
PART I
The Concept of Risk

Certum est quia impossible est
Tertullian, AD 200





1
Modelling Risks

A risk can be described as an event that may or may not take place, and that brings about
some adverse financial consequences. It is thus natural that the modelling of risks uses
probability theory. The basics of probability theory are briefly reviewed in this first chapter,
with special emphasis on multivariate tools, such as random vectors and related quantities.
The material introduced here will be extensively used throughout the book.

1.1 INTRODUCTION

Much of our life is based on the belief that the future is largely unpredictable. We express
this belief by the use of words such as ‘random’ or ‘probability’ and we aim to assign
quantitative meanings to such usage. The branch of mathematics dealing with uncertainty
and randomness is called probability theory. Together with statistics, it forms the basis of
actuarial science.
In a broad sense, insurance refers to the business of transferring (totally or partially) the

economic impact of unforeseen mishaps. The central notion in actuarial mathematics is the
notion of risk. A risk can be described as an event that may or may not take place, and
that brings about some adverse financial consequences. It is thus natural that the modelling
of risks uses probability theory, with the concepts of random events and random variables
playing a central role.
This first chapter aims to lay the mathematical foundations for the modelling of insurance

risks. We begin by describing the classical axiomatic construction of probability theory.
Probability spaces are carefully defined. Subsequent sections deal with random variables,
distribution functions, quantile functions, mathematical expectations, etc. Emphasis is put on
mutual independence and random vectors.
We also list several transforms, such as the hazard rate, the mean-excess function, the

Laplace transform, the moment generating function as well as the probability generating
function. These transforms will be used in the next chapters to characterize partial order
relations defined on sets of distribution functions.
The final sections of this chapter are devoted to very particular dependence structures,

extreme in some sense to be specified later on: comonotonicity and mutual exclusivity. The
former corresponds to perfect positive dependence: all the random variables can be written as
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