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Index

(J1, J2, J3), rotation matrices 147, 255
(σ1, σ2, σ3), Pauli spin matrices 163, 257
(a1, a2, . . . , an), covariant components 49
(x1, x2, . . . , xn), contravariant components

49, 66
(x1, x2, . . . , xn), covariant components 83
∗, Hodge-star operation 144
Ai = (φ, A), relativistic four-potential 332
D, absolute differential 105
Dt, absolute time derivative operator 240
G(a), growth rate profile, K–B method

515
G(q, Q), generating function 443
Gij, Einstein tensor 429
I, action variable 448
I ≡ R(0), identity transformation 191
Pi, or αi , Jacobi momenta 302
Qi , or βi , Jacobi coordinates 302
R(0) ≡ I, identity transformation 191
R(r), Lagrange perturbation function 493
Rk

jab , curvature tensor 423
Rjb, Ricci tensor 425
S(q), action 296
S(q, P, t), generating function 445
S0(q, P, abbreviated action 446
TM, union of all tangent spaces 348, 531
TMq, tangent space at q 348, 531
T0, string tension 387

Γj
ik , Christoffel symbol 95

�, imaginary part 279
Λi

j , transformation matrix 70
Ω, Cartan matrix 146
�, real part 279
α′, angular momentum factor 402
αi , or Pi, Jacobi momenta 302
βi , or Qi , Jacobi coordinates 302
δ(x), Dirac delta function 72
εijk, Levi-Civita three-index symbol 86
h̄ = h/2π 314
〈ã, x〉, invariant product 50

P (τ)
µ , string momentum density 389

R, scalar curvature 429
ω

j
i , Christoffel form 95

Dt, gauge invariant time derivative opera-
tor 242

d/dt, apparent time derivative 229
∂∂∂/∂∂∂x, basis vector 77
φ, electromagnetic scalar potential 64, 332
R.I.I., Poincaré relative integral invariant

561
εijk 325
�x 49
ã(x), invariant product 50
d̃x, differential form 53
ẽi , basis covector 70
a, Φ, Krylov–Bogoliubov variables 509
aixi , invariant product 50
c, speed of light 318
d or δ, equivalent differential notations 57
dx, “ordinary” differential 53
h, Planck constant, quantum of action 314
A, electromagnetic vector potential 64,

332
E/B, electric/magnetic field 334
H/ΦM, magnetic field/potential 558
S = −J, matrices in Hamilton’s equations

542
d/dλ, vector field notation 121
ei , basis vector 70
k, wave vector 316
p, momentum 297
x ⊗ y, tensor product 74
x ∧ y, wedge product 76
E , relativistic energy 328
E0 = mc2, relativistic rest energy 328

q
= , qualified equality 5

H.I., Hamiltonian variational line integral
442

I.I., Poincaré–Cartan integral invariant
560

4-gradient 326
4-vector 322
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a
Abbreviated action 446, 453, 455
Absolute differential
– contravariant vector 100
– covariant vector or constant vector 100
– metric tensor 101
– scalar function or scalar product 100
Absolute time derivative operator, Dt 240
Accelerating frame description 226
Acceleration
– absolute 105
– fictitious 230
Accuracy of adiabatic invariant 466
Action 278, 295
– h, Planck constant 314
– -angle variables 448
– -angle, conjugate variables 453
– abbreviated- S0 305, 446, 453
– abbreviated-, parametric oscillator 455
– adiabatic invariance of 449
– approximate invariance 454
– as generator of canonical transformation

441
– in terms of transverse velocity 393
– modified 388
– multidimensional 473
– Nambu–Goto 386
– Nambu-Goto 403
– Polyakov 389
– related to eikonal 295
– related to Lagrangian 295
– related to period of motion 452
– relation to period of motion 475
– relativistic 327
– relativistic, including electromagnetism

332
– simple harmonic oscillator 448
– spatial dependence, H–J 316
– string 386
– variable 450
Action variable, see angle 441
Action-angle
– -like K–B parameterization 509
– conditionally periodic motion 474
– Fourier expansion 456
Active/passive interpretation 52, 242
Adiabatic
– approximation, Foucault pendulum 268
– condition 281
– invariant, action is 449
– use of the term in thermodynamics 452
Adiabatic invariant 268
– accuracy of its conservation 466
– charged particle in magnetic field 460
– importance for quantum mechanics 452

– magnetic moment in magnetic bottle
463

– proof of invariance 451
– R.I.I. 566
Affine
– centered-, transformation 91
– connection 94
– transformation 91
Alternate coordinate ordering, Hamilton-

ian 481
Ampère law, mathematical and physical

arguments 558
Analogy
– eikonal/action 314
– optics/mechanics 441
– optics/mechanics/quantum mechanics

314
Angle in metric geometry 90
Angle variable 471
– adiabatic dependence 468
– defined 454
– proportional to t 473
Angle variable, see action 448
Angular momentum 173, 216
– conservation 342, 352
– rate of change 341
– string 401
Anharmonic oscillator 502
– first-order solution 504
– potential illustrated 506
– second-order solution 507
– zeroth-order solution 502
Anholonomy 263, 274, 275
Anisotropic medium 292
Annihilation 67
Anti-symmetrization 140
Apparent
– time derivative 229
– velocity, acceleration 229
Appropriateness of string theory 379
Approximation
– accuracy of adiabatic invariance 466
– analytic basis for 441
– need to preserve symplecticity 441
– see also linearized 53
Area
– integral 154
– projected onto coordinate planes 535
– Pythagorean relation for 143
Arrow 5
Ascending node 309
Association
– 2 × 2 matrix and vector 256
– 2 × 2 matrix with vector or bivector 163
– 3 × 3 matrix and vector 258
– ż with d̃H 540
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– angular momentum as matrix 260
– cross product, commutator 164
– dot, cross, triple, products 164
– plane and vector 134
– spinor with vector 162
– torque as matrix 260
– trajectory and differential of Hamiltonian

540
– trivector with matrix 164
– vector or bivector with 2 × 2 matrix 163
– vector, plane, and matrix 135
– vector/form, induced by ω̃ωω(2) 538
Asteroid 237
Autonomous oscillators, qualitative analy-

sis 515
Autonomous/nonautonomous definition

502
Average 449
Averaged
– perturbed Kepler equations 496
Axis
– body 183
– laboratory 183
– space 183

b
Ball rolling without slipping 214
Base frame 91
Basis
– orthonormal 133
– reciprocal 84
– symplectic 544
Basis vector
– partial derivative notation 77
Beaded string 32, 37
Beads on stretched string 22
Beam of particles 278
Bianchi identity 425
Bifurcation 516
Bilinear covariant 58, 109
– independence of coordinates 111
– related to quasivelocity 181
Bilinear form 19
Billiard ball 214
Bivector 140
– and infinitesimal rotation 145
– association with rotation 163
Body
– -axes 185
– -axis principal moments of inertia 209
– -frame Poincaré description 208
– -frame expression for kinetic energy

209
– and space frames 253
– frame 226
Bohr–Sommerfeld theory 453

Boundary
– conditions, relativistic string 389, 397,

405
– value, ray tracing 290
Bowling ball 214
Bracket
– Lagrange 495
– Poisson, see Poisson 554
Branes 391

c
Calculus
– differential form 61
– of variations 295
– of variations, vector field formulation

186
Canonical
– momentum 1-form 533
– transformation 446
Cartan 47
– méthode du repère mobile 241
– matrix Ω 241
– matrix Ω 206, 244
– matrix Ω as bivector 146
– matrix Ω related to angular velocity 147
Cartesian
– axes 47
– basis 79
Catalytic 61
Cavendish experiment 429
Cayley–Klein parameters 161, 165
Central force, perturbed equations of mo-

tion 500
Centrifugal
– acceleration 230
– force 227, 230
– meteorological unimportance 232
Centroid 208
– variables 340
Chaotic motion 505
Characteristic
– exponent, or tune 487
– multiplier 487
Christoffel
– coefficients in general relativity 413

– form, ω
j

i 95

– symbol, Γj
ik 95

Christoffel symbol 94
– cylindrical coordinates 109
– derived from metric 97
– evaluation using MAPLE 109
– practical evaluation 108
– spherical coordinates 103, 109
Close-to-identity
– matrix Aλ

µ 192
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– transformation 192
Closed string 382
Commutator
– Euclidean 215
– matrix 164
– quantum mechanical, and Poisson

bracket 555
– quasi-basis vectors 130
– relation to loop defect 123
– rotation and translation 215
– same as Lie derivative 126
– vector fields 122
Complete integral
– examples 313
Complex
– multiple meanings 538
Component
– curvilinear 89
– skew 90
Concatenation 71, 291
– requirement for continuous group 192
Condition
– adiabatic 281, 467
– extremal 187, 288, 442
– Floquet 485
– for matrix to be symplectic 547
– H–J transverse 297
– Hamiltonian or infinitesimally symplec-

tic 481
– magnetic trap velocities 462
– minimum, or extremum 288
– osculation, Lagrange planetary equations

493
– periodicity 485
– single-value 558
– validity of geometric optics 281
– validity of magnetic trap analysis 461,

466
Conditionally periodic motion 469
– Kepler problem 474
Congruence 285
– no crossing requirement 529
– of curves 123, 529
Conjugate
– symplectic-, of matrix 547
Conjugate momentum 13
Connection
– affine 94
– symmetric 94
Conservation
– and cyclic coordinates 344
– and symmetry 339
– angular momentum, Lagrangian ap-

proach 342
– angular momentum, Poincaré approach

341

– cancellation of internal forces 342
– energy 343
– linear momentum 339
– magnetic flux linked by guiding center

466
– multiparticle laws 339
– Noether’s theorem 348
– of charge, misleading application 558
– reduction 344
– string momenta 400
– symmetric top 345
Conserved quantity 302
– Kepler problem 310
Constraint
– nonholonomic, or nonintegrable 171
Continuity equation 64
Continuous group
– concatenation requirement 192
– examples 196
– investigation using MAPLE 197
Contour
– equivalue 50
– reduced three body problem 236
Contour integration 468
Contraction
– of indices 76
– of indices theorem 75
Contravariant
– relativistic components 323
– vector 49
Control parameter 517
Coordinate
– complex 79, 161
– curvilinear 90
– generalized, of manifold 5
– ignorable 180, 348
– light-cone 405
– locally inertial 412
– longitudinal 18
– longitudinal and perpendicular in mag-

netic trap 461
– transformation 68
– transverse 18
– transverse and longitudinal 405
Coriolis
– acceleration 230
– force 227, 230
– force, free fall subject to 233
– force, importance for satellite motion

234
– force, meteorological consequence 232
Correspondence, quantum/classical 556
Cosine
– -like trajectory 284
– of angle in metric geometry 90
Covariant
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– component 83
– relativistic components 323
– vector 47, 49
– vector, as pair of planes 83
Curl
– as differential form 63
Current
– density 559
Curved space 413
Curvilinear coordinate 89, 148
Cyclic (or ignorable) coordinate 344, 347
Cyclotron frequency 461

d
D’Alembert’s principle 491
Darboux’s theorem 545
DeBroglie
– frequency/energy relation 316
– wavelength/momentum relation 316
Density
– conserved in phase space 570
– string, Lagrangian 389
Derivative
– covariant 109
– invariant 109
– Lagrange 107
– second-, related to commutator 188
– total 105
Diagonalization
– linear Hamiltonian system 482
– matrix 479
Differential
– d̃f of function f (x) 53, 532
– covariant, or absolute 97
– exterior 563
– exterior, see exterior 60
– related to gradient 78
Differential form
– “old-fashioned” 57
– ad hoc notation 57
– and vector calculus 61
– calculus 57
– closed 58
– exact 58
– geometric interpretation 53
– surface integral 154
Dirac δ-function 72
Distribution
– function 72
– parameters 72
Diver 274
Divergence
– as differential form 63
– generalized 157
– theorem, see Gauss’s theorem 157
Dot product 80

Drift
– azimuthal, in magnetic trap 466
– longitudinal, in magnetic trap 464
Dual
– space 66
– vector 66
Dyadic 254
Dynamical system 282, 344, 523
Dynamics 107

e
Earth, moon, sun system 234
Eccentric anomaly 29, 475, 499
Eigenvalue
– linear Hamiltonian system 482
– symplectic matrix 548, 550
Eigenvector
– multidimensional linear system 481
– special, in extended phase space 563
– symplectic matrix 548
Eikonal 281, 295
– equation 281, 557
Einstein
– gravity 436
– tensor 429
Einstein–Minkowski metric, or law 80,

319
Energy
– kinetic 106
– relativistic 328
Equality of mixed partials 199
Equation
– anharmonic oscillator 502
– eikonal 281
– Floquet 487
– H–J first order P.D.E. for S(q, t) 296
– Hamilton’s 15, 291, 444
– inhomogeneous 479
– linear, periodic, Hamiltonian system

484
– Lorentz 321, 334
– Newton 219
– Poincaré 177
– rolling ball 215
– Schrödinger 314
– variational 489
– wave 280
– wave on relativistic string 390
Equivalence principle 411
Equivalent
– damping (or growth) rate 512
– linearization, K–B method 512
– spring constant 512
Ergodic theorems 236
Essential parameter 192
Euclidean basis 79
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Euler
– -Poisson equation, rigid body in force

field 211
– equation, Lie algebraic derivation 261
– rigid-body equation, Poincaré derived

211
Evolution, active/passive interpretations

242
Example
– action variables 475
– adiabatic invariants for magnetic trap

461
– advance of perihelion of Mercury 497
– astronaut re-orientation 275
– beaded string 32
– charged particle in electromagnetic field,

Hamiltonian 16
– charged particle in magnetic field 459
– continuous transformation group 196
– contour map of Colorado 54
– falling cat 274
– Foucault pendulum 262
– free fall in rotating frame 233
– grandfather clock as autonomous oscilla-

tor 518
– gravity pendulum as anharmonic oscilla-

tor 510
– gravity pendulum, superconvergent

analysis 525
– Kepler problem, H–J treatment 310
– magnetic trap 461
– parametric oscillator, action-angle ap-

proximation 455
– projectile, H–J treatment of 301
– reflecting waves 40
– rolling cart 217
– rolling inside cylinder 217
– simple harmonic motion, H–J treatment

306
– skateboard 216
– sound in solid 35
– symmetric top 345
– Van der Pol oscillator, K–B treatment

511, 522
– variable length pendulum 457
– waves on classical string 39
Examples
– adiabatic invariance 268, 456
– canonical transformation 456
– commutation of group generators 207
– complete integral 313
– conservation and symmetry 343–345
– constrained motion, Poincaré 216
– Coriolis force 234, 238
– differential forms 61
– exterior differential 61, 62

– fiber optics 284
– fictitious force 231
– geometric phases 274
– Hamilton’s equations 347
– Hamilton–Jacobi method 313
– Hamiltonian 313
– Krylov–Bogoliubov method 510
– Lie algebra 257, 258
– matrix optics 289
– perturbed oscillators 456
– Poincaré equation using group theory

214
– rotating relativistic string 398
– solution by iteration 233
– successive approximation 233
– symplecticity in optics 289
– worked 42
Expansion, impossibility of remote 95
Experiment
– bending of light by sun 437
– Cavendish 429
– Foucault 232
– gravitational lensing 437
– gravitational red shift 437
– Mercury perihelion advance 435
– Michelson–Morley 318
– Pound–Rebka 410
– Sagnac 421
– Zeeman 238
Exponentiation 120, 255
– matrix 479, 486
Extended phase space 560
– 1-form 563
– 2-form 563
– simple harmonic oscillator 561
– special eigenvector 563
– trajectories 562
Extended phase-space
– displacement vector 563
– skew-scalar product 563
Exterior differential 60
– defined 62
– independence of coordinates 111

f
Falling cat 274
Fermat principle 278, 288
Fiber optics 284
Fictitious force 230
– gauge invariant reconciliation 244
Field
– electric 64, 334
– electromagnetic, derived from four-

potential 64, 334
– magnetic 64, 334, 559
Floquet
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– analysis of periodic system 484
– equation 487
– pseudo-harmonic description 486
– theorem 485
– variables 486
Flux 558
Force
– central 500
– centrifugal 227, 242
– conservative, Krylov–Bogoliubov treat-

ment 510
– Coriolis 227, 242
– fictitious 230
– generalized 106, 174
– intensity 209
Form 50
– n- 156
– fundamental 80
– linear 66
– metric 80
– one- 50, 531
– symplectic (or canonical) two- 536
– symplectic, as phase-space “metric” 544
– two- 62, 156
Form invariant 239
– Maxwell’s equations 239, 317
– requirement of relativity 317
Formalism
– gauge invariant/fictitious force compari-

son 240
– spinor 161
Foucault
– experiment 232
– fictitious force solution 263
– gauge invariant method 265
– pendulum 262
Fourier
– expansion in terms of angle variable

456
– expansion of perturbation 514
– expansion, purpose for angle variables

471
– expansion, relativistic string 406
Frame
– astronomical 308
– inertial 91, 226
Frenet–Serret
– description 273
– expansion of ωωω 226
– formula 222
– limited applicability in mechanics 225
– vector 224
Frequency shift
– anharmonic oscillator 507
Function
– linear 66

– or mapping 5

g
G.P.S. 440
Galilean
– invariance 240
– relativity 318
Gauge
– light-cone 403
– static 385
Gauge invariant 238
– angular motion definitions 247
– description of rigid body motion 252
– fictitious force reconciliation 244
– form of Newton’s equation 239, 242
– Gauss’s theorem 159
– manifest covariant 241
– mechanics 219
– Newton torque equation 248
– rigid body description 259
– single particle equation 238
– time derivative operator 242, 259
– torque 246
Gauss’s theorem
– as a special case 157
– gauge invariant form 157
– generalized 157
Gaussian optics 288
Generalized
– coordinate 220
– gradient 297
– rotation 133
– velocity 220
Generating function 443
– F3(p, Q, t) 443
– F4(p, P, t) 443
– G(q, Q, t) ≡ F1(q, Q, t) 443
– S(q, P, t) ≡ F2(q, P, t) 443
– inherent impracticality of 444
Generator
– commutation relations for 205
– transformation group 201
Geodesic 416
– Euler–Lagrange equation 106
– great circle 271
– in general relativity 411
Geometric
– optics 277
– optics, condition for validity 281
– phase 262
Geometry
– n dimensional 90
– differential, of curve 222
– Einstein 413
– Euclidean 79
– generalized Euclidean 133
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– metric 79
– ordinary 89
– symplectic 529, 543
– synthetic 66
– vector 219
Global positioning system 440
Gradient
– related to differential form 54
Grand unification 379
Gravitational acceleration, effective 249
Great circle 271
Group
– n coordinates, x1, x2, . . . , xn 190
– r parameters, a1, a2, . . . , ar 190
– commutation relations 199
– infinitesimal operator 195
– Lie 189
– operator as vector field 195
– parameters as coordinates 193
– structure constants 199
– transformation, continuous 189
– transitive 193, 206
– velocity 294
Growth (or damping) rate
– Van der Pol oscillator 512
Guiding center 461
– drift in magnetic trap 464
– transverse drift in magnetic trap 466
Gymnast 274
Gyration 459
– illustrated 462
– in magnetic trap 463
Gyroscopic terms
– reduced three body problem 237

h
H–J, abbreviation for Hamilton–Jacobi

295
Hamilton 295
– -ian 296
– characteristic function 446
– equations 15, 443
– – in embryonic form 291
– matrix, linear system 477
– original line of thought 288
– point characteristic 443
– point characteristic, G(q, Q) 291
– principle 278
– variational line integral H.I. 442
Hamilton’s equations
– conditionally periodic motion 473
– in action-angle variables 454
– in matrix form 541
– linear system 477
Hamilton–Jacobi 295
– abbreviation H–J 295

– and quantum mechanics 314
– canonical transformation approach 445
– equation 296, 300
– equation from Schrödinger equation

314
– equivalence to Hamilton equations 302
– geometric picture 297
– inverse square law potential 310
– nonintrinsic discussion 297
– transverse condition 297
Hamilton–Jacobi equation
– and Schrödinger equation 300, 314
– energy E as Jacobi momentum 307
– in general relativity 437
– Kepler problem 310
– projectile 301
– relativistic 330
– relativistic, including electromagnetism

334
– separability 470
– Stäckel analysis 470
– time-dependent 445
– time-independent 305, 446
Hamiltonian
– charged particle in magnetic trap 463
– defined 15
– in terms of action variables 473
– its differential 540
– matrix formulation 477
– perturbed 449
Hard or soft spring, sign of cubic term

506
Harmonic balance, in K–B method 514
Hodge-star operation 64, 144
Holonomy 263
– holonomic drive or propulsion 275
Hooke’s law 441, 505
Huygens
– construction 292
– principle 292
– principle, proof of 293
Hydrogen atom and Kepler problem 310
Hyperplane 81
Hysteresis
– autonomous oscillator 517
– cycle 518

i
Ignorable (or cyclic) coordinate 344, 348
Inclination of orbit 309
Index lowering 83
Index of refraction 18, 279, 288
Inertial frame 91, 226
Inexorable motion 234
Infinitesimal
– generator commutation relations 205
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– generator of group 201
– group operator 195
– rotation operator 207
– translation operator 207
Inhomogeneous equation 479
Initial value
– ray tracing 290
Integrability 347
Integral
– complete, H–J 300
– evaluation by contour integration 469
– general, H–J 300
– particular 504
Integral invariant 557
– absolute 558
– invariance of I.I. 563
– Poincaré relative 561
– Poincaré–Cartan 560
– R.I.I. as adiabatic invariant 566
– R.I.I., dimensionality 566
– R.I.I., time-independence 566
– relative 559
Interface, spherical 289
Intrinsic 5, 50
– nature of vector analysis 532
Invariance
– adiabatic, of action 449
– gauge 336
– symplectic 2-form 537
Invariant 52
– area, volume, etc. in phase space 569
– form 239
– Galilean 240
– gauge, see gauge invariant 335
– integral 557
– Lagrange integral 285
– multivector measure in phase space 569
– Poincaré–Cartan 285
– product 50, 80
Inverse
– matrix 68
– of symplectic matrix 547
Involution
– solutions in 544
Isometry 414
Isomorphism I, vector/form, induced by

ω̃ωω(2) 539
Isotropic vector 80, 162
Iterative solution
– anharmonic oscillator 502
– first-order solution 504
– second-order solution 507
– zeroth-order solution 502

j
Jacobean matrix 531

Jacobi
– identity 129
– initial time, β1 306
– integral 235
– method 302
– new coordinate parameters 302
– new coordinates and momenta 310
– new momentum parameters 302
– parameter 446
– parameter, nature of 305
– parameters, Kepler problem 310, 475
– theorem 302, 555
Jupiter satellite at Lagrange point 237

k
K–B, Krylov–Bogoliubov abbrev. 508
KAM, Kolmogorov, Arnold, Moser 523
Kepler
– geosynchronous orbit 231
– Jacobi integral 237
– orbit 236
– orbit trigonometry 312
– problem 26
– reduced three-body problem 234
– sun, earth, moon system 236
Kepler problem 307
– action elements 475
– and Hydrogen atom 310
– canonical momenta 310
– conditionally periodic motion 474
– equality of periods 475
– H–J treatment 310
– Hamiltonian 310
– Jacobi parameters 475
– perturbation of 493
– zero eigenvalue 489
Killing terms in canonical perturbation

theory 524
Kinematic 107
Kinetic energy
– expressed in quasivelocities 176
– space and body formulas 253
Kolmogorov superconvergent theory 523
Krylov–Bogoliubov method
– equations in standard form 510
– equivalent damping and spring constant

512
– first approximation 508, 510
– higher approximation 518
– power and harmonic balance 514

l
L.I.I., Lagrange integral invariant 285
Lagrange
– bracket 495
– bracket related to Poisson bracket 496
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– brackets for Kepler problem 500
– identity 86
– integral invariant, L.I.I. 285
– planetary equations 492, 496
– planetary equations, explicit 501
– stable/unstable fixed points 237
– stationary points 236
Lagrange equation 13
– equivalence to Newton equation 107
– from absolute differential 102
– from geodesic 106
– from variational principle 106
– related to ray equation 18
Lagrangian 13
– expressed in quasivelocities 214
– related to action 295
– relativistic, including electromagnetism

332
– set of solutions in involution 544
Langevin metric 420
Laplace transform method 23, 264, 503,

505
Larmor theorem 238
Law
– Ampère 558
– Einstein–Minkowski 80
– Hooke’s 441, 505
– Pythagorean 79
Least time, principle of 287, 439
Legendre transformation 13
Leibniz rule for Lie derivative 129
Lens-like medium 284
Levi-Civita three-index symbol 86, 325
Libration 42
– in multiperiodic motion 472
Lie algebra 128, 244
– derivation of Euler equation 261
– rigid body description 259
– structure coefficient or commutation co-

efficient 200
Lie derivative
– contravariant components 120
– coordinate approach 111
– Lie algebraic approach 120
– related to absolute derivative 119
– same as vector field commutator 126
– scalar function 116
– vector 116
Lie theorem 200
Lie-dragged
– congruence 125
– coordinate system 111
– scalar function 116
– vector field 116, 117
Light-cone 319
– coordinate 405

– gauge 403
– metric 405
Limit cycle, Van der Pol oscillator 512
Linear system 477
– Hamiltonian 477
– Hamiltonian, periodic 484
Linearization, equivalent 512
Linearized 53
– change of function 203, 532
– coordinate translation 95
– function variation 53
– introduction of tangent space 174, 202
– Lie-dragged coordinate transformation

115
– ray equation 284
Liouville
– determinant formula 484
– symplectic transfer matrix requirement

568
– theorem 285, 538, 563, 568
Locally inertial coordinates 412
Logarithm of matrix 479, 486
Loop defect 122
Lorentz
– “rotation” 321
– force law, from Lagrangian 334
– transformation 321
– velocity transformation 322
Lyapunov’s theorem 487

m
Magnetic
– bottle 461
– moment, invariant in trap 463
– trap 461
– trap, guiding center 461
Manifest
– covariance and gauge invariance 241
– covariant 56
– invariant parameterization 396
Manifold 89, 95, 111, 116, 531
MAPLE
– Christoffel symbol evaluation 109
– general relativity 434
– reduced three body problem 235
Mass of relativistic string 387, 408
Matrix
– 2 × 2, relation between inverse and sym-

plectic conjugate 548
– J = −S, in Hamilton’s equations 542
– S = −J, in Hamilton’s equations 542
– associated to
– – angular momentum 260
– – plane 135
– – torque 260
– – vector or bivector 163
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– commutator 164
– composition 71
– concatenation 71
– conventions 68
– diagonalization 479
– exponentiation 255, 479
– fundamental solution 484
– inverse of symplectic 547
– Jacobean 531
– logarithm 479
– monodromy, see periodic 484
– optics 288
– Pauli spin 163
– single-period transfer 484
– symplectic 478
– symplectic conjugate in block form 548
– symplectic, determinant = 1 546
– transfer 285, 478
– transfer, periodic system 484
Matrizant, see periodic 484
Maxwell equations 63
Mechanics
– gauge invariant 219
– Lagrange–Poincaré 169
– quantum 300
– related to optics 315
– relativistic 317
– symplectic 529
– vector 219
Mercury, advance of perihelion 497
Method
– action-angle 453
– adiabatic invariance 462
– averaging fast motion 462
– canonical transformation 441
– Fourier expansion, nonlinear 503
– generating function 443
– Hamilton–Jacobi 445
– invariants of slow motion after averaging

fast 462
– iterative 233, 502
– Jacobi 302
– Krylov and Bogoliubov (and Mitropol-

sky) 508
– Linstedt, for anharmonic oscillator 502
– perturbation 491
– separation of variables 300
– variation of constants 474, 493
Metric
– artificial Pythagorean metric in phase

space 542
– Einstein–Minkowski 319
– form 80
– geometry 79
– Langevin 420
– light-cone 405

– revised relativistic 384
– Schwarzschild 433
Minkowski metric 319
Mixed partials, equality of 199
Mode
– normal 20
– relativistic string 406
– shape 22
Mode shape 24
Moment of inertia
– ellipsoid 254
– tensor 31, 254
Momentum
– 1-form yields canonical 2-form 537
– canonical 1-form 533
– canonical, in magnetic trap 463
– conjugate 189
– conjugate of θ, particle in magnetic field

460
– conservation 339
– conserved 189
– from action S 302
– from action S(q) 297
– from eikonal 293
– from Lagrangian 14, 328, 340
– in geometric optics 289
– not essential to Lagrangian description

177
– quantum mechanical relation to wave-

length 316
– relativistic 328
Moon, earth, sun system 234
Moving frame method, Cartan’s 241
Multidimensional system 469
Multivector 138
– area, volume, etc. 142
– Hodge-star 144
– invariant measure 142
– measure in phase space 569
– supplementary 144

n
Nambu–Goto action 386, 403
Natural
– basis vectors 92
– frequency 456
New
– coordinates Qi and momenta Pi 441
– coordinates and momenta 302
Newton
– equation 219, 239
– gravity 436
– law 106, 219, 434
Noether
– invariant 350
– theorem 348, 350
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Nonlinear, see also anharmonic 502
Notation 5
– multiple meanings of xi 124
– relative/absolute integral invariant 567
– relativistic dot product 384

o
O.P.L., optical path length 287
Old coordinates qi and momenta pi 441
Open string 382
Optical path length 279
– O.P.L. 18
Optics
– analog of angular momentum conserva-

tion 285
– geometric 277
– matrix 288
– paraxial or Gaussian 288
– related to mechanics 315
Orbit
– element 28
– element, planetary 309
– equation 28
– geodesic in Schwarzschild metric 434
Orientation
– inner/outer 49
– of orbit 309
Orthogonal
– parameterization 394
– vector 80
Orthogonal matrix
– eigenvalues 197
– orthonormal rows/columns 163
– parameterization 206
Oscillator
– action S0(q, E) 307
– action-angle approach 454
– anharmonic 502
– curve of constant energy 308
– damped and driven 25
– multidimensional 18, 469
– new Hamilton’s equations 454
– parametric 455, 457
– parametric, new Hamiltonian 456
– phase space trajectory 308
– Van der Pol 512
Osculating plane 223

p
Pair of planes as covariant vector 47
Parallel
– -ism 95
– displacement of coordinate triad 270
– displacement, Levi-Civita 270
– pseudo- 117
– translation 270

– transport on a surface 413
Parameter
– essential 192
– independent 300
– Jacobi 305, 446
– reduction to minimal set 206
Parameterization
– σ and τ 385
– by energy content 394
– invariance 381
– orthogonal 394
Parametric oscillator 449
Paraxial 288
Particle mass as gravitational “charge”

209
Pauli spin matrix 163
– algebra 257
Pendulum
– example of Poincaré approach 178
– Foucault 262
– variable length 457
Perigee 309
Perihelion 497
Periodic system
– characteristic exponent 487
– characteristic multiplier 487
– conditionally-, motion 469
– linear Hamiltonian system 484
– variation has 1 as characteristic multi-

plier 490
Perturbation
– central force 500
– Kepler equations 493
– of periodic system, 1 as multiplier 490
– parametric of Hamiltonian 449
– theory 491
Perturbation theory
– based on unperturbed action-angle anal-

ysis 454
– canonical 523
– Fourier expansion of perturbation 514
– Lagrange planetary equations 492
– superconvergent 523
Pfaffian form 95
Phase
– -like, action S 300
– advance, rate of 282
– velocity 279, 294
Phase space
– artificial Pythagorean metric 542
– configuration space comparison 530
– density conserved 570
– extended 560, 563
– measure of area, volume, etc. 569
– no crossing requirement 529
– orbit illustrated 472
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– rotation 472
– trajectory of oscillator 308
Photon
– trajectory 293
Planck’s constant 314, 566
Plumb bob 248
– angular momentum transformation

method 251
– fictitious force method 250
– gauge invariant method 252
– inertial frame force method 248
– inertial frame torque method 250
Poincaré
– relative integral invariant 561
– terminology for integral invariants 558,

559
– variational equations 489
Poincaré equation 169, 177
– and rigid body motion 183
– derivation using vector fields 186
– examples 178, 185
– features 179
– generalized Lagrange equation 169
– in terms of group generators 204
– invariance 180
– restriction using group theory 189
– rigid body motion 213
Poincaré–Cartan integral invariant 560
Poisson bracket 554
– and quantum mechanics 555
– in perturbation theory 555
– properties 555
– related to Lagrange bracket 496
Poisson theorem 555
Polyakov action 389
Potential
– effective 26
– gravitational 210
– multidimensional 18
– relation to potential energy 209
– scalar 332
– vector 332
Potential energy
– and generalized force 107, 177
– derived from potential 209
– inclusion in Lagrangian 177
Pound–Rebka experiment 410
Power balance, in K–B method 514
Precession 497
Principal
– axes 31, 262
– normal 223
Principle
– constancy of speed of light 318
– d’Alembert’s 491
– equivalence 410

– Fermat 288
– greatest (proper) time 320
– Huygens’ 292
– least time 287
– variational 285
Product
– exterior 140
– inner, explicit evaluation 539
– skew-scalar symplectic 543
– skew-scaler, in various forms 546
– tensor 534
– wedge 140, 534
Projected area 535
Projection 67
Proper
– distance 319
– time 319
Pseudo-harmonic solution 486
Pseudo-parallel 117
Pythagoras
– law 45, 79
– relation for areas 143, 569

q
Qualified equality 5
Qualitative analysis, autonomous oscilla-

tors 515
Quantum mechanics 300
– commutator from Poisson bracket 555
– importance of adiabatic invariants 452
– Poisson bracket 555
– quantum/classical correspondence 556
– related to optics and classical mechanics

315
– Schrödinger equation 314
Quasi-
– coordinate 172
– displacement, expressed as form 181,

182
– velocity 172
– velocity, related to generalized velocity

183

r
Radius of curvature
– Frenet–Serret 223
– invariant expression for 144
Ray 278
– -wavefront equation 282
– analog of Newton equation 283
– equation 283
– hybrid equation 282, 297
– in lens-like medium 284
– linearized equation 284
– obtained from wavefront 282
Reduced
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– mass 30
– three body problem 234
Reduction
– quadratic form 18
– to quadrature 311
– to quadrature, Stäckel 470
– to sum or difference of squares 81
Reference
– frame 91
– trajectory 278, 530, 535
Reflection
– in hyperplane 134
– vector and bivector 164
Refractive index 288
Relative
– angular velocity 242
– velocity 241
Relativistic
– 4-acceleration 326
– 4-gradient 326
– 4-momentum 329
– 4-tensor 323
– 4-vector 322
– 4-velocity 326
– action 327
– action, including electromagnetism 332
– antisymmetric 4-tensor 325
– energy 328
– forced motion 329
– four-potential 332
– Hamilton–Jacobi equation 330
– Hamilton–Jacobi equation, including

electromagnetism 334
– metric tensor 324
– momentum 328
– rate of work done 329
– rest energy E = mc2 328
– string 379
Relativity 317
– Einstein 317
– Galilean 318
Remembered position 228
Repeated-index summation convention

50
Representation
– reflection of bivector 164
– reflection of spinor 164, 166
– reflection of vector 164
– rotation of spinor 166
– rotation of vector or bivector 165
Resonance 503
– small denominator 505
Ricci’s theorem 101
Riemann tensor
– See curvature tensor 423
Rigid body

– gauge invariant description 259
– Lie algebraic description 259
– motion, commutation relations 212
– Poincaré analysis 206
– Poincaré equation 213
Rolling ball 214
– equations of motion 215
Rotating string 398
Rotation
– and reversal 133
– as product of reflections 135, 137
– expressed as product of reflections 135
– infinitesimal, relation to bivector 145
– Lie group of 136
– noncommutation of 255
– proof of group property 137
– proper/improper 133
– spinor representation 165
Routh
– -ian 345
– procedure 344

s
Sagnac effect 421
Satellite orbit
– see also Kepler 238
– stability 238
Scalar
– curvature 429
– product 80, 90
– wave equation 279
Schrödinger equation 300, 306
– h̄ = 0 limit 314
– time dependent 314
Schwarzschild
– metric 433
Science Museum, London, England 262
Secular terms, anharmonic oscillator 502
Separation
– additive/multiplicative 300
– of variables 300
– of variables, Kepler problem 310
Shape
– normal mode 22
– of variation 186
SI units 317
Simple harmonic oscillator 25
– action 448, 561
– H–J treatment of 306
– R.I.I. and I.I. 561
Sine-like trajectory 284
Skew coordinate frame 81
Slowness, vector of normal 293
Small denominator
– problem of 505
Snell’s law 26, 286
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SO(3)
– orthogonal group 138
– related to SU(2) 161
Soft or hard spring, sign of cubic term

506
Solution
– cosine-like 284
– Hamilton–Jacobi 299
– sine-like 284
Space
– -like 80
– and body frames 253
– curved 413
– like 319
– Minkowski 317
– or inertial, frame 226
– Riemann 423
Special relativity, see relativity 317
Spinor
– association with vector 162
– defined 162
– in pseudo-Euclidean space 167
– operation on 166
– proof it is a tensor 162
– reflection and rotation 166
– three dimensions 161
– unitarity of its rotation matrix 167
Stäckel’s theorem 470
Stability of satellite orbit 238
Stokes
– lemma 559, 563, 565
– lemma for forms 565
– theorem for forms 156
String
– angular momentum 401
– conserved momenta 400
– open or closed 382
– period 41
– rotating 398
Structure constant 176
– antisymmetry in lower indices 184
– as Lie algebra commutation coefficient

200
– Euclidean 215
– example 185
– rotation group 207
– rotation/translation 215
SU(2)
– related to SO(3) 161
– unimodular group 167
Summation convention 50
Sun, earth, moon system 234
Superconvergent perturbation theory

507, 523
Surface
– integral 154

Sylvester’s law of inertia 83
Symmetric top 345
Symmetry and conservation laws 339
Symplectic 289, 529
– 1-form, from momentum 1-form 537
– 2-form, or canonical 2-form 533
– basis 544
– canonical form 543
– conjugate in block form 548
– conjugate, alternate coordinate ordering

481
– conjugate, of matrix 547
– feature of anharmonic oscillation 507
– geometry 529
– geometry, analogy to Euclidean geometry

543
– geometry, properties derived 545
– group 543
– hard to maintain perturbatively 507
– infinitesimally 481
– origin of the name “symplectic” 538
– properties of phase space 530
– skew-scalar product 543
– space, dimension must be even 545
– system evolution 566
– transformation 545
Symplectic matrix
– 4 × 4 diagonalization 552
– 6 × 6 diagonalization 553
– determinant = 1 546
– eigenvalue 548
– eigenvalues 550
– eigenvector 548
– robustness of eigenvalue under perturba-

tion 552
Synchronization
– clocks in general relativity 418

t
Tangent
– bundle 348
Tangent space 173, 531
– algebra 175
– and instantaneous velocity 174
– linearized introduction of 174
– or tangent plane 175
Taylor approximation 532
– see also linearized 53
Telescope in space
– Hubble 237
– Next Generation 237
Tension
– string, T0 387
Tensor 73
– algebra 66
– alternating 74



586 Index

– antisymmetric 74
– contraction 73
– curvature 423
– distinction between algebra and calculus

76
– Einstein 423
– multi-index 73
– product 534
– Ricci 425
– Riemann 423
Theorem
– adiabatic invariance 451
– contraction of indices 75
– Darboux 545
– Fermat 288
– Fermat, fallacy in proof 557
– Floquet 485
– I.I., integral invariant 563
– invariance of R.I.I. 565
– Jacobi 302, 555
– Kolmogorov, superconvergence 527
– Larmor 238
– Lie 200
– Liouville 285, 538, 563, 568
– Lyapunov 487
– Noether 350
– Poincaré, series nonconvergence 507
– Poisson 555
– Ricci 101
– rotation as product of reflections 135
– rotations form group 137
– Stäckel, separability- 470
– Stokes 558
– Sylvester 83
– time evolution of quantum commutator

556
Three body problem 234
Three index antisymmetric symbol 86
Time
– -like 80
– average 449
– dependence, normal mode 481
– derivative expressed as Lie derivative

207
– derivative operator 242, 259
– like 319
– of passage through perigee 309
– proper 319
Toroidal configuration space geometry

474
Torque 210, 246
Torsion 224
Trace 76
Trajectory
– configuration space 278
– phase space, no crossing property 278

– photon 283
– reference 278, 530, 535
Trampoline 274
Transfer matrix 285, 478
– required to be symplectic by Liouville

568
Transform
– Laplace 23, 264
– symplectic 545
Transformation
– active/passive 6
– affine 91
– canonical 441
– canonical, using G(q, Q, t) 444
– canonical, using S(q, P, t) 445
– centered affine 91
– close to identity 192
– close-to-identity 192
– coordinates 68
– distribution 72
– force vector 239
– from unperturbed action-angle analysis

454
– gauge 335, 336
– group of continuous 189
– Legendre 13
– Lorentz 321
– Lyapunov 487
– relativistic velocity 322
– similarity 242
– symplectic 545
– to action-angle variables 454
Transitive group 193, 206
Transport, parallel 270
Transpose, matrix 5
Trigonometry
– of Kepler orbit 312
Trivector
– association with matrix 164
– invariant measure of 143
– vector triple product 164
True anomaly 499
True vector 56
Tumble 274
Tune, or characteristic exponent 488
Twin paradox
– for Foucault “clock” 269
– in general relativity 417
– in special relativity 320

u
Unification, grand 379
Unit cell 84
Unit tangent vector 223
Unit vector 93
– time derivative of 221
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– unit length 220

v
Van der Pol
– oscillator 512
– solution, precursor to K–B 508
Variable length pendulum 457
Variation
– calculus of 295
– end point 296
– mono-frequency 279
Variation of constants
– conditionally periodic motion 474
– Kepler problem 493
– Krylov–Bogoliubov approach 508
Variational
– (or Poincaré-) equations 489
– principle 285
Vector
– association with reflection 163
– curvilinear coordinates 219
– incommensurate at disjoint points 95
– mechanics 219
– true 56
Vector field 99
– as directional derivative 201, 202
– as group operator 195
– associated with d̃H 540
– identified with differential operator 121
– rotation operators 184
– total derivative notation 121
Velocity

– group 279, 294
– phase 279, 294
Virasoro expansion 407
Virtual displacement 201
Volume
– determined by n vectors 138
– oriented 138
Vortex line 560, 565
Vorticity 560

w
Wave
– -front 278, 292
– -front, surface of constant action, S 297
– equation 279, 280
– equation on relativistic string 390
– function 280
– length, λ 279
– length, vacuum, λ0 279
– number, k 279
– number, vacuum, k0 279
– phase 281
– plane 279
– vector, related to electric field 285
Wedge product 534
Weyl, originator of symplectic geometry

538
World sheet of string 382

z
Zeeman effect 238




