LESSON 1
What Algebra Is

Lis these lessons, we are golng 1o caplove key monments i Lthe developnent of
wi ehuldl wec, Gifferend

poople have writken abont aigebr in ditleront ways, depending on vhe kinds

algebra i dilferenl places over the past 3500 vears,

of probloms they were #olving and Bhe wave in owhicle they monipulated
mvubers. Inoorder 1o ool a perspective Lhial will coable us Lo appreciate
whist all fhese weilh thy fist desson and the
ane following v some very general constderations. I the present lesson,

1Es Nive o comnnon, we devobs

we xplore the wanure of algebra isell and Lhe different mumber svefems in
which its probloms are statod and solved,

1. Nunibers in Jisguisc

As hwiaan sociotios greow largee, thele adoimistrative complezity grows d

S10ME 0w here o
lennt, wiere to cocamp. bow Lo wateh out for enomics. and 2o on for a atoall

clan n which e

propociionatcly. While a single leader can nwakae all the dec

wyone knows everyoene olsed large sociclies, o which pono-

ple nast ofton doal with sirangers, reguive furinal lows o govern beliavior,
As sronoinjes Doeoiue more comples. i1 s necessiary to regulate commeree,

v
sptiinlivod Turesoerits arises, clioged with adiminiziering

s ares o1l ro plan awrabeeicalls or delense or couguost, {n
S TTETEN

thiese vigal activities,

W

gy of

Thiose bareancrars wnveraally rely on Uwo tors of wathcinatics, arirh-
vichic ancl geomerry, To eolleer 1aces on land. Lo regulate feade awd az
i and consirnet s 1= vital 1 know the

culinme o de g piblic works 1

olemens of Lhess twe aubjects. Records show thol the people of Feyvol aud
& Incdembi-
o earrent e Clida and Dndia aboul the

Mesoporamun possessed Ui knowledge at least 100 vemes aeo, T

cdly, el knowledee was

AL
Lo Hoseever, Lhore s evidence thoo the Chivese vaesd mechanical el hodes

{oaleolatng. i the forvon of conuling rods, vathier than graphical methods.
s thns vhe deiails ol thiir moathcvatics have wonisloed, Whether for thea
reason o hecadze Ve dest Foperoe G100 Shih Haeog T ordersd the hurn-
g of sl ool when he undfied Chira i 2210 BOT only a lew Chinese
lanswrn tée L towre chany 20000 ¢

i odd have
erimnale connotalion Lhat s

Do pregeived,

ATthongh the vt beremieroed has ol w

wonls aomondless antomaton, ndncdlessly coloreing nales, The birreaacrad -
th o ik all humean being

Ve and dhey were The st people who wore given ceonni

waca] ol an nagine-

sonrly oo letios we

LR

suppriot Lhat

i



4 Lo W AT ALGIEBRA IS

cnabled them to indialze thehr s
aged ro plan stealegically; pob only o sve that the carrent vear’s hae
properly stored, distriboted. aod taxed bat also to considor the possibilities
of webernal azpression, future bad waaihor, and the like, 10 iy were askad
to deslgn monuments, bridees, roads and tunmals. sueh tos
Lhede T

nation. They st hove Leeu cuconn-

- In

< wordid vsior el
1L I,

Uevhaps oo thice ntervals of their aciiniscrarive work Lhey foond time 1o
Pl goaes with the mathomatical kuowledee they 1 saeed L prowing pavk
lerns for o ancther, "Fing Last activity meoy woll explain why the eadicsr
Texls coblain 50y cxsnples of problems for which o pracrical appli-
cativn i~ dithionls Lo anagine, Or porhapes the ceplanation 19 our gwn lack
of irmgination abont the kinds of practical problowas they actually Taoed.
Whichever ts the case, we find aritlimeto: and geameley sombining Taaraey

of these carly Lexts to produce whal we mighi call malheniatical viddles, or
prerlials srmbe
ranke ot rov

i disgnise, willy a challeoge to nnomesk Lhe vombers and

il themselves, as fa e follosing Aotional sneedole,

ol

Example 1.1, The dyvnasiy IETEE
Decause of the prodiglonsly Tall Lree thal grew just oulzide Lhe wally of (he
king's vastle. The kings of shiz dynosey beld court under its branches in
prleasant wonthor, Nooone koew what ind of tres it wos thiere wis o
like: it Tor bidreds ol miles wround. Then, dwing the reign of the seventh

Lhe wonder of Tes newchbiors
)

King of the dynasiv of Uresh-tun, this morvelons tree was blown over by o
storn and el with oo great

planls foy his own e and ihm was done, Vhe lavgest oF These planks wis

The king comnnanded Ll b0 be cut i

aren) 44 reters
it leugth andd 75 eeririmeters o width, Whal sadiable uae conld e king
maks of such g Lreasure? L was oo long Lo L inside aoy o his bulldings,

1ol aried e

perfoetly straight and of evean thickoess Lhroge

and b died nol wish to teave 10 onlzide teoror in Lhe darngs weallior.
Afler nowh thionehn, be decided on s owse for 0 T weuld Turnishe che

T [or o set of portraits of el and his =i
the dynasty. e summoner] tis arise

ihslrions predacessors of

i artd grelered Lhere to cne netcles a1

Falieoe

thie cinds and al thiee oller poiwds o siele aoway dhat The e preeces woold
pronide agingle frame foc seven wdenical sgiare s on wluels the porirails
swrnzld bo paintid,

Lhe andsans recogiizoed thai Uhiey maest colooul theee Bosocies vighn
ehiangles a0 Lheee potns on Lhe plaok s beo olbiers Dadl as Targe, one 2l
cach el Whevs: shonld il Lhren interiog cuts be macde? Cilvwionsly, one of
ther shonld be ownctls

1 the middle. Dur wwhere should vhe ofhbor twa ¢

Thess eoudd see thai removing Lhe trlangles st Lhe bwo ends would dee
the: peritseser of the inside of che frame by 13 mweters, aimd cach of the u‘rnw
Lhvee et wonld remonve anobier 1.5 welers, 5o 1hal the rectangalas inside
of Lhe frains wonld have a perimeter of 3% metars, The problera was
Fhat inner tectaugle seven timies e wile sy i sas hig

The foll wisdom of TUreshi-tun said. Moo
aid then knew 1hal the king woubld nol lorgive any bangling oo their part.

for inake

are Lo Delore culling onee
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e Nindshed Deame

Fraere [ Cottiong o hoard to make o pleture frame.

o wood, sl here was
A lenglh on which thy conldd malie proceice cuts, They
had Lo gor it right the Hrst time, Symmerry showed thew thae rhe Tot nd
clt halves of the planls weordd bave o be oncidentically. The problomn rlat
retpaiued was to divide a length of 1 m oo two parts ao thal one of the
parts was soven traes the other.

Sidaved pob cxperimont o such a procions pios

N ofheer piece of <

Thit iz where we leave the artisans, Yon mas enjos Lhinking of hoth ex-
prerimental and cowpuvational wavs by which chey might solve this problen
Probably yvou will wgree that the cotaputational sa; ’
alicl more satistine

el moe o Tneater’

tiare trinl and cvror. and maeh Tasier, onee yon see how
Lo do the problomn. To vistalize it Lol ot iz, 1
Having seen fivs1-land o histooes of matbematios how cosily avlen log-

eruls wndd folk 1ales bepin, | do ol wish 1o be the sonree of any new ones,
Tenes Temphasize
there hes ever heen aty place

his cxample 18 pare Helion, As lar as [ ko,

salled Ureshi-ton anvehere, moch Tess o
thar genevided the prablenn st deseribied. Toweser, the puare mwachomalies
prohblens hat coveesporeds 1o dn wasostalad by oan Feyplian seritre nearly 4000
1 fugether cinel 19, Whet s #e

vidrs agmin Gl guenfity and its seventh o

quabity Y

Movour wishe to see how the Bevptian serile solved Lhs protdens,

shead o Lesson 30 However. Gy fo solve I yvourselll by both pracrics

abed sl bematical wivans, Theve e several wava 10 procecd, (See Prob-

leam 1100

1.1. “Classical” and modern algebra, The carpentry problem just posed
Leads 5o o siogle Hnear equation i one unknown. As auelic 16 can be aobed
by pruee arithioeaae, and =0 mearks whe borderling botweon arithmotic and
algebri Yoo don's hase Lo bnrrodues an cqualion o solve thiz probiden,
althoiigh vou can il von wisls,



CALGEBEA I

That this kind of prollem reveals is that nembecs do ot have Lo be
iatned eaplicitly in order Lo e detevmined, They are someiines determined
By properties that dhoy have, This way of tliukine van apply o any ob) :

Toinet nurabers, o geometry, lines are offen rit’l(—‘ﬂrlmwi by ceriain prop-
crtics, such se bedng tanpent to a civele al a given point, The technirge of
rhinking in serius of descripeiore, whieh i the casenee of the carly alaebra we
wili e cleseribine, wae wonciondsd Ly the fourth-coutnry aeomerer Pag i}ﬂh

P Alexmanelrin fon. 290 e 3000 in B ot iz Celleetion, Attey cxplidn
!..ha.l_ analvsis proceeds froau the objecr l:-cing aonght ro somcthing chat was
aprecd on (kuiowi v be trie), be said, CTor o analvals wo ser down the ol-
Ject being sought as soraerhing that hie been comatructed ) and then «
what folliwes froma chis, then we repeat with thai cotsecpenee, andit v anels
ecoiels
principle™
thir game kind ol thinking used 1n aluebra, s hers _
for Lthe unknoswn nomber ss it il were alresdy ol band. and theo cotisider the

CAITH T

Taklons we arrive al somelthing eliher already koow s or sorme firal

e wan Cthinking of seomelrie objects, Tl hig gogd redlec s

we wrike down aoavimibod

condirions that 1 mnst satislv, 1 one boardcuiling ecample, the soknoen
mwnber Is charactorized s being seven times the differones botwoer 1Y and
Lhe: mber iteel ()
I'he feebindepe o
advanced aned subile thinking invalved in the general soliniion of polyiomial
couations.  Althoueh oo weneral wicthod for finding the roote of & ffth-
depree eqguation was koown in the carly niocteonth century, aevertheloss
it heranticiazis conlil write down five gomboels ro represent Those Tours il
reason ahoul the properiies they s

cribedd by Pappos lies @t e hesel of even ihe nuwe

bave. The resuli was eveolnally

prool that v findee algebraic furinula caprossing then wxisis.

Thus. munlers ey appoar i disg sld tlis wi
chent forms the subjoct dhat we are soing o call ofassend of
wert. owe nean Lhe algebrs Ul was pracliced i nimny pacts of The world

ol thinking abouwl
(e hm, B ik

e,

foor ahout 000 vears, fronn he earhest im0 Lhe midnineeeenth candinrs,
This al

of wlich s the qpuatic (lourtltdegree’ equation

getun was conbimed Lo Lhe stody of polyoomial eopalions, o example

et A3 e T =0

12

Livy the wenr I he nejor questiona o lsasical alpebra hoad reccived an-
gwers, and that s the portion of che store of alpebra thae will be told in this
ook,

When diffirult machcimatical problems than huve boon open iom o long
thgie e Anally solved, e techmigues thad e
Their ow inleresing guestio: aned becone rhr boutedarion of uonew

that =ithject Bs ow noas sadesrn adgelma, and i atudies ¢

gesi] 10 solve Lhiern generate

s

el

[o Lhis ense

cperalions o general sets. Vhe mest Imporrant stoctares of this by pe are

freids, veciar spoces, modaies, and elgelres, which are
roenla can be rmliiplicd. The wost sbetract lorn
sal alochro. studies arbileary ynapocilicd claases

ivabled

verbor S
ut aleclya, known s wisew




oATTITITMETIC AND ATGVREA T

of operations satisfving certain laws, all of which are generalizations of the
familior propertics of numbers.

For uhe sske of perspeclive, we desceilbe pares of modern algebrea Lrict
in the Lpilogue that fedliws Lesson L We will husee so avoke sone of 1hf’
comeeprs of puoder algebra toward the end of the story of classical algeliaa,
bart for the first nine legsons. we can avold most of themn, The enly
wiewill wnades constant wse of is thut of o fedd
dedined our subjeit oo, s shall heneeforth dvop the adjeetive oo
with the understinding that when we veler Lo alyebra, we mean Lhe Lopic of
solvniominl coustions nnless @o 2tade otherwise

COTHHIL

desoribed helow, Having o
sl

2. Arithwmetic and algebra

Modlo people wouhd probably describe the dilference hetwoon algobra and
arfthunetic by saving that hcadgebrg we uge lettors in addition ro nmobers,

That is o falr way of telling e bwo sulgocts apart, buar it does not ceves
the mosl important distine EOArT A codnveninnl,
nodation for recopding the pracesses thal we wse i algebra, bur algebrs was
ANH vrars 11t-.‘ﬂ)l*_~ Lhis notution 1
the seventointl contury, With a few exceptions

Ion betwesn Lhen. Lot

being done {or <ome

s widespeead in
such as the Jains in dndia,
vl sed syimbols to ropresent unliown wanhers, the

marbes) aniliors wroto

theiv algebrs problems in ocdinary prose. When yon see probieins written in
prode. 1t can be mere uluhruli 1oy dintitgnigh bclwerar @l w4 s id arithinetic,
1o boddy caaer, v werl 2oding runihors anel asghke -r] i T m,]wl.. What
then is 1hp vl cifforenee? Let us look ad o eacaruple Lo nake 1

An arithemedie prollere: 3 <7 L3606 =7

An algebra problem: Solve the cquation B 4+ 36 = 57
1 1

Lot e soe whal Lhese Lwe probloms ool ke when ststed in prose. To
the fhst problem, we are slven thivee nmnbers (daia), naraesiv 37, and 36
We are u]-’dr) glvon corlain provesses 1o portorny on these nunhers, nanely 1o
roultiply the Grst vwo, then ald the chird nnmber to the produet, We get the
AA1EWET L-u ;

s fodlowdng the known rales o0 arithinetio, Avithemette armonns

to the application of addition, subtraction, sodripheaiion, and division w
rutmbers Lhat sre explicicly named,

Tor the gecond probloem, we aee proseuted wich an onknown nonber. We
are ol Lhsl when i s wultiplied b 3 and 36 0= adeled 1o e produacl, the
resild i 3T We rnusr then find the wamber
differenice bere s thad w

A voll can see, Lhe Do
ate not toll whot processes wie Lnlst e in order
toAnd the nnknown nniber, Tostead, we are told thab some aritimeric
RE |
Srhemalicallv, we are woking

Wi

v wodd dhe resall
I

peeeioriniad onoa anlks

N

S5 10 hoth

the saane wgierlying proce

iddata] | (arichmuetic operations) ¢ {reaali .
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In orithoaetie we ged the dala and Lhe oporacions given to ugs and most il
Ul resulb. Toe odselira, woe gon the opsralions and Lhe resgll sad mast fusd
the vriginal dota.

This differcaes can be Mostraied by anslogies from evervday life, The
problems thar come Lo s in algebrs are o clindlenge to find concealed -
fors. The eeuations in which they oocur are like locked boxe: coutsining,
valnables, A rechidoue for solviog Uenn s like o kv Lo open the bax, To
take a different analogy, an equaltion s like o chunds of ore from o weine. The
minerals it conraing are all pmbied Logethee, 10 Laker o chiernist to detormiie
what these mincrale are and s metalliogisl 1o separawe them w0 that they
catl T uged, Thin analogy is beller Ul the Nesl. siace chienasty ancl mon-
allnreists sty the waye in which minerals combine by order 1o noderstand
calechraists gmudy the

which mimbers combine in order Lo find techuigues for separasing rl ¥
and the stady of chemnist ebra s s perfectly rospocsable e upatlnn
in itself, indopondently o any mimb.r:-lls or mymbers Thal one may eventially
crtract tmm A plevie of fore,

honw e zeparate tham ggane i the suowe w

v oar al

3. The “environment™ of algebra: Number systems

The dala iy oan egqualion and its solutions are muanhbos, Bus whare kind
of mimbers are they 1o be? T solve linoar probions ke the oguation
Ha b A onby Uhe operations of writlouctic. Hew-
ever, inorder Lo perform these sperations, we nse have acsuiticiently goneral
st of tunabors to work with, The posttive niveers work e for addilion
sted moltiplication. Bul Lo make sublraction pogsible. we need 10 adjoin zero
arl the nogaiive itegers. Then, Lo niake Jdivision {excepn by werol possilile,

07 miven alwwe. we ne

2!

we also viecd toallose all proper and nproper fractions. For that reazon, Lhe
stallest set ot winabers rhat
the A,
proper . Tor lasm vef

eeoniid possibly congider reasonable wonld be

P ngort
TR

¢ all fracrions, positive and negative, propser and -
note that a number systom in wwhich che fonar
oporadinns of arithonetic are pozsibies wilh the exceplion of divicion e aero,

AN TR

i called A
ey as Lhe orned operad Wos, Bationad oporations can sadwiags be perloresd
witfein w el without adjoining ony new elements. o conrrast, root ex-
iractions are ool always possible. and lields ionsd somen imes b enlargeld
fields by ardioining

For Treevitw, the tonr operatious of avichmefic are roforped

o wecotmnodate ol In facr, thie process of erldarging

towsr= dies ad the very feart of the problem of soiving equations. Fxpressions
leriveed nsing a findle nmhar ol ralioosl oparations and ront exieactinns are

endlisd algebreie formadzs,

In the presout losson, we shall cncouneer four flelids. che eational nuin-
bes, il cead mrabers, 1he algebrase wunbera, and Wi comaples tumbers,
all detined boelow. Dot there are many others, inclading some fadte felds
of considerable inferest o aleebra which we shall explore 1o Lhe pooldem
aih helow . Lot s slart with rthe stallest of these fioar ficlds, the rational
nuinbors, which we shall alwas

s denote O These nurdhers are not sudficiend




fo exbeact rools as . and Fhis aporafion forees s to consider a0 farger
clags of murlers, in which roos cetracsions are possible. We shall cofer Lo
thest five operation: frow now on as the alyedne

aperelions on anhors,
Allowing poot extractions lorces us 1o taclisde cetiain arrational nurbors

in onr st oof possible solutions stnee, for example, 2 38 not o rationsl
nrrder, Wi ral
deeaginary and comg

1 reven wadt o solve 52 = 1, and goowe shall also inclade
s nprabors, A complication artses when we allow roor
2w complex nuwmber

three cabe roots, and =0 on. For exanple

cept (O e exactle pwis sgere
the [oarih ronts of 4 are
1. Thus, when we extract s

cxtrasbions, since ey

yortt

L, To—e, =1 — @ and =1 — =, where § =

rool. wee st either decide which of Lhe possible rools wo wand, or oles live
with g symbol represending more ilan one aumiber, Any eompless manber
that is nod a rakional namber s called a0 drveleoned numbor, bhar the wem
= ognoel oflen applied wo real numnbers Thai ave nol vational,

To avold Living to invend wew numbees ol tha time, we need @ deld
that erntaing the rational wumbees and s such that every conation with
collicienla in the Nield will 1o have o solation in Ll Aeld, Sawdea lield i
called elgelreionily closed. 'The smallest algelraically closed [1eld Iz called
the st of alpshrode pombers, This dield inchades all rood
rocts of negatiy
roemy of
= any by (re

of Iniesers, cven

sintegers, 50 hat sotme comples rambers, sl as the Tosel Ty

ol dluvve, are algehrade. To e precize. an algebeale number
il or compls
gre raticnad wsnbers. IF won have aoch an eouation, vou es

21 thar satiaficos an aquarion whose coctficionng
vmuliaply i
vouconirnon wnltiple of the denominaors of the coelflicients and 2ol an
equation having the same roots, bur with inreger cocflicients. For cxample,
he cgquation 507 — - 01s equivalenr ro 2002 10 4 Thus. the phrase
witiowed s fers Wtk ditnicion of an alechraie waber coudd have beon
replaced b the word dntegers,

Adeebraic numbers inchude all vumbers that can be formed srarring froin

ratioinal nanobers neing A finfre mantber of onr e elasses of o
s

rations, tor

senple, 7 Sinee Thers are dwo sgare rools of 2 and thrae cube

rooks ol 2 L lbs capres e Lo

1oy bl peprosion sy ol s winobers, Be
o1 veith int
that they are in fact the six roots of the aquadion

stz nhers aee alecbraic, Lhey el be roots ol an cmqiarn
cociticionts. Yo can vor

et e e 12— e — =0

Remark 1.1, Thronglout these lessons, we iy e e word roal 1o orelor
to o value of & thay msle
polyiorial ™y or ta wovalie of o Ul mskes a podyvnomial eqoation pier =90

a polvioanial plad egnal Lo wero (Crool of dhe

trie ool of Lthe equation™) or oA complex murnber, some powor of which

eqials o oelven comploy muaber 2 [ froot of the coraples inmber 2% idal ix

moroot of a polvoominl o7 — &, which 13 the sume ay o root o The eaqaation
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Cbviowsly, algebraic mimbers can easily sequire o vely moessy appear-
ance, for exaaple

sion ke Lhiz ia a good way wo pictore a “rypieal

Y7+ /21 Ty

Thinking ol & mesey expr

alpabraic nymber. Becanse ol Le ambiguily of 1aling rools. 1his cxpressinm

aewnally vepresents G0 diTerent comples mpnbers!  In practics, we wonld
pratsahly choose Lhe zimplest of the possible valoes, whicli 13 approximaels

1364175 — 1135800

Roemarck 1.2, A Few words of cantion are necided here. Although we have
Just Lold the veswder to think of s alsebrade numbor as o findee exprossion in-
volving rational nnabers, avii binedic operaiions, amd rool exTrecLions, ni-
bers ol Lhis focme are vers far lrom being typicad algebrale munbers n oan
abstrs swade mnber can e writion as the rosult of
appiving a finiie inmber of avithmelie operatioms s voot caotractions to ra-
ticudl vnmbers. In other words, net overy algehs M Wit
af o formuda involving onlv ractonal wunbors, arithoetical operations, andd
tracticns, Tor exaanple, the five roors of the conation o — Le+2 = 1)
cannol be written this woyv, This impossililite can bo proved asing Galols
shery, an invention of Tivatisie Oalois (SOAT-wa,” [811 15527 and rhe cai-
licst achievement of modern aloehra, In Lesaon T we shall sketeh a proof
of this fropesaiiiling,

dosenEe, b overy aly

31 T caty

AR

roan algebra isell = concernad, sloehnsie nambers wonld be sulii-
roall neds, However, rouny alzebra probleins srise o applications
anctry, and these are gquite lilkely fo levolve O muober 7, ow

ot an nleehraic nnrbwer. Notalgehraie complog mnnbers wre called G

CIRTIHL R0

hich i

sveridental munibors. since they “transcend”™ slpebra. Fuery ranacendantal
nuthey is irvalional, bar most of (e cotnmon iviational aumbers
s rohior Hon Transcendania . Becanse of the applicalons i groimen v,
i sinplesi juel W take 1he whole sei of real and comple. munhoers az the
wal murkor
a ntober

are alge

1

10 whicli vwe seek solutions ol o sqguailons For our Jarposes, ar

I finige or infinite doctmal expanzion, ol a compies nnmber
sand i — 10Tt
bappeus 1o he Leae thad overs egualion with eoefficicnts in this sor will slso
hevee a1 aobiibion in she comples mombors, T other words, Hbe the alpebraic
rntmbers, the complax minmbers Trene an algelbyadenlly closed field, ong thed

s larger than Lhe algelraic nunders,

ol the Torrg a + 0 where o and & oare Tolly peal mand

Remark 1.3, Although vhoe compicx numbers s ieaed i alechra, anl i
wenptiinl e the 2ubject known as algebraie 1hey are much
b 1l

cotistruetion of numibers 5 well Hhmt el by i

eleid seamelry

more geomeiric than algebraae i nature The diffreence betseon the
acbraic and The snaivek
number 20 Tnovenl and complax analyas

focatsd ws the poinl where the eire

Lhus frrationad maaher can be

Lo chvoughn the point (1017 with conter
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At (0, U) mberseckys bhe positive real axis, The proof that thore actually iz o

puinit of littersestion tnvolves e erder axioms of goometry, For

m}sml»LH

aonuraber whose sguare s 2 iz consirternd as part of an extension of the
field L3 ol raiional nirebers o oa larger ficld denoted EL This larger field

vonsisla

ol lormal capressions » 1 o8, whore v and @ are vaiional nmbers
Addivien of such pairs follows the waw alg
i defined bw {0 - o) o (8 - pf = {rf 4 25

f0 30 < (Lt A — -2

drate rules, and imaliiphieation
ab — e =8 For example,
of rativmal aoinbers ix idon

-+ Tt Thwe ficld
fled with o 2ubdielil of G081 vin e “bgectiog” mapping » - e 4 0, This
injeckion proserves addition and outiphication, and z0 wakes it reasanabls
to felenmtify € as o pert of GO Then the maaler # = 04 18 satlslies
G- 2 -2 s thal § amonnms to o ~‘r'111;1"r'- voor of 2.

Thix alg

LEy or approsinaling prog

shvaie prac natrucling 472 15 finite, reogniiving uo goolne-
ex Conbrast thes finiteness wilh the eonstre-

tien of Lhis mminsber used by oanalyzis Ax o real number, 2 regnives Tolinive

precigion Ly define. gither g the fnlimieely sinall poine on the interseciion
of Lhe line and arcle wmeationed above, or sz the inioile docimal expanzion
S = 1AL2) L which nover vepeats and never cnels,
The o Irlu_'.1i.'_r|n betwoon “finite” algobra and Sinhinite
finfinitely small) analvs

ol Cinfiniiesitnad”
sade eve iz nor absolite. As already pointed oul,

Nl avery alsebraic noionber can e written as o foromida lnvelvinge only o inite

viunber of algebrate oporacions ad rmtional nmrbers, Even alechra resols,

at somne poiti, 1o potentially inlinihe proce

Remarfe LA, [t con be diffionlt o determine wherther a comples niomber s
algehraic, Exeopt for cortain artifelally comsiraoled exenrples. the decimal
cxpanstort of au irratonal sraber seldom helps 1o delemnaine whether Lhe
nhrmber |

algebrale or Lranseendental, Not unii! Uhe nineleenth contury wore
madienet s bl o prove, dor exanple. that the funds
— 314158, !

Care Lranscendeial

A01e k) o nsLaLL

4. lmiporiant concepis aud prionciples in this fesson

Boefore proceeding ro ihe nexe seetion, boeoire o have o T plcLure

of cach of the followiuy, concepts: countion, unkuown, coellicied. inteper,

viadional number, ralionsd speration, aioeinaic nomber, algobraie Tormnla,

transeendeulal mnmber, read mimber, and complex numbs

Aseyor conthwte reading, keep o inined vhie ansilosios hrapee Titroduced
bore, comparing aleebes to the anolysis of 2 ol A aeaied
bz, Hore s wpovher vhat msy helps Doing ariilionenic 1 Tiks cook g von

tollowy o e Aailablo machin-
heing a food taster:s vou try o fud our what tie

o by Jocking at the Fnal vesuli.

dpe aging apecilied ingredionts proce-sed nsing i

b i Fike

Hry, :
original ugroedicnts we
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5. Prebloamns and questions

Problem 1.1, T is posaible to suake a ficld out of as few s two elenoents,
which mmst vecessarily De O and | aond imust have ehe following tables for
agddirion and rualtiplicasion:

Shew thal subbraction ix the same az addition i this field, Thar is, Lhe
equation = o - bowhich shoudd have the solidion @ == —o — b actualhy
has the sobution

- b Thers are only four possihle sets o vaiues {a, b}
Vority ihis Tor all Tour possible choices, B fact, these tablos are merely Lhe
riles for manipulating even (8) and odd (17 ntegers. that iz cven times ocld
equaake cvon, awd so o,

Problem 1.2, Solve che quadratic eouutions 240 L Dand w40 = 0iu the
wnmalenwar fiold juat exhibited, and shos thar the sqnation »f — & +1 =10

Ieas no solulion at all,

Froblem 1.3, Thore = alao a feld having exactly thoee alomenrs, which
we ghall label 10 =1 snd 0. Tue addition and raaliiplicarion tablos are as
fesllorsre:

] —1

-1k

Tn his tield we hsve the strange-iooking roles T+1 = —Lald {1500 11 L.
This wounld look ies
wrole 2instem] of 10 15 we did that, the strangeness wonld be evprossed

Bioche mades 102 rand 2 =2 = 1. slusw thar chese ruies are merely

it owe adopred a0 more Gandliar notation aid

I ez

votnmon rales Lo wmandpnlating the pomalorlers when tegers are divided

b G For estamnple, it cacli of Lwo nbers leaves s remainder of 2 {that i,

_ v ehen their stun and prodoet each leave g remaindes
al Boofln arhoy words, 2 -2 =4 gl 2 02 — 4 a5 usiral: onls 4 =1 000 this

vase, sitee the vemadnder when 4 s divided by 3 s 1

e clivided b

Prolleny 1.4 What <docs sublractine 1oy —1 s in the three-clomen
firld? What doe dividing by these elenenis roean

Probiem LS. Find all the quadeatic couation: that can be aobved jo Lhe
Uhirec-element, field, ared write down one Thal cannol L seivod.

Problems 1.6, Tliore w oo Seld having exacily lour edoinenes, ous i
retic oot aoalocous w ehe arithinetic of the fickds

wilh Lo and Lhires

chemennz, We reserve disenssion of this [lleld Tor Lesaon B heloss, Tostend. o
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this poing. we inlroduce the tve-clement feld, whose eleinens e 2, L,

1, ek 20 (O, 07 we prefer, 1), 1, 2, 04 allri 4. Ta any case. 30 i just the

arithmetic of renainders afier Jivision by 500 Tes additicu aod maliipiication
tahlon are as follows:

S R
ool T -1 TN Lo
| I A I I ] RPN

[

o r=2 11 TR

EEa 1 a i_ 2 11 T_}

B X2 AT

What does Lhe Iraction 1,2
of the oognation 2o = 1Y
Prolxlem 1.7, I'he coanplex nunnber x

point (e, g) inihe plane. Altempw Ly W
i ore

i s nadbwally Tdenlided witl the
il Rowan Hunadivon { 1805 1565)
- co) i three-dimensionsd spaii: as pact of o feld
on whicl rational op r—‘JdHUTh cowd be porformes], were nisuccessful, notfl
Tz coabwedded theen daa larger four-cdimensdonnl space of vectors {20 0 5]
Memnilion raoved iz four-dinenszional system guatornions, I will be de-
seribwal in the nest problent Avger thot, Josialh Willaed Qibbs (18559 §903)
wiag able fo distil s aluebreic s

are] e

chors™ ()

stern for threc-climenslonal vectorms by l-
liplying them as gquarorndons and projecting then back onte the last theee
2o 4 the cross prodien] or the fiest coordinale (he dot produet). Tor
mare on vectors o general, =00 the Kpilogue, o = (opoozowg and 3
by, byh thelr evess prodeet s oo 3 =
The weetors o and 55 alko have an “inuer™ or Pdot™ prodoct that 1= a monber
ratlwr than o voeetor: -
Verity the fallowing ﬁim;":]t facla

{',l)i')]":i:lhal&

Bl — ik it e I'r?[ X8] 'ro‘_‘-_ L8] gr_\. f"rzf‘)] ‘I

F =gl = ok + uals.

4

oy ar = af —af + o7 This mumber iz obviaisly positive anless o =
Wed the pavme ov fength o ahaolule onlie
of e and dencred el - a0

2oie o AV {ov ey (3310 This iim:{u;_-tlilv i calied ile St
dregritity aftor Hormaun Awandns Schwarz {1845 1
.00 Tosll other dases, considler the vootor 5
; cieee a3, and use Lhe inequality -~ = 0L

30 The angle @ bewween o and 3 s defined 10 he

.0, I"J}. {1 '~_|r_|T_1-J.i'._-. vt i o

olavios a0 = {0

ey -

[ i3y

g areens{ o1

el |34

T viher words, ev -3 -2 o L3 cosd, Thoon o is porpetelioalar to 3 if

x| i . ;

ifev 3=1)

4. The eross product s anticohmmp alive, Lhat i3
parvicular, ce - 0 oo,

T T = a]? 3

angd onby

Bra - a3 In
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oo > 3 i perpeadicudar Lo each ol (s two Taclors, e fact 10 s 18
ol unii, lenglh snd perpendicadar 1o botie v and & cheno e = 3 =
+lex| |3 sin dar. (Transpese one teim in the proceding coquation to the
other side in order 16 conclude that o« 3] = lex] |3 =in 8.

Vroblem L&, W cun identify o real wsber o with the clemend (o, 0,00
in fone-dimensional =puce. Al wo can identif

The vertor ¢ - fey, a, g
_ s in fonr-ditacnsions] spaec, T that weaz,
Woanarcrnion A e o - Lay oy, an, e as a fornoel snm
of o nutsber and s vector, Adding two gquaternions Lt =g ovond H = b3

can thiink of a goner

i trivials A+ A = (w0 -+ (e + 30 Multipleing them iz less oiviall T Look
Hamilion same vime Lo worls onl bhe proper rales Tor maluipiving elemonts
of tarr-dimenzional spaces, [A4 we menbioned, Gibhs® work, which wo are
wsiug to introdnee this topie, acvoally cane lato Thf‘ |n'u]}m' Aefinitiom
Lt out o be A8 = {ah — o 3 4 {aid -+ boe + o0 < 3). Nalios Uhal AR s
in penersl ditlorent from B4, sinee the eross produer s LTI,

e that 1, ddeniilied with the quaternion 1T = (1,00 03, hag the

antim

property 14 = 41 = A tow all quaternions A.

Problem 1.9, Alvbeoag
opuaternions, they de rescroble compliz wnnhers o nany wave, Quaterndons
havies a teal part and A ve

h vl order of aodtiplication nskes o differsnee for

wopart, whoercis coniplex mundbers Jiwve a real pail
amd an imaginary part. The voctor 1‘\r11‘t of a eqeanernion bedvives sonset bing
aont find than 47 = (a0 {l—ani =

{—|ex A 0 which ps idontified with the negakive vead nomber —ioc . luothee

Hle an dmsginary nunber, siocc if o = Oy

words, cach veotor o can be regarded as the sauare oot of the negative of

ehic sgunre of ius enelde

Show that real pumbers commnte wicth all guarernions. Thatr s, the rosl
rtber o Idearified with the quarterndon Ag - o - 0, Las the property thied
Aald = 4 or all quakernions T

Problerm 110 Like o complex namber,
Lhs A4 =

A= il .Z

I.),|:_: — S s
HE] T oth 4y

“eonjngate” 4 = - e Show

. . e S s n .
shall write Al — v A4 = s e'rr 8| r;.; - Hmu\ rvesal e
with all ipiaternions, i nial

s oas

i or bll-" 11. nnd llu S0 T GUATCI TN
same. Dot 4 = {10002 and 18 = !'_[P,f_.l\_‘.‘.t.";. What are the |
interprobations of 07AY

Problem L1 Dicsoribe several different ways of golving she plaul-ouiting
problen of Fxaaple 1.1,
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Question 1.1, Here are sume quesiions of pracitical use in cveryeay lite.
Wil of thew pose acittooetic problzme, and which pose algebra problous?

L. Looking of a stack of current hiouseiold Gills 10 be paid. how mneck
oOney st vou e Jo the bank or on hand ioocder Lo pay them”
20 With ol of oo grade in o course alvendsy detersined and vour
current. average ar & wliat average unst you anaintas for the
reraining AN of Gl course G ansure A seiaesber average of 90°

The distange s (o melersd Lhal an object falis in 4 seconds, starting
Feort rost and neslecting aiv resistaree, is gdven by the oruuia s
1.9:5, Tow far will an object Bl iu 7 seconds?

4. 811l veferring to che formonla & - A9, how lone will it tule an obdoct
tor fall 120 meter?

Question 1.2. Why is theve v iteld having six elements?

8. Furiber reading

H. Bebnbke, V0 Bachnaann, W Fladi, and W Sisa, Fundowe ndods of Mabhe-
laded b 50H Gould, The MEV Pr CMAL

rraiies, Vol 1) brans
1971

Richerd Courant and Herbort Bobbins Wt o Maeth
fion, revised Ly Ian Stewars), Oxtord University Fre

ieaore] eli-
Tork, 1906,

e-Verfag, New Yook,

Lars CGirding. Drconaier with Aethomalics, Spring
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Adbern O Lewis, Clowiplox ]1'111}.]1"1-— aed woctor algedr
Enepclopedia of the [istory Motk
Cirattan-Ciiness, od., . 1004,
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