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1.1 INTRODUCTION

To the best of our knowledge, the first attempt to explore the concept of “arti-
ficial” materials appears to trace back to the late part of the nineteenth century
when in 1898 Jagadis Chunder Bose conducted the first microwave experiment
on twisted structures—geometries that were essentially artificial chiral elements
by today’s terminology [1]. In 1914, Lindman worked on “artificial” chiral media
by embedding many randomly oriented small wire helices in a host medium [2].
In 1948, Kock [3] made lightweight microwave lenses by arranging conduct-
ing spheres, disks, and strips periodically and effectively tailoring the effective
refractive index of the artificial media. Since then, artificial complex materials
have been the subject of research for many investigators worldwide. In recent
years new concepts in synthesis and novel fabrication techniques have allowed
the construction of structures and composite materials that mimic known material
responses or that qualitatively have new, physically realizable response functions
that do not occur or may not be readily available in nature. These metamateri-
als can in principle be synthesized by embedding various constituents/inclusions
with novel geometric shapes and forms in some host media (Fig. 1.1). Various
types of electromagnetic composite media, such as double-negative (DNG) mate-
rials, chiral materials, omega media, wire media, bianisotropic media, linear and
nonlinear media, and local and nonlocal media, to name a few, have been studied
by various research groups worldwide.

As is well known, in particulate composite media, electromagnetic waves
interact with the inclusions, inducing electric and magnetic moments, which in
turn affect the macroscopic effective permittivity and permeability of the bulk
composite “medium.” Since metamaterials can be synthesized by embedding
artificially fabricated inclusions in a specified host medium or on a host surface,
this provides the designer with a large collection of independent parameters (or
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Figure 1.1 Generic sketch of a volumetric metamaterial synthesized by embedding vari-
ous inclusions in a host medium.

degrees of freedom)—such as the properties of the host materials; the size, shape,
and composition of the inclusions; and the density, arrangement, and alignment of
these inclusions—to work with in order to engineer a metamaterial with specific
electromagnetic response functions not found in each of the individual con-
stituents. All of these design parameters can play a key role in the final outcome
of the synthesis process. Among these, the geometry (or shape) of the inclusions
is one that can provide a variety of new possibilities for metamaterials processing.

Recently, the idea of complex materials in which both the permittivity and
the permeability possess negative real values at certain frequencies has received
considerable attention. In 1967, Veselago theoretically investigated plane-wave
propagation in a material whose permittivity and permeability were assumed to
be simultaneously negative [4]. His theoretical study showed that for a monochro-
matic uniform plane wave in such a medium the direction of the Poynting vector
is antiparallel to the direction of the phase velocity, contrary to the case of plane-
wave propagation in conventional simple media. In recent years, Smith, Schultz,
and their group constructed such a composite medium for the microwave regime
and demonstrated experimentally the presence of anomalous refraction in this
medium [5, 6].

For metamaterials with negative permittivity and permeability, several
names and terminologies have been suggested, such as “left-handed” media
[4–10]; media with negative refractive index [4–7, 9]; “backward-wave media”
(BW media) [11]; and “double-negative (DNG)” metamaterials [12], to name a
few. Many research groups all over the world are now studying various aspects
of this class of metamaterials, and several ideas and suggestions for future appli-
cations of these materials have been proposed.

It is well known that the response of a system to the presence of an
electromagnetic field is determined to a large extent by the properties of the
materials involved. We describe these properties by defining the macroscopic
parameters permittivity ε and permeability µ of these materials. This allows
for the classification of a medium as follows. A medium with both permittivity
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Figure 1.2 Material classifica-
tions.
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and permeability greater than zero (ε > 0, µ > 0) will be designated a double-
positive (DPS) medium. Most naturally occurring media (e.g., dielectrics) fall
under this designation. A medium with permittivity less than zero and permeabil-
ity greater than zero (ε < 0, µ > 0) will be designated an epsilon-negative (ENG)
medium. In certain frequency regimes many plasmas exhibit this characteristic.
For example, noble metals (e.g., silver, gold) behave in this manner in the infrared
(IR) and visible frequency domains. A medium with the permittivity greater than
zero and permeability less than zero (ε > 0, µ < 0) will be designated a mu-
negative (MNG) medium. In certain frequency regimes some gyrotropic materials
exhibit this characteristic. Artificial materials have been constructed that also have
DPS, ENG, and MNG properties. A medium with both the permittivity and per-
meability less than zero (ε < 0, µ < 0) will be designated a DNG medium. To
date, this class of materials has only been demonstrated with artificial constructs.
This medium classification can be graphically illustrated as shown in Figure 1.2.

While one often describes a material by some constant (frequency-
independent) value of the permittivity and permeability, in reality all material
properties are frequency dependent. There are several material models that have
been constructed to describe the frequency response of materials. Because the
magnetic field of an electromagnetic wave is smaller than its electric field by
the wave impedance of the medium in which it is propagating, one generally
focuses attention on how the electron motion in the presence of the nucleus and,
hence, the basic dipole moment of this system are changed by the electric field.
Understanding this behavior leads to a model of the electric susceptibility of the
medium and, hence, its permittivity. On the other hand, there are many media for
which the magnetic field response is dominant. One can generally describe the
magnetic response of a material in a fashion completely dual to that of the elec-
tric field using the magnetic susceptibility and, hence, its permeability. While the
magnetic dipoles physically arise from moments associated with current loops,
they can be described mathematically by magnetic charge and current analogs of
the electric cases.

One of the most well-known material models is the Lorentz model. It is
derived by a description of the electron motion in terms of a driven, damped
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harmonic oscillator. To simplify the discussion, we will assume that the charges
are allowed to move in the same direction as the electric field. The Lorentz model
then describes the temporal response of a component of the polarization field of
the medium to the same component of the electric field as

d2

dt2
Pi + �L

d

dt
Pi + ω2

0Pi = ε0χLEi (1.1)

The first term on the left accounts for the acceleration of the charges, the second
accounts for the damping mechanisms of the system with damping coefficient �L,
and the third accounts for the restoring forces with the characteristic frequency
f0 = ω0/2π . The driving term exhibits a coupling coefficient χL. The response
in the frequency domain, assuming the engineering exp(+jωt) time dependence,
is given by the expression

Pi(ω) = χL

−ω2 + j�Lω + ω2
0

ε0Ei(ω) (1.2)

With small losses �L/ω0 � 1 the response is clearly resonant at the natural
frequency f0. The polarization and electric fields are related to the electric sus-
ceptibility as

χe,Lorentz(ω) = Pi(ω)

ε0Ei(ω)
= χL

−ω2 + j�Lω + ω2
0

(1.3)

The permittivity is then obtained immediately as εLorentz(ω) = ε0[1 +
χe,Lorentz(ω)].

There are several well-known special cases of the Lorentz model. When
the acceleration term is small in comparison to the others, one obtains the Debye
model:

�d

d

dt
Pi + ω2

0Pi = ε0χdEi χe,Debye(ω) = χd

j�dω + ω2
0

(1.4)

When the restoring force is negligible, one obtains the Drude model:

d2

dt2
Pi + �D

d

dt
Pi = ε0χDEi χe,Drude(ω) = χD

−ω2 + j�Dω
(1.5)

where the coupling coefficient is generally represented by the plasma frequency
χD = ω2

p . In all of these models, the high-frequency limit reduces the permittivity
to that of free space.

Assuming that the coupling coefficient is positive, then only the Lorentz
and the Drude models can produce negative permittivities. Because the Lorentz
model is resonant, the real part of the susceptibility and, hence, that of the
permittivity become negative in a narrow frequency region immediately above
the resonance. On the other hand, the Drude model can yield a negative real part

of the permittivity over a wide spectral range, that is, for ω <

√
ω2

p − �2
D .

Similar magnetic response models follow immediately. The corresponding
magnetization field components Mi and the magnetic susceptibility χm equations
are obtained from the polarization and electric susceptibility expressions with
the replacements Ei → Hi , Pi/ε0 → Mi . The permeability is given as µ(ω) =
µ0[1 + χm(ω)].
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Metamaterials have necessitated the introduction of generalizations of these
models. For instance, the most general second-order model that has been intro-
duced for metamaterial studies is the two-time-derivative Lorentz metamaterial
(2TDLM) model [13–15]:

d2

dt2
Pi + �L

d

dt
Pi + ω2

0Pi = ε0χαω2
pEi + ε0χβωp

d

dt
Ei + ε0χγ

d2

dt2
Ei

χe,2TDLM(ω) = χαω2
p + jχβωpω − χγ ω2

−ω2 + j�Lω + ω2
0

(1.6)

This 2TDLM model incorporates all the standard Lorentz model behaviors includ-
ing the resonance behavior at ω0 but allows for additional driving mechanisms
that are important when considering time-varying phenomena. It satisfies a gen-
eralized Kramers–Krönig relation and is causal if χγ > −1. It has the limit-
ing behaviors limω→0 χe,2TDLM(ω) → χα and limω→∞ χe,2TDLM(ω) → χγ . The
high-frequency behavior has the peculiar property that if −1 < χγ < 0, then
0 < limω→∞ ε(ω) < 1, which leads to the interesting but still controversial trans-
vacuum-speed (TVS) effect [16, 17].

1.2 WAVE PARAMETERS IN DNG MEDIA

One must exercise some care with the definitions of the electromagnetic properties
in a DNG medium. Ziolkowski and Heyman thoroughly analyzed this concept
mathematically and have shown that in DNG media the refractive index can be
negative [12]. In particular, in a DNG medium where ε < 0 and µ < 0, one
should write for small losses:

√
ε =

√
εrε0 − jε′′ ≈ −j

(
|εrε0|1/2 + j

ε′′

2|εrε0|1/2

)
√

µ =
√

µrµ0 − jµ′′ ≈ −j

(
|µrµ0|1/2 + j

µ′′

2|µrµ0|1/2

) (1.7)

accounting for the branch-cut choices. This leads to the following expressions
for the wavenumber and the wave impedance, respectively:

k = ω
√

ε
√

µ ≈ −ω

c
|εr |1/2|µr |1/2

[
1 + j

1

2

(
ε′′

|εr |ε0
+ µ′′

|µr |µ0

)]

η =
√

µ√
ε

≈ η0
|µr |1/2

|εr |1/2

[
1 + j

1

2

(
µ′′

|µr |µ0
− ε′′

|εr |ε0

)] (1.8)

where the speed of light c = 1/
√

ε0µ0 and the free-space wave impedance η0 =√
µ0/ε0. One sees that the index of refraction

n = kc

ω
=

√
ε

ε0

√
µ

µ0
= −

[(
|εr‖µr | − ε′′

ε0

µ′′

µ0

)
+ j

(
ε′′|µr |

ε0
+ µ′′|εr |

µ0

)]1/2

≈ −|εr |1/2|µr |1/2
[

1 + j
1

2

(
ε′′

|εr |ε0
+ µ′′

|µr |µ0

)]
(1.9)
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has a negative real part. Its imaginary part is also negative corresponding to the
passive nature of the DNG medium.

The index of refraction of a DNG metamaterial has been shown theoreti-
cally to be negative by several groups (e.g., [8,12,18]), and several experimental
studies have been reported confirming this negative-index-of-refraction (NIR)
property and applications derived from it, such as phase compensation and elec-
trically small resonators [19], negative angles of refraction (e.g., [6,19–24]), sub-
wavelength waveguides with lateral dimension below diffraction limits [25–30],
enhanced focusing (see [7, 31]), backward-wave antennas [32], Čerenkov radia-
tion [33], photon tunneling [34,35], and enhanced electrically small antennas [36].
These studies rely heavily on the concept that a continuous-wave (CW) excita-
tion of a DNG medium leads to a NIR and, hence, to negative or compensated
phase terms.

1.3 FDTD SIMULATIONS OF DNG MEDIA

In this chapter and in Chapter 2, we present several finite-difference time-domain
(FDTD) simulation results for wave interactions with DNG media, in addition
to analytical descriptions. Consequently, we briefly discuss some of the features
of the FDTD simulator specific to the DNG structures. It should be emphasized
that the use of this purely numerical simulation approach does not involve any
choices in defining derived quantities to explain the wave physics, for example,
no wave vector directions or wave speeds are stipulated a priori. In this manner,
it has provided a useful approach to studying the wave physics associated with
DNG metamaterials.

As in [12,22,23,37], lossy Drude polarization and magnetization models are
used to simulate the DNG medium; specifically the permittivity and permeability
are described in the frequency domain as

ε(ω) = ε0

(
1 − ω2

pe

ω(ω − j�e)

)

µ(ω) = µ0

(
1 − ω2

pm

ω(ω − j�m)

) (1.10)

where ωpe, ωpm and �e, �m denote the corresponding plasma and damping fre-
quencies, respectively. These models are implemented into the FDTD scheme
by introducing the associated electric and magnetic current densities and the
equations that govern their temporal behavior.

Ji,Drude = d

dt
Pi

d

dt
Ji,Drude + �eJi,Drude = ε0ω

2
pEi

Ki,Drude = d

dt
Mi

d

dt
Ki,Drude + �mKi,Drude = ω2

pHi

(1.11)
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The choices of the space and time locations of the discretized electric and mag-
netic currents, as well as the polarization and magnetization fields, are made self-
consistently following the conventional FDTD method [38]. The simulation space
is truncated with a metamaterial-based absorbing boundary condition [15,39]. The
FDTD cell size in all of the cases presented here was λ0/100 to minimize the
impact of any numerical dispersion on the results.

Although in some of the analytical and numerical studies, as well as exper-
iments, considered by other groups (e.g., [5, 6, 18, 40–43]) the Lorentz model
and its derivatives have been used, here the Drude model is preferred for the
FDTD simulations for both the permeability and permittivity functions because
it provides a much wider bandwidth over which the negative values of the per-
mittivity and permeability can be obtained. This choice is only for numerical
convenience and it does not alter any conclusions derived from such simulations;
that is, the negative refraction is observed in either choice. However, choosing
the Drude model for the FDTD simulation also implies that the overall simula-
tion time can be significantly shorter, particularly for low-loss media. In other
words, the FDTD simulation will take longer to reach a steady state in the corre-
sponding Lorentz model because the resonance region where the permittivity and
permeability acquire their negative values would be very narrow in this model.

1.4 CAUSALITY IN DNG MEDIA

As for the causality of signal propagation in a DNG medium, we note that
if one totally ignores the temporal dispersion in a DNG medium and consid-
ers carefully the ramifications of a homogeneous, nondispersive DNG medium
and the resulting NIR, one will immediately encounter a causality paradox in
the time domain, that is, a nondispersive DNG medium is noncausal. However,
a resolution of this issue was uncovered in [44] by taking the dispersion into
account in a time-domain study of wave propagation in DNG media. The causal-
ity of waves propagating in a dispersive DNG metamaterial was investigated
both analytically and numerically using the one-dimensional (1D) electromagnetic
plane-wave radiation from a current sheet source in a dispersive DNG medium.
A lossy Drude model of the DNG medium was used, and the solution was gen-
erated numerically with the FDTD method. The basic 1D geometry is shown in
Figure 1.3. The signal direction of propagation (D.O.P.) is from left to right.

A causal result would show that the signal arrives at point 1 before point
2; an NIR result would then show that the peaks of the signals received at point
2 occur before those at point 1 once steady state is reached. The FDTD predicted
results, shown in Figure 1.4, confirm this behavior.

Figure 1.3 One-dimensional FDTD
simulation region.

D.O.P 

1 2

Source 
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Figure 1.4 Time-domain electric fields predicted by the FDTD simulator at points 1 and
2 shown in Figure 1.3. From [44]. Copyright  2003 by the American Physical Society.

Figure 1.5 A comparison of the FDTD-generated time history of a wave propagating
in a dispersive Drude medium and an approximate solution consisting of a causal prop-
agating envelope and the expected NIR sinusoidal signal shows very good agreement in
the steady-state region away from the leading and trailing edges where dispersion plays a
significant role. From [44]. Copyright  2003 by the American Physical Society.
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The analogous problem in a nondispersive DNG medium was also consid-
ered, and it was shown that the solution to this problem is not causal, in agreement
with similar observations given in [18]. An approximate solution was constructed
that combined a causal envelope with a sinusoid which has the nondispersive NIR
properties; it compared favorably with the FDTD results for the dispersive DNG
case, as shown in Figure 1.5. It was thus demonstrated that causal results do
indeed require the presence of dispersion in DNG media and that the dispersion
is responsible for a dynamic reshaping of the pulse to maintain causality. The
CW portions of a modulated pulse (i.e., excluding its leading and trailing edges)
do obey all of the NIR effects expected from a time-harmonic analysis in a
bandlimited “nondispersive” DNG medium. Therefore, one can conclude that the
CW analyses of DNG media are credible as long as very narrow bandwidth pulse
trains are considered for any practical realizations. This has been the case in all
of the experimental results reported to date of which we are aware. Moreover,
time delays for the realization of the NIR effects are inherent in the processes
dictated by the dispersive nature of the physics governing these media.

1.5 SCATTERING FROM A DNG SLAB

The reflection and transmission coefficients associated with a normally incident
plane wave that scatters from a DNG slab embedded in a medium have been
derived. The geometry is shown in Figure 1.6. The slab has an infinite extent in
the transverse directions; it has a thickness d in the direction of propagation of the
incident plane wave. Let the medium before and after the slab be characterized
by ε1, µ1 and the slab be characterized by ε2, µ2. For a normally incident plane
wave, the reflection and transmission coefficients for the slab are

R = η2 − η1

η2 + η1

1 − e−j2k2 d

1 − [(η2 − η1)/(η2 + η1)]2e−j2k2 d

T = 4η2η1

(η2 + η1)2

e−jk2 d

1 − [(η2 − η1)/(η2 + η1)]2e−j2k2 d

(1.12)

where the wavenumber ki = ω
√

εi
√

µi and wave impedance ηi = √
µi/

√
εi for

i = 1, 2. For the case of normal incidence, if we consider a matched DNG
medium, one would have η2 = η1 so that R = 0 and T = e−jk2d = e+j |k2|d . The

Figure 1.6 Plane-wave scattering from
slab of thickness d .
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Incident wave

d
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medium would thus add a positive phase to the wave traversing the slab, whereas
in a DPS medium the wave would experience a negative phase variation. This
means that a matched DNG slab could be used to compensate for phase changes
incurred by passage of a plane wave through a DPS slab; that is, one can force
kDPSdDPS + kDNGdDNG = 0. This phase compensation, to be discussed later in
this chapter, is an interesting feature of DNG metamaterials that can lead to
exciting potential applications.

When the plane wave is obliquely incident, Eq. (1.12) is straightforwardly
modified by introducing the transverse impedance and longitudinal wavenumber
components. If, in addition, the incident wave is evanescent, that is, when the
transverse component of the wave vector of the incident wave is greater than
the wavenumber of the medium (k2

t > ω2µ1ε1 and k2
t > ω2µ2ε2), the transverse

wave impedance in each medium (with a no-loss assumption) becomes purely
imaginary, that is, η1,transverse = jX1,transverse and η2,transverse = jX2,transverse, and
the longitudinal component of the wave vector in each medium also becomes
purely imaginary, that is, k1,longitudinal = jα1 and k2,longitudinal = jα2 [45,46]. (The
proper choice of sign for α1 and α2 will be discussed shortly.) However, it can
be shown that this transverse wave impedance in the DPS and DNG media
have opposite signs; that is, if one has a capacitive reactance, the other will
have an inductive reactance so that sgn[X1,transverse] = −sgn[X2,transverse], where
sgn(x) = +1 (−1) for x > 0 (x < 0) [45, 46]. When we choose the so-called
matched condition for which µ2 = −µ1 and ε2 = −ε1, one can demonstrate that
X1,transverse = −X2,transverse. Inserting these features into the generalized form of
Eq. (1.12), one would observe that again R = 0, but now T = e−jk2,longitudinal d =
eα2d . What is the proper sign for α2? A detailed discussion, including a variety
of physical insights, on this issue can be found in, for example, [45, 46]. Here
we briefly review this point. It is known that at the interface between a DPS
and a DNG medium, the tangential components of the electric and magnetic
fields should be continuous according to Maxwell equations. However, since the
permittivity and the permeability of these two media each has opposite signs,
the normal spatial derivatives (normal with respect to the interface) of these
tangential components are discontinuous at this boundary [19]. In other words, if
the tangential component of the electric field (or the magnetic field) is decreasing
as the observation point gets closer to this interface from the DPS side, the same
tangential component should be increasing as the observer is receding from the
interface in the DNG side. Moreover, one should remember that according to
Eq. (1.12) the overall reflection coefficient for the “incident” evanescent wave in
this case is R = 0. Therefore, as this evanescent wave reaches the first interface
of the matched DNG slab from the DPS region, it is decaying, that is, α1 < 0, and
no “reflected” evanescent wave will be present in this DPS medium. However,
as we move just past the first interface into the DNG region, the tangential
components of the field in the vicinity of the interface inside the DNG region
should “grow” in order to satisfy the discontinuity condition of the normal spatial
derivative mentioned above. (Note that if the evanescent wave decayed inside
this matched DNG slab, the tangential components of the field at the DPS–DNG
interface would have similar slopes, inconsistent with the boundary condition
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mentioned above.) Therefore, in the transmission coefficient expression T = eα2d ,
one should have α2 > 0. As a result, such a matched DNG slab can compensate
the decay of the evanescent wave in the DPS region through the growth of the
evanescent wave inside the DNG slab. This issue was originally pointed out
by Pendry in [7] and is the basis behind the idea of subwavelength focusing
and “perfect” lensing [7]. We emphasize that this growth of an evanescent wave
inside the DNG slab does not violate any physical law, since each of these
evanescent waves carries no real power, and indeed this scenario represents
the presence of an interface resonance at the boundary between the DPS and
DNG regions [45, 46]. Furthermore, this phenomenon can also be described and
justified using distributed circuit elements, which provide further insight into
related features associated with this problem [45, 46].

An interesting question arises here: If one gets a growing evanescent wave
inside the slab, as justified above for the case of a finite-thickness matched DNG
slab, what should one see for a semi-infinite matched DNG medium when an
“incident” evanescent wave is approaching this interface? In other words, when
we have a single interface between matched semi-infinite DPS and semi-infinite
DNG media, what will happen for an ‘incident’ evanescent wave? This is a
markedly different problem. In this case, we only deal with one interface, and
the reflection and transmission coefficients for such an interface can be easily
expressed as

RDPS–DNG = η2,transverse − η1,transverse

η2,transverse + η1,transverse

and

TDPS–DNG = 2η2,transverse

η2,transverse + η1,transverse

For the matched condition, as discussed above, we have η1,transverse = jX1,transverse

and η2,transverse = jX2,transverse with X1,transverse = −X2,transverse. Therefore, one
gets RDPS–DNG = ∞ and TDPS–DNG = ∞, which implies that there is an inter-
face resonance at this boundary. This is indeed another indication that such an
interface can indeed support a surface plasmon wave, which is an important fac-
tor in understanding the behavior of this interface [45,46]. Similarly, the Fresnel
“reflection” and “transmission” coefficients for an incident evanescent wave for
this configuration become infinite (the circuit analog of this phenomenon has also
been studied [45, 46]). This is analogous to exciting a resonant structure (such
as an L–C circuit) at its resonant frequency, which also leads to infinite fields
in the structure when there are no losses present. Consequently, when there is a
source in front of the interface between two semi-infinite matched DNG and DPS
media, a resonant surface wave may be excited along the interface, resulting in
an infinitely large field value. However, the fields on both sides of this interface,
albeit infinitely large, decay exponentially as they move away from it; that is,
the field distribution represents a surface wave propagating along the interface.
This explains and justifies the presence of RDPS–DNG = ∞ and TDPS–DNG = ∞.
In summary, for a single matched DPS–DNG interface, one finds an evanes-
cent wave in each medium whose amplitude is infinite at the interface but decays
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exponentially as the wave recedes away from it. On the other hand, for a matched
DNG slab the presence of two interfaces allows a resonant interaction that pro-
duces a net exponential growth of the evanescent wave components inside the
slab despite their exponential decay outside of it.

1.6 BACKWARD WAVES

Consider the source problems shown in Figure 1.7. A current sheet of the form

Js = I0e
−jk0xxδ(z)x̂ (1.13)

is located on the interface between two semi-infinite media. In one case both
regions are DPS media, and in the other one is a DPS medium and the other is a
DNG medium. The wavenumbers in each medium satisfy the dispersion relation

k2
i,x + k2

i,z = k2
i = ω2εiµi (1.14)

where region 1 labels z > 0 and region 2 labels z < 0. Boundary conditions
require the wave numbers tangential to the interface be the same in each medium,
that is, k1,x = k2.x = k0x ; thus for propagating waves they also require the prop-
agation constants normal to the interface be given as

kDPS
z = +

√
ω2εDPSµDPS − k2

0x kDNG
z = −

√
ω2εDNGµDNG − k2

0x (1.15)

The wave vectors in each region are thus given by the expressions

k1 = k0xx̂ + k1zẑ k2,DPS = k0xx̂ − k2zẑ k2,DNG = k0xx̂ + |k2z|ẑ (1.16)

Similarly, the Poynting’s vector in each region is determined to be

〈S1〉(x, y, z, ω) = 1

2ωε1

∣∣∣∣k2z

ε2

I0

k1z/ε1 + k2z/ε2

∣∣∣∣
2

(k0x x̂ + k1zẑ) (1.17)

z 

x
DPS 

DPS 

z 

xDPS 

DNG 

Figure 1.7 Current sheet located at inter-
face between two semi-infinite half spaces.
Blue arrows represent the wave vectors,
black arrows the Poynting vectors.
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〈S2,DPS〉(x, y, z, ω) = 1

2ωε2

∣∣∣∣k1z

ε1

I0

k1z/ε1 + k2z/ε2

∣∣∣∣
2

(k0x x̂ − k2zẑ)

〈S2,DNG〉(x, y, z, ω) = 1

2ω|ε2|
∣∣∣∣k1z

ε1

I0

k1z/ε1 + |k2z|/|ε2|
∣∣∣∣
2

(−k0xx̂ − |k2z|ẑ)
(1.18)

Thus one finds that the Poynting vector and wave vector directions are the same
when both regions are DPS media and the generated waves are in the forward
direction, that is, in the direction of positive phase advance along the source.
In contrast, the Poynting vector in the DNG medium is pointed causally away
from the source and is opposite to the wave vector direction, which is toward
the source. Moreover, the flow of power of the wave generated in the DNG
medium is opposite to the positive phase direction of the source. The backward-
wave nature of the wave generated in the DNG medium is thus established. The
details of this problem can be found in [47].

1.7 NEGATIVE REFRACTION

The phenomenon of negative refraction is studied by considering the scattering
of a wave that is obliquely incident on a DPS–DNG interface as shown in
Figure 1.8. Enforcing the electromagnetic boundary conditions at the interface,
one obtains the law of reflection and Snell’s Law from phase matching:

θrefl = θinc θtrans = sgn(n2) sin−1
(

n1

|n2| sin θinc

)
(1.19)

Note that if the index of refraction of a medium is negative, then the refracted
angle, according to Snell’s law, should also become “negative.” This suggests
that the refraction is anomalous, and the refracted angle is on the same side of
the interface normal as the incident angle is. The wave and Poynting vectors
associated with this oblique scattering problem are also obtained:

kinc = k1(cos θincẑ + sin θincx̂)

krefl = k1(− cos θincẑ + sin θincx̂)

ktrans = k2(cos θtransẑ + sin θtransx̂)

(1.20)

Figure 1.8 Geometry of
the scattering of a wave
obliquely incident upon a
DPS–DNG interface. z
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Sinc = 1

2

|E0|2
η1

(cos θincẑ + sin θincx̂)

Srefl = 1

2

|RE0|2
η1

(− cos θincẑ + sin θincx̂)

Strans = 1

2

|TE0|2
η2

(cos θtransẑ + sin θtransx̂)

(1.21)

Assuming that the transmitted wave is propagating in a DPS medium, it is clear
that the Poynting and wave vectors are in the same direction. However, if the
transmitted wave is propagating in a DNG medium, the index is less than zero
and one obtains immediately from Snell’s law that

ktrans = −|n2|ω
c

(cos |θtrans|ẑ − sin |θtrans|x̂)

Strans = 1

2

|TE0|2
η2

(cos |θtrans|ẑ − sin |θtrans|x̂)

so that the wave and Poynting vectors point in opposite directions, the Poynting
vector being directed in a causal direction away from the interface.

This negative-refraction behavior was verified with FDTD calculations [22].
The electric field intensity distributions were obtained with the 2D FDTD simula-
tor when a f0 = 30 GHz (needless to say, this choice is arbitrary; the numerical
results presented here can be obtained at any frequency with a proper scaling of

Figure 1.9 The NIR behavior has been confirmed with FDTD simulations. From [22].
Copyright  2003 by The Optical Society of America.
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the parameters) perpendicularly polarized CW Gaussian beam is incident on a
DPS–DNG interface with θinc = 20◦. To reduce the effect of reflection and thus
to observe the negative refraction more clearly, the parameters of these slabs
were chosen such that the slabs are impedance matched to free space. Therefore,
the electric and magnetic Drude models were selected to be identical, that is,
ωpe = ωpm = ωp and �e = �m = �. Only low loss values were considered by
setting � = 10+8s−1 � ωp. This means that the index of refraction had the form

n(ω) =
√

ε(ω)

ε0

√
µ(ω)

µ0
= 1 − ω2

p

ω(ω − j�)
= 1 − ω2

p

ω2 + �2
− j

�

ω

ω2
p

ω2 + �2

≈ 1 − ω2
p

ω2
− j

�ω2
p

ω3
(1.22)

The DNG slab had nreal(ω0) ≈ −1, by setting ωp = 2π
√

2f0 = 2.66573 ×
1011 rad/s and, hence, � = 3.75 × 10−4ωp . As can be seen in Figure 1.9, the
negative angle of refraction is clearly seen. The refracted angle is equal and
opposite to the angle of incidence. The discontinuities in the derivatives of the
fields at the DPS–DNG interfaces (i.e., the so-called V-shaped patterns at both
interfaces) are clearly seen. A simulation movie of this case is available in [22].

1.8 PHASE COMPENSATION WITH A DNG MEDIUM

As we reviewed in our recent paper [48], one of the interesting features of DNG
media is their ability to provide phase compensation or phase conjugation due
to their negative refraction. Here, we provide an illustrative example to highlight
the insight behind this phenomenon. Consider a slab of conventional lossless
DPS material with positive index of refraction n1 and thickness d1 and a slab of
lossless DNG metamaterial with negative refractive index −|n2| and thickness
d2. Although not necessary, but for the sake of simplicity in the argument, we
assume that each of these slabs is impedance matched to the outside region
(e.g., free space). Let us take a monochromatic uniform plane wave normally
incident on this pair of slabs. As this wave propagates through the slab, the
phase difference between the exit and entrance faces of the first slab is obviously
n1k0d1, where k0 ≡ ω

√
ε0µ0, while the total phase difference between the front

and back faces of this two-layer structure is |n1|k0d1 − |n2|k0d2, implying that
whatever phase difference is developed by traversing the first slab, it can be
decreased and even compensated for by traversing the second slab. If the ratio of
d1 and d2 is chosen to be d1/d2 = |n2|/|n1| at the given frequency, then the total
phase difference between the front and back faces of this two-layer structure will
become zero. This means that the DNG slab acts as a phase compensator in this
structure [19,27]. We should note that such phase compensation/conjugation does
not depend on the sum of thicknesses, d1 + d2, rather it depends on the ratio of
d1 and d2. So, in principle, d1 + d2 can be any value as long as d1/d2 satisfies
the above condition. Therefore, even though this two-layer structure is present,
the wave traversing this structure would not experience any phase difference
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between the input and output faces. This feature can lead to several interesting
ideas in device and component designs, as will be discussed later.

Such phase compensation has been verified using the FDTD simulator, as
shown in Figure 1.10. The FDTD predicted electric field intensity distribution for
a perpendicularly polarized CW Gaussian beam incident on this DPS–DNG slab
pair is shown. A Gaussian beam was launched toward the DPS–DNG slab pair,
each slab having a thickness of 2λ0. The DPS slab had n(ω) = +3, while the
DNG slab had nreal(ω0) ≈ −3. As is evident from Figure 1.10, the beam expands

nreal(w) = +3

nreal(w) = −3

Figure 1.10 FDTD predicted electric field intensity distribution for phase compen-
sator–beam translator system DPS–DNG stacked pair. The Gaussian beam is normally
incident on a stack of two slabs, the first being a DPS slab with nreal(ω) = +3 and the
second being a DNG slab with nreal(ω0) ≈ −3. The initial beam expansion in the DPS
slab is compensated by its refocusing in the DNG slab. The Gaussian beam is translated
from the front face of the system to its back face with only −0.323 dB attenuation over
the 4λ0 distance.
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in the DPS slab and then the negative-refraction property refocuses it in the DNG
slab, and the waist of the intensity of the input beam is recovered at the back
face. The electric field intensity could, in principle, be maintained over the total
thickness of 4λ0. There is only a −0.323-dB (7.17%) reduction in the peak value
of the intensity of the beam when it reaches the back face. Moreover, the phase
of the beam at the output face of the stack is the same as its value at the entrance
face. Therefore, the beam emerges at the output of the slab pair in phase with
the input beam and only slightly smaller in amplitude. Thus the DPS–DNG slab
pair, in essence, translates the field from one location to another with low losses;
that is, it acts as a beam translator.

Using multiple matched DPS–DNG stacks, one could produce a phase-
compensated, time-delayed, waveguiding system. Each pair in the stack would
act as shown in Figure 1.10. Thus the phase compensation–beam translation
effects would occur throughout the entire system. Moreover, by changing the
index of any of the DPS–DNG pairs, one changes the speed at which the beam
traverses that slab pair. Consequently, one can change the time for the beam to
propagate from the entrance face to the exit face of the entire DPS–DNG stack.
In this manner one could realize a volumetric, low-loss time delay line for a
Gaussian beam system.

This phase compensation can lead to a wide variety of potential applications
that could have a large impact on a number of engineering systems. One such set
of applications offers the possibility of having subwavelength, electrically small
cavity resonators and waveguides with lateral dimension below diffraction limits.
These ideas are briefly reviewed in Chapter 2.

1.9 DISPERSION COMPENSATION IN A TRANSMISSION
LINE USING A DNG MEDIUM

The DNG medium, because of its dispersive nature, might also be used as an
effective dispersion compensation device for time-domain applications. The dis-
persion produces a variance of the group speed of the signal components as they
propagate in the DNG medium. Cheng and Ziolkowski have considered the use of
volumetric DNG metamaterials for the modification of the propagation of signals
along a microstrip transmission line [49]. If one could compensate for the dis-
persion along such transmission lines, signals propagating along them would not
become distorted. This could lead to a simplification of the components in many
systems. Microstrip dispersion can be eliminated by correcting for the frequency
dependence of the effective permittivity associated with this type of transmission
line. As shown in [50, 51], for a microstrip transmission line of width w and a
conventional dielectric substrate height h one has the approximate result for the
effective relative permittivity of the air–substrate–microstrip system:

εeff(f ) = εr − εr − εes

1 + G(f/fd)2
(1.23)
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where the constants

fd = Zc

2µ0h
G = 0.6 + 0.0009Zc

the characteristic impedance is
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∼= 1

2π

√
µ0

εesε0
log


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h
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+

√
1 +

(
2

h

w

)2

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with F1 = 6 + (2π − 6) exp[−(30.666h/w)0.7528], and the electrostatic relative
permittivity is

εes
∼= εr + 1

2
+
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2
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)]−ab
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a = 1 + 1
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b = 0.564

(
εr − 0.9
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The goal is to design a length of metamaterial-loaded transmission line that
can be included in some manner with the same length of microstripline to
make the paired system dispersionless; that is, we want to produce a dispersion-
compensated segment of transmission line. This means we want to introduce a
metamaterial with relative permittivity εMTM and permeability µMTM so that the
overall relative permittivity and permeability of the system is

ε(f )

ε0
= εeff(f ) + εMTM(f )

µ(f )

µ0
= 1 + µMTM(f ) (1.24)

in such a manner that the wave impedance in the metamaterial remains the same
as it is in the original substrate, that is,

Z =
√

µ(f )

ε(f )
= Z0

√
1 + µMTM(f )

εMTM(f ) + εeff(f )
= Z0

√
1

εeff(f )
(1.25)

and the index of refraction in the medium compensates for the dispersion effects
associated with the microstrip geometry itself; that is, the effective index of the
pair becomes that of free space,

neff(f ) =
√

εeff(f ) +
√

ε(f )

ε0

√
µ(f )

µ0

=
√

εeff(f ) +
√

εeff(f ) + εMTM(f )
√

1 + µMTM(f ) = 1 (1.26)

These conditions are satisfied if εeff(f )[1 + µMTM(f )] = εMTM(f ) + εeff(f ) so
that

µMTM(f ) = 1√
εeff(f )

− 1 εMTM(f ) = εeff(f )µMTM(f ) (1.27)
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Figure 1.11 Real part of index of refraction of microstrip only, of metamaterial (MTM)
only, and total MTM-dispersion-compensated transmission line.

We note that the effective permittivity and permeability of such a metamaterial
should be negative, implying that a DNG material must be utilized for this pur-
pose. [The range of validity of condition (1.27) should be consistent with that
of the effective medium approximation (1.23).] A plot of the index of refraction
of the uncompensated line, the metamaterial compensator, and the dispersion-
compensated line is shown in Figure 1.11 for a microstrip transmission line at
10 GHz using Roger’s Duroid 5880 substrate. The substrate had the relative per-
mittivity εr = 2.2 and its height was h = 31 mils = 0.7874 mm. The width of the
transmission line was w = 2.428 mm = 95.6 mils to achieve a 50 
 impedance.
As shown in Figure 1.11, in principle, complete dispersion compensation is
theoretically possible.

1.10 SUBWAVELENGTH FOCUSING
WITH A DNG MEDIUM

Another interesting potential application of a DNG medium that results from its
negative-refraction properties was first theoretically suggested by Pendry [7]. It is
the idea of a “perfect lens” or focusing beyond the diffraction limit. In his analysis
of the image formation process in a flat slab of lossless DNG material, Pendry
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showed that the evanescent spatial Fourier components can be ideally recon-
structed in addition to the faithful reconstruction of all the propagating spatial
Fourier components. The evanescent wave reconstruction is due to the presence
of the “growing exponential effect” in the DNG slab discussed in Section 1.5.
This effect in theory leads to the formation of an image with a resolution higher
than the conventional limit. His idea has motivated much interest in studying
wave interactions with DNG media.

Various theoretical and experimental works by several groups have explored
this possibility; they have shown the possibility and limitations of subwave-
length focusing using a slab of DNG or negative-index metamaterials [52, 53].
The subwavelength focusing in the planar 2D structures made of negative-index
transmission lines has also been investigated [31]. The presence of the grow-
ing exponential in the DNG slab has also been explained and justified using the
equivalent distributed circuit elements in transmission line model [46]. It has also
been shown that “growing evanescent envelopes” for the field distributions can be
achieved in a suitably designed, periodically layered stacks of frequency-selective
surfaces (FSSs) [54].

It was shown analytically in [12] that the perfect-focus solution exists only
for the frequency-independent, lossless DNG slab case for which εr = µr = −1.
For all other cases, a line source will produce paraxial foci. If the line source
is located z0 away from the front face of the slab, the foci produced by a DNG
slab have been shown analytically [12] to occur at the distances zf 1 = |n2||z0|
and zf 1 = d(1 + 1/|n2|) − |z0| away from that face and the source. Thus for an
nreal(ω0) ≈ −1 planar slab of thickness d , the first focus is located at zf 1 = |z0|
and the second is at zf 2 = 2d − |z0|. The electric field intensity predicted by the
FDTD simulator for a lossy Drude slab with nreal(ω0) ∼= −1 and � = 10−5ω0

is shown in Figure 1.12a. The line source is 50 cells in front of a 100-cell-
deep slab. The location of the source and the expected locations of the two
foci are indicated by the intersections of the vertical and horizontal black lines.
The transverse profiles of the intensity along the horizontal lines are shown in
Figure 1.12b. While the foci appear where expected, they are not perfect. As
explained in [12], the perfect focus is not obtained because of the presence of
dispersion and the large generation of surface waves which take energy away from
the focusing mechanism. The transverse full width at half maximum (FWHM) of
the input intensity and the intensities at zf 1 = 50 cells and zf 2 = 150 cells from
the front interface are 29, 31, and 34 cells, respectively. Nonetheless, since a cell
is λ0/100, these distances are all subwavelength. The appearance of the paraxial
foci is demonstrated in Figure 1.13a. The line source is 10 cells in front of a 120-
cell-deep lossy Drude slab with nreal(ω0) ∼= −6 and � = 10−5ω0. The location
of the source and the expected locations of the two foci are again indicated by
the intersections of the vertical and horizontal black lines. The paraxial focusing
(channeling) of the beam within the slab is readily apparent. The waist of the
beam occurs where the focus within the slab is located. The transverse profiles
of the intensity along the front interface and along the horizontal foci lines are
shown in Figure 1.13b. The FWHM of these profiles are, respectively, 23, 28,
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(a)

(b)

Figure 1.12 (a) The FDTD predicted electric field intensity distribution illustrates
the focusing of the field generated by a line source in a nreal(ω0) ≈ −1 DNG slab.
(b) Transverse profiles of the electric field intensity distribution at various locations.
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(a)

(b)

Figure 1.13 (a) The FDTD predicted electric field intensity distribution illustrates
the focusing of the field generated by a line source in a nreal(ω0) ≈ −6 DNG slab.
(b) Transverse profiles of electric field intensity distribution at various locations. Channel-
ing of the beam in the DNG slab is observed; the wings of the beam are seen to feed the
center of the beam.
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and 32 cells. Again, the FWHM of the intensity profile of the beam at the foci
is subwavelength.

To emphasize the beam dynamics further, the electric field intensity distri-
bution for a case for which the source is far from the slab is given in Figure 1.14a.
The line source is 180 cells in front of a 360-cell-deep lossy Drude slab with
nreal(ω0) ∼= −1 and � = 10−5ω0. The paraxial focusing of the beam within the
slab and external to it is readily apparent. The waists of the beam within the
slab and beyond it occur at the predicted locations of the point foci. The longi-
tudinal profile of the intensity along the beam axis is given in Figure 1.14b. The
location of the beam foci coincide with the locations of the predicted point foci.
These results correlate nicely to those shown in [42] for the corresponding lossy
Lorentz slab.

The use of a planar DNG slab as a lens is illustrated with an FDTD
simulation of the focusing of a Gaussian beam. A diverging CW-modulated
Gaussian beam is assumed to be normally incident on such a planar DNG slab
nreal(ω0) ≈ −1. The waist of the beam was λ0/2 at the total field–scattered field
plane from which it was launched into the simulation space. This source plane
was 2λ0 away from the DNG interface so that there would be sufficient distance
for the beam to diverge before it hit the interface. The DNG slab also had a
depth of 2λ0. Thus the locations of the foci are degenerate at zf 1 = |z0| = 2λ0

and zf 2 = 2d − |z0| = 2λ0, which occur at the back face of the slab. The waist
of the beam at this focus should be approximately the same as it is in the source
plane. This behavior is illustrated in Figure 1.15. This result clearly shows that
the planar DNG medium turns the diverging wave vectors toward the beam axis
and, hence, acts as a lens to focus the beam. Since all angles of refraction are
the negative of their angles of incidence for the nreal(ω0) ≈ −1 slab, the initial
beam distribution is essentially recovered at the back face of the slab; that is,
as designed, the focal plane of the beam in the DNG medium is located at the
back face of the DNG slab. From the electric field intensity obtained from the
FDTD simulation, we note that the peak intensity is about 18 percent lower than
its value at the original waist of the Gaussian beam. This variance stems from
the presence of additional wave processes, such as surface wave generation, and
from dispersion and loss in the actual Drude model used to define the DNG slab
in the FDTD simulation.

The corresponding results for the Gaussian beam interacting with the
matched DNG slab with nreal(ω0) ≈ −6 reveals related but different results. In
contrast to the nreal(ω0) ≈ −1 case, when the beam interacts with the matched
DNG slab with nreal(ω0) ≈ −6, there is little focusing observed. The negative
angles of refraction dictated by Snell’s law are shallower for this higher magni-
tude of the refractive index, that is, θtrans ≈ − sin−1[sin(θinc)/6]. Rather than a
strong focusing, the medium channels power from the wings of the beam toward
its axis, hence maintaining its amplitude as it propagates into the DNG medium.
This difference in behaviors between the two types of DNG slabs is illustrated in
Figure 1.16. A Gaussian beam is launched from a source plane which is 2λ0 from
the front of a pair of DNG slabs. Each slab is λ0 deep. The first DNG slab has
nreal(ω0) ≈ −1 and the second has nreal(ω0) ≈ −6, both having � = 10−5ω0.
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(a)

(b)

Figure 1.14 (a) The FDTD predicted electric field intensity distribution illustrates
the focusing of the field generated by a line source in a nreal(ω0) ≈ −1 DNG slab.
(b) Longitudinal profile of electric field intensity distribution. The actual beam foci
coincide with the predicted locations of the point foci.
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Figure 1.15 The FDTD pre-
dicted electric field intensity
distribution illustrates the focus-
ing of a diverging Gaussian
beam with a nreal(ω0) ≈ −1
DNG slab. The source and slab
distances were selected to have
the DNG slab focus the beam
at its output face. From [22].
Copyright  2003 by the
Optical Society of America.

The FDTD predicted electric field intensity distribution given in Figure 1.16a

shows the beam is initially focused by the nreal(ω0) ≈ −1 slab, as expected. The
nreal(ω0) ≈ −6 slab then channels the beam through it with only minor focusing.
The strong axial compression of the beam caused by the (factor of 6) decrease in
the wavelength in the nreal(ω0) ≈ −6 slab is apparent. The longitudinal profile
of the electric field intensity along the beam axis is shown in Figure 1.16b. It
shows the field is being focused throughout both slabs and the slab pair produces
an output intensity that is larger than its input value.

We note that in all of the focusing cases considered the beam appears to
diverge significantly once it leaves the DNG slab. The properties of the DNG
medium hold the beam together as it propagates through the slab. Once it leaves
the DNG slab, the beam must begin diverging; that is, if the DNG slab focuses
the beam as it enters, the same physics will cause the beam to diverge as it exits.
Moreover, there will be no focusing of the power from the wings to maintain
the center portion of the beam. The rate of divergence of the exiting beam will
be determined by its original value and the properties and size of the DNG
medium. We also point out that a beam focused into a DNG slab will generate a
diverging beam within the slab and a converging beam upon exit from the slab.
This behavior has also been confirmed with the FDTD simulator.

It must be mentioned that a planar DNG slab is unable to focus a collimated
beam (i.e., flat beam) or a plane wave, since the negative angle of refraction can
occur only if there is oblique incidence. To focus a flat Gaussian beam (one
with nearly an infinite radius of curvature), one must resort to a curved lens. In
contrast to focusing (diverging) a plane wave with a convex (concave) DPS lens,
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(a)

(b)

Figure 1.16 (a) The FDTD predicted electric field intensity distribution illustrates the
focusing of a Gaussian beam in the first nreal(ω0) ≈ −1 DNG slab and the channeling of
the resulting beam in the second nreal(ω0) ≈ −6 DNG slab. (b) Longitudinal profile of
electric field intensity distribution. The slab pair focuses the beam and produces an output
amplitude which is expectedly larger than its input value.
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(b)

(a)

Figure 1.17 (a) Planoconcave DNG lens configuration. (b) The FDTD predicted electric
field intensity distribution illustrates the focusing of a Gaussian beam with the planocon-
cave lens. The focal spot has both the longitudinal (0.19λ0) and transverse (0.17λ0)
dimensions approximately equal.
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one must use a concave (convex) DNG lens to achieve a focus (divergence).
Such a planoconcave DNG lens with nreal(ω0) ≈ −1 is shown in Figure 1.17a.
It was formed by removing a parabolic section from the back side of a slab
that was 1.5λ0 deep and 6.0λ0 wide. The focal length was chosen to be λ0,
and the location of the focus was chosen to be at the center of the back face
of the slab. The full width of the removed parabolic section at the back face
was 4λ0. A Gaussian beam with a waist of 2λ0 was launched 2λ0 distance away
from the planar side of this lens and was normally incident on it. It is known
that a DPS planoconvex lens of index nDPS with a similar radius of curvature
R = 2λ0 (the red region in Fig. 1.17a) would have a focus located a distance
fDPS = R/(nDPS − 1) = 2λ0/(nDPS − 1) from its back face. Thus, to have the
focal point within the very near field, as it is in the DNG case, the index of
refraction would have to be very large. In fact, to have it located at the back
face would require nDPS → ∞. This would also mean that very little of the
incident beam would be transmitted through such a high-index lens because the
magnitude of the reflection coefficient would approach 1. In contrast, the DNG
lens achieves a greater bending of the incident waves with only moderate absolute
values of the refractive index and is impedance matched to the incident medium.
Moreover, since the incident beam waist occurs at the lens, the expected waist of
the focused beam would be wfocus ≈ (λ0fDPS)/(πw0) = λ0/[π(nDPS − 1)] [55].
For a normal glass lens nDPS ≈ 1.5; hence, the transverse waist at the focus would
be wfocus ≈ λ0/1.57 and the corresponding intensity half-maximum waist would
be 0.589wfocus. The longitudinal size of the focus is the depth of focus, which for
the normal glass lens would be 2(πw2

focus/λ0). Again, to achieve a focus that is
significantly subwavelength using a DPS lens, a very large index value would be
required and would lead to similar disadvantages in comparison to the DNG lens.
However, for the DNG planoconcave lens, one obtains more favorable results.
Figure 1.17b shows a snapshot of the FDTD-predicted electric field intensity
distribution when the intensity is peaked at the focal point. The radius of the
focus along the beam axis (half-intensity radius) is measured to be about λ0/5
and along the transverse direction it is about λ0/6. This subwavelength focal
region is significantly smaller than would be expected from the corresponding,
traditional DPS lens. Moreover, even though the focal point is in the extreme
near field of the lens, the focal region is nearly symmetrical and has a resolution
that is much smaller than a wavelength.

1.11 METAMATERIALS WITH A ZERO INDEX
OF REFRACTION

Metamaterials, in which the permittivity and/or permeability are near zero and
thus the refractive index is much smaller than unity, can offer exciting potential
applications. Their location on the ε − µ space diagram is represented by the red
dot in Figure 1.18. Planar metamaterials that exhibit both positive and negative
values of the index of refraction near zero have been realized experimentally by
several research groups [8, 31, 32, 56–62] and are discussed in several chapters
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Figure 1.18 The zero-index
media lie at the intersection of the
various types of materials.
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of this book. Within these studies, there have also been several demonstrations,
both theoretically and experimentally, of planar metamaterials that exhibit a zero
index of refraction within a specified frequency band. In particular, by matching
the resonances in a series–parallel lumped-element circuit realization of a DNG
metamaterial at a specified frequency, the propagation constant as a function of
frequency continuously passes through zero (giving a zero index) with a nonzero
slope (giving a nonzero group speed) in its transition from a DNG region of
its operational behavior to a DPS region [56, 59, 63]. Several applications of
these series–parallel metamaterials have been proposed and realized (e.g., phase
shifters, couplers, and compact resonators).

Several investigations have also presented volumetric metamaterials that
exhibit near-zero-index medium properties, for instance [64–68]. These zero-
index electromagnetic bandgap (EBG) structure studies include working in a
passband. By introducing a source into a zero-index EBG with an excitation
frequency that lies within the EBG’s passband, Enoch, Tayeb, and co-workers
produced extremely narrow antenna patterns [66–68, Chapter 10]. Alù et al. have
also shown theoretically that, by covering a subwavelength tiny aperture in a flat
perfectly conducting screen with a slab of materials with µ � µo, one can signif-
icantly increase the power transmitted through such a hole, due to the coupling
of the incident wave into the leaky wave supported by such a layer [69]. By
covering both sides of the hole, not only can one increase the transmitted power
through the hole but this power can be directed as a sharp beam in a given
direction [69, 70].

These results stimulated a study by Ziolkowski [71] that details the prop-
agation and scattering properties of a passive, dispersive metamaterial that is
matched to free space and has an index of refraction equal to zero. One-, two-,
and three-dimensional problems corresponding to source and scattering configura-
tions have been treated analytically. The 1D and 2D results have been confirmed
numerically with FDTD simulations. It has been shown that the electromagnetic
fields in a matched zero-index medium [i.e., εreal(ω0) ∼= 0, µreal(ω0) ∼= 0 so that
Z(ω0) = Z0 and nreal(ω0) ∼= 0] take on a static character in space, yet remain
dynamic in time, in such a manner that the underlying physics remains associated
with propagating fields.
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To illustrate this behavior, consider Maxwell’s equations:

∇ × Eω = −jωµHω ∇ · (εEω) = ρω
(1.28)∇ × Hω = jωεEω + Jω ∇ · (µHω) = 0

When εreal(ω0) ∼= 0 and µreal(ω0) ∼= 0, Maxwell’s equations reduce to

∇ × Eω = 0 ∇ · (εEω) = 0
(1.29)

∇ × Hω = 
Jω ∇ · (µHω) = 0

The equations on the right are automatically satisfied in the zero-index medium
if the fields are finite. Thus one obtains staticlike equations for the fields within
a zero-index medium. For an infinite cylindrical zero-index medium surrounded
by free space, the solutions for a infinite line current

Jω(ρ, φ, z) = I0
δ(ρ)

2πρ
ẑ (1.30)

are

Eω(ρ, φ, z) = −Z0
I0

2πa

jH
(2)
0 (k0a)

H
(2)
1 (k0a)

ẑ

Hω(ρ, φ, z) = I0

2πρ
φ̂

(1.31)

for r ≤ a and

Eω(ρ, φ, z) = −Z0
I0

2πa

jH
(2)
0 (k0ρ)

H
(2)
1 (k0a)

ẑ

Hω(ρ, φ, z) = I0

2πa

H
(2)
1 (k0ρ)

H
(2)
1 (k0a)

φ̂ (1.32)

for r > a, where k0 = ω
√

ε0
√

µ0. Thus the solution inside the cylinder has a
spatially constant electric field and magnetostatic magnetic field, whereas outside
the cylinder, cylindrical waves propagate away from the source. Nonetheless,
there is power flowing outward from the source in both regions; that is, the
time-averaged Poynting’s vector is

〈Sω〉 = Z0I
2
0

(2πa)2

1

|H(2)
1 (k0a)|2

2

πk0ρ
ρ̂ (1.33)

If the spectrum of the time history driving the source is localized, one can eas-
ily take into account the time variations of the fields. In particular, one can
approximately write

H(ρ, φ, z, t) = I0

2πρ
f (t)φ̂

E(ρ, φ, z, t) ≈ −Z0
I0

2πa
f (t)ẑ

(1.34)

These 2D results have been confirmed with FDTD simulations. The FDTD
predicted electric field distributions at various times are shown in Figure 1.19
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Figure 1.19 An infinite
line source is located at
the center of a matched
zero-index infinite cylin-
der. The FDTD predicted
electric field intensity
distributions are shown for
(a) t = 0, (b) t = 240�t ,
and (c) 1800�t . A cylin-
drical wave propagates
away from the cylinder
while a uniform electric
field intensity devel-
ops within the cylinder.
From [71]. Copyright 
2004 by the American
Physical Society.

t = 1800 ∆t
(c)

t = 0
(a)

t = 240 ∆t
(b)

at the initial time, early in the simulation, and at the end of the simulation.
The infinite line source is driven at 30 GHz, is orthogonal to the plane, and is
centered in the zero-index cylinder, which had a 0.6λ0 = 60-cell radius. The time
sequence shows that the electromagnetic field energy propagates radially outward
through the zero-index cylinder into the free-space region. The cross-sectional
profiles of the electric and magnetic field distributions are given in Figures 1.20a

and b, respectively. The electric field is clearly spatially constant throughout the
entire cylinder but varies in time. On the other hand, the magnetic field component
within the cylinder has taken on the predicted magnetostatic spatial characteristics
and also varies in time. The electromagnetic field within the matched zero-index
cylinder transitions to an oscillatory, propagating field once it exits the cylinder
and enters free space. Comparisons of the time histories at various locations
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(a)

(b)

Figure 1.20 Cross-sectional profiles of (a) electric field and (b) magnetic field when a
line source is driven at the center of a zero-index cylinder. From [71]. Copyright  2004
by the American Physical Society.
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within the cylinder show that there is zero phase difference between any two
points once steady state has been achieved.

There have been related discussions [72–74] of metamaterials that exhibit
“nihility,” basically the zero-index properties described here. The generaliza-
tion to more general bianisotropic media in which only the chiral parameters
are nonzero has been considered in [74]. The latter suggests the intriguing
possibility of force-free electromagnetic field configurations in metamaterials
exhibiting such chiral nihility. Force-free magnetic fields are used, for example,
to explain the behavior of plasmas associated with solar prominences and sphero-
maks (toroidal plasma states). All of these zero-index medium examples simply
further illustrate how “exotic” the physical properties of metamaterials can be.

1.12 SUMMARY

In this chapter, we briefly reviewed the history and several selected topics asso-
ciated with the fundamental properties of DNG metamaterials. We have shown
how wave interaction with such materials can lead to interesting, unconventional
features not observed in standard DPS media. A more comprehensive review
can be found in our recent paper [48]. These physics characteristics can lead to
exciting engineering concepts with future potential applications. Some of these
concepts will be reviewed in Chapter 2.
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