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Abel equation, 389
advection equation in two dimensions, 205-7
initial boundary value problems, 207
advection (convection) terms, 20
alternating direction explicit (ADE) method, 336
alternating direction implicit (ADI), 54, 115,
209-21, 251, 254, 266
ADI classico and three-dimensional problems,
217-18
ADI classico for two-factor models, 215
approximate factorisation of operators, 213—15
for Asian options, 253
boundary conditions, 219-20
definition, 210-12
D’Yakonov scheme, 212-13
for first-order hyperbolic equations, 215-17
Hopscotch method, 218-19
improvements on, 212—15
alternating direction implicit (ADI) classico
three-dimensional problems, 21718
for two-factor models, 215
American options
exercise feature, 287, 289-90
front-fixing for, 303-5
multi-asset, 312—14
variational inequalities, 324
ansatz, 118, 124, 125
approximate factorisation of operators, 213—15
Asian options, 249-55
alternating direction implicit methods for, 253
introduction, 249-50
Method of Characteristics and, 53
using operator splitting methods, 2514
partial differential equations for, 104-5, 250-1
auxiliary conditions, 26
auxiliary equation, 126

backward difference method see implicit Euler
scheme

Index

Backward in Time, Backward in Space (BTBS),
108-9
backwards induction phase, 147
Banach spaces, 390
barrier options
in-barrier, 153
comparison with exact solutions,
159-62
definition, 153
double barrier call options, 156
using exponential fitting for, 154-6
initial boundary value problems, 154
out barrier, 153
single barrier call options, 156
trinomial method for, 151-2
basket options, 257, 262
Beam—Warming scheme, 216-17
Bermudan swaptions, pricing
Method of Characteristics and, 534
best/worst options, 257, 263
binomial method, 162
Black, Derman and Toy model, 278
Black-Scholes equation, 7, 11, 13, 18, 26, 92,
105, 142, 155, 333
heat equation and, 3940
multivariate, 19
one-factor, 179-80, 4067
partial differential equations, 149-50
use of C++, 353-62
boundaries, types of, 165-8
boundary conditions, 330-1
convexity (linearity), 105, 330, 355
Dirichlet, 9, 16, 27, 31, 32, 38, 11718, 127,
202, 330, 331, 355
fixed-income problems, 280-2
Heston model, 241-3
interest rate modelling, 280-2
Neumann, 9, 27, 31, 32, 38, 117-18, 202, 330,
331, 355
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boundary conditions (cont.)
Robin, 9, 16, 27, 31, 32, 39, 118, 177, 202
types of, 165-8
box scheme, 110
Brownian motion, geometric, 147, 167, 240,
258

caplet, 276
capped power call options, 158-9
Carr—Geman—Madon—Yor (CGMY) processes,
392
Cauchy problem, 27, 33, 39
centred difference scheme, 64-5, 251
with ghost point, 118
characteristic curve, 105
definition, 48, 50
numerical integration along, 50-3
characteristic lines, 30
Cheyette interest models, 53, 253—4
chooser options, 113
cliquet option, 172
collocation method, 44, 390
compatibility conditions, 34
complex barrier options, 171-3
compound options, 113
computational fluid dynamics, (CFD) 333
conditional stability, 70
conservation-form equation, 92
constant barriers, 167
continuity corrections for discrete barrier options,
171
continuity to the boundary, 118
continuous formulation of the free boundary
problem, 320
continuous monitoring, 168—70
convection equation, 92, 401-6
finite element formulation, 401-3
stability and convergence, 403—6
convection—diffusion equation, 10-11, 20, 29, 92,
98-9, 117-22
approximation of derivatives on, 11819
fully discrete schemes, 120-1
multi-dimensional problems, 207-8
semi-discretisation for, 82-3, 177-8
semi-discretisation in space, 121-2
semi-discretisation in time, 122
specifying initial and boundary conditions, 121
time-dependent convection—diffusion
equations, 120
convection (advection) terms, 20
convective-dominated flow, 333
conversion constraint, 301
convertible bond, 301-3
convexity (linearity) boundary condition, 105,
330, 355
convolution transform integral equations, 388

corrected operator splitting (COS) method, 254

countercurrent heat exchange, 113

Courant—Friedrichs—Lewy (CFL) condition, 107

Cox, Ingersoll and Ross (CIR) interest-rate
model, 105, 277, 281

Crank—Nicolson scheme, 69, 70, 72, 76, 868, 98,
99, 109, 120, 121, 130, 169, 188, 204,
213, 216, 224, 230, 270, 334

averaging, 143, 178, 179
Cubic radial basic function, 177
cumulative bivariate normal distribution, 172

delta, 131, 132, 137, 139, 143,217
density function, 32
diffusion equation, 10, 92
heat equations and, 202-5
diffusion phenomena, 37
diffusion terms, 20
dimension-splitting methods, 254
Dirac function, 30, 65
Dirichlet boundary conditions, 9, 16, 27, 31, 32,
38, 117-18, 127, 202, 330, 331, 355
discontinuous barrier function, 168
discontinuous initial conditions, 106
discrete barrier options, continuity corrections,
171
discrete Fourier transform (DFT), 96-9
discrete maximum principle, 128
discrete mesh points, 63
discrete monitoring, 168—70
discretisation error, 65
dispersion, 106
dissipation, 106
divided differences, 65, 67
double barrier option, 172
Douglas—Rachford scheme, 218
down-and-out barrier, 154
down-and-out call option, 154
downwinding schemes, 251
dual-strike options, 258, 265
D’Yakonov scheme, 212—-13

eigenfunction expansions, 43—4
elliptic equations, 13, 195-202
applications, 15-16
exact solutions, 200-2
self-adjoint, 198-9
solving the matrix systems, 199-200
elliptic variational inequality (EVI), 323
error term, 385
European call option, 242
European put options, 242
exact solutions, 137-9
barrier options vs, 159-62
exchange options, 257, 260-1
exotic options, 157-9



jwbk073-ind JWBKO073-Duffy February 15, 2006 17:21 Char Count= 0

Index 419
explicit Euler scheme, 64, 69, 70, 73, 86, 87, 108, initial volume problems, 106—10
120, 202-3, 311-12, 334 nonlinear problems, 114
explicit theta methods, 81 systems of equations, 112—13
exponential barriers, 167 fitted centred—difference equation, 127
exponentially declining volatility functions, 29 fitted Crank-Nicholson scheme, 130
exponentially fitted methods, 76, 123-33, 333 fitting factors, 124
approximating the derivatives of the solution, fixed boundaries, 166
1312 fixed-income problems, 273-83
continuous exponential approximation, 124-5 boundary conditions, 280-2
discrete exponential approximation, 125-8 multi-factor models, 281-2
with explicit time marching, 142 one-factor models, 2801
motivating exponential fitting, 123-8 multidimensional models, 278-80
special limiting cases, 132 single-factor models for contingent claim,
stability and convergence analysis, 129-31 274-6
time-dependent convection—diffusion and, floorlet, 276
128-9 Fokker—Planck equation, 240
foreign equity options, 257, 264
Faltung form, 185 forward difference method see explicit Euler
Feynman—Kac equation, 275 scheme
finite difference method (FDM), 16, 29, 37, Forward in Time, Backward in Space (FTBS),
63-77,91-102, 355, 357 106-7
accuracy and round-off errors, 65-7 Forward in Time, Centred in Space (FTCS), 108
consistency, 93 Forward in Time, Forward in Space (FTFS),
convergence, 94 107-8
discrete monitoring, 16070 forward induction step, 147
divided differences in, 67 forward starting barrier options, 172
exponentially fitted schemes, 76 Fourier transform, 37, 44, 45-6, 94-6
fundamental concepts, 91-4 discrete (DFT), 96-9
initial value problems, 67-72 fractional step, 209
nonlinear initial value problems, 725 Fredholm integral equations, 23, 387, 388
scalar initial value problems, 75-6 free boundary value problems, 17-18, 287-94
stability, 93—4 early exercise features, 293—4
finite element method (FEM), 16, 29, 44, 80, inverse Stefan problem, 290-1
393408 notation and definitions, 287-8
initial value problem, 3948 numerical techniques, 294
finite volume methods (FVM), 333 one-factor option modelling, 289-90
first-order hyperbolic equations, use of C++, oxygen diffusion, 293
337-51 single-phase melting ice, 288-9
applications to quantitative finance, 3467 two and three space dimensions, 291-2
calculation and number crunching, 347 two-phase melting ice, 290
data structures in, 339, 348-51 Front-End Barrier Call, 168
HFDM, 338, 339 front-end single barrier option, 173
HIVP, 338, 339 front-fixing methods, 294, 295-306
input, 3467 American options and, 303-5
modular decomposition, 338-9 for general problems, 300
multi-factor models, 343-6 for heat equation, 299-300
one-factor models, 33943 method of lines and predictor—corrector, 305-6
output, 347 multidimensional problems, 300-3
reusability and maintainability, 347 fully implicit scheme, 86
software requirements, 337—-8 functional analysis, 87, 318-19
first-order partial differential equations, 103—15 fundamental solution, 30—1
essential difficulties, 105-6
extensions and generalisations, 111-15 Galerkin method, 336, 390
general linear problems, 112 gamma, 131, 132, 137, 139, 143
independent variables, 11415 Gauss—Markov process, 240

initial boundary value problems, 110 Gauss—Seidel relaxation scheme, 200, 257, 269
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Gauss-Weierstrass kernel or influence function, 43
Gaussian radial basic function, 177
geometric Brownian motion, 147, 167, 240, 258
Gerschgorin’s circle theorem, 100-1
Graphical User Interfaces, 354
Greeks, 131-2, 137, 270
approximating, 142-3
Green'’s function, 30-1, 320, 386

heat capacity, 38
heat equation, 37-46, 398401
financial engineering, 39—40
front-fixing methods for, 299-300
initial boundary value problems, 37
motivation and background, 38-9
in non-dimensional form, 20
separation of variables technique, 40—4
eigenfunction expansions, 43—4
heat flow in a rod with ends held at constant
temperature, 42
heat flow in a rod whose ends are at a
specified variable temperature, 423
heat flow in an infinite rod, 43
transformation techniques, 44—6
two-dimensional, using C++, 357-62
choosing a scheme, 360
creating a mesh, 358—60
defining the continuous problem, 358
termination criterion, 361
heat transfer coefficient, 39
Heath—Jarrow—Morton (HIM) model, 53, 253,
282
Heaviside function, 65
Heston model, 239-47, 293
boundary conditions, 241-3
Ornstein—Uhlenbeck (OU) processes, 23940
stochastic differential equations, 2401
using finite difference schemes, 243—-6
Heun’s method, 74
highly nonlinear equations, 114
Hilbert space of functions, 87-8, 89
Holder’s inequality, 318, 397
Hopscotch method, 218-19
Hull-White model, 277-8
hyperbolic equations, 13, 20-1
first-order equations, 21, 22
second-order equations, 20—1
use of C++, 337-51
hypercubes, 330

implicit Euler scheme, 64, 68, 69, 70, 71-2, 98,
108, 120, 122, 129, 130, 131, 311-12, 334

implicit—explicit Runge—Kutta methods, 189

Implicit Explicit (IMEX) splitting schemes, 54, 80

implicit—explicit-theta method, 233—4

implicit forms of two-variable functions, 297-8

implicit theta methods, 81
in-barrier, 153
infinite series, 162
initial boundary value problem (IBVP), 19, 79,
104, 266, 267, 295
common scheme for, 110
heat equation, 39
of parabolic type, 26
stability for, 99-101
initial value problems (IVP), 10, 63, 103
extrapolation, 71-2
Padé matrix approximations, 68—71
integral equations, 234, 3868
analytical and semi-analytical methods, 389
Kernel approximation methods, 389
linear, categories, 387-8
nonlinear, categories, 388
numerical approximation, 388-92
projection (Galerkin) methods, 390
quadrature methods, 390-1
with singular kernels, 391-1
integration
of badly behaved functions, 383-5
on infinite intervals, 385
theory, 376-81
integro-differential equations, 88
integro-parabolic equation see partial integro-
differential equations
interest rate modelling, 2734
approximate methods for, 2823
boundary conditions, 280-2
multi-factor models, 281-2
one-factor models, 280-1
multidimensional models, 278-80
interval analysis technique, 66
inverse Stefan condition, 2901
Ito’s lemma, 19, 278, 376

Jacobi scheme, 200, 268
jump processes, 183-91
jump—diftusion processes, 183—6
convolution transformations, 185-6
implicit and explicit methods, 188-9
implicit—explicit (IMEX) Runge—Kutta
methods, 189
using operator splitting, 189-90
splitting and predictor—corrector methods,
190-1
jumps in time, 169-70

Keller box scheme, 251
Kernel approximation methods, 389

Lalesco—Picard equation, 391
Landau transformation, 299, 302, 303, 355
Laplace differential operator, 196
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Laplace equation, 13, 14, 16, 18, 296, 297, 388

Laplace operator, 16

Laplace transform, 37, 44, 45, 162

Laplace transform integral equations, 388

Lax equivalence theorem, 94, 110, 189

Lax—Wendroff scheme, 108, 111, 251

leapfrog scheme, 110

least squares, method of, 390

Lebesgue integral, 376, 379-81

Levy models, 294

line Jacobi method, 269

linear boundaries, 8, 167

linear boundary value problems (BVP), 9

linear equation, 7, 9

linear parabolic equations, 25-6

boundary conditions for, 27

linear partial differential equation, 13—14

linearity (convexity) boundary condition, 105,
330, 355

Lipschitz condition, 89, 386

locally one-dimensional (LOD) methods, 209,
217

lognormal models, 278

lookback options, 170, 172

Markov processes, 37
matrix iterative analysis, 271
maximum principle for parabolic equations, 28-9
Merton model, 124, 277
meshless (meshfree) method, 44, 80, 175-81,
270, 336
advantages and disadvantages, 180—1
motivating, 175-6
Method of Characteristics (MOC), 21, 25, 47-59,
330
applications to financial engineering, 53-5
Asian options and, 53
first-order hyperbolic equations, 47-9
numerical integration along characteristic lines,
50-3
propagation of discontinuities, 57-9
second-order hyperbolic equations, 50-3
systems of equations, 55-7
method of images, 162
method of lines, 79-89, 305-6
method of moments, 390
metric space, 307-8
Minkowski’s inequality, 318
monotone schemes, 110-11
Monte Carlo method, 270
moving boundaries, 17
moving boundary value problems, 17-18, 287-94
moving strike option, 172
multi-asset options, 257-71
common framework, 265-6
numerical solution of elliptic equations, 267-9

overview of finite difference schemes for,
266-7
solving Black—Scholes equations, 269-70
special guidelines and caveats, 270-1
taxonomy, 257-65
multi-grid methods, 271
multiquadratic (MQ) radial basic function, 177

Navier—Stokes equation, 207
Neumann boundary conditions, 9, 27, 31, 32, 38,
117-18, 202, 330, 331, 355
Newton—Cotes integration, 187
Newton—Raphson iterative method, 131, 191, 304
Newton’s method, 304-5
non-homogeneous equation, 38
nonlinear functions, 114
normal form of equation, 11
numerical approximation of first-order systems,
85-9
fully discrete schemes, 867
semi-linear problems, 87-9
numerical differentiation, 635
numerical integration, 376-81
Nystrom method, 390, 391, 392

one-dimensional wave equation, 15
one-factor generalised Black—Scholes models,
29-30
exact solutions for, 13744
one-sided difference scheme, 118
operator splitting (OS) methods, 115
order of convergence, 385
ordinary differential equations (ODEs), 7, 63, 88,
105, 175
second-order, 7
Ornstein—Uhlenbeck model, 37, 239-40
out barrier, 153
out-performance options, 258, 265
oxygen absorption problem, 320

Padé matrix approximations, 68—71
Padé table, 70
parabolic integro-differential variational
inequality (PIVI), 294
parabolic partial differential equations, 13, 18-20,
22
second-order, 25-35
parabolic variational inequality (PVI), 294
Parisian option, 166
Parseval’s theorem, 95
partial barrier options, 172
partial derivatives, 295-7
partial differential equations (PDEs), 13-24, 88,
328, 332-5, 354-5
approximating spatial derivatives in, 333—4
for Asian options, 104-5, 2501
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partial differential equations (cont.)
boundary conditions, 335
classification, 13, 14
containing integrals, 23—4
first-order, 103—15
functional and non-functional requirements,
332-3
hyperbolic, 20—1
linear, 13-14
parabolic, 18-20
payoff functions, 334-5
specialisations, 15-18
systems of equations, 22
time discretisation, 334
partial integro-differential equation (PIDE), 23,
183, 185,227-8
financial applications and, 1867
numerical solution, 187-8
techniques for numerical solution, 188
payoft function, 328, 329-30
payoffs, C++, class hierarchies for, 36374
abstract class and, 364—7
lightweight, 3689
multi-asset, 371-2
non-smooth, and convergence degradation,
3734
super-lightweight, 369-71
using, 367-8
Peaceman—Rachford scheme, 212, 215, 219
penalty methods, 114, 355
multi-asset American options, 312—14
semi-linear equations and, 310-11
penalty term, 55
perturbation analysis, 139
piezometric head, 17
plain vanilla power call options, 158
Poisson equation, 16, 267
Poisson process, 184
positive-type schemes, 110-11
positivity and maximum principle analysis, 210

predictor—corrector methods, 68, 72, 734, 190-1,

305-6

Principle of Substitutability, 365

projected successive over-relaxation (PSOR),
317-18

protected barrier option, 165

quadratic equation, 14, 15
quadrature methods, 390-1
quanto options, 257, 264
quasilinear equations, 114
quotient (ratio) options, 257, 263

rachet options, 172
radial basic function (RBF), 80, 176, 177
Cubic, 177

Gaussian, 177
multiquadratic (MQ), 177
Thin Plate Shell (TPS), 177
rainbow options, 165, 257, 261-2
ratio options, 257, 263
reaction—diffusion equation, 10, 92
real options, 54-5
real-time data feeds, 354
Rear-End Barrier Call, 168
Rectangle rule, 382, 383
regularisation process, 294
relational database systems, 354
residual correction methods, 199
rho, 131
Richardson extrapolation, 74, 75, 200, 383
Riemann integral, 376, 377-8
Riemann-Stieljtes integral, 376, 378-9
Riemann zeta function, 171
risk engines, 137, 139
Robin boundary conditions, 9, 16, 27, 31, 32, 39,
118, 177, 202
roll-down, 172
rolling options, 172
roll-up, 172
Romberg integration, 383
Rothe’s method, 79, 80, 175, 178, 267
Runge—Kutta methods, 68, 72, 74-5, 81, 334

scalar IVP, 68
second-order parabolic differential equations,
25-35
continuous problem, 26—8
fundamental solution, 301
integral representation of solution, 31-3
linear parabolic equations, 25-6
maximum principle, 28-9
one-factor generalised Black-Scholes models,
29-30
one space dimension, 33-5
self-adjoint form, 11
semi-continuity, 307-8
semi-discretisation methods, 79
classifying, 79-80
essentially positive matrices, 845
in space, 121-2, 80-5
in time, 122
semi-implicit method, 88, 311-12
semi-linear equations, 114, 310-11
separation of variables technique, 16, 404,
200-2, 399
similarity reduction technique, 250
Simpson’s rule, 382, 390, 392
Sobolev spaces of integer order, 318—19
spectral method, 44
spectral norm of matrix, 100
spectral radius of matrix, 100
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speed of propagation, 106
splitting errors, 234
splitting methods, 54
compound and chooser options, 231-2
general results, 228
IMEX schemes, 232-5
initial examples, 2234
leveraged knock-in options, 232
mixed derivatives, 224—6
parabolic systems in two dimensions, 229-32
for parabolic systems and ADI, 230
for partial integro-differential equations, 227-8
predictor—corrector methods (approximation
correctors), 226
spread options, 257, 264-5
square-integrable functions, 3945
Standard Template Library (STL), 354
stationary dam problem, 18
Stefan condition, 289
inverse, 290-1
Stefan problems, 288, 290, 299
stiffness matrix, 176
stochastic differential equation (SDE), 19, 72-3,
147, 301
strategy pattern, 368
strike, 131
Sturm-Liouville problem, 41
sub-solutions, 30910
successive over-relaxation (SOR) scheme, 200,
257,269
super-solutions, 309-10
symmetric successive over-relaxation (SSOR)
scheme, 269
systems of equations, 22

Tanh rule, 383, 384, 385, 392

Taylor expansions, 64, 110

Taylor’s theorem, 93

thermal conductivity, 38

theta, 131, 137

Thin Plate Shell (TPS) radial basic function,
177

Thomee or box scheme, 110

time-dependent barrier options, 165

time-dependent boundaries, 166

time-dependent volatility, 1567

Toeplitz matrix, 82, 101, 400

transform domain, 45

transformations, 331-2
Trapezoidal rule, 382, 383, 390
trinomial method, 13942, 147-52
for barrier options, 151-2
comparisons with other methods, 149-51
motivating, 147-9
stability of, 141-2
truncation error, 383
turning-point problem, 126
two-point boundary value problem, 8-9

unconditional stability, 70

unified difference representation (UDR),
126

uniform Lipschitz continuous function, 8

upwinding, 54, 251

Urysohn integral equations, 388

Van Leer method, 123, 131
variational formulation, 315-24, 355
variational inequalities
American options and, 324
diffusion with semi-permeable membrane,
319-20
first parabolic, 31618
functional analysis, 318-19
kinds, 319-23
one-dimensional finite element approximation,
320-3
short history, 316
using Rothe’s method, 323
Vasicek model, 277
vega, 131, 137, 138
formula for, 144-5
viscosity method, 189, 308-10
viscosity term, 108
Visualisation Software, 354
Volterra integral equations, 23, 24, 387
von Neumann stability analysis, 107, 110, 203,
210,211,223

weak solution, 106

Weierstrass transform integral equations, 388
Weiner—Hopf factorisation, 389
Weiner—Hopf integral equations, 387

Weiner model, 37

zero-coupon bond, 275-6, 279, 281



