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1.1 BACKGROUND

We review current understanding of the molecular hydrodynamic origin of the shear
viscosity of polymer solutions. Viscometric measurements have played an important
historical role in advancing our knowledge of macromolecular structure and dynamics
in solution. For example, the anomalously large viscosities of dilute polymer solu-
tions were a key component of the arguments espoused by Hermann Staudinger in
advancing the macromolecular hypothesis. Robert Simha’s theoretical analysis of the
viscosity of impermeable ellipsoidal particles enabled the application of viscomet-
ric measurements to determine the native molecular shapes of proteins in solution.
Determination of intrinsic viscosities remains a widely used technique to obtain infor-
mation about macromolecular structure in solution. The concentration dependence
of polymer solution viscosity is influenced by thermodynamically-driven changes
in molecular conformation, as well as intermolecular interactions, which may be
direct (hard core, van der Waals, dipolar, electrostatic, hydrogen bonding) or indirect
(hydrodynamic). Understanding the role of these interactions and their relationship
to polymer structure is basic to controlled processing of polymers in the solution
state.

1.2 INTRODUCTION

1.2.1 Rheology in Steady Shear Flow: Shear Viscosity

Figure 1.1 illustrates schematically a shear strain, γ , produced by applying a force
F to the upper face of a cubic volume of a fluid. Relative to the three axes shown in
Figure 1.1 (i.e., 1 = direction of flow, 2 = shear gradient, 3 = vorticity axis), one may
define three materials parameters relating the shear stress tensor, σ, to the shear rate,
γ̇ [Macosko, 1994]:
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FIGURE 1.1 Schematic of a shear deformation: γ = shear strain, γ̇ (s−1) = rate of
shear = du/dy = u(velocity)/y(thickness), σ12 (dyn/cm2) = shear stress = F(force)/A(area).

Steady shear viscosity:

η(γ̇) = σ12(γ̇)

γ̇
(1.1)

First normal stress coefficient:

ψ1(γ̇) = N1

γ̇2 = σ11 − σ22

γ̇2 (1.2)

Second normal stress coefficient:

ψ2(γ̇) = N2

γ̇2 = σ22 − σ33

γ̇2 (1.3)

In general, each of these parameters depends on the shear rate. This dependence is
associated with the fact that the macromolecule rotates around the vorticity axis in the
shear flow, and if flexible, at sufficiently high shear rate becomes distorted and oriented
in the direction of flow [Hsieh and Larson, 2004; Texeira et al., 2005]. However, at
sufficiently low shear rates, there is a regime where any distortion and orientation of
the macromolecular structure by the flow field is erased by Brownian motion on a
time scale much faster than the flow rate. Here we focus on this Newtonian regime,
where η(γ̇), Ψ (γ̇), and Ψ (γ̇), become independent of γ̇ , and we can expect that the
viscometric behavior is related to the equilibrium macromolecular structure.

1.2.2 Concentration-Dependent Regimes of Viscometric Behavior

Our discussion of viscometric properties of polymer solutions is organized into four
concentration regimes: isolated chains (the limit of infinite dilution) and dilute,
semidilute, and concentrated solutions. The first two refer to situations where the
chains are, respectively, noninteracting and weakly interacting via direct as well
as indirect (hydrodynamic) interactions. The latter two regimes refer to concentra-
tions where topological interactions of polymer molecules (i.e., chain entanglements,
restricted rotational and translational degrees of freedom) may become important. The
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boundary between dilute and semidilute regimes is the overlap concentration, often
defined to be c∗ = M/NAR3

g, where M is the molar mass of the macromolecule, Rg

its radius of gyration, and NA is Avogadro’s number. Numerically, c∗ defined in this
way is close to the concentration where the hydrodynamic volumes, VH, of the macro-
molecule begin to overlap each other; that is, (cNA/M)VH ∼ 1, which corresponds to
c ∼ 2.5/[η], where [η] is a viscometric parameter called the intrinsic viscosity, which
is discussed below.

The boundary c∗∗ between the semidilute and concentrated regimes is defined by
the appearance of phenomena related to bulk properties of the polymeric solute (e.g.,
glass transition, liquid-crystal transition, gelation). At a concentration substantially
above c∗, which may be above or below c∗∗, there is a well-established change in
the viscometric properties of solutions of flexible polymers, associated with a change
in macromolecular dynamics, which is referred to as the entanglement concentra-
tion, ce . The transition from nonentangled to entangled behavior requires a minimum
molecular weight, Me , independent of concentration but dependent on polymer struc-
ture: The more flexible the polymer, the smaller is Me . Me is the molecular weight
where the entanglement transition occurs in the bulk polymer, and as the molecu-
lar weight increases beyond Me , the entanglement transition in solution occurs at a
progressively lower concentration. Based on a theoretical argument that the transi-
tion to entanglement dynamics occurs when the number of entanglements per chain
exceeds a critical value, determined to be

√
18π2, Klein [1978] proposed the fol-

lowing expression relating the entanglement concentration to the molar mass of the
polymer:

log M = log
(18π2)

1/2
M0C∞

j(v)nsin2(θ/2)
− n log ce (1.4)

where M0 is the monomer molar mass, v the monomer partial specific volume, j the
number of backbone units per monomer, θ the polymer backbone bond angle, and
C∞ the asymptotic characteristic ratio of the polymer:

C∞ = lim
M→∞

6R2
g

j(M/M0)�2 (1.5)

where � is the backbone bond length. In Eq. (1.4), the scaling parameter n = 1/(3ν − 1),
where ν is the exponent characterizing the molar mass dependence of Rg (i.e.,
Rg ∼ Mν). Thus, in the semidilute and dilute concentration regimes, we may identify
two possibilities: semidilute unentangled and semidilute entangled, and concentrated
unentangled and concentrated entangled.

1.2.3 Measurement of Shear Viscosity

Three geometric arrangements are commonly used to measure fluid viscosity: capil-
lary, coquette, and cone and plate. For a more complete discussion of the principles
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of rheometry, the reader should consult a suitable textbook, such as that by Macosko
[1994]. Here we limit ourselves to a simplified treatment for illustrative purposes. In
capillary instruments, the fluid is forced through the capillary by application of pres-
sure. The basis for viscosity determination is Poiseuille’s equation for steady-state
laminar flow. For dilute solutions, this may be written

η = πr4
c ∆P t

8VLc

(1.6)

where rc and Lc are the radius and length of the capillary, ∆P is the pressure drop,
V is the volume of fluid that passes through the capillary, and t is the flow time. The
corresponding shear stress at the capillary wall is

σ = rcP

2Lc

(1.7)

and the rate of shear at the wall for a Newtonian fluid is

γ̇ = 4V

πr3
c

1

t
(1.8)

The Ubbelohde capillary viscometer is a simple device which allows one to determine
the flow time of a fixed volume of liquid, passing through a capillary of specified length
and diameter. The pressure drop is hydrostatic P = (h1 − h2)ρg, where h1 and h2 are
the initial and final meniscus levels, ρ is the fluid density, and g is the gravitational
acceleration (standard value at sea level = 9.8066 m/s2). Frequently, it is necessary
only to determine the relative viscosity, ηr = η/ηs , where ηs is the solvent viscosity
(i.e., we take the ratio of flow times of solution and solvent). From Eq. (1.6),

ηr = ρt

ρsts
(1.9)

where the numerator refers to solution, the denominator to solvent. Moreover, since
measurement of the viscometric contribution of isolated chains involves extrapolation
of experimental values of ηr to zero concentration, it follows that the density of the
solution will extrapolate to the density of the solvent (i.e., ρ → ρs ), and hence we can
neglect the small density correction and write

ηr = t

ts
(1.10)

One must choose a sufficiently narrow capillary to have flow times long enough that
one is in the Newtonian region (typically, t > 200 s) and also to avoid a kinetic energy
correction to compensate for acceleration of the fluid during the measurement.
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If one needs to investigate the dependence of η on shear rate, γ̇ , one must
have access to a rheometer, an instrument that can characterize the dependence of
viscosity on shear rate, thus enabling an extrapolation to the Newtonian limit. Typi-
cally, such measurements are conducted in Couette (concentric cylinder) or cone and
plate geometry. In the Newtonian limit, for Couette geometry, when the inner cylinder
is rotated, and provided that the gap between the inner and outer cylinder is small
(i.e., Ri /Ro < 0.99, where Ri and Ro are the radii of the inner and outer cylinders), the
shear stress on the wall of the outer (resting) cylinder is

σo = MT

2πR2
oL

(1.11)

and the average shear rate in the gap is

γ̇(Ri) = R

Ro − Ri

Ωi (1.12)

where R = (Ro + Ri)/2 is the midpoint of the gap and L is the cylinder length. The
viscosity is proportional to the torque, MT , exerted on the resting cylinder, divided by
the angular velocity of rotation, Ω:

η = Ro − Ri

2πR2
oRL

MT

Ωi

(1.13)

In this device one can either exert a constant torque, MT , and measure the angular
velocity of the rotating cylinder, Ω (controlled stress), or impose a constant angular
rotation, Ω, and measure the torque, MT (controlled strain).

In the capillary and Couette (as well as rotating parallel-plate) geometries, a gra-
dient of shear exists in the radial direction. The cone and plate geometry has the
advantage that constant shear strain and shear rate are applied at all radial distances.
When the cone angle 
 is very small, 
 < 0.1 rad, analysis of the equations of motion
indicates that the shear stress on the plate is

σ = 3MT

2πR3 (1.14)

where R is the cone radius. The corresponding shear rate is

γ̇ = Ω



(1.15)

where Ω is the angular velocity of the cone, and hence the viscosity is

η = 3MT 


2πR3Ω
(1.16)
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1.3 VISCOMETRIC CONTRIBUTION OF ISOLATED
MACROMOLECULES: INTRINSIC VISCOSITY

1.3.1 Intrinsic Viscosity and Hydrodynamic Volume

The basis for relating the viscosity of a polymer solution to the structure of a dissolved
polymer can be traced to Albert Einstein [1906, 1911], who showed, for spherical
particles dispersed in a viscous medium, that the solution viscosity, η, is increased
relative to that of the medium, ηs , by

η = ηs(1 + 2.5φ) (1.17)

where φ is the volume fraction of the spheres. This result holds for a dispersion of
hydrodynamically noninteracting particles, that is, it is assumed that the shear flow of
solvent around a given sphere does not perturb the flow around a neighboring sphere.
Inserting an expression for φ = (c/M)NAVH, where VH is the hydrodynamic volume,
M is molecular weight, NA is Avogadro’s number, and rearranging, we obtain

1

c

(
η

ηs

−1

)
= 2.5

NAVH

M
(1.18)

or

ηsp

c
= 2.5

NAVH

M
(1.19)

where ηsp = (η/ηs − 1) = ηr − 1 is the specific viscosity and ηr = η/ηs is the relative
viscosity.

In reality, at any finite concentration, flows around near-neighbor spheres are likely
to interfere with each other, so to compare Eqs. (1.18) and (1.19) with experiment,
we need to extrapolate to zero concentration to eliminate the contribution of such
hydrodynamic interactions between particles:

lim
c→0

ηsp

c
= [η] = 2.5NAVH

M
(1.20)

The quantity [η] in Eq. (1.20) is called the intrinsic viscosity. Clearly, [η] depends on
particle structure.

1.3.2 Intrinsic Viscosity and Molecular Weight

For impermeable spheres of uniform density ρp = M/NAVh , [η] is small and indepen-
dent of molecular weight:

[η] = 2.5

ρp

mL/g (1.21)
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For polymer chain molecules, which expand and entrap huge numbers of solvent
molecules, the hydrodynamic volume is large and generally a strong function of
molecular weight:

VH ∼ Mε (1.22)

where, intuitively, one expects that the exponent, ε, will depend not only on the
degree of swelling of the polymer chain [i.e., on the thermodynamic interaction with
the solvent (excluded volume effect)] and on the chain stiffness (conformation), but
also on the hydrodynamic behavior of the chain. For flexible chain molecules, in the
nondraining limit (strong trapping of the solvent within the coil), as we discuss further
below, intuition indicates that the hydrodynamic volume is that of an impermeable
sphere whose radius is approximately the radius of gyration (i.e., Vh ∼ R3

g), and hence
since Rg ∼ Mν, where ν = 0.5 under theta conditions and ν = 0.6 in good solvents,
one deduces that ε varies from 1.5 for theta solvents to 1.8 for very good solvents.
Thus, it follows that [η] is very large and strongly dependent on M:

[η] = KMε−1 = KMa (1.23)

where 0.5 < a < 0.8. Equation (1.23), referred to as the Mark–Houwink–Sakurada
equation, is the basis for molecular-weight determination of polymers from [η] via
a calibration experiment in which K and a are estimated from polymer fractions
of narrow polydispersity. In such a case, assuming that the calibration is based
on monodisperse fractions, the molecular weight average, Mv, of a polydisperse
unknown determined via Eq. (1.23) is

Mv =



∑

i

ciM
a
i∑

i

ci




1/a

(1.23a)

Graphically, two equations may be used to determine [η]: The Huggins equation is
ηsp

c
= [η] + k1[η]2c (1.24)

The Kraemer equation is

lnηr

c
= [η] − k′

1[η]2c (1.25)

where k1 + k′
1 = 1

2 . The latter follows since

ln ηr = ln(1 + ηsp) ≈ ηsp − η2
sp

2

= c[η] + k1[η]2c2 − c2[η]2

2
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that is,

ln ηr

c
= [η] +

(
k1 − 1

2

)
[η]2c (1.26)

It is important to realize that these equations apply only to sufficiently dilute solutions.
Specifically, when c[η] becomes comparable to or larger than unity, one has to consider
the contribution of higher-order concentration terms. As discussed earlier, this is
related to the fact that when c[η] ∼ 1, the solution becomes crowded with particles,
and third-order interparticle interactions strongly influence particle motion. Thus,
when carrying out experiments to determine [η], to ensure that one is at sufficiently
high dilution, it is suggested that one perform analyses utilizing both Eqs. (1.24) and
(1.25) to confirm that extrapolation yields a common intercept.

1.4 INTRINSIC VISCOSITY AND THE STRUCTURE OF RIGID
PARTICLES

1.4.1 Effect of Particle Shape

Jeffrey [1923] extended Einstein’s analysis to flow around an impermeable, rigid
ellipsoid of revolution, and Simha [1940] further incorporated the effect of Brownian
motion, deriving an equation of the form

η = ηs(1 + νφ) (1.27)

where the coefficient ν depends on the shape of the ellipsoid. Simha [1940] derived
explicit expressions for the coefficient ν as a function of the axial ratio, J = a/b, for
prolate and oblate ellipsoids. In the limit J � 1, for prolate ellipsoids (semiaxes a, b,
b, with a > b), the expressions derived reduce to

ν = J2

15(ln 2J − 3/2)
(1.28)

and for oblate ellipsoids (semiaxes a, a, b, with a < b),

ν = 16

15

J

tan−1 J
(1.29)

Thus, from Eq. (1.29) we deduce that

[η]M = νNAVH (1.30)

where VH is the equivalent hydrodynamic sphere and ν is as given in Eqs. (1.28) and
(1.29).
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Using the Simha formula, viscometric analysis could, for the first time, be applied
to macromolecular species [Mehl et al., 1940] and subsequently has been utilized
extensively to extract information about the structure of proteins and surfactant
micelles [Harding and Colfen, 1995]. For such species, VH can be expressed in terms
of the specific volume of the macromolecule and a solvation number:

VH = M

NA

(
v2 + δsv

0
1

)
(1.31)

where v2 is the partial specific volume, δs is the bound solvent (grams solvent/gram
polymer), and v0

1 is the molar volume of solvent. Thus, from Eqs. (1.28) and (1.29),
for a particle with hydrodynamic volume VH , ν = 2.5 if it is of spherical shape
and ν > 2.5 if it is nonspherical. The increase in viscosity is larger on dissolving
nonspherical particles than spherical particles of equal hydrodynamic volume. Numer-
ical methods have been developed to compute an equivalent ellipsoid of revolution
from intrinsic viscosity data [Harding and Colfen, 1995]. However, Eqs. (1.30) and
(1.31) contain two unknowns, ν and δ, and hence cannot be solved uniquely [Harding
and Colfen, 1995] unless two samples of the same macromolecule with different
molar masses are available, or if data on preferential hydration are available (e.g., via
densitometry) [Timasheff, 1998]. Typical values of δ reported for proteins range from
0.27 g/g (ribonuclease) to 0.44 g/g (deoxyhemoglobin) [Carrasco et al., 1999].

Certain macromolecular species are modeled more accurately as a cylinder rather
than an ellipsoid. Examples include short DNA fragments and rodlike viruses such
as tobacco mosaic virus (TMV). Extensive theoretical studies of the hydrodynamic
properties of cylindrical particles have been carried out. These have been recently
reviewed by Ortega and de la Torre [2003], who have extended prior calculations
using the bead–shell model to short cylinders and disks. For long cylinders of length
L and cross-sectional diameter d, and hence axial ratio J = L/d, such analysis leads to

[η] = 2

45

πNAL3

M(ln J + Cη)
(1.32)

where the end-effect term Cη has been evaluated numerically in the limit L → ∞
as Cη = 2 ln 2 − 25/12 [Yamakawa, 1975]. Expressions extending to short cylinders
and disks have been formulated by Ortega and de la Torre [2003] in terms of the
Einstein–Simha coefficient:

[η] = ν
πNAL3

4J2M
(1.33)

where ν may be approximated to within 1.2% by [Ortega and de la Torre, 2003]

ν =
{

2.77 − 0.2049(ln J)2 − 0.8287(ln J)3 − 0.1916(ln J)4 for J<1 (1.34)

2.77 + 1.647(ln J)2 − 1.211(ln J)3 + 0.6124(ln J)4 for J>1 (1.35)
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As noted above, for ellipsoidal particles, determination of the dimensions L and
d from [η] data via Eqs. (1.32) to (1.35) requires prior knowledge of the molecular
hydrodynamic volume [Eq. (1.31)], which requires information on the partial specific
volume and the bound solvent. This requirement can be circumvented by combining
information on two hydrodynamic properties: for example, the intrinsic viscosity
and the translational diffusion coefficient in the limit c → 0, D0

t . Thus, the Flory–
Mandelkern coefficient, βFM, given by

βFM = ηs

kBT
(M[η])1/3D0

t (1.36)

should, in principle, be sensitive to particle shape. Unfortunately, this parameter is
very insensitive to macromolecular conformation [McDonnell and Jamieson, 1977].
However, for cylindrical particles, Ortega and de la Torre [2003] find that a combina-
tion of the end-over-end rotational diffusion coefficient and the translational diffusion
coefficient are sufficiently sensitive to allow determination of the axial ratio, J, and
hence of the cylinder dimensions, L and d.

Haber and Brenner [1984] demonstrated that the scalar energy dissipation argu-
ments used by Einstein [1906, 1911] and Simha [1940] yield results in agreement
with a more complete tensorial dynamical analysis and, using the latter approach,
derived analytical results for general triaxial ellipsoidal particles. For rigid parti-
cles of irregular geometry, numerical methods to predict the intrinsic viscosity have
been formulated, which integrate the hydrodynamic resistance over the surface of the
macromolecule. Three general approaches have been described. One method models
complex particles as an agglomeration of hydrodynamic point sources (the hydrody-
namic bead model) [Garcia de la Torre et al., 2000], which interact via an Oseen-type
hydrodynamic interaction; a second approach (the boundary element method) solves
the Stokes integral equation for a particle whose surface is constructed from an array
of flat polygons [Hahn and Aragon, 2006]; and a third method (numerical path inte-
gration method) is based on an analogy between hydrodynamics and electrostatics
[Hahn et al., 2004]. The accuracy of each of the finite element methods increases
as the number of finite elements, N, increases, but so does the computational time.
The numerical path integration method claims an advantage [Mansfield et al., 2007]
since, for such objects, the computational time scales as O(N), whereas for the other
two methods, the computational time scales as O(N3). Each of these methods enables
the introduction of microscopic surface detail into the computation, and offers, for
example, the possibility of obtaining a consistent picture of protein hydration and of
determining from viscometric measurements whether the solution conformation of a
protein differs from that in the crystalline state.

1.4.2 Effect of Particle Porosity

The question of the effect of the permeability of a particle on its hydrodynamic behav-
ior in a continuum fluid was addressed by Debye and Bueche [1948] and Brinkman
[1947]. In viscosity experiments, the penetration of the particle by the streaming fluid
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may be expected to reduce the effective hydrodynamic radius and hence decrease the
intrinsic viscosity. The Debye–Bueche–Brinkman theory has been utilized to relate
certain anomalies in the intrinsic viscosity and translational diffusion coefficients of
globular proteins to surface porosity [McCammon et al., 1975] and to predict the
intrinsic viscosity of core–shell particles with an impermeable core and a permeable
shell [Zackrisson and Bergenholtz, 2003], as well as the hydrodynamics of fractal
aggregates with radially varying permeability [Veerapaneni and Wiesner, 1996].

We discussed above the increase in viscosity that results when rigid particles are
dispersed in a low-molar-mass Newtonian fluid [Eq. (1.30)]. It should be pointed out
that a similar increase in viscosity is to be anticipated when such a particle is dispersed
in a polymeric liquid. Indeed, experiment indicates that such an effect is observed,
but only if the size of the added particle is substantially larger than the size of the
chains in the polymeric liquid. Mackay et al. [2003] report that when the size of the
added particle becomes comparable to or smaller than that of the polymer chains,
the viscosity of the mixture decreases with particle concentration (i.e., non-Einstein-
like behavior is observed). The authors note that the precise origin of this effect is
unclear but rule out that the phenomenon is due to a change in entanglement density.
Instead, noting that the addition of the nanosized particles also results in a decrease
in the polymer glass transition temperature, they attribute the viscosity decrease to
the increase in free volume afforded by the presence of the nanosized particles, pos-
sibly coupled with a change in configuration of the polymer chains [Mackay et al.,
2003]. This observation implies a negative intrinsic viscosity, a phenomenon observed
earlier in solutions of flexible coils, as discussed below, and indeed requires that the
dissolved macromolecule or particle create some kind of change in the structure of the
solvent.

1.5 INTRINSIC VISCOSITY AND THE STRUCTURE OF LINEAR
FLEXIBLE POLYMERS

1.5.1 Role of Hydrodynamic Interactions

Equations (1.28) to (1.30) do not apply to flexible chain molecules, which are not
rigid and can exhibit fluctuations in conformation. Here, one approach is to ignore
shape anisometry and to make the assumption ν = 2.5 in Eq. (1.30). This enables
determination of an impermeable sphere-equivalent hydrodynamic volume for flexi-
ble chain macromolecules from [η], provided that M is known. As noted above, the
Mark–Houwink–Sakurada equation [Eq. (1.23)] is often used to relate [η] to M when
dealing with flexible coils.

Two early theoretical models to rationalize this result were pursued: the porous-
sphere model of Debye and Bueche [1948], in which spherical beads representing
the monomers are distributed uniformly in a spherical volume, and the more realistic
“pearl necklace” model, proposed by Kuhn and Kuhn [1943], in which the beads are
linked together by infinitely thin linkages. For each of these models, the principal
challenge was to describe the flow of solvent around and within the volume occupied
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by the beads. Two limiting cases can be defined: one, referred to as the free-draining
limit, assumes that solvent freely penetrates within the coil volume, so that each bead
contributes equally to the frictional resistance. Such a case requires the beads to be
far apart, and, intuitively, is more likely if the polymer chain is very stiff or highly
expanded, as in a good solvent. Such a case was discussed by Kuhn and Kuhn [1943]
and leads to a result of the form of Eq. (1.23) with an exponent a = 1. In the other
limit, referred to as nondraining, the hydrodynamic perturbation of the solvent flow by
the beads is so large that the solvent is effectively trapped within the coil, which may
therefore be treated as a rigid, hydrodynamically equivalent sphere. Such behavior
seems more likely if the beads are close together (i.e., if the chain is flexible and in a
poor solvent). The behavior of the pearl necklace model with variable hydrodynamic
interaction was discussed by Kirkwood and Riseman [1948] and leads to a result of
the form of Eq. (1.30) with ν = 2.5:

[η] = 2.5

(
4π

3
R3

h

)
NA

M
F (�) (1.37)

where

� = 4

9π3/2

Zf0

η0Rg

(1.38)

and Z is the number of beads in the chain, f0 is the frictional coefficient of a single
bead, and η0 is the solvent viscosity, and RH is the radius of the equivalent sphere.
In the non-draining limit, F(�) → 1, and RH is found [Auer and Gardner, 1955]
to be proportional to the radius of gyration, RH = 0.87Rg . Thus, from Eq. (1.37),
an equation of the form of Eq. (1.23) follows with 0.5 < a < 0.8, which, as pointed
out by Flory and Fox [1951], is quite consistent with experimental data for flexible
coils, which therefore appear to conform closely to nondraining hydrodynamics. For
completeness, we note that Rouse [1953] and Zimm [1956] subsequently discussed
the viscoelastic behavior of solutions of flexible chain molecules, modeled as a chain
of beads, connected to each other by flexible springs. They obtained predictions for the
various rheological functions, expressed in terms of the spectrum of conformational
relaxation times, τi, which depend on the strength of the hydrodynamic interaction.
For the intrinsic viscosity, their analyses lead to [Rouse, 1953; Zimm, 1956]

[η] = RTτ1S

Mηs

(1.39)

where S =∑τi /τ1 and τ1 is the longest relaxation time. In the free-draining limit
[Rouse, 1953; Ferry, 1980], S = π2/6 = 1.645; in the nondraining limit [Zimm, 1956;
Ferry, 1980], S = 2.369.

In reality, Eq. (1.23), with molar mass independent values of K and a can only be
applied at relatively high molecular weights, M. When examined over a broad range
of M, encompassing oligomeric to high polymers, it is found that a more complex
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FIGURE 1.2 Double-logarithmic plots of [η] (in dL/g) against M, for a-PS: ◦, in toluene at
15.0◦C; •, in cyclohexane at 34.5◦C. (From Abe et al. [1993a], with permission. Copyright ©

1993 American Chemical Society.)

relationship generally exists. Moreover, the nature of this relationship depends not
only on solvent quality, but also on the microstructure of the polymer. The most exten-
sive studies of such issues have been carried out by Yamakawa and co-workers [Abe
et al., 1993, 1994; Tominaga et al., 2002], who have determined the molecular weight
dependence of the intrinsic viscosities of vinyl polymers of specified stereochemical
composition (fixed fraction of racemic dyads). For example, in Figure 1.2 we show
a plot of log [η] versus log M for atactic polystyrene (a-PS) in a very good solvent
(toluene at 15◦C) and a theta solvent (cyclohexane at 34.5◦C). At high molecular
weight, Mw > 5.0 kg/mol, the log [η]–log M relationship conforms to Eq. (1.23), with
exponents, ν, of 0.72 in toluene and 0.5 in cyclohexane, but deviation from Eq. (1.23)
occurs at lower M. Also deduced from Figure 1.2 is the fact that at molar masses
Mw ≤ 5.0 kg/mol, the data for either solvent coincide with each other, indicating that
the unperturbed dimensions of a-PS are the same in toluene and in cyclohexane at the
theta temperature. These data are consistent with earlier measurements [Abe et al.,
1993a] of the radius of gyration, Rg , as a function of the weight-average degree of
polymerization, xw = Mw /Mm , shown in Figure 1.3, where they are plotted in the form
of the ratio of the quantity R2

g/xw divided by the corresponding quantity for unper-

turbed chains in the limit of very high molecular weight, (R2
g,0/xw )∞. As shown in

Figure 1.3, the ratio (R2
g/xw )/(R2

g,0/xw )∞ coincides for a-PS in both solvents until
the weight-average degree of polymerization, xw ≥ 50, when the values in cyclohex-
ane reach the asymptotic value, (R2

g,0/xw )∞, whereas the values in toluene diverge
increasingly from those in cyclohexane, due to the excluded volume effect.

As noted above, for impermeable linear flexible coils, based on the assumption
that [η] ∼ R3

g/M, the exponent in Eq. (1.23) is expected to vary between 0.5 for
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theta solvents and 0.8 for very good solvents. In reality, experimental results such
as those in Figure 1.2 indicate that whereas [η] ∼ M0.5 for high-molecular-weight
coils in theta solvents, typically in very good solvents at high molecular weight, the
measured exponents are numerically slightly smaller than 0.8. For example, from
Figure 1.2, the exponent estimated from the data for PS in toluene at M > 300 kg/mol
is ν ∼ 0.72. The molecular origin of this apparent discrepancy will be discussed in
the next section.

1.5.2 Flory–Fox Equation

Based on the Kirkwood–Riseman theory, if polymer chains are nondraining, it follows
[Kirkwood and Riseman, 1948; Auer and Gardner, 1955] that intrinsic viscosity data
can be related to the radius of gyration, Rg , of flexible polymers. This can be expressed
in an equation of the form [Flory and Fox, 1951]

[η] = �FF
(6R2

g)
3/2

M
(1.40)

where �FF is a phenomenological constant, which, in view of Eq. (1.30), is pro-
portional to the ratio VH/R3

g [i.e., to (RH,η/Rg)3, where RH,η is the hydrodynamic

radius, determined as Vh = (4π/3)R3
H,η]. Originally, it was anticipated [Flory and

Fox, 1951] that �FF might be a universal constant: that is, valid for polymers in
good solvents and poor solvents, and insensitive to polymer architecture. How-
ever, experiment has shown that, typically, �FF decreases substantially for linear
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coils with an increase in solvent quality. For example, for high-molecular-weight
a-PS in cyclohexane and trans-decalin at their respective theta temperatures, exper-
iment indicates [Konishi et al., 1991] that �FF = �FF0 ≈ 2.73 ± 0.09 × 1023 mol−1

(when the viscosity is in mL/g and Rg is in nanometer); this contrasts with �FF ≈
2.11 ± 0.06 × 1023 mol−1 for the same polymer in toluene at 15◦C. The latter value
was computed by us using �FF/�FF0 = (αη/αS)3, from published data [Abe et al.,
1993b] on viscometric and Rg chain expansion parameters [i.e., αη = ([η]/[η]0)1/3

and αR = Rg /Rg0, where the subscript ‘0’ refers to measurement under zero excluded-
volume conditions. Similar differences in �FF versus �FF0 are manifested when
comparing high-molecular-weight specimens of poly(isobutylene) (PIB) [Abe et al.,
1993b], poly(dimethylsiloxane) (PDMS) [Horita et al., 1995], poly(α -methyl styrene)
(PαMS) [Tominaga et al., 2002], and poly(methyl methacrylate) (PMMA) [Abe
et al., 1994] in good versus theta [Konishi et al., 1991] solvents. A further feature of
the results above is that in the good solvents, the computed values of �FF typically
decrease appreciably with increase in molecular weight.

The discrepancy noted above, that the Mark–Houwink–Sakurada scaling expo-
nent a [Eq. (1.23)] does not reach its asymptotic value of 0.8 for high polymers
in good solvents as quickly as does the corresponding exponent for the radius
of gyration, as well as the decrease in �FF with solvent quality, which, as noted
above, is equivalent to a decrease in the ratio RH,η/Rg , has been interpreted in
terms of an increase in solvent draining with chain expansion [Freed et al., 1988].
However, this interpretation has been disputed by Yamakawa and co-workers [Abe
et al., 1994; Horita et al., 1995], who find that for most polymer–solvent systems,
a self-consistent description of αη and αR can be achieved within the framework of
a quasi-two-parameter (QTP) theory, described in more detail below, without hav-
ing to incorporate a draining effect. Interestingly, however, Konishi et al. [1991]
report that for certain polymers, under theta solvent conditions, small but significant
differences are observed in the values of �FF0. For example, for PDMS in bromo-
cyclohexane at 29.5◦C, molar mass variation in �FF0 has been reported [Konishi
et al., 1991], with �FF0 decreasing from 2.67 × 1023 mol−1 for M = 1.14 × 106 g/mol
to 2.38 × 1023 mol−1 for M = 1.85 × 105 g/mol; also, �FF0 is reported [Konishi
et al., 1991] to vary for atactic poly(methyl methacrylate) (a-PMMA) in two dif-
ferent theta solvents: �FF0 = 2.34 ± 0.06 × 1023 mol−1 in acetonitrile at 44◦C, and
2.58 ± 0.11 × 1023 mol−1 in n-butyl chloride at 40.8◦C, respectively. In the case of
PDMS, the molar mass–dependent variation in �FF0 is ascribed to a draining effect at
lower molar masses; the origin of the smaller value of �FF0 in a-PMMA/acetonitrile
remains unclear [Konishi et al., 1991]. Here, we note, parenthetically, that the decrease
in �FF observed with molecular weight in good solvents, alluded to above, implies
an increase in draining with molecular weight, which seems physically unreasonable.

As noted above, from [η], via Eq. (1.30), we can determine VH and there-
fore the viscometric hydrodynamic radius, RH,η. It is also possible to determine
a frictional hydrodynamic radius, RH,f , from sedimentation or translational diffu-
sion experiments, using Stokes’ law. Since the kinematics of viscosity measurement
involves rotation of the macromolecule whereas that in sedimentation or diffusion
involves translation, RH,η and RH,f may, in principle, differ numerically. In fact, they
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coincide numerically only for macromolecules which behave hydrodynamically as
rigid impermeable spheres, and differ slightly for rigid ellipsoids or flexible coils.
Here we simply note that referring to the polymer–solvent systems discussed above,
variations in the ratio ρ = Rg /RH,f have been observed when varying solvent quality,
which correlate to the corresponding variations in �FF ∼ (Rg /Rh,η)3. For example,
for high-molecular-weight polystyrenes in theta solutions, ρ = ρ0 ≈ 1.27 [Konishi
et al., 1991], whereas for the same polymers in toluene at 15◦C, we estimate that ρ ≈
1.46, using ρ/ρ0 = αR/αH, from published data [Arai et al., 1995] on their RH,f and
Rg chain expansion parameters, αH = RH,f /RH,f and αR = Rg /Rg,0.

1.5.3 Two-Parameter and Quasi-Two-Parameter Theories

We conclude this discussion of the viscometric behavior of [η] of linear coils by
briefly reviewing theoretical efforts to describe all three chain expansion parameters,
αR , αη, and αH , formulated within the two-parameter (TP) theory of polymer solutions
[Yamakawa, 1971, 1997]. In evaluating αR , note that the value of the radius of gyration
in the absence of excluded volume, Rg,0, may or may not be equal to Rg,θ , the radius
of gyration measured in a specific theta solvent, depending, respectively, on whether
the conformation of the chain is or is not the same in each solvent. Such questions
can be resolved by comparing experimental values of Rg of oligomers for which the
excluded volume effect can safely be ignored. Also, even if Rg,0 = Rg,θ , it may also
happen that [η]0 /= [η]θ and f0 /= fθ if there is a “specific interaction” in one of the
solvents (e.g., if a liquid structure is present in one of the solvents that is disrupted by
the polymer). Indeed, such a circumstance is reported by Tominaga et al. [2002], who
find that the unperturbed dimensions (i.e., Rg,0) of oligomers of Pα MS in the good
solvents toluene and n-butyl chloride, and in the theta solvent cyclohexane at 30.5◦C,
are all identical, but that the corresponding values of [η] of the oligomers in the good
solvents are appreciably smaller than those in the theta solvent, by an amount that does
not depend on molar mass, hence is attributed to a specific interaction between the
polymer and the good solvents. Surprisingly, such a specific interaction is apparently
not manifested in the frictional coefficients determined from the translational diffusion
coefficients [Tominaga et al., 2002].

The TP theory actually formulates the average molecular dimensions of a polymer
chain in terms of three parameters: the number of segments in the chain, n, the effective
bond length, a, and the binary cluster integral, β, describing the excluded volume
interaction between a pair of segments. However, these three parameters never appear
separately, but only in two combinations, na2 and n2β—hence the designation as a
two-parameter theory [Yamakawa, 1971]. Domb and Barrett [1976] formulated a TP
expression for αR , based on numerical simulations of self-avoiding walks on a lattice:

α2
R =

[
1 + 10z +

(
70π

9
+ 10

3

)
z2 + 8π3/2z3

]2/15

×
[
0.933 + 0.067 exp

(
−0.85z − 1.39z2

)]
(1.41)
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FIGURE 1.4 Dependence of the chain expansion parameters for radius of gyration αR , intrin-
sic viscosity αη, and translational hydrodynamic radius αH on the excluded volume parameter,
z, as predicted by Eqs. (1.41), (1.42), and (1.43). (From Domb and Barrett [1976], Barrett
[1984].)

where z is a parameter describing the strength of the excluded volume interaction:

z =
(

3

2πna2

)3/2

n2β (1.41a)

Barrett [1984] has further proposed TP expressions for αη and αH , formulated within
the Kirkwood–Riseman hydrodynamic theory in the nondraining limit and using
approximate formulas, based on numerical simulation, for the requisite statistical
averages, 〈R2

ij〉and 〈R−1
ij 〉, where Rij refers to the distance between the ith and jth

chain segments:

αη =
(

1 + 3.8z + 1.9z2
)0.1

(1.42)

and

αH =
(

1 + 6.09z + 3.59z2
)0.1

(1.43)

In Figure 1.4 we superimpose plots of αR, αη, and αH , according to Eqs. (1.41)
to (1.43). As z→∞, each function asymptotically approaches the strong excluded
volume limit (i.e., αi∼z0.2∼M0.1), but αR approaches this limit more rapidly than
αη and αH , as observed experimentally. Also, these functions predict that the ratio
�FF = M[η]/R3

g decreases, and the ratio ρ = Rg/RH increases, with increasing z;

for example, for z = 10, �FF/�FF0 = α3
η/α

3
R = 0.657 and ρ/ρ0 = αR/αH = 1.082,

qualitatively consistent with the above-quoted experimental results, �FF/�FF0 ≈
2.11/2.73 ≈ 0.773 and ρ/ρ0 ≈ 1.46/1.27 ≈ 1.15.

Yamakawa and co-workers developed the quasi-two-parameter (QTP) theory from
the earlier two-parameter (TP) theory, to incorporate chain stiffness into the model.
Specifically, the QTP theory computes C∞ via the helical wormlike coil model (HW),
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which is a refinement of the Kratky–Porod (KP) model, modified to include contri-
butions from torsional as well as bending energy to the coil elasticity [Yamakawa
and Fujii, 1976; Yamakawa, 1997]. The torsional energy becomes important when
the chain exhibits helical sequences, which is viewed as likely even for atactic vinyl
polymers, based on a consideration of their rotational isomeric states [Yamakawa and
Fujii, 1976].

The QTP model defines a scaled excluded volume parameter, z, related to the
conventional excluded volume parameter z by

z = 3
4K(λL)z (1.44)

with z described within the HW model [Yamakawa, 1997] as

z =
(

3

2π

)3/2

(λB)(λL) (1.45)

where λ is the chain stiffness parameter = 1/2�p ; �p is the persistence length,
L = xM0/ML is the contour length, with x the number of repeat units; and M0 and
ML , respectively, are equal to the molar mass per repeat unit and molar mass per
unit contour length; and B is the excluded volume strength. Assuming that the chain
consists of beads of diameter a, B may be expressed in terms of β, the binary cluster
integral between beads:

B = β

a2C
3/2
∞

(1.46)

with the characteristic ratio C∞ = limλL→∞
(

6λR2
g,0

)
/L. Within the framework of

the HW model, C∞ may be expressed as

C∞ = 4 + (λ−1τ0)
2

4 + (λ−1κ0)2 + (λ−1τ0)2 (1.47)

Here κ0 and τ0 are, respectively, the HW bending and torsion parameters of the helix.
In Eq. (1.44), K(λL) ≡ K(L), with L expressed in units of λ−1, is given by

K(L) = 4/3 − 2.711 L−1/2 + (7/6)L−1 for L > 6

= L−1/2 exp[−6.611(L)−1 + 0.9198 + 0.03516λL] for L ≤ 6
(1.48)

The QTP theory then assumes that αR can be described by the Domb–Barrett
expression [Eq. (1.41)], with z replacing z:

α2
R =

[
1 + 10z +

(
70π

9
+ 10

3

)
z2 + 8π3/2z3

]2/15

×
[
0.933 + 0.067 exp(−0.85z − 1.39z2

]
(1.49)
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and that, similarly, αη can be described by the expression derived by Barrett [Eq.
(1.42)] in the nondraining limit:

αη = (1 + 3.8z + 1.9z2)
0.1

(1.50)

The values of the model parameters in Eqs. (1.44) to (1.50) are determined by fitting
experimental data on R2

g,0 of unperturbed chains to the HW theory:

R2
g,0 = λ−2fs(L; κ0; τ0) (1.51)

where

fs(L; κ0, τ0) = τ2
0

ν2 fs,KP(L) + κ2
0

ν2

[
L

3r
cosφ − 1

r2 cos2φ

+ 2

r3L
cos3φ − 2

r4L2 e−2Lcos(νL + 4φ)

]
(1.52)

with

ν = (κ2
0 + τ2

0 )
1/2

r = (4 + ν2)
1/2

φ = cos−1(2/r)

and fs,KP(L) is the Kratky–Porod function,

fs,KP(L) = L

6
− 1

4
+ 1

4L
− 1

8L2 (1 − e−2L) (1.53)

again with L expressed in units of λ−1. Note that if κ0 = 0, the HW theory embodied
in Eq. (1.51) reduces to

R2
g,0 = λ−2fs,KP(λL) (1.54)

which is the original KP expression for the wormlike coil.
Yamakawa and co-workers find that a universal scaling relationship exists between

αη and αR, provided that occasional system-specific effects, such as solvent depen-
dence of the unperturbed dimensions [Horita et al., 1993], solvent dependence of
the viscosity constant �o [Konishi et al., 1991], draining effects in the theta solvent
(Konishi et al., 1991], specific solvent interactions, and solvent dependence of the
hydrodynamic bead diameter [Tominaga et al., 2002], are taken into account. Thus,
in Figure 1.5 we reproduce a plot of log α3

η versus log α3
R, which superimposes values

generated for six polymer–good solvent systems: atactic PαMS (a-PαMS) in toluene
at 25.0◦C, a-PαMS in 4-tert-butyltoluene at 25.0◦C, a-PαMS in n-butyl chloride at
25.0◦C, atactic polystyrene (a-PS) in toluene at 15.0◦C, atactic PMMA (a-PMMA) in
acetone at 25.0◦C, and isotactic PMMA (i-PMMA) in acetone at 25.0◦C. Evidently,
the data for different systems superpose very well. The solid line is the prediction
of the QTP theory, combining Eqs. (1.49) and (1.50). In generating αη values for
a-PαMS in toluene and n-butyl chloride, account is taken [Tominaga et al., 2002] of
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FIGURE 1.5 Double-logarithmic plots of α3
η against α3

R: ◦, a-Pα MS in toluene at 25.0◦C;
•, data for a-PαMS in 4-tert-butyltoluene at 25.0◦C; ◦, data for a-PαMS in n-butyl chloride
at 25.0◦C; �, a-PS in toluene at 15.0◦C; �, a-PMMA in acetone at 25.0◦C;13 �, i-PMMA in
acetone at 25.0◦C. The solid curve represents the QTP theory values calculated from Eq. (1.11)
with Eq. (1.14) (see the text). (From Tominaga et al. [2002b], with permission. Copyright
© 1993 American Chemical Society.)

a specific interaction, designated η†, not present in the theta solvent system, a-PαMS
in cyclohexane at 30.5◦C:

[η] − η† = [η]0α
3
η (1.55)

Also, for a-PαMS in 4-tert-butyltoluene, when comparing the oligomer data against
the theta solvent, a difference is observed, which decreases with molecular weight, a
signature of a difference in the hydrodynamic bead diameter between the two systems;
hence, only data above 3.0 kg/mol, for which the effect is negligible, are included in
Figure 1.5. A similar effect is observed for a-PMMA, so data below 7.77 kg/mol are
excluded from Figure 1.5. Finally, for the a-PMMA and i-PMMA systems, correction
has been made in the data plotted in Figure 1.5 for solvent dependence of the Flory–Fox
constant �FF0. Specifically, αη is computed as [Abe et al., 1994]

αη = C−1
η

[η]

[η]θ
(1.56)

where [η]θ is the intrinsic viscosity of the polymer in the theta solvent and

Cη = �FF0

�FFθ

(1.57)

with �FF0 the unperturbed (i.e., zero excluded volume) viscosity constant in the good
solvent and �FFθ the value in the theta solvent. Cη is thus treated as a uniform shift
parameter required to superpose the a-PMMA and i-PMMA data on those for a-PS
in toluene. Yamakawa and co-workers regard the superposition of the data evident in
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Figure 1.5, which implies a universal scaling relationship between αη and the excluded
volume parameter, z, as proof that no draining effect is present in all of these systems
[Abe et al., 1994; Horita et al., 1995]. Otherwise, values of αη for such a system
would fall increasingly below those on the composite curve with increasing αR .

It is pertinent to point out here that a corresponding universal scaling relationship
is found [Arai et al., 1995; Tominaga et al., 2002] between αR and αH , the chain
expansion parameter for the hydrodynamic radius determined from translational dif-
fusion. However, the scaling observed deviates substantially from the QTP theory
when the latter is constructed using the Barrett equation for αH [Barrett, 1984]:

αH =
(

1 + 6.09z + 3.59z2
)0.1

(1.58)

which is based on simulations using a preaveraged hydrodynamic interaction. Specif-
ically, experimental data for log αH when plotted versus log αR fall systematically
below the relationship predicted by the QTP theory. Yamakawa and Yoshizaki [1995]
note that when the effect of a fluctuating (nonpreaveraged) hydrodynamic interac-
tion is included, αH decreases below the value predicted by the Barrett theory, but
substantial disagreement remains between experiment and theory [Arai et al., 1995].
Recently, however, self-consistent Brownian dynamics simulations of αR and αH

by Sunthar and Prakash [2006], using a continuous-chain (N → ∞) representation
of the bead–spring model [Edwards, 1965], which incorporates a fluctuating hydro-
dynamic interaction, produce results in excellent agreement with the experimental
data of Tominaga et al. [2002]. Since these simulations lead in the N → ∞ limit to
nondraining behavior, it appears these results support the conclusion that the dis-
crepancy between experimental data and the QTP theory stems from the use of a
preaveraged hydrodynamic interaction in Eq. (1.58).

To describe the intrinsic viscosity of wormlike coils in the absence of excluded
volume, Yamakawa and co-workers developed theoretical descriptions based, first, on
the KP model [Yamakawa and Fujii, 1974] and subsequently on its later adaptation,
the HW model [Yoshizaki et al., 1988]. Using the cylindrical wormlike coil model,
Yamakawa and Fujii [1974] obtained the following expressions, with L expressed in
units of λ−1:

[η] =




�FF∞(L)3/2

M

1

1 −
4∑

i=1

Ci(L)−i/2

for L ≥ 2.278 (1.59a)

= πNA(L)3

24M ln(L/d)

f (L)

1 +
4∑

i=1

Ai[ln(d/L)]−i

for L ≤ 2.278 (1.59b)

where

f (L) =
(

3/2L4
)(

e−2L − 1 + 2L − 2L2 + (4/3) L3
)

(1.59c)
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the coefficients Ci are explicit functions of the cylinder diameter, d, the Ai are numer-
ical coefficients, in each case given by Yamakawa and Fujii [1974], and �FF∞ is the
value of the Flory–Fox constant in the limit λL → ∞. Bohdanecky [1983] determined
that the term containing the numerical summation in Eq. (1.59a) can be approximated
over a range of λL values by a rather simple expression:

1

1 −
4∑

i=1

Ci(λL)−i/2

=
(

B0 + A0

(λL)1/2

)−3

(1.60)

where the coefficients A0 and B0 are functions of λd:

A0 = 0.46 − 0.53 log λd and B0 = 1.00 − 0.0367 log λd (1.60a)

This simplification leads to analysis of the data via the widely used simple equation(
M2

[η]

)1/3

= Aη + BηM
1/2 (1.61)

where

Aη = A0ML�
−1/3
FF∞ (1.61a)

and

Bη = B0�
−1/3
FF∞

1

λML

= B0�
−1/3
FF∞

2�p

ML

(1.61b)

As an example of the application of Eq. (1.61), we cite a study in which the
stiffness of hyaluronic acid (HA) was determined, using size-exclusion chromatog-
raphy (SEC) coupled to online multiangle light scattering and viscosity detectors
[Mendichi et al., 2003]. Nine HA fractions were subjected to SEC analysis in 0.15 M
NaCl, which generated data on molar mass, radius of gyration, and intrinsic viscosity
as a function of molecular weight. A log-log plot of [η] versus M, superimposing nine
samples, exhibits curvature characteristic of a wormlike coil, whereas the correspond-
ing Bohdanecky plot of these data is linear, as predicted by Eq. (1.61). To interpret
the parameters Aη and Bη deduced from a least squares fit to the experimental data,
according to Eqs. (1.61a) and (1.61b), the authors used tabulated expressions for A0
and B0 as functions of λd [cf. Eq. (1.60a)], assumed a value �FF∞ = 2.86 × 10−23, and
used a relationship, suggested by Bohdanecky [1983], connecting the hydrodynamic
diameter d to the mass per contour length ML :

d = 4v2ML

πNA

(1.62)

wherev2 = 0.57 mL/g is the partial specific volume of HA in aqueous NaCl. With these
assumptions, they obtained the results �p = 6.8 nm, d = 0.8 nm, and ML = 480 nm−1.
The value of �p is somewhat smaller than a theoretical prediction [Bathe et al., 2005]
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in 0.15 M NaCl (8.0 nm), and the value of ML is a little higher than literature values
(400 to 410 nm−1) [Mendichi et al., 2003]. The good agreement with literature results
illustrates the potential power of SEC analysis coupled to online concentration and
viscosity detectors for structural analysis of macromolecular species.

Yamakawa and co-workers were led to develop the HW model [Yoshizaki et al.,
1980] by the observation that for some stiff-chain polymer–solvent systems, the
KP model generates physically incorrect values of the characteristic parameters �p

and ML , The following results were obtained [Yoshizaki et al., 1980, 1988], with L
expressed in units of λ−1:

[η] = [η]a-KPΓη(L, d; κ0, τ0) (1.63)

where

[η]a-KP =




C
3/2
∞ �FF∞(L)3/2

M

1

1 −
4∑

j=1

Cj/2
∞ CjL

−j/2

for L ≥ 2.278C∞ (1.63a)

= πNA(L)3

24M
Fη

(
L

d
, ε

)
f (C−1

∞ L) for L ≤ 2.278C∞ (1.63b)

In Yoshizaki et al. [1980], numerical expressions are formulated for the functions
Γ η [Eq. (1.63)], Fη, and f [Eq. (1.63b)], as well as the coefficients Cj in Eq. (1.63a).
Yoshizaki et al., [1980] evaluated the utility of the KP and HW models in predicting
the literature data on [η] for various polymer–solvent systems. An example is shown
in Figure 1.6 pertaining to data on [η] obtained for cellulose acetate (CAc) samples
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log [η]
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FIGURE 1.6 Analysis of intrinsic viscosity data for cellulose acetate in trifluoroethanol at
20◦C. The solid and dashed curves represent the best-fit theoretical values using the HW and KP
chain models, respectively. (From Yoshizaki et al. [1980], with permission. Copyright © 1993
American Chemical Society.)



INTRINSIC VISCOSITY AND THE STRUCTURE OF BRANCHED POLYMERS 41

in trifluoroethanol [Tanner and Berry, 1974]. The solid and dashed lines indicate
the best fits to the HW and KP models, Eqs. (1.63) and (1.63a), respectively, where
values used for the ratio ML /λ were determined from data on Rg , fitted to the HW and
KP expressions for the unperturbed wormlike coil. Although both models provide
fairly good fits, the KP model produces the results d = 0.01 nm, ML = 260 nm−1,
and λ−1 = 2�p = 9.7 nm. Yoshizaki et al., [1980] note that the values of d and ML

appear to be unrealistically small. In particular, for the fully extended CAc chain,
ML = 506 nm−1. Thus, they reject the KP prediction. The HW model produces the
fit parameters d = 0.52 nm, ML = 540 nm−1, and λ−1 = 2�p = 37.0 nm, which seem
more reasonable.

1.6 INTRINSIC VISCOSITY AND THE STRUCTURE OF BRANCHED
POLYMERS

1.6.1 Branched Polymers in Theta Solvents

Intrinsic viscosity also finds use in characterizing the presence of branching in poly-
mers. Since a linear random walk occupies a larger volume than a random walk of an
equal number of steps, which bifurcates or trifurcates at intervals, the radius of gyra-
tion of a branched polymer is smaller than that of a linear polymer of equal molecular
weight:

R2
gb,M ≤ R2

g�,M (1.64)

A branching ratio may be defined as:

g = R2
gb,M

R2
g�,M

(1.65)

Thus, we expect, for branched polymers, g ≤ 1, and g will decrease as the number
and functionality of branch points increases. By functionality, we mean the number
of chain segments attached to a branch site. Thus, a nine-arm star polymer has one
branch point and a functionality of 9. The parameter g may theoretically be computed
for various branch structures, usually assuming Gaussian random coil statistics for
the chain segments between branch points. Different branching architectures (e.g.,
star versus comb structures) have been evaluated. The simplest case is that of star-
branched polymers of functionality, p, assuming Gaussian statistics and equal branch
lengths, for which Zimm and Stockmayer [1949] deduced

g =
(

3p − 2

p2

)
(1.66)

Zimm and Stockmayer [1949] also derived theoretical expressions for monodisperse
and polydisperse randomly branched polymers with branch functionalities of 3 and 4.
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For monodisperse polymers with trifunctional branch points, they obtained

g =
[(

1 + Bn

7

)1/2

+ 4Bn

9π

]−1/2

(1.67)

and for monodisperse polymers with tetrafunctional branch points

g =
[(

1 + Bn

6

)1/2

+ 4Bn

3π

]−1/2

(1.68)

where Bn is the (number-average) number of branch points per chain.
Recalling the Flory–Fox equation [Eq. (1.40)] it seems reasonable to antici-

pate that one might determine g from intrinsic viscosity data. Specifically, we may
write

[η]b,M

[η]�,M
= gη (1.69)

If the Flory–Fox equation could be assumed for both linear and branched chains, it
would follow that gη = g3/2. In fact, such a relationship is not found experimentally.
Zimm and Kilb [1959] carried out a theoretical analysis of the intrinsic viscosity
of star polymers, in the absence of excluded volume, which led to a prediction
for gη:

gη = (2/p)3/2[0.39(p − 1) + 0.196]

0.586
(1.70)

Equation (1.70) may be approximated by a simple relation between gη and g of the
form gη = g0.5. Analysis of experimental intrinsic viscosity data on star polymers
in theta solvents indicates that while substantially better than the relation based on
the Flory–Fox equation, Eq. (1.70) is still inaccurate, and that a better empirical
description is given by [Douglas et al., 1990]

gη =
(

3p − 2

p2

)0.58

(1.71)

(i.e., gη = g0.58). Subsequent theoretical analysis [Shida et al., 2004] using Monte
Carlo simulation on a cubic lattice, obtained numerical results in agreement with
Eq. (1.71), suggesting that the error in the Zimm–Kilb analytical description stems
from the use of a preaveraging approximation in computing the hydrodynamic interac-
tion between chain segments. Figure 1.7 shows the agreement between the prediction
of Eq. (1.71) for star polymers versus experimental data and Monte Carlo simulation
[Shida et al., 2004].
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FIGURE 1.7 Plots of viscometric branching parameter, gη, versus branch functionality, p, for
star chains on a simple cubic lattice (unfilled circles), together with experimental data for star
polymers in theta solvents: •, polystyrene in cyclohexane; � , polyisoprene in dioxane. Solid
and dashed lines represent calculated values via Eqs. (1.70) and (1.71), respectively. (Adapted
from Shida et al. [2004].)

1.6.2 Branched Polymers in Good Solvents

Reliable theoretical expressions for the g-parameter in good solvents are not yet
available. However, a semiempirical equation for gη has been suggested by Douglas
et al. [1990] based on a fit to experimental data for polystyrene (PS), polyisoprene
(PIP), and polybutadiene (PBD) star polymers. The equation is

gη =
[
(3p − 2)/p2

]0.58 [
1 − 0.276 − 0.015(p − 2)

]
1 − 0.276

(1.72)

Further Monte Carlo simulations [Shida et al., 1998] have confirmed the accu-
racy of Eq. (1.72), as shown in Figure 1.8. Numerically, in the range p = 2 to 20,
Eq. (1.72) can be approximated by the simple power-law expression, gη = g0.75. Note
that Eqs. (1.71) and (1.72) apply only to star polymers and are not strictly applicable
to branched polymers having other types of architecture. Somewhat larger experi-
mental values of the exponent ε in the equation gη = gε have been reported by Farmer
et al. [2006] for regular and random combs and regular centipedes in a good solvent
(i.e., ε ≈ 0.9).

It should also be noted that a similar treatment is possible for the translational
hydrodynamic radius, Rh,f , obtained from measurements of translational diffusion
coefficients or sedimentation coefficients of branched polymers. One may define a
parameter gH = Rh,fb/Rh,f�: the ratio of the hydrodynamic radius of the branched
polymer relative to that of a linear polymer of the same molecular weight. Again, it
is expected that gH ≤ 1. For star polymers with uniform subchain lengths having
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FIGURE 1.8 Plots of the viscosity branching ratio gη versus branch functionality, p: filled
symbols, Monte Carlo simulations of star chains on a lattice using two bead sizes; unfilled
symbols, experimental data; solid line, values calculated from Eq. (1.72). (From Shida et al.
[1998], with permission. Copyright © 1998 American Chemical Society.)

Gaussian statistics, the following expression has been derived [Stockmayer and
Fixman, 1953] using a preaveraging approximation:

gH = p1/2

2 − p + 21/2(p − 1)
(1.73)

Douglas et al. [1990] found substantial discrepancies between experimental data and
the prediction of Eq. (1.73), and instead suggested the empirical equation

gH = p1/4

[2 − p + 21/2(p − 1)]1/2 (1.73a)

which was also found to be consistent with Monte Carlo simulations which avoided
the preaveraging approximation [Shida et al., 2004]. For uniform stars in a very good
solvent, a semiempirical equation for gH has been proposed by Douglas et al. [1990],
based on fits to experimental data for PS, PIP, and PB stars:

gH = p1/4

[2 − p + √
2(p − 1)]

1/2

0.932 − 0.0075(p − 1)

0.932
(1.74)

Again the utility of this equation has been confirmed via Monte Carlo simulations
on a lattice [Shida et al., 1998]. Comparing Eqs. (1.71) through (1.74), it turns out
that 1 ≤ gH /gη ≤ 1.39, indicating that the effect of branching is greater in the intrinsic
viscosity than in the frictional coefficient.
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1.7 INTRINSIC VISCOSITY OF POLYELECTROLYTE SOLUTIONS

1.7.1 Role of Electrostatic Interactions

The discussion above focused principally on nonionic polymers in organic solvents.
We now consider the case of polyelectrolyte solutions. Here, one has to deal with the
role of electrostatic interactions, which can be relatively strong compared to excluded
volume interactions and which can therefore dramatically modify the hydrodynamic
volume and concentration dependence of the solution viscosity. The impact of elec-
trostatic interactions is affected by the density of charges on the polyelectrolyte chain
and the concentration of added salt. Such effects can be discussed quantitatively in
terms of two length scales. First, the Bjerrum length, �B , is the scale at which the
electrostatic energy of two elementary charges equals the thermal energy kT, where
k is Boltzmann’s constant and T is temperature (K):

�B = e2

4πεsε0kBT
m (1.75)

Here e (=1.602 × 10−19 C) is the elementary charge, εo (=8.854 × 10−12 C2/N. m2)
is the vacuum permittivity, and εs is the solvent dielectric constant. At T = 25◦C,
water has εs = 78, and hence �B = 0.72 nm. According to Manning’s counterion con-
densation theory [Manning, 1969], all counterions are mobile if the charge spacing
along the chain exceeds �B . However, if the spacing becomes smaller than �B , coun-
terions condense on the chain to lower the charge repulsion until the distance between
effective charges equals �B . Quantitatively, if the polyelectrolyte has a contour length
L and N monomers each having an ionizable group with valency νp , with counterions
having valency νc , the counterion condensation criterion is [Manning, 1969]

νpνc�B

a
≥ 1 (1.76)

where a = L/N is the monomer length. It therefore follows that the fraction, χm , of
monomers bearing an effective charge is given by χm = α , where α is the degree
of dissociation of the polyelectrolyte, when �B /a ≤ (νpνc )−1, and χm = a/λBνpνc ,
when �B /a > (νpνc )−1. In practice, if the conformation of the polyelectrolyte chain is
not known (i.e., if a = L/N is unknown), χm must be determined by osmotic pressure
[Pochard et al., 2001] or conductimetric measurements [Beyer and Nordmeier, 1995].

1.7.2 Effect of Ionic Strength

The strength of electrostatic interactions between two ionic groups is diminished by
the addition of salt to a polyelectrolyte solution, since the added ions are attracted to
ionic groups of opposite charge, forming an ion atmosphere surrounding them. Here
the length scale of importance is the Debye screening length,

�D = (8000πNA�BI)−1/2 m (1.77)
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where NA is Avogadro’s number and I = 1
2

∑
CiZ

2
i is the ionic strength, where Ci

is the molar concentration (mol/L) of ionic species i, Zi is the valency of the ion, and
the summation is taken over all mobile ions in the solution. �D is a measure of the
distance beyond which the interaction between two charges is screened out by the
presence of added small ions. For a 1 : 1 charged group (νp = 1 = νc ) [Eisenberg and
Pouyet, 1954],

I =




α
C

2
+ Cs + Cr when α ≤ a

�B

a

�B

C

2
+ Cs + Cr when α>

a

�B

(1.78)

where C is the molar concentration of polyelectrolyte, Cs is the molar concentra-
tion of added (1 : 1) salt, and Cr is the molar concentration of residual (1 : 1) ions
in the water used to make the solution (10−7 M in ideal pure water). For a 0.1 M
(10−7 mol/m3) solution of a 1 : 1 electrolyte in water, �D = 1 nm and decreases with
increase in salt concentration (increase of I). Thus, the electrostatic energy between
two elementary charges separated by a distance �B will decrease below kBT when salt
is added to the medium, and since the strength of the interaction decreases essentially
as exp(−�B /�D ), will be approximately 0.5kT when I = 0.1.

1.7.3 Experiment Versus Theory

The viscosity of a polyelectrolyte solution is affected by electrostatic interactions
in two ways. First, intramolecular repulsions between like charges will increase
the chain dimensions; attractive intramolecular forces between unlike charges will
contract the chain. Second, intermolecular repulsions may lead to intermolecular
ordering of charged coils. Based on the discussion above, it is clear that the strength
of such interactions will be determined by factors influencing counterion condensation
[Eq. (1.76)]: the number of charged groups on the polyelectrolyte (influenced strongly,
for polyacids and polybases, by the solution pH), the valency of the charges, and the
monomer length, as well as the ionic strength. In the absence of added salt, the sole
contribution to the ionic strength comes from the counterions, and therefore, as the
solution is diluted, the ionic strength decreases, the electrostatic repulsions increase
in strength, and the ensuing chain expansion and strong intermolecular interaction
may lead to a dramatic increase in the reduced viscosity ηsp/c and the appearance
of a maximum in the very dilute concentration range [Eisenberg and Pouyet, 1954;
Cohen and Priel, 1990; Borsali et al., 1992; Nishida et al., 2001, 2002]. An exam-
ple, taken from the recent study by Nishida et al. [2002] on aqueous solutions of the
sodium salt of partially sulfuric acid–esterified sodium polyvinyl alcohol, is shown in
Figure 1.9. A pronounced peak is evident in the absence of added salt, the intensity
of which decreases considerably, and the location of which, cmax, moves to higher
concentration, with the addition of increasing amounts of salt. Experiments indicate
[Cohen and Priel, 1990] that cmax increases linearly with cs at fixed polyelectrolyte
molecular weight, M, and temperature, T. Similarly, results indicate [Cohen and Priel,
1990] that cmax increases linearly with M, at fixed cs and T. At fixed cs and M,
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FIGURE 1.9 Plot of ηsp/c versus c for the sodium salt of partially sulfuric acid–esterified
sodium polyvinyl alcohol (degree of substitution α = 0.31, and degree of polymeriza-
tion = 2500) in water with added molar concentrations of NaCl as indicated. (Adapted from
Nishida et al. [2002].)

Arrhenius dependence of cmax on temperature was observed [Cohen and Priel, 1990]:
cmax = A exp(−E/RT).

The highly nonlinear concentration dependence evident in Figure 1.9 makes deter-
mination of the intrinsic viscosity by extrapolation of ηsp/c data via Eqs. (1.24) and
(1.25) impossible. Cohen and Priel [1990] report observing that linear concentration
dependence is observed at concentrations substantially below cmax, allowing deter-
mination of [η]. Theoretical analysis [Nishida et al., 2001, 2002] suggests that the
dominant contribution responsible for the appearance of the peak in the ηsp/c versus c
plots comes from the intermolecular electrostatic repulsions between polyions. Based
on this idea, Nishida et al. [2002] propose a method to determine the intrinsic viscos-
ity of polyelectrolyte solutions at very low ionic strength, by assuming additivity in
the contributions of intra- and intermolecular interactions; that is,

ηsp

c
= ηintra

c
+ ηinter

c
(1.79)

These authors adopt an expression for the viscosity of polyion solutions derived by
Rice and Kirkwood [1959]:

η = Mρ2

30ξ

∫
V

r2
(

∂2U

∂r2 + 4

r

∂U

∂R

)
g(r) dr (1.80)

where M, ρ, ξ, and g(r) are, respectively, the molecular weight, number density, seg-
mental friction coefficient, and pair distribution function of polyions. They assume



48 NEWTONIAN VISCOSITY OF POLYMER SOLUTIONS

[Nishida et al., 2001] that the conformation of polyions at low ionic strength is
rodlike, and hence the polyions adopt a simplified mean-field expression for g(r) =
g(r, θ) = exp[−U(r, θ)/kBT], where the intermolecular potential U(r, θ) is a function
not only of the interparticle distance, r, but the orientation angle, θ, between the rods.
Computation of the intermolecular contribution to the viscosity then proceeds, using
Eq. (1.80), via

ηinter =
∫ 2π

0
η dθ (1.81)

and results in a computed function that reproduces the characteristic peak observed
in polyelectrolyte solutions (Figure 1.9). The resulting function, ηinter/c, may then
be subtracted from the experimental values of ηsp/c to determine ηintra/c [cf.
Eq. (1.79)]. The authors find [Nishida et al., 2002] that the resulting ηintra/c increases
with dilution, reflecting the chain expansion due to the decrease in electrostatic screen-
ing with dilution, and then levels off at a constant value, which corresponds to the
intrinsic viscosity of the polyelectrolyte. The results further indicate [Nishida et al.,
2002] that [η] increases with decrease in concentration of added salt, and levels off
when the overall ionic strength, I, falls below 10−4, indicating that flexible polyions
cannot expand indefinitely.

1.8 INTRINSIC VISCOSITIES OF LIQUID-CRYSTAL POLYMERS IN
NEMATIC SOLVENTS

1.8.1 Intrinsic Miesowicz Viscosities

We conclude this discussion of dilute solution viscosity by describing some recent
studies of the viscometric behavior of liquid-crystal polymers (LCPs) in low-molar-
mass nematic solvents. Earlier studies in this area have been reviewed by Jamieson
et al. [1996]. When dealing with the viscosity of nematic fluids, several different
shear viscosity coefficients can be accessed experimentally [Brochard, 1979]. These
include the Miesowicz viscosities, ηa, ηb , and ηc , in which the nematic director is
pinned, respectively, along the vorticity direction, parallel to the direction of flow
and along the shear gradient (i.e., directions 1, 2, and 3 in Figure 1.1, respectively).
One may also perform shear flow experiments in which the director is allowed to
rotate [Brochard, 1979]. In such a case, the orientation of the director is determined
by two of the six Leslie viscosity coefficients, α2 and α3. Specifically, the director
orients preferentially at an angle close to the flow direction, when α2 < 0 and α3 < 0;
in contrast, when α2 < 0 but α3 > 0, the nematic exhibits tumbling flow, the director
rotating continuously around the vorticity axis; when both α2 > 0 and α3 > 0, the
nematic again exhibits aligning flow, but in this case, the director is oriented along
the vorticity axis. The initial impetus for studies in this area was a theoretical analysis
by Brochard [1979], who derived expressions for the increments in various nematic
viscosity coefficients due to the dissolution of polymer chains in nematic media. In
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particular, the following expressions were obtained [Brochard, 1979] for increments
in the Miesowicz viscosities ηb and ηc :

δηc = ckBTτR

N

R2
||

R2
⊥

(1.82)

δηb = ckBTτR

N

R2
⊥

R2
||

(1.83)

Here R|| and R⊥ are the rms (root mean square) end-to-end distances of the polymer
chain parallel and perpendicular to the director, respectively, τR is the conforma-
tional relaxation time of the polymer, c the polymer concentration, N is the degree
of polymerization, and T the temperature (K). These results are interesting, because
they predict that if the dissolved polymer stretches along the director, because of an
interaction with the nematic field, the increment in ηc will be much larger than that
in ηb . Specifically, from Eqs. (1.82) and (1.83), the ratio of the two scales as

δηc

δηb

= R4
||

R4
⊥

(1.84)

This prediction can be tested in a relatively straightforward way, using a nematic
solvent that has positive dielectric anisotropy. Such a solvent will orient in an electric
field with the director oriented along the direction of the electric field. Thus, in an
electrorheological (ER) experiment, with the applied field oriented along the shear
gradient, one measures ηc; when the field is switched off (provided that α2 < 0 and
α3 < 0), the director rotates very close to the flow direction, and therefore one mea-
sures approximately ηb . Hence, the Brochard theory predicts a large enhancement of
the ER effect in such a nematic fluid if we dissolve in it a polymer whose conformation
stretches along the nematic director, and the magnitude of the enhancement should
be very sensitive to the conformational anisotropy of the polymer [Eq. (1.84)].

In reality, it is very difficult to dissolve a flexible polymer chain in a nematic
fluid, because of the entropic penalty. However, it is relatively easy to dissolve
liquid-crystal polymers in such media, because of the favorable contribution from
the nematic interaction between the mesogenic groups of polymer and solvent. Thus,
the predictions of the Brochard theory have been confirmed qualitatively by ER
experiments [Chiang et al., 1997a] in which LCPs of differing architectures [i.e.,
(1) a main-chain LCP (MCLCP) consisting of mesogenic groups connected lin-
early by flexible spacers; (2) an end-on side-chain LCP (SCLCP) having mesogens
attached end-on to a flexible backbone; and (3) a side-on SCLCP having mesogens
attached side-on (i.e., parallel to the backbone)] were dissolved in low-molar-mass
nematic solvents such as pentylcyanobiphenyl (5CB), octylcyanibiphenyl (8CB), and
the corresponding alkyloxycyanobiphenyls (5OCB and 8OCB). The magnitude of
the ratio of the increment in field-on viscosity to the increment in field-off viscos-
ity (i.e., δηon/δηoff ) was largest for the MCLCP, smallest for the end-on SCLCP, and
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intermediate for the side-on SCLCP. Identifying δηon = δηc and δηoff ∼ δηb , this result
is consistent with Eq. (1.84), taking account of the theoretical expectation [Carri and
Muthukumar, 1998] that the MCLCP and the side-on SCLCP will each be strongly
stretched along the nematic director (R|| � R⊥), while the end-on SCLCP will have a
globular conformation (R|| ∼ R⊥), which might be slightly prolate or oblate, depend-
ing on the strength of the coupling to the nematic field.

Subsequently, more detailed studies were conducted on nematic solutions of a
MCLCP [Chiang et al., 1997b, 2000] and an end-on SCLCP [Yao and Jamieson,
1997; Chiang et al., 2002]. First, we note that Eqs. (1.82) and (1.83) apply strictly
only in the limit of infinite dilution; hence, the experimental values of δηon/c and
δηon/c must be extrapolated to c = 0. With this modification, Eqs. (1.82) and (1.83)
may be rewritten:

lim
c→0

δηc

c
= kBTτR

N

R2
||

R2
⊥

(1.85)

lim
c→0

δηb

c
= kBTτR

N

R2
⊥

R2
||

(1.86)

Hence,

limc→0 δηc/c

limc→0 δηb/c
= R4

||
R4

⊥
(1.87)

Moreover, we point out that when one has determined the ratio R||/R⊥ via Eq. (1.87), it
becomes possible to determine the conformational relaxation time τR via the following
equation, obtained by subtracting Eq. (1.86) from Eq. (1.85):

lim
c→0

δηc

c
− lim

c→0

δηc

c
= kBTτR

N

(
R2

||
R2

⊥
− R2

⊥
R2

||

)
(1.88)

ER experiments were conducted [Chiang et al., 1997b, 2000] on a MCLCP
designated TPBn which has mesogenic groups, 1-(4-hydroxy-4-O-bisphenyl)-2-(4-
hydroxyl phenyl)butane, linearly linked by flexible oligomethylene (n-mer) spacers.
For TPB10 dissolved in 5OCB at several temperatures in the nematic range, the
Mark–Houwink relation [ηc] = kLa

w , where Lw is the weight-average contour length
of the polymer, was determined. The results indicate [Chiang et al., 1997b] a relatively
high exponent, a = 1.06 at T = 52◦C (∆T = TNI − T = 15◦C), decreasing slightly to
a = 0.92 at 62◦C (∆T = 5◦C). Combination of δηb and δηc data led, via Eqs. (1.87) and
(1.88) [Chiang et al., 1997b], to values of R||/R⊥ and τR listed in Table 1.1. The results
show that with increasing molecular weight, τR increases dramatically, τR ∼ Lb , with
b = 1.99 at T = 52◦C, decreasing slightly to b = 1.94 at T = 52◦C, whereas R||/R⊥
shows no clear trend with molar mass. Based on earlier studies of the twist viscosity
of TPBn polymers [Chen and Jamieson, 1994], which encompassed oligomers to high
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TABLE 1.1 Conformational Anisotropy (R||/R⊥) and Conformational Relaxation
Time (�R) of TPB10 in Nematic 5OCB

T = 52◦C T = 57◦C T = 62◦CContour Length
(nm) R||/R⊥ τR (m) R||/R⊥ τR (m) R||/R⊥ τR (m)

62.99 2.46 2.97 2.43 2.36 2.33 1.90
118.15 3.16 7.80 2.94 6.90 2.60 6.06
215.66 3.17 21.5 2.93 17.0 2.47 15.0
354.86 2.99 106 2.75 84.5 2.38 63.4

polymers and which indicate that we are in the long polymer limit for TPB10, when
L ≥ 62.99 nm, we have tentatively interpreted [Chiang et al., 1997b, 2000] the strong
molecular-weight dependence of τR to indicate that TPB10 behaves as a free-draining
Gaussian coil. Specifically, from the Brochard model [Brochard, 1979],

τR = λ||λ⊥R2
||R

2
⊥

λ⊥R2
⊥ + λ||R2

||

1

kBT
(1.89)

where λll and λ⊥ are the translational frictional coefficients for motion parallel
and perpendicular to the director, respectively. When R|| � R⊥, this simplifies to
τR ∼ 1/λ⊥R2

⊥ ∼ M2, when λ⊥ ∼ M (free-draining hydrodynamics) and R⊥ ∼ M0.5

(Gaussian statistics). Alternatively, some combination of partial draining and non-
Gaussian (wormlike-coil) statistics may also give an exponent b ∼ 2. Table 1.1
indicates further that an increase in temperature results in a slight decrease in both
R||/R⊥ and τR . The latter observation is consistent with the dual theoretical expec-
tation (see below) that the strength of the nematic interaction will decrease, and the
flexibility of the polymer chain will increase, with increasing temperature.

To obtain a more quantitative picture of the temperature dependence of τR and
R||/R⊥, specimens of TPB10 were dissolved in a proprietary mixture of low-molar-
mass nematics, designated E5, which has a broad nematic temperature range [Chiang
et al., 2000]. Experimental results for two TPB10 specimens having DP = 18 and 63
are shown in Figure 1.10. First, the temperature dependence of R|| and R⊥ may be
considered in the context of pertinent statistical theories. An analysis by Halperin and
William [1992] of the conformation of main-chain LCPs using an Ising chain model
led to the conclusion that the chain dimensions, R|| and R⊥, each exhibit exponential
temperature dependence:

R|| =
(

a

�p

)4/5

exp

(
2Uh

5kBT

)
Rg,0 (1.90a)

R⊥ =
(

a

�p

)7/10

exp

( −Uh

10kBT

)
Rg,0 (1.90b)
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FIGURE 1.10 Conformational anisotropy of main-chain LCP TPB10 dissolved in nematic
solvent E48: �, DP = 18; � , DP = 63. (Adapted from Chiang et al. [2000].)

where a is the monomer length, �p the persistence length, Rg,0 the Flory phantom-
chain radius of gyration of the LCP, and Uh the energy required to form a hairpin
turn in the flexible spacer groups of the MCLCP. These equations predict that R|| will
decrease with increasing T and R⊥ will increase with increasing with T. Examining
Eq. (1.90), it is clear that the conformational anisotropy,R||/R⊥ is predicted to decrease
with increasing temperature, in agreement with the experimental data:

R||
R⊥

=
(

a

�p

)1/10

exp

(
Uh

2kBT

)
(1.91)

In addition, the hairpin activation energy Uh can be calculated from the Arrhenius fit
to the data in Figure 1.10, from which we obtain a value Uh = 3.6 kJ/mol. Noting that
hairpin formation in the decamethylene spacer requires two trans-to-gauche transfor-
mations, each of which involves an energy expenditure of about 1 kJ/mol [Morrison
and Boyd, 1983], it appears that the experimental result is of the correct order of
magnitude.

Our results for Rll/R⊥ can also be interpreted within the theoretical description of
Carri and Muthukumar [1998]. In the limit of long polymers, these authors derive the
equation

(
R||
R⊥

)2

= 1

1 + D
(1.92)

where D is a coupling strength parameter that describes the strength of the nematic
interaction between the mesogenic groups on the polymer and the nematic solvent. For
TPB10, a MCLCP that has mesogens parallel to the polymer backbone, theory implies
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TABLE 1.2 Conformational Relaxation Time (τR(µs)) of TPB10 Samples in
Nematic E48

Temperature (◦C) 23 27 32 42 52 62 67
TPB10 (DP = 18) 24.9 18.4 9.76 5.71 2.58 1.80 1.61
TPB10 (DP = 63) 240 173 99.7 37.4 24.7 19.1 15.8

that the polymer segments will align strongly with the director (i.e., the conformation
will be strongly prolate, D � 0, and R||/R⊥ � 1), as indeed is found experimentally
(Figure 1.10). Moreover, Figure 1.10 indicates that R||/R⊥ decreases with temperature
(i.e., |D| decreases with temperature), presumably reflecting an increase in flexibil-
ity of the decamethylene spacer, and a decrease in the nematic order parameter, at
higher temperatures. Also, from the temperature dependence of the conformational
relaxation time (data shown in Table 1.2), we can determine the activation energy, Uc ,
associated with conformational dynamics. We find that Uc = 52.2 kJ/mol. This result
appears to be relatively insensitive to the structure or flexibility of the LCP, consistent
with the idea [Pashkovskii and Litvina, 1992a, b] that Uc is determined principally
by the viscous activation energy of the solvent, which is on the order of 50 kJ/mol.

Similar studies were carried out on two end-on SCLCPs: one having a polysilox-
ane backbone and a 4′-methoxyphenyl-4′′-oxybenzoate mesogen [Yao and Jamieson,
1997; Chiang et al., 2002], the other having a polyacrylate backbone and a
cyanobiphenyl mesogen [Chiang et al., 2002], in each case with an undecylmethylene
spacer connecting the mesogen to the polymer backbone. Analysis of the increments
in Miesowicz viscosities δηb and δηc indicated that for the polysiloxane SCLCP [Yao
and Jamieson, 1997; Chiang et al., 2002], dissolved in 5OCB at T = 62◦C, R||/R⊥
decreased from 1.18 to 1.03, and τR increased from 1.67 µs to 10.4 µs (τR ∼ N 0.8), as
the degree of polymerization, N, increased from 45 to 198; in contrast, for the polyacry-
late SCLCP [Chiang et al., 2002], dissolved in E48, at 52◦C, R||/R⊥ decreased from
1.54 to 1.20 and τR increased from 0.37 µs to 19.01 µs (τR ∼ N1.5), as N increases
from 9 to 100. In both cases, while R||/R⊥ is substantially smaller than that of the
main-chain LCP, the conformation is prolate rather than the oblate conformation
theoretically predicted for side-chain LCPs [Cotton and Hardouin, 1997]. Such a dis-
crepancy with theory has been attributed [Cotton and Hardouin, 1997] to a dominant
contribution from excluded interactions of the spacer, which is relatively long for the
polymers under discussion here. In previous work [Yao and Jamieson, 1997], oblate
conformations were indeed found for a polysiloxane SCLCP with a short (n = 3)
spacer. The larger anisotropy and stronger molecular weight dependence of τR of the
acrylate versus the siloxane SCLCP suggests a difference in conformation, perhaps
reflecting the more rigid backbone and/or weaker influence of the nematic field in the
case of the acrylate polymer.

1.8.2 Intrinsic Leslie Viscosities

In addition to the Miesowicz viscosities, the Brochard model also enables one to
predict how dissolution of a polymer in a nematic solvent will modify the Leslie
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viscosity coefficients. Specifically, the theory predicts that [Brochard, 1979]

δα2 = ckBTτR

N

R2
⊥ − R2

||
R2

⊥
(1.93)

δα3 = ckBTτR

N

R2
⊥ − R2

||
R2

||
(1.94)

These results are interesting because they predict that the sign of the coefficients can
change if a sufficient quantity of a polymer with a particular conformational shape
is added. As indicated by Eqs. (1.93) and (1.94), a flow-aligning nematic solvent
(α2 < 0 and α3 < 0) such as 5CB or 5OCB will transform to a flow-tumbling solution
(α2 < 0, α3 > 0) on dissolution of a sufficient amount of a SCLCP with an oblate
conformation (R⊥ > R||), since α3 will increase positively faster than α2. It follows
from Eqs. (1.93) and (1.94) that continued addition of the oblate polymer may lead to
the situation α2 > 0 and α3 > 0, in which case the solution will experience a second
transition back to flow aligning, this time with the director aligned along the vorticity
axis. As a corollary, Eqs. (1.93) and (1.94) predict that addition of a sufficient quantity
of a MCLCP (R|| > R⊥) to a tumbling-flow nematic solvent such as 8CB (α2 < 0,
α3 > 0) will produce a flow-aligning mixture (α2 < 0 and α3 < 0), since both α2 and
α3 increase negatively.

These predictions have been tested using experiments in which the transient stress
response of a homeotropic nematic monodomain subjected to shear deformation is
monitored [Gu et al., 1993; Gu and Jamieson, 1994a; Kempe and Kornfield, 2003]. A
flow-aligning nematic (α2 < 0 and α3 < 0) shows [Gu et al., 1993; Gu and Jamieson,
1994a, b] a characteristic stress overshoot followed by decay to a steady value, corre-
sponding to a viscosity numerically close to ηb ; a flow-aligning nematic (α2 > 0 and
α3 > 0) shows [Kempe and Kornfield, 2003] a characteristic rise to a steady stress
corresponding to a viscosity numerically close to ηc ; a tumbling nematic (α2 < 0,
α3 > 0) shows [Gu et al., 1993; Gu and Jamieson, 1994a, b; Mather et al., 1997] a
characteristic damped oscillatory viscosity signature. Using this technique, addition
of a SCLCP to a flow-aligning solvent was observed to induce a transition to tum-
bling flow [Gu et al., 1993]; in addition, the observation of a second transition to
aligning flow with the director along the vorticity axis was demonstrated [Kempe and
Kornfield, 2003] on dissolution of a SCLCP with a highly oblate conformation. The
addition of a MCLCP to a tumbling nematic solvent was demonstrated to induce a
transition to aligning flow [Gu and Jamieson, 1994a].

On detailed analysis of the transient stress signatures, certain numerical dis-
crepancies were noted [Gu et al., 1993; Gu and Jamieson, 1994a] between the
experimental increments in Leslie viscosities δα2 and δα3 versus the Brochard predic-
tion. Specifically, for the side-chain LCP, assuming an oblate conformation, the theory
[Eqs. (1.55)] predicts that both δα2 and δα3 should be positive, whereas we found [Gu
et al., 1993; Gu and Jamieson, 1994a] that δα2 < 0 and δα3 > 0. Also, the magnitude
and signs of these viscosity increments were found to be strictly inconsistent with
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electrorheological (ER) measurements [Yao and Jamieson, 1998] of the Miesowicz
viscosity increments δηb and δηc .

Finally, in addition to predictions for the increments in Miesowicz and Leslie
viscosities, the Brochard theory predicts [Brochard, 1979] the increment δγ1 in the
viscosity associated with the twist distortion of a nematic solvent on dissolution of a
polymeric solute:

δγ1 = ckBTτR

N

R2
|| − R2

⊥
R2

||R
2
⊥

(1.95)

Using dynamic light-scattering measurements [Jamieson et al., 1996], δγ1 was deter-
mined for nematic solutions of a SCLCP, which had a weakly prolate or oblate
conformation (i.e., R||/R⊥ ∼ 1), based on ER measurements of δηb and δηc , and
indicated [Liu et al., 1999] that δγ1 ∼ ckTτR /N, whereas the Brochard model predicts
[via Eq. (1.95)] that δγ1 ∼ 0.

An explanation for these various discrepancies was suggested [Yao and Jamieson,
1998], based on the notion that when the nematic director of the solvent is allowed
to rotate, one must take account of the coupling between the solvent director and
the LCP director. This induces an additional viscous dissipation mechanism which
contributes to the Leslie viscosities and the twist viscosity, but not to the Miesowicz
viscosities:

δγ1 = ckBTτR

N

(
R2

|| − R2
⊥

R2
||R

2
⊥

)2

+ ckBTτR

N
(1.96)

As a test of the revised theory, further experiments were conducted [Zhao et al.,
2005] on nematic solutions of a SCLCP. ER measurements indicated, via appli-
cation of the Brochard hydrodynamic model, a slightly prolate conformation,
R||/R⊥ = 1.17 ± 0.02, consistent with small-angle neutron scattering measurements,
which indicated, that Rg,ll/Rg,⊥ = 1.12 ± 0.06. Observations of the shear stress tran-
sient response of a homeotropic monodomain indicated that at a concentration
between 0.01 and 0.02 g/mL, the solution exhibited a transition from director-aligning
to director-tumbling behavior. The latter result is inconsistent with the original
Brochard model [see Eq. (1.94)], which predicts such a transition (i.e., δα3 > 0) only
for a polymer with an oblate shape but agrees with the modified theory [Eq. (1.96)].

1.9 VISCOSITY OF SEMIDILUTE AND CONCENTRATED
SOLUTIONS

1.9.1 Empirical Concentration and Molecular-Weight Scaling Laws

The concentration dependence of the Newtonian viscosity of dilute polymer solutions
may be expressed in the form of a polynomial:

ηr = 1 + [η]c + k1[η]2c2 + k2[η]3c3 + · · · (1.97)
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where each term of order cn reflects nth-order interparticle direct and indirect (hydro-
dynamic) interactions. An empirical equation often useful to fit experimental data
encompassing the dilute and semidilute concentration regimes is the Martin equation
[Martin, 1951; Wetzel et al., 1953]:

ηr = 1 + c[η] exp(KMc[η]) (1.98)

Indeed, data for a wide variety of polymer–solvent systems [Hager and Berry,
1982; Durand, 2007] can be described by Eq. (1.98), but such agreements pro-
vide little insight into the molecular origin of solution viscosity. As concentration
increases above the overlap value, C∗ ∼ M/NAR3

g ∼ 2.5/[η], a contraction of the
chain dimensions occurs for flexible polymers in a good solvent, due to screening of
the intersegmental excluded volume interactions, as the coils interpenetrate. Similarly,
screening of the hydrodynamic interactions between the segments occurs, resulting
in an increase in relaxation times for molecular motion. As concentration increases
further above c∗, and chains become more deeply entangled with each other, various
pieces of experimental evidence indicate that a discrete change occurs in the molecu-
lar dynamics of polymer solutions when the polymer molecular weight is sufficiently
high. In particular, the molar mass dependence of molecular relaxation times increases
from τ ∼ M to τ ∼ M3.5, and a plateau appears in the shear storage modulus. As noted
earlier, the transition occurs at a concentration referred to as the entanglement con-
centration and is generally interpreted as signaling a crossover from Rouse-like to
reptative (snakelike) molecular dynamics. The drastic increase in relaxation times
leads in turn to a correspondingly enhanced increase in solution viscosity as concen-
tration increases. Empirically, experimental data are often expressed in terms of a
power-law expression of the form [Onogi et al., 1966, 1967]

η = KT φmMn (1.99)

where KT is a temperature-dependent constant, φ is a polymer volume fraction, and
m and n are constants such that n = 3.5 ± 0.1 and the ratio n/m varies from 0.5 for
theta solvents to 0.7 for good solvents. The correlation between the ratio n/m and the
Mark–Houwink–Sakurada exponent is often consistent with a concentration scaling
of the form φ/φ∗ ∼ c/c∗ ∼ c[η].

1.9.2 Predictive Models for Solutions of Flexible Neutral Polymers

Several attempts have been made to derive predictive relationships for the Newtonian
viscosity of semidilute and concentrated polymer solutions. Simha and co-workers
[Simha, 1952; Utracki and Simha, 1963; Simha and Somcynsky, 1965; Simha and
Chan, 1971; Utracki and Simha, 1981] explored the possibility of developing a prin-
ciple of corresponding states based on the (c,M) scaling equivalent to the packing of
hard spheres:

η̃ = ηsp

c[η]
= f (c[η]) (1.100)
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Comparison of experiment versus a scaling analysis according to Eq. (1.100) indi-
cates that hard-sphere scaling works reasonably well for theta and subtheta conditions
[Simha, 1952; Simha and Chan, 1971; Utracki and Simha, 1981], but breaks down
for good solvents. For these systems, a molecular weight–dependent scaling concen-
tration can be defined of the form [Utracki and Simha, 1963; Simha and Somcynsky,
1965]

γss = K1M
−α1 = KK1M

a−α1

[η]
(1.101)

Experimentally, as the solvent quality approaches the theta condition, the exponent
α1 approaches the Mark–Houwink–Sakurada exponent, a, which, in turn, approaches
the limiting value 0.5. The applicability of Eqs. (1.100) and (1.101) was found to
extend to concentrations in excess of the entanglement concentration.

To proceed further (i.e., to extend the treatment to encompass temperature depen-
dence and the crossover from semidilute to concentrated solution regime, it is
necessary to incorporate information regarding the free-volume characteristics of
polymer and solvent. Utracki and Simha [1981] find that a scaling equation of the
form

ln η̃ = D0 + D1Yφ (1.102)

provides a means of generating a universal dependence of η as a function of the inde-
pendent reduced variables, molecular weight, M̃, concentration, c̃, and temperature
T̃ . In Eq. (1.102), D1 = −D0, where

D0 = −6(D1
0 − 2)

2

(D1
0)

2 − 12D1
0 + 12

(1.103)

where D1
0 = d1hs/fh,sHs, with fh,s = (hsV − V0)/V0 the hydrodynamically accessible

free volume of the pure solvent, V and V0 the specific volumes of the solvent at T and
T = 0 K, respectively, hs ≤ 1 a hydrodynamic shielding parameter of the pure solvent,
Hs the corresponding shielding parameter of the solvent in the solution, and d1 a
coefficient in the Doolittle equation, ln η = d0 + d1/fh . Also, in Eq. (1.102),

Yφ = 1

1 + D
†
2φ̃

(1.104)

where φ̃ = φ/φ∗ and φ∗ is the scaling volume fraction. The parameter D
†
2 is explicitly

defined in the theory as

D
†
2 = D1

2(D1
0 − 2)

2D0
(1.105)

where D1
2 = (Hp/Hs)U − 1, and U = expb(Xp − Xs ), with Xi the temperature,

scaled by the glass transition temperature of polymer (i = p) and solvent (i = s).
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FIGURE 1.11 Schematic representation of the two types of viscosity–concentration scaling
behavior seen in polymer solutions: (a) type 1, linear superposition of data for solutions having
different polymer molecular weights, Mi < Mi+1, according to Eq. (1.61) with D

†
2 as a fitting

parameter; (b) type 2, superposition failure indicating molecular weight dependence of D
†
2 and

a break in the plots at the overlap concentration. (Adapted from Utracki and Simha [1981].)

Experimentally, D
†
2 is determined by iteration to linearize the data according to

Eq. (1.102), using as a starting value D
†
2/φ

∗ = 1/γss, the characteristic scaling con-
centration defined in Eq. (1.101).

Applying, Eq. (1.102) to scale viscosity data, two types of behavior are observed
[Utracki and Simha, 1981], as shown schematically in Figure 1.11. Most systems
show a linearization according to Eq. (1.102) over the full range of concentration
and molecular weight (Figure 1.11a), representing a scaling in terms of correspond-
ing states characterized by the reduced concentration, φ̃. In some systems, a second
type of behavior is observed (Figure 1.11b), in which superposition, according to
Eq. (1.102), of data for samples of different molecular weight fails and a break occurs
in the plots, at concentrations ct which turn out to be comparable to the concentra-
tion c∗ ≈ 1.1/[η], at which coil overlap occurs. Superposition of the data at c > c∗
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can be achieved by a horizontal shift, which, within the framework of the theoret-
ical model, corresponds [Eqs. (1.104) and (1.105)] to incorporating the molecular
weight dependence of the glass transition temperatures of polymer and solvent. The
origin of the break in the plots of ln η̃ versus Yφ is still not understood [Utracki
and Simha, 1981] but apparently indicates some change in the flow mechanism
near ct .

As noted earlier, for polymers of sufficiently high molecular weight, at a concentra-
tion substantially in excess of the overlap concentration, there is a distinct transition
in the viscoelastic behavior of polymer solutions, attributed to the point at which
topological restrictions to translational and rotational mobility appear due to inter-
chain entanglements. Efforts have been made to model the viscometric behavior of
polymer solutions through this entanglement transition. First, Phillies [Phillies, 1995,
2002a; Phillies and Quinlan, 1995] has derived a pseudovirial expansion of the form
Eq. (1.97), describing the concentration dependence of polymer solution viscosity by
evaluating interchain hydrodynamic interactions to third order via an extension of the
Kirkwood–Riseman model. Such an analysis neglects chain-crossing constraints, so
may be expected to be valid until chain entanglements play a dominant role. Extrapo-
lation to higher concentrations can be performed via a renormalization group, which
leads to an expression of the stretched exponential form:

η = η0 exp(αpcsMt) (1.106)

where αp , s, and t are scaling exponents. Phillies notes that Eq. (1.106) is in agreement
with experimental data for many polymer–solvent systems [Phillies, 1995; Phillies
and Quinlan, 1995] and finds that the parameter αp varies with solvent quality as
αp ∼ α3

η = [η]/[η]θ , predicted by the hydrodynamic scaling model. Phillies further
suggests [Phillies, 1995; Phillies and Quinlan, 1995] that the limit of applicability
of Eq. (1.106) may be used to identify the concentration at which entanglement
constraints become dominant in determining chain mobility. Thus, as shown in Figure
1.12, using data of Dreval et al. [1973] on hydroxypropylcellulose solutions in water,
Phillies and Quinlan [1995] find a crossover from stretched-exponential to power-law
concentration dependence, η ∼ cε, signifying what they term a solutionlike–meltlike
transition in polymer dynamics. As shown in Figure 1.12, the crossover occurs at
the concentration c[η] ∼ 20 (i.e., considerably in excess of the overlap concentration,
c∗[η] ∼ 1.0). Phillies [2002b] has further demonstrated self-consistency between his
hydrodynamic scaling model for viscosity and a similar analysis of the self-diffusion
coefficient of polymer chains in semidilute solution, which also leads to stretched-
exponential concentration dependence, in agreement with experiment.

Berry [1996] has developed a formalism designed to describe the viscosity of
isotropic solutions of flexible, semiflexible, and rodlike polymer chains over a
range of concentrations encompassing dilute solutions to the undiluted polymer. The
expression is formulated to account for the separate effects of screening of ther-
modynamic and hydrodynamic interactions, as well as the onset of intermolecular
chain entanglements, under a range of solvent quality extending from theta to “good”
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FIGURE 1.12 Viscosity of hydroxypropylcellulose (nominal molecular weight
M = 106 g/mol) in water and fits to stretched exponential and power-law concentration
dependence. (From Phillies and Quinlan [1995], with permission. Copyright © 1995 American
Chemical Society.)
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where X is a revised dimensionless Fox parameter, X = πNAc(R(c)
g )

2
/ML, which,

experiment suggests, has a quasiuniversal value for flexible polymers at the onset of
entanglement, (i.e., Xc = 100) and k′ is the Huggins coefficient. The functionE(X/Xc)
incorporates the effect of chain entanglements:

E(y) = 1 + [y2m(y)]
21/2

(1.108)

where m(y) ∼ (1 − µy−1/2)3, with µ a constant of order unity, is a function that tends
to unity for X/Xc > 100 and equals y0.4 for X/Xc < 100. The effect of thermodynamic
interactions is described by the concentration-dependent chain expansion parameter:

α(c) = Max
{

1; α(1 + c[η])2)
−1/16

}
(1.109)
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where the function Max{x; y}, which specifies the maximum of the two arguments,
ensures that α ≥ α(c) ≥ 1 for finite excluded volume, z ≥ 0. The concentration-
dependent radius of gyration is thus given by R(c)

g = Rgα
(c)/α. The influence

of hydrodynamic interactions is described by the hydrodynamic screening
function:

H (c) = 1.156

(
c

ρ

)β

(a(c))
4

{
1 − exp

[
−2

(
c

ρ

)β
]}

(1.110)

where the parameter β = 0.5 for flexible coils. In Eq. (1.107), η(c)
LOC represents a local

viscosity, expected to depend on temperature and polymer concentration but to be
nearly independent of molecular weight; η(c)

LOC is proportional to the segmental friction

factor appearing in other treatments. For infinitely dilute solutions, η(c)
LOC = ηsolvent. In

the opposite extreme of undiluted polymer, η
(c)
LOC is given by ηrepeat, representing the

viscosity needed to compute the segmental friction factor for the undiluted polymer
from the segment dimensions, using Stokes’ law. For solutions it seems reasonable to
approximate η

(c)
LOC in terms of ηsolvent and ηrepeat by relations similar to those used for

the viscosity of mixtures of small molecules [Berry, 1996]. For example, one might
use the empirical approximation

η
(c)
LOC = η

1−f (φ)
solvent η

f (φ)
repeat (1.111)

with f (φ) determined principally by, but not necessarily equal to, the polymer volume
fraction φ = c/ρ. Berry [1996] demonstrates that Eq. (1.107) can be conveniently
used to correlate viscometric data, and to estimate η/η

(c)
LOC as a function of c and M,

provided that sufficient structural information about the polymer and solvent can be
obtained.

The Newtonian viscosity of polymer solutions, encompassing the dilute and
semi-dilute concentration regimes, has been discussed [Jamieson and Telford, 1982;
Takahashi et al., 1985] within the context of the de Gennes scaling description, using
the reptation model [de Gennes, 1976a, b], in which the chain is assumed to execute
a snakelike motion (i.e., reptation) within a tube whose length is equal to the contour
length of the polymer and whose width is determined by repulsive contacts with its
neighbors. Within this model, the elastic modulus of an entangled polymer network
is

G ∝ kBT

ξ3 (1.112)

and the reptation time is

τrep ∝ ηs(M/Me)3ξ3

kBT
(1.113)
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where ξ is the monomer–monomer correlation length and Me is the entanglement
molecular weight. Scaling arguments [de Gennes, 1976a, b] lead to the conclusion
that ξ ∼ Rg (c/c∗)−ν/(3ν−1), and hence, in good solvents ξ ∼ c−3/4, and in theta solvents
ξ ∼ c−1. Combining Eqs. (1.112) and (1.113), the zero-shear viscosity is

η = Gτrep ∝ ηs

(
M

Me

)3

(1.114)

and is determined by the number of entanglements in solution, as in the polymer melt
state. Noting the experimental result in the melt, η ∼ M3.4, Takahashi et al. [1985]
suggest replacing this result by

η ∝ ηs

(
M

Me

)3.4

(1.115)

Scaling arguments imply that

M

Me

∝
( c

c∗
)1/(3ν−1)

(1.116)

where ν is the excluded volume exponent, (R2
G ∼ M2ν), 0.5 < ν < 0.6, and c∗ =

M/NAR3
G is the overlap concentration. This leads to scaling predictions for the

viscosity:

ηr ∝
( c

c∗
)3/(3ν−1)

(1.117a)

if one accepts Eq. (1.114), or

ηr ∝
( c

c∗
)3.4/(3ν−1)

(1.117b)

if one accepts Eq. (1.115). These results lead to molecular weight- and concentration-
scaling laws of the form

ηsp ∝ M3c3/(3ν−1) (1.118a)

and

ηsp ∝ M3.4c3.4/(3ν−1) (1.118b)

respectively. Thus, according to Eq. (1.118b), the reptation model of entanglement
dynamics leads to values of the concentration exponent that fall in the range 4.25
(good solvent) to 6.8 (theta solvent).

Conflicting conclusions are found in the literature as to the accuracy of these pre-
dictions. Takahashi et al. [1985] tested these scaling predictions against experimental
data on ηr for polystyrene in theta, marginal, and good solvents, encompassing the



VISCOSITY OF SEMIDILUTE AND CONCENTRATED SOLUTIONS 63

dilute and semidilute regimes and found that Eqs. (1.117) and (1.118) superpose data
in dilute and semidilute solutions, respectively, for theta and marginal solvents but
not for good solvents. Systematic deviations are observed in the latter, which increase
as the molecular weight of the polymer decreases. These findings seem consistent
with those of Utracki and Simha [1981] when considering that c/c∗ scaling is essen-
tially equivalent to c[η] scaling. On the other hand, viscosity measurements of Adam
and Delsanti [1982, 1983] for various polymers in good solvents scale with c/c∗,
whereas corresponding measurements in theta solvents did not [Adam and Delsanti,
1984; Roy-Chowdhury and Deuskar, 1986]. Accepting the latter data, Colby and
Rubinstein [1990] argue that the breakdown in c/c∗ scaling in theta solvents arises
because in contrast to the situation in good solvents, the correlation length, ξ, and the
tube diameter, δ, depend on concentration differently. Specifically, the concentration
scaling of δ is determined by the density of binary contacts between monomers. In
good solvents, the density of intermolecular binary contacts scales as c9/4, and hence
δ ∼ (c−9/4)1/3 ∼ c−3/4 (i.e., the same dependence as ξ); however, in theta solvents, the
density of binary contacts scales as c2, and the chain may be modeled in semidilute
solution as a random walk of N/Nξ blobs of size ξ. The associated volume in which kT
is stored is (Ne /Nξ)ξ3, with Ne /Nξ given by the random walk result, Ne /Nξ ∼ (δ/ξ)2.
It follows that [Colby and Rubinstein, 1990; Colby et al., 1994]

G = kBT

(N/Nξ)ξ3 = kBT

(δ/ξ)2ξ3
= kBT

δ2ξ
(1.119)

This result, which contrasts with Eq. (1.112), leads to the same concentration scaling
as Eq. (1.112) in good solvents, G ∼ c9/4, but differs from Eq. (1.112) in theta sol-
vents, G ∼ c7/3, since δ ∼ c−3/4, and ξ ∼ C−1. The reptation time is calculated on
the assumption that relaxation is Zimm-like inside the blobs and Rouse-like between
entanglements:

kBTτrep ∼ ηsξ
3
(

Ne

Nξ

)2(
N

Ne

)3

∼ ηsδ
4(N/Ne)3

ξ
(1.120)

Thus,

η = Gτrep = ηs

(
δ

ξ

)2(
N

Ne

)3

(1.121)

It follows that for semidilute solutions in a good solvent, δ ∼ ξ, Ne ∼ δ1/ν ∼ c1/(1−3ν),
and therefore Eq. (1.121) leads to the de Gennes result, Eq. (1.114), whereas for theta
solutions, ξ ∼ c−1, δ ∼ c−2/3, and Ne ∼ δ2 ∼ c−4/3, and hence from Eq. (1.121):

η ∼ ηsN
3c14/3 ∼ ηsM

2/3(c/c∗)14/3 (1.122)

Thus, Colby and Rubinstein [1990] predict that ηr ∼ (c/c∗)3/(3ν−1) in good solvents,
whereas ηr /M2/3 ∼ (c/c∗)14/3 in theta solvents, and they further demonstrate that the
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data of Adam and Delsanti [1984] and Roy-Chowdhury and Deuskar [1986] are
consistent with the latter scaling prediction.

The blob model offers another insight [Raspaud et al., 1995; Heo and Larson,
2005], in which a semidilute solution may be viewed, on a length scale larger than the
blob size, as a melt of chains of blobs. Within the blob, the chain does not know that
it is in a melt, and its dynamics are determined by the Zimm theory, in which hydro-
dynamic interactions dominate. On length scales larger than the blob, hydrodynamic
interactions are screened and Rouse dynamics operate. From this point of view, one
can expect that the c[η] or c/c∗ scaling of the solution viscosity in dilute solution will
extend into the semidilute regime until the concentrated solution regime is reached, or
if the molecular weight of the polymer is high enough, until the number of blobs per
chain exceeds the number needed for the chain to become entangled, at which point
the entanglement concentration becomes an additional scaling variable (semidilute
entangled regime). In the melt, the scaling prediction of the reptation theory [Eq.
(1.115)] may be expressed instead as [Raspaud et al., 1995]

η

ηRouse
∼
(

M

Me

)2.4

(1.123)

where ηRouse is the melt viscosity at the molecular weight selected, if entangle-
ments are absent. Eq. (1.123) follows since Rouse theory implies that ηRouse ∼ M.
Following the melt analogy, in the semidilute entangled regime, this suggests
[Raspaud et al., 1995; Heo and Larson, 2005] a scaling treatment of the form

η/ηRouse ∼
[(

N

Nξ

)
/

(
N

Nξ

)
e

]2.4

∼
(

nb

nbe

)2.4

(1.124)

where nb is the number of blobs per chain at concentration c and nbe is the critical
number of blobs per entanglement, assumed independent of concentration. Since
in semidilute solutions nb /nbe = (c/ce )1/(3ν−1), the equivalent concentration scaling
treatment is

η

ηRouse
= k

(
c

ce

)2.4/(3ν−1)

(1.125)

This scaling prediction has been tested against experimental data and appears to
be successful for both flexible and semiflexible polymers in good solvents. When
plotting a reduced viscosity versus a reduced concentration, the best collapse of the
data onto a universal curve was found if two different definitions of c∗ were chosen
[Raspaud et al., 1995]: ηRouse = ηs (N/Nξ) = ηs (c/c∗)1/(3ν−1) with c∗ = 1/[η], and ce =
c∗n3ν−1

be with c∗ = 1/MwA2. The latter definition assumes that the appropriate scaling
for concentration is based not on hydrodynamic volume but on the thermodynamic
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equivalent hard-sphere volume. Specifically, Heo and Larson [2005] find that

η

ηRouse
= (45 ± 2)

(
c

ce

)2.95±0.07

(1.126)

which is in good agreement with Eq. (1.125) when one chooses ν = 0.588.
In summary, results to date suggest that the concentration dependence of vis-

cometric data may be treated distinctly in three regimes: dilute, semidilute, and
concentrated. In the dilute and semidilute unentangled regimes, the concentration
dependence derives from indirect (hydrodynamic) and direct intermolecular interac-
tions, and can be described by c[η] or c/c∗ scaling via a virial type of equation [Eq.
(1.119)] or the stretched-exponential description of Phillies [2002a, b]). In the semidi-
lute entangled regime, a scaling treatment according to reptation theory seems to work
well [Eq. (1.118) or (1.126) in good solvents, Eq. (1.122) in theta solvents]. In the
concentrated regime, one has to resort to a treatment such as that of Utracki and Simha
[1981] or that of Berry [1996], which incorporates the concentration, temperature,
and solvent dependence of the segmental frictional coefficient.

1.9.3 Viscosity of Branched Polymers in Semidilute and Concentrated
Regimes

The concentration dependence of solutions of branched polymers has also been
studied in the semidilute and concentrated regimes. Intuitively, one expects that at
concentrations and molecular weights below the entanglement transition, the vis-
cosity should be smaller than that of linear polymers, because the hydrodynamic
volume of a branched polymer is smaller than that of a linear polymer of the same
molecular weight. Above the entanglement transition, the situation becomes more
complicated, and if the molecular weight of the branches is larger than the entan-
glement molecular weight, the viscosity rises more rapidly than that of a linear
polymer of the same molar mass. This can be explained using the reptation model, in
which the entanglement network constrains translational motion of chain segments
to a confining tube. However, the branch points block reptative motion of the entire
macromolecule, and hence the only way in which the chain can translate is by retrac-
tion of the arms from their tubes at the branch points and reinsertion into different
tubes in new directions. This leads to a substantial increase in the longest relaxation
time, τr , and hence a large increase in viscosity, since the entanglement density, and
hence the plateau modulus, G, remain unchanged [see Eq. (1.114)]. Such an expec-
tation has been confirmed experimentally for the melt [Kraus and Gruver, 1965] and
for solutions [Lee et al. 2006], and is illustrated in Figure 1.13, which compares
shear viscosity data [Lee et al., 2006] for solutions of a linear 1,4-polyisoprene (PIP;
Mn = 256.9 kg/mol) versus a three-arm star PIP (Mn = 299.8 kg/mol), each dissolved
in a low-molar-mass linear PIP (Mn = 3.22 kg/mol). The latter Mn is smaller than
the entanglement molecular weight for PIP (Me = 4.2 kg/mol) [Lee et al., 2006]. A
second feature manifested in Figure 1.13 is that a simple power-law scaling versus
concentration no longer works. Instead, reptation theory applied to star polymers in
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FIGURE 1.13 Concentration dependence of the zero-shear viscosity of 1,4-
polyisoprene linear (N250K, Mn = 256,900 g/mol), three-arm symmetric star (S101K,
Mn,arm = 101,000 g/mol), and three-arm asymmetric star (A2B73K, Mn,A = 73,000 g/mol,
MnB = 33,000 g/mol and A2B182K, Mn,A = 182,000 g/mol, Mn,B = 33,000 g/mol) polymer
solutions. (Adapted from Lee et al. [2006].)

the melt state predicts an exponential dependence on arm molecular weight, Ma [Vega
et al., 2002]:

η ∼
(

Ma

Me

)β

exp

(
kMa

Me

)
(1.127)

where β and k are constants. For example, Vega et al. [2002] deduce that the the-
ory of Milner and McLeish [1997] predicts that β = 0.68 and k = 0.48. Following
the suggestion of Lee et al. [2006], a corresponding result for the concentration
dependence of viscosity of star polymer solutions may be derived by defining the
appropriate concentration dependence of Ma/Me . For concentrated solutions (above
40 to 50%), assumption of theta solution scaling appears to describe experimen-
tal data successfully [Lee et al., 2006]: that is, Ma/Me(φp) = (Ma/M

0
e )φ4/3

p =
(Ma/M

0
e )(cpvp)4/3, where φp is the polymer volume fraction, M0

e is the entangle-
ment molecular weight of the melt, and cp and vp are the polymer concentration and
partial specific volume, respectively. At lower concentrations, the model predictions
deviate systematically from the experimental data, for reasons that remain unclear at
this date.
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FIGURE 1.14 Viscosity as a function of polymer concentration of a solution of a 50 : 50
random copolymer, poly(n-hexylisocyanate-co-n-propylisocyanate) (Mw = 41,000 g/mol) in
toluene, encompassing the isotropic, biphasic, and anisotropic (liquid crystal) regimes.
(Adapted from Aharoni [1980a].)

1.9.4 Predictive Models for Solutions of Stiff and Semi-stiff Neutral
Polymers

The concentration and molecular weight dependence of solutions of rodlike poly-
mers (length × diameter = L × d) has been studied experimentally and theoretically.
Owing to their rodlike shape, which can lead to liquid-crystal formation, the viscos-
ity behavior of rodlike polymer solutions is greatly different from that of flexible
polymer solutions. On the experimental side, as illustrated in Figure 1.14, for
concentrated solutions of a poly(n-hexylisocyanate) (PnHIC) of Mw = 41 kg/mol
in toluene, when concentration is increased above the overlap concentration,
c∗ = M/NAL3 (g/mL), the viscosity rises steeply, as c5 → c8, until at a particular
concentration, c∗∗ = M/NAdL2 (g/mL), transition to a lyotropic liquid-crystal phase
occurs [Aharoni, 1979, 1980a, b]. At this point, droplets of a liquid-crystal polymer
phase are dispersed in a continuous isotropic solution phase, the rate of increase of
viscosity slows, until the viscosity reaches a maximum value and then decreases. With
further increase in polymer concentration, the volume fraction of liquid-crystal phase
increases until it becomes, first, the continuous phase and then completely liquid crys-
talline, the viscosity continues to decrease, reaches a minimum value, and then begins
to increase again as the liquid-crystal phase becomes more concentrated in polymer
molecules. In addition to PnHIC solutions, similar behavior has been documented
for concentrated solutions of xanthan, a rigid ionic double-helical polysaccharide in
aqueous NaCl [Lee and Brant, 2002].
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Theoretical discussion of the concentration and molecular weight dependence of
the viscosity of semidilute solutions of rigid-rod macromolecules has been reported.
Doi and Edwards [1978] derived the well-known result

η = βkBTL6

10D0
R

(
cNA

M

)3

= βπηsL
9

30 ln(L/d)

(
cNA

M

)3

(1.128)

where D0
R is the rotational diffusion coefficient of the rod at infinite dilution and

β is a numerical constant. Note that neglecting the weakly length-dependent term
ln(L/d), this result conforms to the frequently observed scaling of flexible poly-
mers, η ∼ f(c/c∗), where c∗ ∼ M/NAR3

g ∼ M/NAL3. Subsequently, Doi [1975, 1981]
extended this prediction to higher concentrations, where the finite diameter of the rods
imposes increased restrictions on rod mobility:

η = βπηsL
9

30 ln(L/d)

(
cNA

M

)3(
αDE − cNA

MdL2

)−2

(1.129)

where αDE is a numerical coefficient. This equation may be written in terms of the
crossover concentrations c∗ and c∗∗, where c∗∗ ∼ 1/dL2 is the concentration at the
onset of liquid-crystal formation:

η = βπηs

30α2
DE ln(L/d)

( c

c∗
)3
(

1 − c

αDEc∗∗

)−2

(1.130)

Comparisons of experimental data on various highly rigid polymers against the predic-
tions of this equation have been reported [Chu et al., 1981; Jamieson, 1983; Enomoto
et al., 1985]. Chu et al. [1981] report failure of Eq. (1.130) to superimpose data on
semirigid polyimide chains in sulfonic acids. Enomoto et al. [1985] report superposi-
tion of viscometric data of diverse semirigid polymers provided that the contribution
of entanglement dynamics to the viscosity is isolated by subtracting the contribution
of interchain hydrodynamic interactions to the total viscosity. Their analysis indi-
cates that the prefactor β is substantially smaller than unity (β ∼ 0.03), traceable to
the fact that the onset of entanglement dynamics occurs at a concentration substan-
tially higher than the overlap value, c∗ = M/NAL3. Jamieson [1983] pointed out that
the failure of Eq. (1.130) in the approximate form η/ηs ∼ (c/c∗)3f(c/c∗∗) to super-
impose viscometric data in the regime c � c∗ can be improved by using scaling of
the form (η/ηs )(c∗/c∗∗)3 ∼ (c/c∗∗)3f(c/c∗∗). In all these analyses, it seems clear that
the parameter αDE varies substantially among different polymer systems, presum-
ably reflecting system-specific variations in polydispersity, interchain association,
differing degrees of chain stiffness, and the direct (nonhydrodynamic) intermolecular
interactions.

Indeed, Teramoto and co-workers [Sato et al., 1991, 2003; Ohshima et al. 1995]
have pointed out that the viscosity of stiff-chain polymers is affected dramatically
by chain flexibility. To illustrate this, in Figure 1.15, Sato et al. [2003] compare
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FIGURE 1.15 Relative viscosities ηr of five polymer solution systems with different chain
stiffness, plotted against the molar concentration, c/M: ◦, schizophyllan (a triple-helical
polysaccharide) in water at 25◦C (q = 200 nm; L = 210 nm); •, xanthan (double-helical ionic
polysaccharide) in 0.1 M aqueous NaCl at 25◦C (q = 100 nm; L = 190 nm); � , poly (n-hexyl
isocyanate) (PHIC) in toluene at 25◦C (q = 37 nm; L = 210 nm); �, CTC in tetrahydrofu-
ran at 25◦C (q = 10.5 nm; L = 220 nm); � , polystyrene in cyclohexane at 34.5◦C (q = 1 nm;
L = 340 nm). Solid curves, fuzzy-cylinder theory; dashed curve for polystyrene solutions,
eye guide. (From Sato et al. [2003], with permission. Copyright © 2003 American Chemical
Society.)

the concentration-dependent viscosities of several stiff-chain polymer species, each
of which have comparable contour lengths, L ∼ 200 nm, but which differ in their
persistence lengths, �p . Of these polymers, all of which are stiff enough to form a
liquid-crystal phase at high concentrations, the stiffest, schizophyllan (�p = 200 nm),
has the highest viscosity, and the others have lower viscosities in increasing
order of chain flexibility: xanthan (�p = 100 nm) > poly(n-hexylisocyanate) (PnHIC;
�p = 37 nm) > cellulose tris(phenyl carbamate) (CTC; �p = 10.5 nm). Also shown for
comparison is the viscosity of polystyrene (�p = 1 nm), a non-liquid-crystal-forming
polymer. To describe such systems, Sato et al. [1991] developed a variant of the Doi–
Edwards model in which the chain segments can execute rapid motions orthogonal
to the axis of the tube in which the chain is confined. Thus, the chain configuration
may be approximated as a cylindrically smoothed segmental density (fuzzy cylinder
model). The average cylinder length, Le , and diameter, de , are then given by

Le = 〈h2〉 and de =
(
〈H2〉 + d2

)1/2
(1.131)
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where 〈h2〉and 〈H2〉and d are, respectively, the mean-square end-to-end distance, the
mean-square distance between the chain midpoint and the end-to-end axis, and the
diameter of the chain.

The fuzzy cylinders are assumed to interact dynamically through a hard-core
potential. The rotational diffusion coefficient of the rods is computed as

DR

D0
R

=
[

1 + B
cNA

M

(
D||0
D||

)1/2
]−2

(1.132)

Here D|| and D||0 are longitudinal diffusion coefficients at finite concentration c and
infinite dilution, respectively. The parameter B is given by

B = 1350−1/2L3
efR

(
Le

de

)(
L2

eD
0
R

6D||0

)1/2

(1.133)

where fR (Le /de ) describes the effect of segment fluctuation inside the cylinder on the
entanglement dynamics:

fR(x) = (1 + Cx)3
(

1 −
(

1

5

)
Cx

)
(1.134)

with the coefficient C expressed empirically as

C = 1

2

(
tanh

N − N∗

∆
+ 1

)

in terms of N = L/2�p , and two adjustable parameters, N∗ and ∆. The ratio D0
R/D||0

is determined using the wormlike coil model, and the ratio D||0/D|| is computed by
assuming that longitudinal diffusion needs the formation of a critical hole whose size
and shape are assumed to be equal to that of the fuzzy cylinder [Sato et al., 1991]:

D||0
D||

= exp

(
V ∗

excNA

M

)
(1.135)

where V ∗
ex is the excluded volume between the critical hole and a neighboring polymer

chain.
The shear viscosity is computed as

η0 = ηs

{
1 + [η]c

[
1 + 3

4
γIχ

2
h

(
D0

R

DR

− 1

)]}
(1.136)

where γ I and χh are hydrodynamic factors that can be calculated from the axial ratio
of the chain. Thus, to determine η0 for isotropic solutions of a stiff-chain polymer,
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the parameters, Le , de , L, and �p are needed as well as the experimental values of [η]
and ηs . The hydrodynamic parameters γ I and χ are calculated from L/d and L/�p . The
parameters N∗ and ∆, as well as a scaling coefficient, λ∗, which defines the size of V ∗

ex,
are the only adjustable parameters [Sato et al., 1991, 2003; Ohshima et al., 1995, 1999].
The curves shown in Figure 1.15 are fits of experimental data to the fuzzy cylinder
theory. As noted by Sato et al. [2003], the fuzzy cylinder theory becomes less accurate
for low and high molecular weights. The former problem can be rectified [Sato et al.,
2003] by including in Eq. (1.136) an intermolecular hydrodynamic interaction term
which can be a first- or second-order Huggins expression, hη(c):

η0 = ηs

{
1 + [η]c

[
1 + 3

4
γIχ

2
h

(
D0

R

DR

− 1

)]
hη(c)

}
(1.137)

where

hη(c) = 1 + k′
HI[η]c + k′′

HI([η]c)2 (1.138)

The problem at higher molecular weights probably signals the onset of reptative
motions in the system [Sato et al., 2003]. Sato et al. [2003] note that based on the fuzzy
cylinder model, the viscosity inversion apparent in Figure 1.15 at high concentrations
when comparing CTC versus PnHIC is due to a stronger intermolecular hydrodynamic
interaction for CTC.

1.9.5 Concentration Scaling Laws for Polyelectrolyte Solutions

The concentration dependence of the viscosity of polyelectrolyte solutions has been
discussed by several authors [Cohen et al., 1988; Cohen and Priel, 1990; Borsali
et al., 1992, 1994; Antonietti et al., 1997]. Several groups [Borsali et al., 1992, 1994;
Antonietti et al., 1997] have used the mode–mode coupling approximation of Hess
and Klein [1983]. In the weakly charged polyelectrolyte limit, the latter formulation
leads to an expression for the time-dependent viscosity of the form [Borsali et al.,
1992]

ηs(t) = kBTcNA

16π3M0

∫
d3qI2(q, t)

[
q

I2(q)

]2[
∂H(q)

∂q

]2

(1.139)

where q and t are the scattering vector and time, respectively, c is polyion concen-
tration, M0 is the monomer molecular weight, I(q, t) is the time-dependent scattering
intensity, and H(q) is the pair correlation function, expressed in terms of the solu-
tion structure factor, S(q), as S(q) = 1 + (cNA/M0)H(q). I(q, t) is assumed to be an
exponential decay,

I(q, t) = I(q) exp(−Γ (q)t) (1.140)
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where Γ (q) is the decay constant. The mean scattered intensity, I(q) =
(cNAM/M2

0 )P(q)S(q), where P(q) is the polyion scattering function and S(q) is given
by

S(q) = 1

1 + (cNAM/M2
0 )[P(q) + (v + α(q))]

(1.141)

where v and α(q) are the neutral and electrostatic contributions to the excluded volume
parameter, respectively. Via Eqs. (1.139) to (1.141), the reduced viscosity can be
computed as

ηsp

c
= η − η0

η0c
= 1

η0c

∫ ∞

0
ηs(t) dt (1.142)

Cohen et al. [1988] evaluated Eqs. (1.139) to (1.142) using a strong coupling approx-
imation:

S(q, t) = S(q) exp

[
−D0

t q
2t

S(q)

]
(1.143)

with

S(q) = 1

1 − cH(q)
(1.143a)

D0
t is the polyion translational diffusion coefficient (D0

t ∼ 1/RH ) and

H(q) = − Ũ(q)f (q)

kBT
(1.143b)

where Ũ(q) is the Fourier transform of the potential of mean force between polyions,
for which an expression of the Debye–Hückel form is assumed [Cohen et al., 1988]:

Ũ(q) = 4πZ2
effe

2

εo(q2 + κ2)
(1.143c)

f (q) =
[
J1(qR)

qR

]2

(1.143d)

where J1 is a spherical Bessel function, Zeff the effective charge on the polyion, and R
the mean polyion separation. Examining the analytical form of S(q) and H(q), Cohen
et al. [1988] further assume that P(q) = 1 and argue that S(q) can be set equal to unity
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and H(q) approximated as

H(q) = cŨ(q)

ZeffkBT
(1.143e)

With these assumptions, integration according to Eqs. (1.139) to (1.143) leads to the
following result:

η ∼ RH�2
Bc2

κ3 (1.144)

Cohen et al. note that this equation is in agreement with their experimental results
[Cohen et al., 1988; Cohen and Priel, 1990], including the existence of a maxi-
mum in concentration dependence of ηsp/c as well as the dependence of cmax on
salt concentration and molecular weight. Moreover, once the (omitted) multiplicative
constant in Eq. (1.144) is set by matching the experimental and theoretical values
of ηsp/cmax for a single salt concentration, the theory does not have any adjustable
parameters.

Borsali et al. [1992] note that the formulation of Cohen et al. [1988] above is
strictly valid only for point-charged particles and have presented a more physically
realistic treatment developed within the framework of the Rouse dynamical model,
and valid for weakly charged polyions. They find that Eqs. (1.139) to (1.142) reduce
to [Borsali et al., 1992]

η − η0 = (M/M0)ζ

8π2

∫ ∞

0
dqq2 P(q)

S(q)

[
∂S(q)

∂q

]2

(1.145)

where ζ is the friction coefficient per monomer. Evaluating this result numerically and
assuming Gaussian behavior of the polyion coil, Borsali et al. [1992] were also able
to reproduce the viscosity maximum observed in the concentration dependence of
dilute polyelectrolyte solutions and to investigate the dependence of cmax on system
variables. They found that (1) in agreement with experiment and theory by Cohen
and co-workers [Cohen et al., 1988; Cohen and Priel, 1990], adding salt reduces
ηsp/c and moves the position of cmax to higher concentration, specifically cmax ∼ cs,
but it is noted [Borsali et al., 1992] that this relationship is expected to depend
on the fractional charge on the polyion; (2) increasing the effective charge on the
polyion, Zeff , enhances the polyelectrolyte effect by shifting cmax to lower concen-
trations (i.e., cmax ∼ Z−x

eff , with x ≈ 2), which differs from the prediction of Cohen
et al. [1988], cmax ∼ Z−1

eff cs; and (3) for the molecular-weight dependence, Borsali et
al. [1992] found that Cmax ∼ M y with y = 1. This result is quite different from that
reported experimentally [Cohen and Priel, 1990] and predicted [Cohen et al., 1988]
for fully charged polyelectrolytes. Subsequent analysis [Borsali et al., 1994], which
incorporated screening of hydrodynamic interactions, indicates that the qualitative
behavior of ηsp/c does not change; that is, it still shows a peak at cmax, but its value
decreases significantly and there is a slight shift in cmax toward higher concentrations.
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To our knowledge, experimental investigations of weakly charged polyelectrolyte
solutions to test these predictions have not been explored.

Antonietti et al. [1997] have carried out experimental studies of the viscosity of
solutions of spherical polyelectrolyte microgel particles in aqueous solution in the
absence of added salt. They note that such microgel particles are not expected to
undergo the large ionic strength-driven conformational changes exhibited by linear
flexible polyions on dilution. Since these solutions, like those of linear polyions
(Figure 1.11), exhibit a large increase in ηsp/c on dilution, they conclude that the origin
of this effect is an increase in intermolecular repulsions with decreasing concentration,
not a coil–rod transition. They offer an interpretation of their observations based on
a theoretical expression of the form

ηsp

c
= [η]0 + kH [η]2

0c + 1

160
RH

(
4πe2

Mεε0kBT

)1/2
Z4

effc[
2

M

Ms

CS + Zeffc

]3/2 (1.146)

with

[η]0 = 10π

3

NA

M
(RH,η + RB)3 (1.146a)

where the hydrodynamic radius of the polyion, RH = RH,η + RB , is the sum of RH,η,
the radius of the uncharged polyion, and RB , the Bjerrum radius which reflects the
intermolecular electrostatic interactions,RB = Z2

eff�B/2. Equation (1.146) accurately
describes their experimental data, which can be divided into three distinct concentra-
tion regimes: (1) a very low concentration regime, c < cmax, where the viscosity is
determined by single-particle properties; (2) an intermediate concentration regime,
bounded by cmax and the overlap concentration, c∗, where ηsp/c ∼ c−0.25; and (3)
c > c∗, where electrostatic interactions are largely screened and intermolecular hydro-
dynamic interactions become dominant. Near c∗, a minimum in the concentration
dependence of ηsp/c, is observed. Below c∗, Antonietti et al. [1997] find only a very
weak dependence of ηsp/c on polyion molecular weight, and note that this can be
explained in terms of the Hess–Klein mode–mode coupling model [Eq. (1.146)] which
in the limit of low salt concentration (c/cs � 1) reduces to

ηsp

c
= RHZ

5/2
eff

M0.5
w

(1.147)

Since, experimentally, RH ∼ M0.47
w , it follows that ηsp/c ∼ Z

5/2
eff . Thus, from fits to

the data, Zeff is found to be slightly dependent on molecular weight, a counterintuitive
result, but consistent with previous results.

The experimental data above have focused on polyelectrolyte solutions in aqueous
media. Dou and Colby [2006] have pointed out that studies of weakly charged polyions
in aqueous solutions are limited because of poor solubility. They have reported [Dou
and Colby, 2006] an extensive study of the effect of charge density using random
copolymers of 2-vinylpyridine and N-methyl-2-vinylpyridinium chloride (PMVP-Cl)
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FIGURE 1.16 Determination of the chain overlap concentration c∗, the entanglement concen-
tration ce , the electrostatic blob overlap concentration c∗∗ from the concentration dependence
of specific viscosity for a 17%-quaternized P2VP copolymer (17PMVP-Cl) in solution in ethy-
lene glycol at 25◦C. Symbols are experimental data and solid lines represent the power laws
predicted from scaling theory. (Adapted from Dou and Colby [2006].)

in anhydrous ethylene glycol (EG) as solvent. Since EG is a good solvent for poly-2-
vinylpyridine, solubility of random copolymers of any charge density is possible. An
added bonus, pointed out by Dou and Colby [2006], is that EG has a very low residual
ion contamination. Experimental results for a series of copolymers, with percent
quaternization varying from 3 to 55%, were studied. Results for the copolymers having
percent quaternization of 17% are shown in Figure 1.16, plotted as log ηsp versus log
(c/c∗). Here c∗ was estimated as the average value of c/ηsp for dilute solution data
for each polymer (i.e., c∗ = c/ηsp ≈ 1/[η]). Dou and Colby [2006] found that all
polymers with a degree of quaternization higher than 10% gave essentially identical
plots of ηsp versus c. This was explained on the basis that counterion condensation
on the copolymers begins at this percent quaternization. While the effective charge
continues to increase in the strongly charged polyions, its effect in stretching the chain
is counterbalanced by a dipolar attraction from the condensed counterion/charged
monomer pairs which acts to contract the chain. In interpreting their viscometric data,
Dou and Colby [2006] utilize scaling arguments which are reproduced below. First,
in dilute solution, electrostatic repulsions stretch the chain into a directed random
walk of electrostatic blobs of size ξe containing ge monomers, a fraction, f, of which
are charged. ξe is determined by the balance between the electrostatic repulsion and
thermal energy:

(fgee
2)

εξe

≈ kBT ⇒ fge�B ≈ 1 (1.148)
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Also, within the blob, the chain exhibits self-avoiding walk statistics, hence

ξe ≈ bg3/5
e (1.149)

where b is the monomer size. Combining Eqs. (1.148) and (1.149) leads to

ξe ≈ b10/7�
−3/7
B f−6/7 and ge ≈

(
b

�B

)5/7

f−10/7 (1.150)

Thus, the contour length of the chain, having N/ge blobs, is

L ≈ ξe

(
N

ge

)
≈ bN

(
�B

b

)2/7

f 4/7 ≈ bN

B
(1.151)

where B may be viewed as a stretching parameter, since it is the ratio of the maximum
contour length, Nb to the experimental value, L. Since each blob repels its neighbors, L
is also the end-to-end distance of the chain in dilute solution. Thus, in dilute solution,

ηsp = [η]c ∼ L3c for c<c∗ (1.152)

The overlap concentration, c∗, can be expressed as

c∗ ≈ N

L3 ≈ B3

b3N2 ≈ b−3N−2
(

b

�B

)6/7

f−12/7 (1.153)

Above the overlap concentration, c∗ ≈ 1/[η] ∼ c/ηsp, electrostatic repulsions are par-
tially screened by other chains. Here, one defines the correlation length ξ, which
characterizes the average intermonomer separation, and it is assumed that ξ depends
only on concentration when c > c∗ [i.e., ξ ≈ Rg (c/c∗)m ]. Since in dilute solution Rg ≈
L, c∗ ≈ N/R3

g = N/L3, and L ∼ N, it follows that m = − 1
2 , that is,

ξ ≈ L
( c

c∗
)−1/2 ≈

(
B

cb

)1/2

for c>c∗ (1.154)

Above c∗, on scales smaller than ξ, the chain is a directed random walk, but on scales
larger than ξ, it is a random walk of steps of size ξ. Hence, the radius of gyration
decreases from its dilute solution value as

RG ≈ L
( c

c∗
)−1/4 ≈

(
b

cB

)1/4

N1/2 for c>c∗ (1.155)
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The scaling model predicts the chain in semidilute solution exhibits Rouse-like
dynamics, with a relaxation time given by

τ = τ0N
2

(cb3B3)1/2 for c∗<c<ce (1.156)

where τ0 = ηsb3/kBT is the relaxation time of a monomer. This result holds for con-
centrations between c∗ and the entanglement concentration, ce . The terminal modulus
is equal to the number of chains times kBT:

G = c

N
kBT for c<ce (1.157)

Since η = Gτ, it follows that

ηsp ≈ Gτ

ηs

≈
(

cb3

B3

)1/2

N ≈
( c

c∗
)1/2

for c∗<c<ce (1.158)

Thus, recalling that in dilute solution (c < c∗), ηsp ≈ c/c∗, Eq. (1.158) indicates that for
c < ce , ηsp should depend only on c/c∗. Clearly, this is consistent with the experimental
data shown in Figure 1.16.

The entanglement concentration, ce , is assumed to be proportional to c∗. From
Eq. (1.158), we have

ce ∝ c∗ ≈ B3

b3N2 ≈ b−3N−2
(

b

�B

)6/7

f−12/7 (1.159)

with the constant of proportionality ≈ 1000. A third characteristic concentration in
polyelectrolyte solutions is the overlap concentration of electrostatic blobs, designated
c∗∗:

c∗∗ ≈ ge

ξ3
e

≈ b−3
(

�Bf 2

b

)4/7

∼ 1

b3B2 (1.160)

For c > c∗∗, electrostatic interactions no longer perturb the chain conformation, and
the solution properties are expected to be similar to that of a semidilute solution of
neutral polymers in a good solvent [Colby et al., 1994] In the semidilute entangled
neutral polymer regime [Colby et al., 1994],

τ ∼ c3/2; G ∼ c9/4; and ηsp ∼ c15/4 for c>c∗∗ (1.161)

If c∗∗ is greater than ce . there will be a semidilute regime of entangled polyelectrolyte
solution rheology. Here, the terminal relaxation time is predicted to be [Colby et al.,
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1994; Dou and Colby, 2006]

τ ∼ τ0

(
c∗

ce

)1/2(
N

B

)3

for ce<c<c∗∗ (1.162)

The plateau modulus is

G ≈ kBT

b3

(
c∗

ce

)1/2(
cb3

B

)3/2

for ce<c<c∗∗ (1.163)

and hence the specific viscosity is

ηsp ≈ τG

ηs

≈
(

c∗

ce

)(
cb3

B3

)3/2

N3 for ce<c<c∗∗ (1.164)

Thus, the scaling theory predicts a crossover in the concentration dependence of ηsp
from ηsp ∼ c [Eq. (1.152)] to ηsp ∼ c1/2 at c∗ [Eq. (1.158)], and from ηsp ∼ c1/2 to
ηsp ∼ c3/2 [Eq. (1.164)] at ce , and finally from ηsp ∼ c3/2 to ηsp ∼ c15/4 [Eq. (1.161)]
at c∗∗. Dou and Colby [2006] find that their viscometric data are in good agreement
with these predictions, as illustrated in Figure 1.16.

1.10 SUMMARY, CONCLUSIONS, AND OUTLOOK

Substantial progress has been achieved in our understanding of the molecular origin
of shear viscosity of colloidal dispersions and polymer solutions, although certain
issues remain to be resolved. For dilute colloidal dispersions, the seminal work of
Einstein and Simha has culminated in the development of numerical methods to
compute the intrinsic viscosity of impermeable particles of irregular geometry as a
tool for structural analysis [Garcia de la Torre et al., 2000; Hahn et al., 2004; Hahn
and Aragon, 2006; Mansfield et al., 2007]. The effect of particle permeability can
be incorporated via the Debye–Bueche–Brinkman theory [Veerapaneni and Wiesner,
1996; Zackrisson and Bergenholtz, 2003]. In dilute polymer solutions, the extensive
experimental studies of the Yamakawa group have illuminated the molecular weight
dependence of the intrinsic viscosity of linear flexible chain molecules, encompassing
oligomers to high polymers. Provided that certain system-specific effects are taken
into account, as indicated in Figure 1.5, universal scaling is found between the visco-
metric chain expansion parameter, αη = ([η]/[η]0)1/3, and the configurational chain

expansion parameter, α = (R2
g/R

2
g,0)

1/2
, the former computed in the nondraining

limit, suggesting that draining effects can usually be neglected in solutions of neutral
linear polymers [Tominaga et al., 2002]. The experimental results are well described
by an extension of the classical two-parameter theory, designated the quasi-two-
parameter (QTP) theory [Yamakawa, 1997], which explicitly incorporates the chain
stiffness into the excluded volume parameter, using the helical wormlike coil model.
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It should be noted that since α3
η/α

3 = �FF/�FF0 = (Rh,η/Rg)3/(Rh,η0/Rg,0)3, the
variation with solvent quality of the ratio Rg /Rh,η, proportional to the Flory–Fox vis-
cosity constant, �FF, can be traced within the QTP theory to the adoption of the
Domb–Barrett [1976] and Barrett [1984] expressions for α and αη, respectively, and
therefore conflicts with suggestions by Douglas et al. [1990], based on renormaliza-
tion group calculations that such variations are due to an increase in solvent draining
with chain expansion in good solvents. A similar universal scaling of αR versus αH ,
the chain expansion parameter for the translational hydrodynamic radius is found
experimentally, but a problem exists that, to date, the corresponding relationship can-
not be predicted accurately by the QTP theory [Tominaga et al., 2002] when αH is
calculated using the Barrett equation for αH [Barrett, 1984]. Recent Brownian dynam-
ics simulations [Sunthar and Prakash, 2006] conclude that this deficiency is due to
the use of a preaveraged hydrodynamic interaction in the calculation of αH .

The intrinsic viscosity can be applied to determine the molecular hydrodynamic
volume of a polymer, via the Einstein equation (1.20), and also, in principle, the
radius of gyration, via the Flory–Fox equation (1.40), using an appropriate value of
the Flory–Fox constant �FF. However, �FF decreases uniformly from a value
�FF0 ∼ 2.73 × 1023 mol−1 in theta solvents to a value �FF ∼ 2.11 × 1023 mol−1 in the
good solvent limit, and there appears to be sufficient variation in the numerical value of
�FF even in the theta solvent limit to render uncertain a precise determination of RG

[Konishi et al., 1991]. Rh,η and RG are sensitive to polymer structure and confor-
mation, and well-tested theory exists to extract information regarding the molecular
architectures of branched polymers and persistence lengths of linear semiflexible
chains from [η] data. The development of online viscosity detectors for size-exclusion
chromatography (SEC) enables the separation and online size characterization of indi-
vidual species in multicomponent polymer solutions. SEC coupled to concentration
and viscosity detectors enables universal calibration of elution volume against molec-
ular weight, and hence the technique becomes a powerful method for rapid generation
of information on the molecular weight dependence of the hydrodynamic volume [see
Eqs. (1.20) and (1.23)], and hence enables online determination of persistence lengths
of semiflexible polymers via wormlike coil theory [Eq. (1.61)] or characterization of
chain branching in synthetic polymers [Eq. (1.72))]. Theoretical and experimental
progress has been made in understanding the intrinsic viscosity of polyelectrolytes
under conditions of low ionic strength and high charge density, where electrostatic
interactions dominate. New ground has been broken in extending intrinsic viscosity
measurements to liquid-crystal polymers in nematic solvents, as a probe for the effect
of the nematic field on LCP conformation.

Progress has also been made in understanding the concentration dependence of
shear viscosity of polymer solutions, which may be treated in three distinct regimes:
dilute, semidilute, and concentrated. In the dilute and semidilute unentangled regimes,
the concentration dependence derives from indirect (hydrodynamic) and direct inter-
molecular interactions and can be described by c[η] or (c/c∗) scaling via a virial type
of equation [Eq. (1.119)] or the stretched-exponential description of Phillies [2002a,
b]. In the semidilute entangled regime, a scaling treatment according to reptation
theory seems to work well [Eq. (1.118) or (1.126) in good solvents, Eq. (1.122) in
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theta solvents]. Theoretical formalisms have been developed in the semidilute con-
centration regime for stiff chains [Doi and Edwards, 1978, 1981], semi-stiff chains
[Sato et al., 1991, 2003], and polyelectrolyte chains [Cohen et al., 1988; Borsali et al.,
2006; Antonietti et al., 1997; Dou and Colby, 2006]. In the concentrated regime, one
has to resort to a treatment such as that of Utracki and Simha [1981] or Berry [1996]
which incorporates the concentration, temperature, and solvent dependence of the
segmental frictional coefficient.
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