CHAPTER 1

INTRODUCTION

Preriodically correlafed (1MC) random provesses are vandou processes inowhich
there exisrs o periodic vhvthin in the somtetire that is gencrally more compli-
cated than periodicive o the mean lanction. We will begin with o dhustration
of sorme ractrorotogieal data,

The top troce of Figure 1.1 shows o 40 day record of hourly solar radiation
lovels taken al meleorological station DEITA oo Ellsmers Tgland., NW.T,
Canaaln,

A ¢laily 24 houe perlod? thethm may bhe ohserved in this data in two ways:
i the periodic average (or mean} and in ihe varianion about the periodic mean.
Sinwce solar radiation can e expeacted Lo have » 24 hour period, lel s campite
the average of the A0 messureinents for vach of the 24 hoars. Precisely, il the
titne series s denoted Ty X 0F - L2, NT, where NT — 960, then the
24} 15 eomputed by

sarple periodic menn (with period T -

] -1

. . - e .. N

(=52 KXoy, =127 (1)
oI}
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Figure 1.1 (Tor) Solar radiacion from station DELTA of tie Taconiis
inlet Project |2170 0 (Rotrom) th owith 99 confidence intervals
dedermined Lo ihe Siodent’s & =

and plotted in the bottom ivace of Figure 1. For # not in Lhe hase interval,
() s defined perivdically. 1 & visually cleac thar the swaple pedodic
meit is not constant (e properly periodie] snd asiople hypothesis tost for
differerice in mean, say, belween hour 1 and bour 13, indicates a difference
with mmch siemiticance,

We postpone the details of testing for o proper uctugtion e the roean
{1, lor rejoction of the hypothesis thot the e wnean mf) 3 constaus) o
Chaprer 9.

The: fop traoe of Fienre 12 s the deviation ¥ 0 X, —vhaeif) of X, from the
sarmple periodic mean i (0. The botton brace presents the sample periodic

voariance,
[l
S e E T as - - cq o
SRt == Vi ., t=1.2..T (1.9}
: jLr:l'j

sigmificant {wilth Lhe deraile again poatponed)

and i wo appears Lo have a
variation through the period. So it iz not Just the inean that app=ars 1o have a
puriodic rhvtlon, the varlance docs too, sugeosning that the cutire probabilivy
Baw may bave a periodie rhyiho, We will stale this more pracisely following

sone discussion of notadion.

First, a stochastic im randoin process XL w) s taken to be a lonction
XL v 1) — O whers £7 9% the sct of complex muubers, [is called the dedes
st ged o probabilice

st and §7 18 2 space, on which a sigma-algebra F of sl
measure {fare dehoed. An F-measurable function iz ealled a random paralie,
andt for o stochastic process, the bmetion X (8 ) s asswned to be a raudoim
variabie for each [ 2 §. Althanpgh the foens of this hook iz random seqnenees
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Figure 1.2 (Topt Deviation aroudd saple poeriodic mean. {Bottow)
Sqit) with 95%  confidence limits  determined Ry the  chi-squared

distribation with N — 1 = 39 degrees of {rocdonm.
(T =) having a periodic thythm, extensions of the ideas Lo felds (I = ¥2) io
proee: (1 = B}, to maltivariate sequences, and to afmost periodio seguonces

are: brictly describead in the supploments to this chapier,
We will most often denote Lhe element of the random sequence by Xy s
thal ihe depeticlemes on o is suppressed and the index is the sabanripe H\'lrlhﬁ

Ang time, The vssential sirucl ure needed Lo characterive a stochastic
ig 113 probabilicy law, meaning the collection of finite dimensional

f. COLve
prc
iz

tribrdions, defined ss che probabilitie:
Pf;1 Ak [1|, ."1.‘_;7 AN 1,, = Pl Y,’I ~ .:'11.\.‘ ’a_p_ >4 4'1-;-: /\L-,{” = J’!l..,,_j I]_-."

[or arbitrary v, collection of times £, ¢z, . %, In L and Borel sets Ay, Az, A

2
g
LIL) R

Definition 1.1 (Strict Stationarity) A slochustic process Xe(wl 45 called

(strictlyd stutionary of ids probabilify lw s inveriant anth respect io lone

ot e precisoly, if f-;: arbitrary n. collection of times #1,8,, . bn 10
v o T e B

shifis,

£, and Dorel scis Ay, Ay,

F bt loratlAdn de A =10

Ve e LA Az Ay (1)
Wow we can formalize the strueture sugeested by Tioares 11 and 1.2

Definition 1.2 {Periodically Stationarity) A slochastic sequence Xo(w)
ag eafled (strictly) periodicelly stationacy ueth period 274 for oo
coblection of ey £ ke, oty in £, and Borel scts Ay, Ao A of I

WO, Ry

Fyoraara (A Ao, o AnT =P s el

Lp
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and thoro are no smaller values of T 0 Jor which (1.5) holds.

Svinonyms for periodicelly stationary include periodicaliy nonstationary, cyclo-
stateonory (think of cyclically stationary), processes with periodic structure,
and a fow othors For oo little more om this nameanclalioee, soe the hiztorical

motes {Section 1.2) wl the end of this chiapler.

TLA) holds for T 1, thew the process {or sequenes) is stationary and
it Is clear that if X is periodically statioonary with period 7, then b i s
for period ETE ¢

E. And s0 we sy that g soquenee i proporky poeriodiosdly
stationary if the loast T for which {1.3) holds exeseds 1.0 Most often we will

re considering second order randon zequences, 2o that
e considering el o1 wom zequences, 2o that

XY = X P P

oo, forall £ 2 E

FOY

We will aometimes just write thah X & £2. The mean exists for socond arder

S Lenees

i} = / Kelw Pldw),  Torall f e

and we define 1he cvvarianes ol the pair (X, X1 to be

Ris.t) = Cov IN, X0 EUX, - e[ — v §

Tt there i uno ambignity, we will write mnit) and Ris, () for the mean and co-
vorlonce of X;. Sowetimes, i ovder (o conserve space, wo will write variables
a2 subseripts rather than i parcothoses, such as s {for ne(f) and Re . for
L)

Since, for a zero mean soqnenes X, the covarlance

Cov XN, XV — FUX X

iz clearly the T2 inmer prodoce, our conclusiens aboul wero mean second order
rundom sequences can be intecpretad for soquences of vectors uoa Hilberl
space. For some tapies {eg.. those involving shifl operators) iv will be more
aaiural to think of X, in this manner.

The notion of stationarity for seeond order seguences is expressad in terms
of the frst two monserits,

Definition 1.3 (Weak Stationavity} A second order random process X, €
{200 F, PY with # € F ds called {wealiy) stabionory if jor every 3,02 Z

m{f] - mooand Ris 1= R(s— )

11 X, is of seeondd ovder, poriodic stabionarity induces a chythinie strctiee
in thi: mean and covariance.



Definition 1.4 (Periodically Correiated) A seeond order process X, &
L2 F, Py ds called peviodically correlated with pevied T (PCIT)f for enery

il t) = wult 4+ T (16]
éred
Risy=HRs+ 1 t+T) 1.7}

and there gre no smedler values of 1 >0 for wlvich (1.6) and 11,7} hold.

Moy etcar that if the period is 10, then i:] &Y and (1.7 whso heldd when 1 s
replaced hy P for any integer & T Xy iz PC-1 then it s stationary (weakly}
hecause then Ais, 1} is a funetion only of « — 4 Clowely oo sfationary seiuence
W PO with every period.

;o= 1.2, gy of random ge-
U v

We will write an indexed collection { X/
quences us Lhe veetor sequence X, = [ X, X7,

Definition 1.5 {(Multivariate Stationarity) A sscond arder q-uvariote rure-
dom sequence Xy with £ € Z s collad (weukiy) stolionary of

EiXIV = {1.5)
o
R ) = Cov (X7, X0 = RI»s — 1) SR
forahl s b D Zoand 5,8 L2, g} F this ds the case, we denole
m o= mtom®, L m? and R{T)= [Hf"“fr:]];; -

Multivariate (or vector] sogquences obtained from e docking of nalvariate
for scoajar) sequences will be indexed by noand thus dencted s X,,. That is,
guence X ia relared by T-blocking to the T-vaciale sequence

the univariate se
L
(X = Xjpur. n=E, =01, 4~ 1. (1.1}

The following proposition s a stimple malter of following the indices.
Proposition 1.1 (Gladyshev) A second order randown seguence {X: 1 ¢ €

Fbds PO with period T if wnd ondy f the T ds Lhe smollest intrger for which
the Tenarinte blacked sequence X, (1101 is slobionaer.

- : . - - e i |er = - . -
Proof. Consldering the covariance Covi[ X7 X015 = CoviXsanr, Xegmr ),
then stationarity of X, implies

Cov ()7, Xy = R%n m) = Cov Xy Ximuir )
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which inplics (1.7 helds for X, and conversely, The same srgnment applies
to tlir mend. [ |

Perindically correlalazd sequences are generally sonstationary bub vel they
are nonstalionary in a vory stmple way that, when the period 7 1y knowu,
mnkes them equivalent to vector valued stationary procosses.

The terwy periadicelly correlntod was introdueed Gy 1. G Gladyshey [77),
bl Lhe smine property was introdneed by W R Bermert [12] who eodled then
cyclosfalionary.

sStnee PCosequences are so closely relared o stationary veclor sequences,

which ure rather well understoad, thon cne oan legitimately ask: whiy g
lo the effort to study the seructure of Lhese proces veral
answers,  Fivsk, the value of T, required to transforin o PO sequence to o
abionary seouenes, sometimes s nol known prior to the analysis of
an obscrved e series. Thus atudving the time and gpectral stroeture of
ihe proccss nsing its natural tie organization can provide olues o belp us
develop teats for PCosiructure and estiznators for the periad T Seeomnd, the

7 There are s

vedslor

BsLEs conceTning imnurvation rank are more easily vuderstood for FC seqnences
ithan for mulbtivariate scoguences becanse the nadural iime order climinates

sopne arnbiguity, Thisd, the methords developed here for sequences waturslly

carTy over to conlinuous time and to the shuost periodic ease; and in those
[y SOOI

vases it iz not genorally possible to Llock the process info o stations,
of fiite dimenzional vectors,

We will often assume that E{ X} = 0 a3
strieture that is of most intereat. However, wo shall carciully dise
imsue of the additive periodic termes of o PO sequence, onel how they ean he
conueptually viewed, and bhow thev csu be ireated in the aualyed: of tine

4w the

sories,
There are several ways in which two seqpiences can be considerad equal.
h

fal

For exainple, twe randoin processes X, aad ¥, can be callod egoal i for ¢

w = §2 their mespective sunple paths Xoiw) and ¥ (w) are the same. Howevor,

throughaut Lhis haok, unless otherwise speciled, wo take two processes Xy
andd Y; to be eyuad 1T
FI1X, Yi|"=10L forevery ¢ <1
1.1 SUMMARY
Thix suminary provides a little more defull aboul the contents with enouzh

precision ti rake oue divection clesr, bub oot wich che same care we will give

subseqgrently, And it also provides further discussion of nodation.
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Chapter 10 Intreduction.  Gives an ntroduciory empirical example to moti-
vate the definitions, aud then this siunmary followes] by o bistorieal develop-
menl of the sturdy of these processes. Lo bhis we do not abbewpt @ complete
biblingraphy bt eoncentrate on the heginnings of the lopic and give addi-

tional references that contaln more complete bibHographies,
Chapter 2: Examples, Models, and Simufations.  Presemiz simple models lor
constructing PO sequences, wauallv by combining randowuess (seally through
srationary seduences) with periodicity. Some important e
and prodncts of periodic segnenees and stationary sequences, time seale ma

Anples are aUma
1
equitices, pitlee aruplitnde odulation, periedic autore-
gressions, periodic moving averages. and periodically perturbed dyoanpeal
EAEIEN TR

For most of chese cxamples, results of siimndations are pavsented to show
ihe extent Lo which some sort of perindie thychm s viaually percapribie in che
bitne series, These also illustiate that the wsual peoodogram !wplr ally eloes
not reveal the presenece of the periodie strocinre in PO oscquences, and the

wlution of staklonary

periodogramn of the squures som-tines can revead the periodic stracture, buk
not always,

Chapter 3: Review of Hilbert Spaces.  'reseuls the bawic [acls aboun Iilkert
space that will be needed. After delinitions of vector space, innmer product,
and Hilberl gpace, general properties of (Jinear} nperators are discussed. (Of
partienlar interest are projection operators, which have an imporbant use io
prodiction, snd muibary operatore, which have a fundamental role fu station-
ary and PC sequences. Finally, we review the spentral theory for nnitary
operators, inehiding specital measures, integrals, and the representalion

e

(= / I‘:'?'.)' }_\“1.\] [J_J.J.]
REAY]

Thiz zpeceral reproseutation plays a critical cole i the spectrad Theory for
gtationary and PO sequencoes,

Chapter 4: Stationary Random Sequences,  Fuplhasives the role of the anitary
operator and it spectral representation as woe bolieve this e l 5 Lo give aclear
view of PO sequences. 'The core result is rhat it Yq LG arn Jotntly
(weakiyt stalionary and H =plXY 4 = 1:2,,,.._.:;._ P LJ Lhe stalionary
covarianee struchure allows one to prove quite casily that there cuists o antory
aperator 70 H — H for which

X,

l X! {1.12]

for overv § = L2....g and £ = 9. Nerating {1.12) gives X/ = [ X, tor sl
£, and by applving the spectral represeniation (1.11) we oblain the specrral
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reproscntation of the sequence

) 2w
X7 = [ 2N G dA) (113)
a
where & is orthogonally scatiered.

We then discuse the niain topics connected with prediction, regularivy and
singularity, the Wold decomposition, innovations, thie predictor expressed by
innovations, the connertion between gpectral theory and prediction, and fi-
nally, lnite past prediction. We also dizenss the ssue of rank o vonoection

with innovations and spectral theory

Chapter 5: Harmonizable Sequences.  Presents the main facts about harmoniz-
uhle randoin sequences with emphasls ou wliat i@ taportant to PC sequences,
Ar a peneralization of the spectral representation for stationary sequences {and
alzo for continuous thne), M. Loéve [133], who alse wrote abuut (strongly} Lar-
monizable processes in the first edivion of Probability Theory [139], defined &
sequencs to he harmaonizable i it has 8 spoetral representation

3

x,= | e, (1.14)
Jo

where 0.7 15 an L2, F, Pi valued 1wsasare but no longer has orthogonally
seatiered (or uncorrelated) inerements as 16 does in the stationary case. Tnoor-
der to convey the precize mieaning of {114}, we discuse vector valued messures
and Inlegration with respect o such messures. Then we dizcuse weakly and
strovgly hanmonizable sequences, thelr connection to projecticns of stationary
sequences, and spectral representation

AR B .
Ris.t) = / / £ R B d A (113}
S0 ]

of the covariance, where the senze of ntegration Jepends ou whether X, 13
wealdy or strongly harmuonizahle,

Finally, we show hov lime invacdant linear filtering affects the spectral
representation of a harmonizable sequence (and of its covariancs).

Chapter 8: Fourfer Theorv of the Covariance.  Lhig i a tople introruced and
mainly completed by Gladyshey [T7]. The bijection hetween PU-T sequences
and T-variate statlonary vector seguelces tpakes il no surprise Lthat Lhe Fourier
uences is very ruch relaled Lo the Fourier

theory for the covarianee for I
theory for the covarlance of stationary veclor sequendces.
The P struciuve in the covariance (1.7} implics casily that
T-1
Rit + 1) = 5 By (r)eremhei T {1.16)
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Figure 1.3 Sapport. St oof the speciral wessurse F'ofor a periodically
vorrelaled sequencs.,

P e T T ey L , ) :
where Hi(7) = LS e TR R - rfy Using the eonncction to sta-
tHonary vector sequences, Gludvshey aremad that the coctlicient tunetions
{BuT) - h=0,1,...,T — 1} arc Fonrier transtorms

n;,-_{_T'TJ = /_ P"Prlrfjf\] [| ]T]
1}

We shaw it by use of a characterizalion of Fouwrler translonns Lased on g
theoremn ol Ricsz.

The plavsibility thal Rz, 0 given by (116 can be put into the oo (1,153,
which would uslee the covanance stropgly hanoonizable, turns out to be o
fuct, wo every T sequence Iz strongly harmonizable. The defining rhythn
{1.7] associated with a IMC sequence constrains the snpport set of the spectral
measire Foappearing in {1,135} to the 27 - 1 diagonal lines

Sy UAL Aab £ [0,29)7 0 dg == N - 2ak L k= - (8 L D=1 (115

ag Husteated in Figure L3, The support Hnes of F'oosy be identified with
the sequence {F-) 0k = 0,007 — 1) of complex measures whose Fourier
transtorins are Byorh

We dizenss the Lebeasmie decompasition of 7' and the sene of point masses

it random spectral measure 043, some of which are produced in the

mean (. The effects of time invariam. and peoodic filteving, sampling, aod
randern times shitting of PO seguences are excanined, We also give the wapping
belween the apectral measure Foand the macrix valued spectral measure F oof

the (Dlocked) vector siationary sequence 3,
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Chapter 70 Representations of PC Sequences.  Addresses varions reprosenta-
tions of PO seguenees, with an emphasis oo the connection Lo the anitary

operator of o 'O seguence, The basic covarlance structure (171 implies Thar
on the Hilbert space H = 3p{X, ¢ € &} there oxisty o unitary aporator
UH: - H for which

Nipy — U X: (1.19)

tor every £ 2 Ths 17 1s o oshife operalor for X b
T The most Lasle consequence of l .19 is that we can finl {clerived from I
anoiher unitary operator Vo H v+ H and a periodic Tunclion P raking m,hu:,
in H for which

er =1 ":4 for TROT toE, |_._ i 20]

TTsing th --l'm(-‘r.rul thoorerm Tor the unitary V7 leacds o a spactral represenilation
v
X, = ePME (AN L) where £( 8 i orthogonally scatiersd for all § whereos

oy
haymorizabilit v oimnplios Ll I’(‘ Licn
1740 with vaspect wooa S i zret vondow spectral measure £ that s not
. : l

orthosonally seuttored.  Wilth the aid of {1207 we explicilly umahlhf 1he

e indopendent randomn measure £ By cvl'-a,udm l Lina Fonrier series
P
IR s on tuunm
T We

show {gee [160]) how o cxplicitly conziruct a dilaced segrence ¥ such that

suences also have o spectral decor

1

we Lbtain the Gladvshev represoutation X, = ¥, 7

gering having jointly stationary cosflicients {27 @ &
X, con be recovered by projeciion, X, = DY)

Chapter 8; Prediction of PC Sequences. Trouts the prediction problom for
PO segneneos, again with vhe help of the onitary eperator £ We dizenss
rcgu]aa'it\-’ and singularivy, the Wolild decomposition and imnovations. where

e find that, at any #, the diwension o of the mnovation space s either 4
or oand d; — door. It follows bhat a regular PO-T sequence hag an foliniic
TLEOVIIL .l\i‘lc_i‘.',t' represepkarion with rospoeet to the orithonormal sequence {8,
tE Ly

X A\ aj gy
Atl”
pot—ge it

where the £ sequence ol coellicienty 4y = faf -5 = 0 &= periodic 4, =

and DD — 8 dy > 0F s the sob of times wh
The: wipnbor v = 5 T_1 ey i a comstan 1 independent of 1} and s defined o
b the rank of a T geprence, A DO-T seouences s of fufl rend v’hmu e
= For aosimply constrsted PO soqencs of 1: we vhan Ml racde, on 14,4

cro ottt rivial lnnosation ocenrs.

tbobe an orthonorinal sequence; Lhe sequenee L& 180880 5 }

= PO-2 bt of tunk 1. We dizense the prediction problem [or infinite and
finite sets of prediciors and give some ilnsirative resulls for peviodic atove-
grossiong of order 1, which, although simple, may also be of Jess than Dl
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rank. We then discuss prediction based ou a fuite past, periodie partial auto-
corvedatjons, and the periodic Durbin Levinsom algorithnn, We also give the
inpovatiom algorithm for nonnegative definite (and hence possibly of deficient
pank) covariauees, slong with a Choelesky Jecomposition for NND matrices.

Chapter 9: Estimation of Mean and Covariance.  Addrosses the problems of
eslimation of the thoe-varving mean my, = E{X,} = myyr and covariance
Repry=FEY ’{, pr — g 10 Y = Ry cr gy, sud 'rheir Fourier voofhi-
cients g = 171y ‘:“ mye “FEST and Bilr) =40 \_" VRl ge TATRET
Here, Ny is taJ\t,n Lo be a real valued PC-T sequence. Ihe corresponding
estimnatars, which may be wotlvated by the fifting to the stationary vector
sequence X, are given by the following: for 7, see {1.13,

-l

T—i
o ' 1 ™
TN — r__S Py ne EEN S
[ o
Tot=i

Ny - I I
(Xtrrtr = Mper v | X g r — P ]

[.‘T{{ - T’;J,tl:‘.;'](':i ikl .

By wplrl = - Z |- X = s v

Pefprr s

For iy e owel g s, we give conditions for mean square consisiency in spectral
terms, expross the limits spectraliy, and discuss the connection to U mean
crgodic theorenn, We show how to nse the random tirae shitt o give almesn
sure congistency Ju terms of By and £y from koown staiiovary results. The
ratdom time shitt 13 used again to obtain asyiptotic normality via mixing
for linear PO segpenees, The practical cstimation programs permest.m and
permooeff . m are presented and demonstrated. To test for a proper periodic
mean (mull s m(£) o m). the former produees confidenes inteyvals based on
Studeni’s § and an ANOVA fest: the Jalier uses o variance coutrasi method
applicd to the poriodostau to produce p-valies for iy, =

For Raii — A we give conditions for consistency in probabibty for a
bincar PO scquence nging the lifted correlations and the fact that a linear
PO sequarce, when lifted, is a lnear 'T-variale stallonary sequence so kiown
rosults may be applicd. Tor X, with bounded fonrth wnoments, varions condi-
tons on the secowd womeits of _Arl =X s oy L[N = = B+ T
CTEIPE Tean sqiare consisteney; and other conditions give dlmost sure con-

sistency, Asvioptobie bormadily s obtained using elther of two approsches:
(17 a condition on the covariance of ZT -, alomyg with dendving, and {2}
11-'}r:lmctllh- of X aml a suoonubility comdition on the covariauce. natse v,
vl L | = )17 o ae. Similar results are obtained for consistency

AN

of r'_;}lcu: :

'-?."‘(- F




i2 i RODUL TIGN

The practical estimstion programs persigest.m and Beoeff.m are pre
sented anel demonstraled. Program peract . comnpuies f.?;;_c_._{f + i} und
Fre 0= k) Assoming normal Xil conlidence fimite for (he lalter are com-
puted {and plotted) by use of the Fisher transformation. Also computed are
tosts for (1) equality of corvelations plf + 7,8) = pir), where plr} is some
unknown constani: and (2] for gl 4 7.0 = 1 for some spociiic = f= IFteans

for all # in o« period). Program Booeff.m computes (and plots) b,;‘ i for
B=0.1, 00 =132 (real Xy} via the sample Fourier lransform arup] ed
to Y, = ;}(t__T Pracr w1 Xe - 70y s . This permits the compuring of pvalues

for the pest Bk.:w-rf 71 = 4, baged on the varianes contrast metlaod of Seclion
05.2.2. Also, proprow persigest.m coinpures Jx (1) along witli conlidence in.
tervals based on norraal {x* distribution with N — | deprecs of frecdoma) and
the Bartlett test for heterogenacug variances.

Chapter 10: Spectril Extimation.  Adilresses the problems of astitaation of the
possibly complex density fanetions f03) whon the Fr{o3 in (1177 are abso-
lntely conlimiong with x caetie neasiee, T he prineipald idea for the
gstirmation of fi (A} 13 Dased on smocihing the two-dimensional periodogram

capect Lo Leh

FIN AL ) = o X (AT X w () {121

along lines of support of Fin [0, 27 « [0.2m), where

.

AN
Natdh= Y [X, —mgfe &

£
15 ihe sanple Fourier iransfore of [ —wny i = 000000 N 10 Noie tha
nsnal estimators for ihe spectral density i the stutlonary case are formed
by stoothing {8V A, ) along the wmaln disgonal Ay = Xao We hegin
v showing Lhal fi s .()\'; = ;'\,-r\ A 2REST) Isohe Fonvier transtorm of
F,:.,,‘.\, fryoand i 550 N0 |R FoE TR e ok then fioaci AT s an asyonplol

ically 1.111%1'330 b oostiinator for fil .\',I. By agsuming X iz Gausslan, we obtain
Mripe Lo Var [faowiA aJ = Fal\ifolX — 278770 0 A = swon /7P aned Lhe limit s
TolAdfgia — ;..‘m’s.; Tyl | fe wlmn/THE G A - w0/T, thus showing, as in the
gtativmary case, that the estiinotor is not consistenl.  However, as in ihe
slatiohary ease, comsistency ean be achioved by sinoothing £ . f\; by Lhe:

Fourier transforor WA of o zamowmble weighl seqpence wtjh, foot\) =

A vrr . - P . - ) .
L ]“ Wila — Ab pen ) Foonlarjda, s where pra is 2 positive sequence with

jea o Band Npa - oocas N oo. We glve conditions under which estima

tors formed in Lhis manner are coogistant and asanpsetically nermal, F X is

152
e [\_\‘ _I] [t | t.‘-]l.:

a Goaussian PO-T sequence for which %) I,

JI .
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then there exists a K - 0 for which NpaCov [§00 ), {0} 7 I for any
Jhe 01T - dand AL A £ [0, 2x). IF X s poriodically bl.d-tlf.)rl.-i.l.}-' with
fourth moments und umformly g-mixing with Y07 {én 1V < oo and &)
iz gny sequence with \_t:(_\, B33V < oo, then

Wy -+ 00 Nl = oo us N — oo Inaddition, we diseuss the canpirieal spoe-
trul nalvais of harmonizable sequences, which leads naturally o the notion
of speciral colicvence, which may be defined {heorctically as

TAL A = lirn - l il [X v A -
N 1\4"3-1‘ I:,-_‘l 5\’ ]\ ar 17210 \: (\_,I|
= lim Cor [ Xni m KlAahl,

M e

and whese squared magnitude may be estimated by

v A 1 3
RS ) 3
4 Oh A, AT = o Aoty -Yr,a—mw-»+~--r| _
RN L A |1<— o -\>—- X 2
- BT ¥ s ST =1 | = A 2—ra

L= | L

|l

where f’s"p ig the sample Fooarier iravgform of X, of length & For PC-T

soguenies, setting Ay = N and X, Ay 20k/T. we obkain

AN 2mk/T) - -
fu /\‘f(,

N — 2kl

Spectral coherouce is useful becaose (1107 may be estimated in o simple wan-
ner, {2} ils distribution iz known under a nall hypothesis eondition, and (3] in
the case of ['C seqmences, i1 gives a way Lo judyge the largeness of [, o{AL THa
harmonizable sequence has a jump (or atom] in its random spectral mcasue
at A, and at Ay, then the theorctical specteal colierence ab (4, Axl will Le
undty. Henee it becosoes inmporiant to sense the peesence of discrete spoectral
components in a wime sories and to remove them. Such methods sre also
discussed in rhis chapter. Finally, we present programs fkest.m and scoh.m
Thdt 1mplmlwm the estimator fg w i and the arupivical apectral coberene
D Ay MO given above

Chapter 11: A FParadigm for Nonparametric Apalysis of PC Time Series.  Sup-
pose vne s given g saanple of a time series sl asked the question: Doy Lhis
series exhibit the PC property or not? If so, what can we say alwout 107 This
chapter suminarizes and organizes Lhe meibods discussed in previoas chap-
ters into a procedural entline, or paradigny, for answering these questions only



14 N1 RODUL TION

within the scope of nonparametric Lime series analysiz. That i3, we consider
ondy the fools of mem correlation, aadd spocirol mewsurements,  Obviously,
our ability Lo snswer Lhese questions, especlally regarding characterivation,
will subsLaniially improve by the inclusion of PARMA tire series analvsis, a

topic to e addrossed 1o fuinre writiogs.

1.2 HISTORICAL NOTES

The wetion of DO processcs scelits 1o have begun with W R Dennett 12)
who obstrved their presence w s comimunication cheoretic connest and called
them egclostubionary. To L Gudvenko [34] initiated the sabjeet of nonpara-
metric spoctral analysis fur PO processes. Vo A Markelow 1497 aeldressed

sume level crossing problems for Ganssiau PO processes. A short time later

. (5 Gladyshey [77] publizshed 1he el analvsis of spoeral propertios aod
representations hased on the connection belween PO gequences and starion-
ary veclor asquences. e gave neorssary and sufficient conditions. in the
spirit of A Khinlehine 1291 for a doubly dexed sequenee Ris, 1) to be the
correlation of a PO sequence and argnod that all PC sequences are siromgly

harmonizable and showod that theiv gpectral support consisis of a family of

lines parallel to the mair dagonal and hoving spacing of 27/7. Tle also gave

L Teprasentations tor the processes ol couditions fov the procosses to b
vshee 78] freated continous e PC

purely nondotermingslic. In 1963 Glad
processes and introduecd the almoest poriodicully correlated processzes.

In aseries of papers Lo Herbsl 90 960] caplored seqneieos atd proceszes
whose variances may be poriodic or aimost periodic wiih vespect Lo iime; chis

b

work was Joie without 1the Lenetil of the PO stracture. W ML Brelstord (5]
ablained, for PO seqnences, o spectral-lile: representation of mixed summation

and integral Torne He also presented methods for estimation of che pertodic
cients it partsdic anlorsgression rodels.

In varlous invesiigations of asyoipiolie statiomarity, J. Kompeé de Pe

261 ) Kampd de Porict and T N, Freokie! [127]0 and Parren 178, 130

niraled onihe

20

164,

snenbioned processes that are PO in namre huat their work couds
cstimation of the apvinplotic correlation and spectral density fanctions (e

on estimation of Ba(r1 and fiyr AL sce the preceding sumamary of Chapter 6
LA FARATE ] o) W

for rhis notation),

Togive some of the carly connections to applications, Markelow [143] states
Lhat Tthe noige ontput of o parsinetric amplitier has the PO proaperty i the podse
Wit s stanionary: along similor lines, Darzen | 4 snozesied that a Poissou

process with Lime periodic parameter would be a model Tor slecieon emissions

from the cathode of g temiperatare limited diode whose flmuent wax healed
I

by an alternasing current. A S, Mondn [165] soggesrs nsing PO procosses as
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madels Yor eteorological time serics and R I Jones aud Brelsford "122] do
this for a time scries of temperal ures.

Several adeitional books touch on various aspects of PO processes. Fiest, A
Paponilis [176] dizcusses various properties of PO proccsses in an carly edition
of hiz boolk on probability aud stoctsstic proc

wear b calls Llem pertodically
stationary. L. E. Fravks [68] discusses cyelostationaty prooosses w o baok ou
connauitication Lheory,

For the contitnous time case, oL Hurd [101] showed the nature of rhe
apertral mppmr {an extinsion of Gladyshov's thesrew? for strongly harme-
uizable 1*C processes, identitied the connection hetwoen PO processes aned
those that can be made stationary by an independent waiforinly distributed
Bitne shift, and obtained consisteney results for estimation of ihe coefficient
functions Beir! and the densities fo{3). H. Ogura [ITH presented some of
the spectral vheory based on harmonizable processes, W AL Garduer, iy Lis

dirsertaiion 631 develaperd various reproseutations of continuous time PC pro-
cesses and nsed thern in the solution of estimation problams, Much of 1his
uppears in Lhe paper by Carduer and Fronks [61]. After Lhe initial work h\-’
adyshev, the topie was sericusly esamivad in the former Soviet Undow by Y

A Dragan and hiz eolleagnes; vanch of their wodk seens 1o be summarizod in
Lhres books [5i)- M. Yuglom [2277 gives many reforences
and o pice exposition of many of the hasie relationships; we ['i:‘-Llj!ﬂl[lE'.ﬂd rhis
a5 a reference for those who wish to worloin the tapic.

j.all in Rizssian, A.

Mucl work on cvelostabionary processoes followed, mainly mariviabed by
comnumications problons aund lead by Gardner, resmlring in two books [66,67].
Tn these hooks Gurener priocipally takes @ vicwpoint nioch ke Wisner’s gen-
vralized harmonic analy
A nemeanrdein segquence. The uanal notion of probabibily is replaced with a
linit of secupation time above a threshold, oF fraction of time (67,168, 'L'be

s, whore an observed sequence is considered Lo be

approach prodoced understanding and soluiions to many problams and is
therefore inferesting and wsefnl. A discussion of the two views {random and
norvandorm) may be found in {69]. Scme fater effores we darity the Wold
isonirplids i [_67._ 226)]
Huences are given in (116,117,

I 1892 Gardoer inittianed o lavge weciing, whose sub
arity dn Comarurdealions ond Signal Processing |73, which branght together
enEinenrs, stabisticiamns, wal mathematicians, Mauwy new problems and collah-
orations came {rom il meetinge.

Suh
comnninications problems, In stackstios, work ensued on struetural shoory of
PO and almest PO procesees (23, 44,46, 65,097, 98102 104, 106, £10- 115, 116~
115,143, 145, 157, 160) on spectral and covarianee estiation [5- 7,30, 30=141,
43,75, 105, 108, 104, 135, 212, 228, on resting, [7, 37,72, 107] and on PARMA
CULURT A0, 175,206, 212,213,217 214,

applicd w0 random aud oonrandon erelostationary we-

JooT wWng l"-"{‘rr'f.f) sterfio-

et work took several directions, i addition to contitusd work oo

tirne @eries
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Trberesiing work on PO processes, a littk: under-represented heie, exisls
i some other fields of study. As pointed out enrlier by Memin [1685] and
Jones aned Brelstord 1122], there iy o natnral opplicasion nmeteorology due
Lo the obvivas daily or anoual forcing. Applications of bovh parametric and
nonparamerric metheds sre indicated and have been used rather oxmensively,

We find the conneetion bovwoen IO processes and Blodh's theorem, poinded
out by . Kim, G, Nerth, and J. Tluang [1300 131 o be of groat Intorest,
An extenzive bady of rolatrd work on perioddic comtrol [153 170 has a direct

relatiom to PO sequences. Tor eotnected work in cconowies, see the hook by
. H. Transes [60] and vhe references tharein.
A recent survey on eyclostationarivy by Gurdier, A Napolitans, and T..

Paury |74] containg a very complete bibliography.

Dhovin Yhis period of developraent of PO processes, the theory of bharnnonis-
able processes also matured. H. Crameér [36] siiribides the word hormonizable
wo ML Logve [138], whe alan wiole ahoun (stronglyd Larmaonizable processes in
[139]. Yu A, Rozauov [200] wade an important early contritbaction, belore tie

more recent developiments [1 21, 0%, 82,09, 106, 144, 155, 169, 159].

PROBLEMS AND SUPPLEMENTS

1.1 PC fields indexed on 2%, A eollecrion of second order random vari-
abiles X o, indexed on T2 3s enlled o Gstroaghy) PC field with peciod (5,77 if

i

e mcon aud covarianes funciiong satisfy

mis b =mis | RS ¢ HIT. (1.2
Ris, 8/ 10— Ris | BS 4 0 IT. & + kS ¢ 1T (1.23)

fur all integers 5, 4,57 and &, 7 in &
The second order random fcld X

15 calted weakly PO with period (5,7

Ris b8t Rs+S5t+IT.8+50+T) {1.24]

Hore we roqaire S 2 0 and T 72 0 bue do ool permdl.

5 =7 = 0 beuaase this would pur no constraint on the covariance sirueture
of the field.

A wrakily PO orandom feld ig essentially a conntable collection of PO se-
quenees arranged alomg puralled lines of giope 7/5 in 29 1IF X is serongly 1°C,
then it 18 also woakly PO
1.2 Dfuliivariate PC sequences, The wullivariale sequenne
X, = | VXA XY i PO with pertod Taf

Al — PINT =l it + T (1.25)

azicl

C—mR]Y R s T =Ty (1.26)
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for every f,h =1.2, ., N and s, { & &

1.3 Almost PC sequences. A complex valued nourandom zequence f, is
called afinost persodic n the Bohy seuse if for everv @ > 0 sha set

Fisp=A{wmup|fioo — o~ e} 11.27Y
!

has bounded paps, teaning there is o real monber 4 for which every nteosl
of length A intersects E{s). A L? sequence is almost PO for every + the
sequenee BlE -7 1) is Bobr AR with respect to f,

1.4 Continuous time processes and fields, o 1 = B lhe defining
equalioms (1.6) and (1.7} as well ag {1.22] and (1.23} read exaclly the same.
Contimous tine APC processes ave L7 processes for which BRI+ 7. t) is Bohr
AP with respect &0 F for sach v A funetion @ B - I is Dohr almost
poricdie if It s contimous aud for cvery & o= 0 Lhe set £e) defined by (1.27)
hag hounded caps.






