CHAPTER 1

INTRODUCTORY CONCEPTS AND
CALCULUS REVIEW

It is best to start this book with a question: What do we mean by “Numerical Mcthods and
Analysis™?! What kind of mathematics is this bock about?

Generally and broadly speaking, this book covers the mathematics and methodologics
that underlie the techniques ol scientific computaiion. Maore prosaically, consider the bation
on your calculator that computes the sine of the number in the display. Exactly how does
the calculater know that correct value? When we speak of using (he compuler to solve
a complicaled mathematics or engineering problem, cxactly what is involved in making
that happen?  Are computers “born”™ with the knowledge of how to solve complicated
mathematical and engineering problems? No, they are nol. Moslly they are progranimed
to do it, and the programs implement algorithms that are based on the kinds of things we
will talk about in this text.

Textbooks and courses in this area generally follow one of twoe main themes: Those titled
“Numerical methods” tend 1o emphasize the implementation of the algorithms, perhaps at
the expense of the underlying mathematical theory that explains why the methods work;
those titled “Numerical analysis” tend to emphasize this underlying mathematical theory,
perhaps at the expense of some of the implementation issues. The best approach, of coursc,
is to properly mix the study of the algorithms and their implementation (“*methods™) with
the study of the mathematical theory (“analysis™) that supports them. This is the goul of
the present Lexl.

Whenever someone speaks of using a computer to design an airplane or predict the
weather, or otherwise solve a complex science or engineering problem, that person is talking
about using numerical methods and analysis. The problems and areas ol endeavor thal
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2 INTRODUCTORY CONGEPTS AND CALCULUS REVIEW

use these kinds of techniques are continually expanding. For example, computational
mathematics—another name lor the material that we consider here—is now commeonly
uscd in the study of financial markets and investment structures, an area of study that does
not ordinarily come to mind when we think of “scientific” computation. Similarly, the
increasingly frequent use of compuater-generated animation in film production is based on
a heavy dosc of spline approximations, which we introduce in §4.8.

There are a number of different ways to break down the subject into component parts.
We will discuss the derivation of the algorithms, we will discuss the implementation of the
algorithms, and we will also analyze the algorithms, mathematically, in order to learn how
best to use them and how best to implement them. In our study of each technique, we will
usually be concemned with two issues that often are in competition with each other:

& Accuracy: Very few of our computations will yield the exact answer to the problem,
s0 we will have to understand how much error is made, and how to control (or even
diminish) that error.

¢ Efficiency: Does the algorithm take an inordinate amount of computer time? This
might seem to be an odd question to concern ourselves with—after all, computers
are fast, right?—but there are slow ways to do things and fust ways to do things. All
else being equal {it rarely is), we preter the fast ways.

We say these two issues compete with cach other because, generally speaking, the steps
that can be taken to make an algorithm more accurate usually make it more costly, that is,
less efficient.

There is a (hird issue of importance, but it does not become as evident as the others
(although it is still present) until Chapter 6:

e Stability: Does the method produce similar resulis for similar data? If we change the
data by a small amount, do we get vastly ditferent results? If so, we say the method
is unstable, and unstable methods tend to produce unreliable results. Tt is entirely
possible to have an accurate method that is efficiently implemented and yet is horribly
unstable; see §6.4.4 for an example of this.

1.1 BASIC TOOLS OF CALCULUS

1.1.1 Taylor’s Theorem

Computational mathematics does not require a large amount of background, but it doces
require a good knowledge of that background. The most important single result in numerical
computations, from all of the calenlus, is Taylor's Theorem,! which we now state:

Theorem 1.1 (Taylor’s Theorem with Remainder) Let f(x) have nt-1 continuous deriva-
tives on |a, b] for some v > 0, and ler x, zy € [a, b]. Then,

f(z)  pulz) | f(2)

'Brook Taylor (1685 — 1731) was educated at St John's Collepe of Cambridge University, entering in 1701 and
graduating in 1709, He published what we know as Taylor's Theorem in 1715, although it appears that he did not
appreciale s lanrer wnportance and he certainly did not bother with a formal proof. He was clected a member of
the prestigious Royal Society of London in 1712

Taylor acknowledged thar his work was bascd on that of Newton and Kepler and others, but he dhid not ac-
knowledge that the same result had been discovered by Johann Bemoulli and published in 1694, {But then Taylor
discovered integration by parts first, although Bernoulli claimed the credit.)
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Moreover, there exists a point £ between & and xq such that
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The point @y is vsually choscn at the discretion of the user, and is often taken to be 0.
Note that the two forms of the remainder are equivalent: the “pointwise” form (1.3} can be
derived from the “integral” fom {(1.2); see Problem 23.

Taylor’s Theorem is important because it allows us to represeat, exactly, fairly general
functions in tenmns of polynomials with a known, specified, boundable error. This allows us
to replace, 1n a computational sctiing. these same generat functions with something that is
much simpler—a polynomial—and yet at the same time we are able (o bound the error that
is made. No other tool will be as important to us in this course as Taylor’s Theorem, so it
is worth spending some time on it here at the outset.

The usual calculus treatment of Taylor's Theorem should leave the student familiar with
three particular expansions {for all three of these we have used @y - 0):

Rn(z) — Frrie). (1.3)
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{Strictly speaking, the index on the last two remainders should be 2n + 1 and 2n, becavse
those arc the cxponents in the last terms of the exparsion, but it is commonplace to present
it as we did here.) In fact, Taylor’s Theorem provides us with our first and simplest example
of an approximation and an error estimate, Constder the problem of approximating the
cxponential funclion on the interval |— 1, 1}, Taylor's Theorem tells us that we can represent
e® using a polynomial with a (known) remainder:

r . 1 1 3 1 n 1 nt+1 o,
¢ 1I'Li§ 1§.L|...fa.1,l| m.x, ¢

i
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where ¢, i an unknown point between x and (1. Since we want to consider the most general
case, where o cun be any point in [—1, 1], we have to consider that e, can be any point in
|—1, 1], as well. For simplicity, let’s denote the polynomial by p,.(x), and the remainder
by fi,(x), so that the above becomes

" = pn(@) + Lal2).

Suppose we want this approximation (o be accurate to within 1075 in absolute error, ic.,
we wanl
FEI —Pn(il?” = ]0_6

for alf z in the interval |—1, 1]. Note that if we can make | £2,(z)| < 1078 foralle € |1, 1].
then we will have

| — pal#)| = |Ralz)| < L07°

50 Lhat the error in the approximation will be less than 1675, The best way to proceed is
to create a simple upper bound for | R, {z)|, and then vsc that to determine the number of
terms necessary to make this upper bound less than 10 &,

Thus we proceed as follows:

|:L.'n,| 'Ier:,,r
R, R
Ral@)l =
pl|tdl o
|.J:|—c_’ becanse £* > 0 for all z,
(n+ 1)t
= (nthl)‘ because |¢] < 1 forallz € [-1, 1],
e
< ———— hecausec¢®™ <eforallz e |—1,1]
S mrnr cause ¢ < ¢ forall z € [—1,1|
Thus, if we find nz such that
1
— <108
(n | 1)
then we will have
le“ — pulz)|  [fulz)] SE SR TLE 1078

])'

and we will krow that the error is less than the desired wlerance, for all values of = of
inlerest to us, e, all z € [—1, 1], A little bit of exercisc with a calculator shows us that
we need to use n — 9 in order to get the desired accuracy. Figure 1.1 shows a plot of
the exponential function ¢*, the approximation pg{z), as well as the less accurale pa(x);
since it is impossible to distinguish by eye beiween the plots for € and py{2), we have
also provided Figure 1.2, which is 4 plot of the crror €® — po(x); note that we begin to lose
accuracy as we get away from the interval [—1, 1]. This is not surprising. Since the Faylor
polynomial is constructed to match f and its first r2 derivatives at & — =g, il ought 10 be the
case thal pr, 15 a good approximation o f only when z is near zo.

Lere we are in the first section of the text, and we have already constructed our first
approximation and proved our first theoretical result. Theoretical result? Where? Why,
the error estimate, of course. The malerial in the previous several lines is a proof of the
lollowing vesull:
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Figure 1.1 Taylor approximation: ¢, pa(x) = ¢* and pa(s) = . Notc that &* and pa{x) are
indistinguishable on this plot.

I /

Figure 1.2 Error in Taylor approximation: e*  pofx).

Propasition 1.1 Let po(x) be the Taylor polynomial of degree 9 for the exponential function.
Then, for all = € | =1, 1}, the error in the approximation of pg(z) to e* is lexs than 10 5,
ie,

| — pa(z)| < 10 °

Joralle e |—1,1}
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While this result is not of major significance to our work-—the exponential function
is approximated more cfficientty by different means—it does illustrate one of the most
important aspects of the subject. The result tells us, ahead of time, that we can approximate
the exponential function to within 1078 accuracy using a specific polynomial, and this
accuracy holds for all & in a specified interval. That is the kind of thing we will be doing
throughout the text—constructing approximations to difticult computations that are accurate
in some sense, und we krow how accurate they are.

Bl EXAMPLE 1.1

Let f{x) — +/x t 1; then the second order Taylor polynomial (computed aboul
xy — 0) is computed at follows:

Jlw) = 1O =1

o _ ]_3, -1/2 Flgn) — l

Fe) = et ) ) —

" _ _l l.[. —-3/2 e __1,

@) = g glet D S o) — s

pala) = Tlwo) | (@ -zl (w0} 1 5~ 2l (wo) < 11 g —

The error in using pa to approximate v/ 1 1 is givenby Ra(z) = & (z—xa)* 7 (Ex).
where £; is between « and xy. We can simplify the error as follows:

k]

Rl |gpla = )76

3 1 1

9 A5 (5& ' 1)_5/2

.r,|'3

L x
6 2 2 '

1 3 —5/2
- g 117 E
glel e 1 1]

If we want to consider this for all & € |0, 1|, then, we observe thal = € [0, 1] and &,
between x and 0 imply that £, € |0, 1], therefore

(€ + 172 <0y 1772 -1,

so that the upper bound on the emror becomes |Hz{z)| < 1/16 = 0.0625, for all
@ € |0,1]. If we are only interested in = € [0, &), then the error is much smaller:

1 . .
@) - el 1 17,

1 3
L/,
1

128’
—  0.0078125.
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