+z+ 322+ Ja™ t . a™ | ooy tet) —
. ! {nt 1)
fley —
.
L 1. 1
1 = 2 _::-n. T, - e
By R S e T

where ¢, is between = and 0; the value of n would depend on our required accuracy. We
would thus define f, for computational purposes, as

1) { 11 2wy ga? | ook ha® 1 | close o0,
" —1

A otherwise.

1f we wanted more accuracy we would use more lerms in the Taylor expansion.

TGuillaume Frangois Antoine Marquis de L' Hapital (1661 — 1704) was not trained in mathematics, but tonk it
up after resigning from the military due o poor eyesight. He studied with Johann Bemoulli in the 16907, and
in 1692 published what is gencrally regarded to be the first calculus texibook. Anafyse dey infiniment petits pour
Fintetfiyence des Nenes courbes, Whal we know as “T'Hépital’s Rute” first appears in thiz book, and iy probably
actually due 1o Bernowlli.
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Mustration of subtractive cancellation. vsing f(x

):'1'-’-”_—1)‘

T

£y — 2 k

Single Precision

Double Precision

0.50000000000000E+00

0.12974424362183E+01

(1129744254 14K)3D+01

0.25000000000000F+00

0.11361017227173E+01

(L11361016667510D-H)1

0.12500000000000E+00

0106518745422 36E+H01

L106518762453461+01

(1.62500000000000E-01

0.103191184997 56E+01

0106319113426858D+01

(13125000K0000E-01

0.101578903 198 24E+01

0.10157890399713D+01

0.15625000000000E-01

0.100785064697 27E+01

0.10078533495479D+01

0.78125000000000E-02

0.10039215087891E+01

0.1039164424253D401

(0.39062500000000E-02

0.10019531250000E+01

0. 1K1 93556706170D+01

(1L 19531250000000E-02

0.10009765625000E+01

0.100097719859341>+01

0.97656250000000E-03

0.100048828 1 2500E+01

0.10004884402344D+01

—| 3| w| ||| B || —

0.48828125000000E-03

0.100024414062 50E+01

0.3104002441803663D+01

—
]

(0.24414062500000L-03

0.10000000000000E+01

0.10001220802469D+01

(11220703 1250000E-03

0.1000000000)0000E+01

0.10000610376392D+01

=

(1L6103515625(K00E-(4

0.100000000000001E+01

0.10000305182002D+01

15

0.30517578 125000E-04

0.10000000000000E+01

0.10000152589419D+01

16

0.15258789062500E-04

0.10000000000000E+01

0.1000007629438 2D+01

17

0.762939453 12500E-05

0.10000000000000F+01

0. 1000003814697 3D+01

18

0.381469726562 50E-G5

0.1000000000)00CE+DL

0.10000019073486D+01

19

0190734863281 25E-05

0.10000000000000E+01

0.10000009536743D+01

20

1.95367431640625E-06

0.10000000000000E+01

0.1000000476837 2D+01

21

0.4768371 58203 12E-06

0.10000000000000E+01

0.10000002384186D+01

22

0.2384 18579101 56E-06

0.10000000000000E+01

0.10000001192093D+01

23

0.11920928955078E-06

0.10600000000000E+01

0. 1000000059604 63+0 1

24

0.59004044 77539 | E-Y

0.00C0000000000CE+00

0.10000000298023D+01

25

0.29802322387695E-07

0.00000000000000E+00

0.10000000149012D+01

26

0.14901161 193848E-07

0.00000000000000E+00

0. 1{KX)0000000000D+0 1

27

0.745058059692 38E-08

0.00000000000000E+00

0. 1000000003 KI00D+01

28

0.372529029846 19E-(8

0.00000000000000E-+0D

0. 1000000000000 +01

|29
30

0.1862064514923 HOE-08

0.0000000000000FE+D0

0.10000000000000D+01 ||

0.93132257461548E-00

0.00000D00000000E-+OD

0. 1000000000000 D+ 1

25
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We close this section with a definition. Tn a floating poinl computer system, there will
exist many nonzero nurnbers = such thal

I{x-1

within computer precision. For instance, in the 32 bit implementation oullined at the
begianing of the section, it is clear that this will hold for any = < 2 %%, since 1 } 272
in binary will require 23 bits of storage, and we only have 24 to work with. We define the
machine rounding unif, or machine epsifon, 1, 1o be the largest such number:

Definition 1.2 (Machinc epsilonr) The machine epsilon (alternately, the machine rounding
unit), w, is the largest floaring point number x such that & | 1 cunnot be distinguished from
1 on the computer:

u - max{x | 1+ x = 1,in computer arithmetic}.

It is possible o compute the machine epsilon based on knowlcdge of the floating point
number system on the computer in guestion.

B EXAMPLE 1.7

Suppose we want to compute the machine epsilon for a simple three digit decimal
computer which rounds (i.e., a machine thal does decimal arithmetic, keeps only three
digits, and rounds its results). Thus we can write any number 2 that is stered on the
computer as & — dydpds x 10¢, where ¢ is the exponent and 2;dadz represent the
decimal digits of the fraction. Now, based on the definition of machine epsilon, we
know that 2, 1.00 x 10 ? is too large, because

l4+zy=100+00L - 1.01 £1.00

On the other hand, we know that s — 1.00 x 10~ is certainly small cnough {perhaps
oo small) because we have

14 2y —1.00 4 0.001—1.001 = 1.00=1.00.

Thus, the computer cannot distinguish between 1 and 1+ x». But u is the largest
such number, so we have to look a bit further. Tt’s not a matter of using the right
formula, it is really a matter of experimentation and trial and crror. We have

14 0.002- 1002 —1.00-1,

s0 we know that zq = 2.00 x 1073 is small enough; the same argument would apply
toxg -~ 3.00 x 1077 and x5 — 4.00 x 1073, But

L+0005 —1.005 -101 /1

{because the machine rounds its computations). thus = = 5.00 x 10 * is too large.
But it is just barely 100 lurge, as any smaller number would have resulted in the
sumn being rounded down to 1.00. Thus we want the next smaller number within the
Sloating point number system, i.e., we want u - 4.99 x 1073, This gives us

1.00 4 0.00459 = 1.00499 — 1.00 — |,
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and it is clear that any larger number that we can represent in our floating point system
would resull in the sum being rounded up to 1.01 / 1. The student cught o be able to
show, now, that if the machine chops instcad of rounds, thatu 9.99 x 10”3,

There are a number of interesting consequences of the existence of the machine epsilon.
For example. consider the numbers

a Lb—ue—u

If we want to add up these numbers we quickly leam that the way we organize the caleulation
malters, For exumple,

fa il -(1+u)+u=1+u=1

whereas
a+{i1e) 1] 2u/1.

From atechnical point of view, this means that the associative law of arithmetic (for addition)
does not hold in Mloating point arithmetic systems. Tn other words, the order in which we
do operations somelimes matters.

It is possible to estimale the machine epsilon by constructing a loop which adds increas-
ingly small numbers to 1, and only terminates this when the result cannot be distinguished
from 1.

The hasic resull on computer arithmetic is the following.

Theerem 1.8 (Computer Arithmetic Exror) Let & denote any of the basic binary opera-
tioms (addition, subtraction, multiplicarion, or division), and let [l(x) denote the floating
point value of x. Then there exists ¢ constant C > 0 such that, for all x and v,

|z %y — fifa 9] < Cula =+ y).

Thus the computer value of  + y is relatively accurate lo within O{u).

The point of this section s thal we should now be aware that computer arithmetic is not
the 100% rcliable thing we might have thought it was. However, the emmors that crop up
do tend to appear only when extremely large or small numbers are involved {exceptions
do oceur, so we have to be carcful), and arc themselves very small. Moreover, rounding
errors tend to cancel themselves out over the long run, Rounding error and related cttocts
are things we have o walch out for and be aware of, but they are #suatly dominated by the
mathematical error that is made in constructing the approximations. Exceptions o this rule
of thumb do exist, however, as we shall see in §2.2 and §4.11.1.

Exercises:

I. In each problem below, A is the exact value, and Ay, is an approximation o 4. Find
the absolute crror and the relative error.
(a) 4w, Ay - 22/7;
by 4 — e Ay — 2.71828;
fcr A — % Ay — 0.1666;
() 4 L A, 0.1667.
2. Perform the indicated computations in each of three ways: (i) Exactly; (ii) Using 3
digil decimal arithmelic, with chopping; (iii} Using 3 digit decimal arithmetic, with
rounding. For both approximations, compute the absolute crror and the relative ervor.
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() 3t 750

M 31 (551 5)
© (3+&F+5
1 1
Ay § % 15

3. For cach function below explain why a naive construction will be susceptible to
significant rounding error (for x near certain values), and explain how to avoid this
EITOT.

(a) flz) . (1 —2)"{lnz — sinnz);
(by flz) - x Y1 —cosx)
{er flz) — {\/:L +9-—3 ?
() Jlz) (' — et ) (22) 7N
(e) fl=) -
4. For f(x) — (&* - 1)/x, how many terms in a Taylor expansion are needed to get

single precision acenracy (7 decimal digits) for all « € [0, £]7 How many terms are
needed for double precision accuracy (14 decimal digits) over this same range?

{cos{m + =) — cosm)x 1.

5. Using single precision arithmetic only, carry out cach of the following computations,
nsing first the form on the left side of the equals sign, then using the form on the right
side, and compare the two results. Comment on what you getin tight of the material
in §1.3.

@ (] =1 2% 3« |3z { F =1,z 10,c  0.000001.
by ~b+ VB2 — 20— 2e(-b— VB2 2) 1 h=1,000,c=m.

6. Consider the sum
TrE

: —d.unk
S5 — E g 14l0—e !

k=0

where m == 2x 108, Aguin using only single precision, compute this two ways: First,
by summing in the order indicated in the formuly; second, by summing backwards,
thalis, starting with the & — 200, 000 term and ending with the & — 0 term. Compare
your results and comment upon them.

7. Using the computer of your choice, find three values a. b, and ¢, such that
(a+d)+eFat+{b+e).
Repeat using your pocket calculator.

8. Assume we are using 3-digit decimal arithmetic. For ¢ — 0.0001, 2; — 5, compute

1
iy = g + (—) 1
fa

for ag equal to each of 1, 2, and 3. Comment.
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9. Lele << 1. Explain, in your own words, why the computation

(&)
(12:(1.0+ — [
C

is potentially rife with rounding error. (Assume that ng and aq are of comparable
size.) Hint: See Problem 8,

10. Using the computer and language of your choice, wrile a program to estimaie the
machine epsilon,
i1, We can compute e © using Taylor pelynomials in two ways, eilher using

. 1 1
el —x é-:r:g—gx'q—i—__,

or using
L

- 1+:r;+%3:3+t—l.)m3—|—_,_'

R

Discuss. in your own words, which approach is more accuraie. In particular, which
one is more (or less) susceptible (o rounding error?

12. What is the machine epsilon for a computer that uses binary arithmetic, 24 bits for
the fraction. and rounds? What if it chops?

13. What is the machine epsilon for a computer that uses octed (hase 8) arithimetic,
assuming it retains 8 octol digits in the fractton?

e w0l

1.4 A WORD ON COMPUTER LANGUAGES AND SOFTWARE

1n the carly 1970°s the standard computer Tanguage tor scientific computation was FOR-
TRAN, with Algol being perhaps the second choice. BASIC, in many incarnations, was
also a pussibility. By the Late 1980°s, Pascal had entered the fray and FORTRAN was con-
sidered passé in some quarters, especiatly since varions easy-1o-use integrated environment
packages for Pascal were being marketed o personal computer users. By the 1990's, Pascal
was fading away, but we now had C, or C++, or even Java. And FORTRAN, despite the
predictions of many and the desires of a4 few, was still with us. In addition, the increased
power of personal compulers meant that software packages such as MATLAB or Math-
CAD or Maple or Mathematica might be used to do scientific computation. (MATLAR, in
particular, has had a tremendous inflaence on scientilic computation.)

In short, if you don’t like the present state of affairs with regard 10 computing languages,
wait around a litlle while—it will change.

Given the inevitable change in computing languages, this text tries to a greal extent (0
avoid the entire issue by being as “language neutral” as possible. Most cxamples will be
given in a generic pscudo-code. The idea is to make the text as independent as possible
of anyone’s prejudices about languages, and also to pay attention o the notion (hat the
student should be comfortable in as many different languages as possible—even though
most scientific programming foday might be done in MATLAB, it is still the case that there
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is a lot of computer code (called legacy code) that is still being used and that was written
in FORTRAN or Pascal or Algol or C.

Finally, the more involved algorithms will be presented in more of an “outline™ style,
rather than a line-by-line of code style.

There exist a number of sources for good mathematical software. Traditionally, two of
the best sources were the IMSL and NAG libraries, collections ol FORTRAN routines [or
a4 wide variety of computational tasks. More specialized packages have also been devel-
oped, notably QUADPACK (numerical integration), LINPACK {linear algebra), EISPACK
(eigenvalue methods), LAPACK (an vpdated package that combines and actually replaces
LLINPACK and ETSPACK). and others. A repository ot public domain mathematics sott-
ware is maintained at NETLEB.F Recently, of course, there has been the development of
commercial packages like MATLAB, MathCAD, Maple, Mathematica, etc.

[}espite the wide availability of general purpose mathematicat software, it is still impor-
tant for students to learn how to write and (most important} debug their own codes. For Lhis
reason many of the exercises in this text involve computer programming,.

The text assumes that students are familiar with the vse of elementary packages (such as
Maple or Mathematica) for producing simple plots of functions. Whenever Lhe exercises
call for graphs or plots to be produced, it is assumed that such modern technology will
be used. Students should also feet free (with their instructor’s permission, of course) to
use Maple or Mathematica to simplify some of the more involved manipulations in the
CXCICISES,

1.5 SIMPLE APPROXIMATIONS

We have already used Taylor series to construct a simple approximalion o the exponential
function. Here we will do a similar but slightly more involved example to reinforce the basic
ideas and also to illustrate the usage of the asymptotic order notation introduced above.
The error function occurs often in probability theory and other areas of applied mathe-
matics (the solution of heat conduction problems, for example). 1t is defined by an intcgral:

2 T
erf(x) — ﬁﬁ e Ul

It is not possible to evaluate this integral by means of the fundamental theorem of calculus:
there is no elementary anti-derivative for e * (In Chupter 5 we will derive technigues that
can be applied to directly approximate the integral.) Here we will use Taylor's Theorem to
approximate the integrand as 4 polynomial. and exactly integrate that palynomial.

This is a fundamental idea in numerical methods: When confronted with a computation
which cannot be done exacily, we often replace the relevant function with something simpler
which approximates it, and carry ont the computation exactly on the simple approximation.

We might be lempied to compute the Taylor approximation to e # by appealing direcily
to the formula (1.1), but this will lead to a lot of unnecessary work. We know that

« 1 1 2.1 4 T A
& — +$+E.L' +5.L +|'E.L' |m(

— pelz) | fplx)

B0 the World Wide Web alhttp://www.netlib.ozrg.
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where
k o
ol ) = Z 1_‘
=]
and .
x .
Rel(x) - . ——e",
w(T) (EF )

Therefore we can gel the expansion and crror for e 5 by & simple substitution:
z .
et —.pk(—f,g)—I— Ri(—t3).

Thus we have

erf() = jF./n prf{—t5)dt + %f I (—tH)dt
T VT Jo

k 9
2 (=1 1 2" 2
= — ]t —= B (27 )i
ﬁ(g (20 1 1)i! v o W=t
For simplicily define the polynomial thal appreximates the crror function by g:
( l}\o lel
qk(T) - (Z (2.*, I 1)1

2 1 by I Ty +(—1)*‘x2k'l
- —_ Jn— =r e —_ — . e a1
N 3 0" Tt (2 | 1)&!

s0 that we have .

erf{x) — gqr{z) — :/—_ Rk(—t2]dt_

We want to simplify this error and produce an error bound, so we will also set

Fel(x) — j%/o Re(—17)dt.

Thus.
erfl(z) — gqulz) = Fp(x). (1.1

To simplify and bound the error, we note that

Pe) — o= [ R,

oy k]
_ i L(’.Cdt,

VrJo BT
2(— 1)kt p* 126262y

CESVIVA

where ¢ depends on £, and —t? < ¢ < 0. Now, since both functions in the imegrand above
are positive. we can apply the Integral Mean Value Theorem to get

A | 2 £ L) Uzk“
K1 2peqs — #2512
/c, F/O 2k+3
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for sume £ between 0 and —z7. Thus
2{_I}k|1m2k-3

k1 3) (k1 DT,

This error statement, although applicable oaly to a very elementary problem, nonetheless
contains all of the common features that will appear in the error estimales for more realistic
algorithms applied 10 more complicaled problems. Thus it is worthwhile discussing it
before we proceed to simplify it further.

Let us write the error in a more structured form:

Eplz)y = {1.11)

where
: 2 {_l)k| lm‘zk-'ﬁ'
C- 75 %@ - orET or

This divides the error into three distinct parts:

M - (’.E.

1. A raw numeric constant, C;

2. Anexpression depending on the computational parameters (&, ) of the problem; this
is & (w);

3. A fuctor thal depends on the function orits derivatives, evaluated al an indeterminate,
unknown point; this is M.

We are most interested in the second part of the error. The raw numeric constant is usually
of less interest, since we cannot do anything to make it smaller. The function-dependent
parl of the error is of some concem to ns in more complicated approximations; here we will
simply note thal we are not able to actually compulte Lhat value in most cases, so we resort
to upper bounds.

It is the parameiler-dependent part of the error that determines convergence and accuracy
and how tast we achieve either of them, and thal is, at teast parlly, under our conirol. In
fact. we might use the asymptotic order notation to write (1. 10) as

erf(z) - qulz} -+ O (x)).
Alternately, we could use the approximate equality notation to write
erf(z} = q(x)

where it is understood (perhaps only implicitly) that this approximation is valid only for &
large or for & small. We might want to simplify the error a little more by removing one of
the variables from &y (x). For cxample, if we were only interested in values of & between
0 and 2, then we could easily establish that

22k+3
(2k + 3k + 1)

for all z € [0, 2]. Morcover, the 2k + 3 factor in the denominator is nol going to aflect the
error bound nearly as much as the factorial, so we can further simplify to get
8 2% g 4*

PRl S E T B )

()| <
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forall & > 1. Thus we can write

4k
arf(z) - qk(z) | O (ﬁ) 0<z<2

This extra simplification has indeed increased our estimate of the error, but only slightly,
and not in a manner that ignores the most important tactors in the convergence of the
approximation—the factorial and the power. The benefit we get [rom this slightly increased
error estimate is the ability to quickly and casily gauge the accuracy of an approximation
nsing a specified number of terms. For example, we have that the error in a 20 term
approximation is on the order of 2.2 x 10 ¥, whercas a 10 term approximation is accurate
only Lo within about 0.026.

Exercises:

1. Consider the errer (1.11) in approximating the error function. [ we restrict ourselves
to & < 3, then over what range of values of ¢ is the approximation accurate to within
10737

2. 17 we are interested only in « € [0, ], then how many terms in the crror function
approximation do we need to take to get an accuracy of 10 %7

3. Repeat the above for z € [0, 1].

4. Assume that = € [0, 1] and write the error in the approximation to the exror function
using the asymptotic order notation.

3. Construct a Taylor approximaticon tor
“” 1
f(.l.)_/ L Pe t?d!,, 0O<p<l, z€ [0’51
L]

that is aceurate to within 10 * for atf values of p in the indicated range.

f(x)_/u'”e zzdt,. T C [%ﬂ

Ha) - /U ¢ Vsintdt, e l-m/an/A),

construct a Taylor approximation that is accurate to within 10~* over the indicated
interval.

6. Repeat the above for

7. For

&, Does it make a difference in the previeus problem il we restrict p 1o p & [0, ljl?

9. What is the error in a Taylor polynomial of degree 4 for f{) — /z using g = 9/16,
forall & € |1/4,1]?

10, What is the error in the Taylor pelynornial of degree 5 [or f(z) = 1/, using xq =
3/4, forz € [§,1]?

I1. How many terms must he taken in the above 1o get an error of less than 10772 10~47?

eeel
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1.6 APPLICATION: APPROXIMATING THE NATURAL LOGARITHM

In this section we will put together many of the basic idcas from previous sections to
construct a reasonable approximation 1o the natural logarithm tunction. The primary tool
will be Taylor's Theorem, and our goal will be (o produce an approximation 1o the logarithm
that is accurate to within ¢ — 10 16,

We [irst observe that if we can assume that ¥ — In2 is known to arbitrary precision,
then we really only nced to construct a logarithm approximation that is valid over a short
interval. This follows because of the way that the computer stores numbcers. Since any z is
stored as z = f - 27 for 3 < f < 1 and some 4, we have

Inz—Inft Flo2.

Since f € |f7 1], we will get the best results by choosing the center of the cxpansion 1o
be zg - J—f This is a little nnusual, but not unprecedented. The Taylor expansion for the
logarithm is then (you ought to verify this}

-z | [z —m\’ 1w —ag\"
Inz - in:t:U-IT Tﬂ——(rr In) +...+{-N" '—(ﬂ)
n £

&g 2 €p

b 1)"] (z - ™ ldt. (1.12)
Since the remainder here is a little more complicated than in the usual case, let’s look at it
carefully. We have

xr

Rn(u:)—(—l)”/ (@ — O™

g

s0 that

|£2.(x)| — /”(z—t)“t n 1dt‘_

We now lake upper bounds using the elementary fact that

b
[ el < -l max 1)

€a,b|
Thus,
xr — t)?l
| Bn{z)] < |z — w0l max | =

Now, we know that zg = 3, that z € |, 1} and that £ is between « and xo. It follows, then,
that

x —xg| < —

| ol < 1

and that

7T

(z— )"
jrell

x—1

g T
S RIRE

At this point we have to proceed carefully. We want to bound the function

x—t
)

4(t)
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in absolute value, What do we know about #7 Since ¢ 1s between o and x5, we have cither
29 Sl <worw <t < 3y Wehave o’{£)  —uw/t? so there are no critical poinis (since
x 7 03 Therefore. the Extreme Value Theoram tells us that the maximum and minimum
of g cceurs at the end peints, that is for ¢ =— x and for ¢ — zg. Since g(x) - 0, we clearly
have |¢(£)f < |g{xo}|. Thus, substituting into the previous inequality, we have

(z— )"

i,““

<of %0

1 /1IN
-ﬁ:ra“ E_ o L)
|2 2(3)

from which we conclude that n = 33 is sufficienl o guarantee that |R,.(x)] < 10 ¢ for
all m € Il,, 1]. 1t thus requires a 32 degree pulynomial to approximate the jogarithm in this
fashion, along with an accurate reprasentation for ln 2 and In %,

Problem 5 asks you to implement this as a subprogram and check it against the intrinsic
naturat logarithm function on your computer.

Can this be improved? Yes, il is possible 10 construct an equally accurate logarithm
approximation that uses fewer computations. Iroblem 6 asks you to look into this by using
a clever combination of logarithm expansions that results in faster convergence.

Theretore,

Exercises:

1. Write each of the following in the form  — f x 27 for some f [-1;, 1].

{a) » = 25;
(by = 13;
fc) x» — %
() = — ﬁ

2. Tor cach value in the previous problem, compute the logarithm approximation using
the degree 4 Taylor polynomial from (1.12). What is the error compared to the
logarithm on your calculalor?

3. Repeat the above for the degree 6 Taylor approximation.

4. Repeal the above for the degree 10 Taylor approximation.

5. lmplement {as 4 computer program) the logarithm approximation constructed in this

section. Compare it to the intrinsic logarithm function over the interval (3, 1]. What
is the maximum observed error?

6. Let's consider how we might improve on our logarithm approximation from this
seetion,

(a) Compute the Taylor cxpansions, with remainder, for In(l + ) and In(1 — )
{use the integral form of the remainder).

{b} Combine the 1w to get the Taylor expansion for

f(:;:):h(i?i)_
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What is the remainder in this expansion?
(c) Givenz € {3, 1] show how to compute z suchthat 2 = (1 —z)(1+a) 1. What
interval contains x?
{d} Use this to construct an approximation to In z that is accurate to within 1078,
7. Use the logarithm expansion from the previous problem, but timited to the degree 4
case, to compute approximations to the logarithm of each value in the first problem
of this section.

8. Repeat the above, using the degree 10 approximation.

9. Lmplement (as a computer program) the logarithm approximation constructed in Prob-
lem 6. Compare it to the intrinsic logarithm function over the interval [%‘ 1]. What
is the maximum observed error?

14, Tty lo use the ideas from this section 1o construct an approximation o the reciprocat
function, f(x) - =", that is accurate to within 10™'% over the interval [% 1].

qeeel

Literature Review

There are a lot of textbooks in numerical analysis and nnimerical methods. Some, like [8],
[9], and [15], arc considered classics. A list, by no means exhaustive, of numerical analysis
or numerical methods texts is given below.

All of these books give decenttreatments of Lhe basic topics. Some are more mathemati-
cal than the others; some are designed for less well-prepared students. The books [2, 4, 18]
are relatively current texts intended for a graduate student audience; [3,5,6,7, 10, 13,16, 17]
are current texts intended for an uadergraduate audience. The presentation in this text has
been heavily influenced by [4] and the carlier cditions of |6].

An interesling and light-hearted collection of projects for a numerical methods course
can be found in [12].

There exist more specialized books that treat only the root-finding problem, or numerical
integration, and so on. These will be discnssed in the appropriate chapters.
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