












8 GENERATING ALL AND RANDOM INSTANCES OF A COMBINATORIAL OBJECT

Comparisons of combination generation techniques are given in the works by Ak1
[1] and Payne and Ives [29]. Akl [1] reports algorithm by Misfud [23] to be the fastest
while Semba [34] improved the speed of algorithm [23].

The sequential algorithm [23] for generating (m,n)-combinations determines the
next combination by a backtrack search that finds an element ct with the greatest
possible index t such that zt<n−m+ t, therefore increasable (the index t is called
the turning point). The new value of zi for i ≥ t is zt + i− t + 1 .

The average delay of the algorithm is O(n/(n−m)) [34]. The delay is constant
whenever m = o(n). On the contrary, the average delay may be nonconstant in some
cases (e.g., when n−m = O(

√
n)). Semba [34] modified the algorithm by noting that

there is no need to search for the turning point as it can be updated directly from one
combination to another, and that there is no need to update the elements with indices
between t and m if they do not change from one combination to another. If zt<n−
m+ t − 1 then all elements in the next combination will be less that their appropriate
maximal values and the turning point of the next combination will be index m. In this
case, a total of d = m− t + 1 elements change their value in the next combination.
Otherwise, that is, when zt = n−m+ t − 1, the new value for the turning point
element becomes its maximal possible value n−m+ t, elements between t and m
remain unchanged (with their maximal possible values), and the turning point for the
next combination is the element with index t − 1. Only one element is checked in
this case. The following table gives values of t and d for (4,6)-combinations.

1234 1235 1236 1245 1246 1256 1345 1346 1356 1456 2345 2346 2356 2456 3456

t = 4 4 3 4 3 2 4 3 2 1 4 3 2 1 0

d = 1 1 2 1 1 3 1 1 1 4 1 1 1 1

The algorithm [34] is coded in FORTRAN language using goto statements. Here
we code it in PASCAL-like style.

z0 ← 1; t← m;
for i← 1 to m do zi ← i;
repeat

print out pzi , 1 ≤ i ≤ m;
zt ← zt + 1;
if zt = n−m+ t then t← t − 1

else fori = t + 1 to m do zi ← zt + i− t; t← m

until t = 0.

The algorithm always does one examination to determine the turning point. We
now determine the average number d of changed elements. For a fixed t, the num-
ber of (m,n)-combinations that have t as the turning point with zt<n−m+ t − 1
is C(t, n−m+ t − 2). This follows because zi = n−m+ i when i>t for each of
these combinations while z1, z2, . . . , zt can be any (t, n−m+ t − 2) -combination.
The turning point element is always updated. In addition, m− t elements when-
ever zt<n−m+ t − 1, which happens C(t, n−m+ t − 2) times. Therefore, the
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4. Generate the next permutation of {p1, p2, . . . , pn−1} (i.e., do step (iii)).

For example, permutations of {1, 2, 3, 4} are generated in the following order:

1234, 1243, 1423, 4123 move element 4 to the left

4132 132 is the next permutation of 123, with

3 moving to the left

1432, 1342, 1324 move 4 to the right

3124 312 is the next permutation following 132, with

3 moving to the left

3142, 3412, 4312 4 moves to the left

4321 321 is the next permutation following 312;

2 in 12 moves to the left

3421, 3241, 3214 4 moves to the right

2314 231 follows 321, where 3 moves to the right

2341, 2431, 4231 4 moves to the left

4213 213 follows 231, 3 moved to the right

2413, 2143, 2134 4 moves to the right.

The constant delay is achieved by observing that the mobility of pn has a regular
pattern (moves n− 1 times and then some other element moves once). It takes n− 1
steps to move pn to the left or right while (i), (ii), and (iii) together take O(n) time.
Therefore, if steps (i), (ii), and (iii) are performed after pn has already finished moving
in a given direction, the algorithm will have constant average delay. If the work in steps
(i) and (ii) [step (iii) requires constant time] is evenly distributed between consecutive
permutations, the algorithm will achieve constant worst case delay. More precisely,
finding largest mobile element takes n− 1 steps, updating directions takes also n− 1
steps. Thus it suffices to perform two such steps per move of element pn to achieve
constant delay per permutation.

The current permutation is denoted d1, d2, . . . , dn. The direction is stored in a vari-
able a, where ai = −1 for left and ai = 1 for right direction. When two elements are
interchanged, their directions are also interchanged implicitly. The algorithm termi-
nates when no mobile element is found. For algorithm conciseness, we assume that
two more elements p0 and pn+1 are added such that p0 < p1 < . . . < pn < pn+1.
Variable i is used to move pn from right to left (i = n, n− 1, . . . , 2) or from left
to right (i = 1, 2, . . . , n− 1). The work in steps (i) and (ii) is done by two “sweep-
ing” variables l (from left to right) and r (from right to left). They update the largest
mobile elements dlm and drm, respectively, and their indices lm and rm, respec-
tively, that they detect in the sweep. When they “meet” (l = r or l = r − 1) the largest
mobile element dlm and its index lm is decided, and the information is broadcast
(when l>r) to all other elements who use it to update their directions. Obviously the
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sweep of variable i coincides with either the sweep of l or sweep of r. For clarity, the
code below considers these three sweeps separately. The algorithm works correctly
for n>2.

procedure output;
{ for s← 1 to n do write( d[s]); writeln}

procedure exchange ( c, b: integer);
{ ch← d[c + b]; d[c + b]← d[c]; d[c]← ch; ch← a[c + b];

a[c + b]← a[c]; a[c]← ch };

procedure updatelm; {
l← l+ 1; if (d[l] = pn) or (d[l+ dir] = pn) then l← l+ 1;
if l > r then {

if d[l− 1] �= pn then l1← l− 1 elsel1← l− 2;
if d[l+ 1] �= pn then l2← l+ 1 elsel2← l+ 2;
if (((a[l] = −1) and (d[l1] < d[l])) or ((a[l] = 1) and

(d[l2] < d[l]))) and (d[l]>dlm)
then {lm← l; dlm← d[l]};} ;

if ((l = r) or (l = r − 1)) and (drm>dlm) then {lm← rm;
dlm← drm};

if (l>r) and (d[r]>dlm) then a[r]←−a[r];
r← r − 1; if (d[r] = pn) or (d[r + dir] = pn) then r← r − 1;
if l < r then {

if d[r − 1] �= pn then l1← r − 1 elsel1← r − 2;
if d[r − 1] �= pn then l2← r + 1 elsel2← r + 2;
if (((a[r] = −1) and (d[l1] < d[r])) or

((a[r] = 1) and (d[l2] < d[r]))) and (d[r]>drm)
then { rm← r; drm← d[r] }; } ;

if ((l = r) or (l = r − 1)) and (drm>dlm) then
{ lm← rm; dlm← drm };

if (lεr) and (d[r]>dlm) then a[r]− a[r];
exchange( i, dir);
if i+ dir = lm then lm← i;
if i+ dir = rm then rm← i;
output; } ;

read( n); for i← 0 to n+ 1 do read pi;
d[0]← pn+1; d[n+ 1]← pn+1; d[n+ 2]← p0;
for i← 1 to n do { d[i]← pi; a[i]←−1};
repeat

output;
l← 1; r← n+ 1; lm← n+ 2; dlm← p0; rm← n+ 2;

drm← p0; dir←−1;
for i← n downto 2 do updatelm;
exchange (lm, a[lm]);
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output;
l← 1; r← n + 1; lm← n+ 2; dlm← p0;

drm← p0; rm← n+ 2; dir← 1;
for i← 1 to n− 1 do updatelm;
exchange (lm, a[lm]);

until lm = n+ 2.

1.10 RANKING AND UNRANKING OF COMBINATORIAL OBJECTS

Once the objects are ordered, it is possible to establish the relations between in-
tegers 1, 2, . . . , N and all instances of a combinatorial object, where N is the
total number of instances under consideration. The mapping of all instances
of a combinatorial object into integers is called ranking. For example, let f(X)
be ranking procedure for subsets of the set {1, 2, 3}. Then, in lexicographic
order, f ( ) = 1, f ({1}) = 2, f ({1, 2}) = 3, f ({1, 2, 3}) = 4, f ({1, 3}) = 5, f ({2}) =
6, f ({2, 3}) = 7 and f ({3}) = 8. The inverse of ranking, called unranking, is mapping
of integers 1, 2, . . . , N to corresponding instances. For instance, f−1(4) = {1, 2, 3}
in the last example.

The objects can be enumerated in a systematic manner, for some combinatorial
classes, so that one can easily construct the sth element in the enumeration. In such
cases, an unbiased generator could be obtained by generating a random number s
in the appropriate range (1,N) and constructing the sth object. In practice, random
number procedures generate a number r in interval [0,1); then s = 	rN
 is required
integer.

Ranking and unranking functions exist for almost every kind of combinatorial ob-
jects, which has been studied in literature. They also exist for some objects listed in
minimal change order. The minimal change order has more use when all instances
are to be generated since in this case either the time needed to generate is less or the
minimal change order of generating is important characteristics of some applications.
In case of generating an instance at random, the unranking functions for minimal
change order is usually more sophisticated than the corresponding one following lex-
icographic order. We use only lexicographic order in ranking and unranking functions
presented in this chapter.

In most cases combinatorial objects of given kind are represented as integer
sequences. Let a1a2 . . . am be such a sequence. Typically each element ai has
its range that depends on the choice of elements a1, a2, . . . , ai−1. For example,
if a1a2 . . . am represents a (m,n)-combination out of {1, 2, . . . , n} then 1 ≤ a1 ≤
n−m+ 1, a1 < a2 ≤ n−m+ 2, . . . , am−1 < am ≤ n. Therefore element ai has
n−m+ 1− ai−1 different choices.

Let N(a1, a2, . . . , ai) be the number of combinatorial objects of given kind whose
representation starts with a1a2 . . . ai. For instance, in the set of (4,6)-combinations
we have N(2, 3) = 3 since 23 can be completed to (4,6)-combination in three ways:
2345, 2346, and 2356.
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To find the rank of an object a1a2 . . . am, one should find the number of objects
preceding it. It can be found by the following function:

function rank(a1, a2, . . . , am )
rank← 1 ;

for i← 1 to m do
for each x < ai

rank← rank +N(a1, a2, . . . , ai−1, x).

Obviously in the last for loop only such values x for which a1a2 . . . ai−1x can be
completed to represent an instance of a combinatorial object should be considered
(otherwise adding 0 to the rank does not change its value). We now consider a general
procedure for unranking. It is the inverse of ranking function and can be calculated
as follows.

procedure unrank ( rank, n, a1, a2, . . . , am)
i← 0 ;
repeat

i← i+ 1;
x← first possible value;
while N(a1, a2, . . . , ai−1, x) ≤ rank do

{ rank← rank − N(a1, a2, . . . , ai−1, x);
x← next possible value} ;

ai ← x

until rank = 0;
a1a2 . . . am ← lexicographically first object starting by a1a2 . . . ai.

We now present ranking and unranking functions for several combinatorial objects.
In case of ranking combinations out of {1, 2, . . . , n}, x is ranged between ai−1 + 1
and ai − 1. Any (m, n)-combination that starts with a1a2 . . . ai−1x is in fact a (m−
i, n− x)- combination. The number of such combinations is C(m− i, n− x). Thus
the ranking algorithm for combinations out of {1, 2, . . . , n} can be written as follows
(a0 = 0 in the algorithm):

function rankcomb (a1, a2, . . . , am)
rank← 1 ;
for i← 1 to m do

for x← ai−1 + 1 to ai − 1 do
rank← rank + C(m− i, n− x).

In lexicographic order, C(4, 6) = 15 (4,6)-combinations are listed as 1234, 1235,
1236, 1245, 1246, 1256, 1345, 1346, 1356, 1456, 2345, 2346, 2356, 2456, 3456.
The rank of 2346 is determined as 1+ C(4− 1, 6− 1)+ C(4− 4, 6− 5) = 1+
10+ 1 = 12 where last two summands correspond to combinations that start with
1 and 2345, respectively. Let us consider a larger example. The rank of 3578 in
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(4,9)-combinations is 1+ C(4− 1, 9− 1)+ C(4− 1, 9− 2)+ C(4− 2, 9− 4)+
C(4− 3, 9− 6) = 104 where four summands correspond to combinations starting
with 1, 2, 34, and 356, respectively.

A simpler formula is given in the work by Lehmer [21]: the rank of combination
a1a2 . . . am is C(m, n)−∑

m
j=1C(j, n− 1− am−j+1). It comes from the count of

the number of combinations that follow a1a2 . . . am in lexicographic order. These
are all combinations of j out of elements {am−j+1 + 1, am−j+1 + 2, . . . , an}, for all
j, 1 ≤ j ≤ m. In the last example, combinations that follow 3578 are all combinations
of 4 out of {4, 5, 6, 7, 8, 9}, combinations with first element 3 and three others taken
from {6, 7, 8, 9}, combinations which start with 35 and having two more elements
out of set {8, 9} and combination 3579.

The function calculates the rank in two nested for loops while the formula would
require one for loop. Therefore general solutions are not necessarily best in the partic-
ular case. The following unranking procedure for combinations follows from general
method.

procedure unrankcomb (rank, n, a1, a2, . . . , am)
i← 0; a0 ← 0;
repeat

i← i+ 1;
x← ai−1 + 1;
while C(m− i, n− x) ≤ rank do

{rank← rank − C(m− i, n− x); x← x+ 1};
ai ← x

until rank = 0;
for j = i+ 1 to m do aj ← n−m+ j.

What is 104th (4,9)-combination? There are C(3, 8) = 56 (4,9)-combinations start-
ing with a 1 followed by C(3, 7) = 35 starting with 2 and C(3, 6) = 20 starting with 3.
Since 56+ 35 ≤ 104 but 56+ 35+ 20 > 104 the requested combination begins with
a 3, and the problem is reduced to finding 104− 56− 35 = 13th (3,6)-combination.
There are C(2, 5) = 10 combinations starting with 34 and C(2, 4) = 6 starting with a
5. Since 13 > 10 but 13 < 10+ 6 the second element in combination is 5, and we need
to find 13− 10 = 3rd (2,4)-combination out of {6, 7, 8, 9}, which is 78, resulting in
combination 3578 as the 104th (4,9)-combination.

We also consider the ranking of subsets. The subsets in the set and in the binary
representation are listed in different lexicographic orders. In binary representation,
the ranking corresponds to finding decimal equivalent of an integer in binary system.
Therefore the rank of a subset b1, b2, . . . , bn is bn + 2bn−1 + 4bn−2 + · · · + 2n−1b1.
For example, the rank of 100101 is 1+ 4+ 32 = 37 . The ranks are here between
0 and 2n − 1 since in many applications empty subset (here with rank 0) is not
taken into consideration. The ranking functions can be generalized to variations out
of {0, 1, . . . , m− 1} by simply replacing all “2” by “m” in the rank expression. It
corresponds to decimal equivalent of a corresponding number in number system
with base m.
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Similarly, the unranking of subsets in binary representation is equivalent to
converting a decimal number to binary one, and can be achieved by the following
procedure that uses the mod or remainder function. The value rank mod 2 is 0 or
1, depending whether rank is even or odd, respectively. It can be generalized for
m-variations if all “2” are replaced by “m”.

function unranksetb(n, a1a2 . . . am)
rank← m; a0 ← 0;
for i← m downto 1 do

{bi ← rank mod 2; rank← rank − bi2n−i}.
In the set representation, the rank of n-subset a1a2 . . . am is found by the following

function from the work by Djokić et al. [10].

function rankset(n, a1a2 . . . am)
rank← m; a0 ← 0;
for i← 1 to m− 1 do

for j← ai + 1 to ai+1 − 1 do
rank← rank + 2n−j .

The unranking function [10] gives n-subset with given rank in both representations
but the resulting binary string b1b2 . . . bn is assigned its rank in the lexicographic order
of the set representation of subsets.

function unranksets(rank, n, a1a2 . . . am)
m← 0; k← 1; for i← 1 to n do bi ← 0 ;
repeat

if rank ≤ 2n−k then {bk ← 1; m← m+ 1; am ← k};
rank← rank − (1− bk)2n−k − bk;
k← k + 1

until k>n or rank = 0.

As noted in the work by Djokić [10], the rank of a subset a1a2 . . . am among all
(m, n)-subsets is given by

ranks(a1a2 . . . am) = rankcomb(a1a2 . . . am)+ rankcomb(a1a2 . . . am−1)+ · · ·
+ rankcomb(a1a2)+ rankcomb(a1).

Let L(m, n) = C(1, n)+ C(2, n)+ · · · + C(n, m) be the number of (m, n)-
subsets. The following unranking algorithm [10] returns the subset a1a2 . . . am with
given rank.

function unranklim (rank, n, m, a1a2 . . . ar)
r← 0; i← 1;
repeat

s← t − 1− L(m− r − 1, n− i);
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condition is satisfied for combinations, permutations, t-ary trees, variations, subsets,
and other combinatorial objects.

Given g from [0, . . . , 1), let l be chosen such that S(1,≤ u− 1) < g ≤ S(1,≤ u).
Then x1 = a′u and the first element of combinatorial object ranked g is decided. To
decide the second element, the interval [S(1,≤ u− 1) . . . S(1,≤ u)) containing gcan
be linearly mapped to interval [0 . . . 1) to give the new value of g as follows:

g← g− S(1,≤ u− 1)

S(1,≤ u)− S(1,≤ u− 1)
.

The search for the second element proceeds with the new value of g. Similarly the
third, . . . , mth elements are found. The algorithm can be written formally as follows,
where p′ and p stand for S(k,≤ u− 1) and S(k,≤ u) , respectively.

procedure object( m, n, g);
p′ ← 0;

for k← 1 to m do
{

u← 1;
p← S(k, 1);

while p ≤ g do
{

p′ ← p;
u← u+ 1;

p← p′ + (1− p′) S(k, u)

S(k,≥ u)

}

xk ← a′u;

g← g− p′
p− p′

}
.

Therefore the technique does not involve large integers iff S(k, u)/S(k,≥ u) is not
a large integer for any k and u in the appropriate ranges (note that S(k,≥ 1) = 1 ).

The method gives theoretically correct result. However, in practice the random
number g and intermediate values of p are all truncated. This may result in com-
putational imprecision for larger values of m or n. The instance of a combinatorial
object obtained by a computer implementation of above procedure may differ from the
theoretically expected one. However, the same problem is present with other known
methods (as noted in the previous section) and thus this method is comparable with
others in that sense. Next, in applications, randomness is practically preserved despite
computational errors.

1.13.1 Mapping [0 . . . 1) Into the Set of Combinations

Each (m, n)-combination is specified as an integer sequence x1, . . . , xm such that
1 ≤ x1 < · · · < xm ≤ n. The mapping f(g) is based on the following lemma. Recall
that (k-1)-fixed combinations are specified by xi = ai, 1 ≤ i < k. Clearly, possible
values for xk are a′1 = ak−1 + 1, a′2 = ak−1 + 2, . . . , a′h = n (thus h = n− ak−1 ).


