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active set algorithms 135, 136
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see also ALERT data; SCENES data
ALERT data 318

chemical variables studied 319
interpretation of 322

algebra 32–4
algorithms 111–44

avoidance of numerical problems 229
alternating least squares algorithms 111

benefits 112
for PARAFAC model 113–19
for Tucker1 model 124
for Tucker2 model 123–4
for Tucker3 model 121–2

analysis of variance (ANOVA)
of data with complex interactions 340–6
in examples

designed data examples 324, 334–5
liquid chromatography example 312
modified-atmosphere packaging example 342–3

multiplicative approach 340–6
two-way 258

three-way array resulting from 259
see also GEMANOVA

analyte of interest, meaning of term 278
ANOVA see analysis of variance
anthropogenic loading, in VENICE data model 314
applications 257–349

analysis of variance of data with complex
interactions 340–6

chromatography 302–12
curve resolution of fluorescence data 259–75
exploratory analysis of designed data 323–40
exploratory analysis in environmental sciences

312–23

multi-way regression 285–8
process chemometrics 288–302
second-order calibration 276–85

arctic air quality data 321
array

definitions and properties 13–34
meaning of term 2

associativity 32, 33
autocorrelation plots 177
autoscaling 234, 239

bar charts/plots 176
examples 161, 168, 189, 190, 219, 330
scree plots presented as 159, 180, 186

batch ester-synthesis examples
PARAFAC analysis 186–7, 189, 325–8
residual plots 216, 218
schematic view of data array 188
see also BATCH example; SYNT example

BATCH example 323–5
PARAFAC model 325–8

interpretation of 328–33
batch polymerization example 291–301

background of example 291–3
building models 293–6

using models for on-line monitoring 296–9
process variables 292

typical time trajectories 290
batch process monitoring 290–1

building models 293–6
fermentation example 301
on-line 296–9
polymerization example 291–3, 301–2

batch processes 289
‘ideal trajectory’ concept 291

bilinear model, fitting 249–50
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bilinearity 21, 276–7
biological axis, in VENICE data model 314
biplots 176, 179, 206–13

compensation for number of objects and number of
variables 207

factors affecting 206
fudge (zoom) factor in 207

example 211, 212
practical advice for 212–13
see also joint plots

block effect in PARAFAC model 324, 325, 326
cause in BATCH example 325

block-scaling 235
Box-Cox transformation 246
bread sensory data 82–3, 286

choosing model for 155–6
influence analysis 172–3
multi-way regression 287–8
partial least squares regression 82–3
scree-like plot for Tucker3 model 162
sum of squared residuals 169

‘broken stick’ method 186, 329

calibration 10, 46, 276
multivariate 10
second-order 10, 31, 106, 141, 257

example(s) 276–85
types 276
see also second-order calibration

Canonical Decomposition (CANDECOMP) model
58, 59

see also PARAFAC model
Carroll & Chang three-way model 58, 60
cartesian plots 178–9
categorization 6
Cattell, Raymond 57, 58, 179
centering of data

across first mode 225–6
across second mode 226–7
alternatives 254–5
compared with scaling 221, 244–5
definitions 222–7
geometric view 247–9
incorrect 251–4
interdependence with scaling

multi-way arrays 243–4
two-way arrays 238–9

method of operation 229–31
and missing data 232, 251
proper 244, 245
purpose 221
and rank reduction 229, 250–1
reason for wording ‘across’ 227
reasons for 228–9
rules for 228
situations when centering does not work

232
three-way 240–1

as two-stage procedure for least squares fitting
231–2

two-way 228–32
chemical rank 24
chemical sources of variation 23–4, 31
chromatography

multi-way analysis used in 257, 302–12
three-way array for 258
see also normal-phase liquid chromatography;

reversed-phase liquid chromatography
classification methods 7
closure

and rank 26–7
restriction due to 26

color images 176
column-centering 225–6, 229–30
column-rank

of three-way arrays 30
of two-way arrays 22

columns
in three-way arrays 14, 15, 15
in two-way arrays 2, 3

comparative molecular field analysis (COMFA) 11
component models 35–7, 53

cross-validation of 149–53
selecting number of components 156–7

determination from norm of components
160–1

residuals used 161–3
scree plots used 157–60
split-half analysis used 164–6
tools for 157–66

three-way one-block data analysis using 59–76
two-mode component analysis 45–6
two-way one-block data analysis using 35–46
see also principal component analysis (PCA)

components, number of
in component models 157–66

in examples 165–6, 264–5
selection of 156–66
verifying 165–6, 267–8

in regression models 166
computational correctness 145
conceptual aspects (of multi-way data analysis) 1–5
confirmatory analysis 7
constrained Tucker3 model 95

example 95–6
number of parameters 97
uniqueness 105–6

continuous processes 289
monitoring of 289

contour plots 176–7, 178
examples 182

control chart(s) 10, 288, 289
correlation spectroscopy 177
CRAB data 215, 318, 319

chemical variables studied 319
interpretation of 321
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joint plot of data 215, 321
Tucker3 model 70, 321

cross-validation 148–53
for determination of pseudo-rank 27
example comparing various approaches 152–3
expectation maximization approach 151–2, 153

in example(s) 268–70
leave-bar-out/leave-one-sample-out method 150–1,

153
in example(s) 270, 344

of multi-way component models 149–53
of multi-way regression models 153
of PARAFAC model in example(s) 268–70

cumulative scree plot 184, 187
curve resolution 8, 180, 302

examples
batch synthesis example 189
fluorescence spectroscopy examples 259–73,

274–5
mass spectrometry 274
UV-vis spectrometry 274

cutoff values, in determination of pseudo-rank 27

data base, meaning of term 1–2
data collection 1
data set(s)

features 6
large, visualization of 216, 218

data transformations 245–7
see also centering; scaling

degeneracies
in PARAFAC models 89, 107–9

example 108–9
typical characteristic(s) 107

dendrograms 177–8, 202–4
example 204

designed data
BATCH example 323–5

interpretation of model 328–33
PARAFAC model 325–8

examples other than BATCH example 324,
334–5

model building and interpretation 336–9
exploratory analysis of 323–40
see also BATCH example; MALT example; PEAT

example; SEEDS example; SYNT example;
XPS example

diagnostics 146
diffuse spectroscopy 246
dimensionality vector, of three-way array 30
direct trilinear decomposition (DTLD) 143

algorithm 143
second-order calibration problem solved using

282
double-centering

three-way data 241
two-way data 227, 230

dyad(s) 13, 17

eigendecomposition 37
relationship with singular value decomposition 38

‘elbow’ method, example 329, 330
emulsion batch polymerization, monitoring of 301–2
environmental studies

exploratory analysis in 312–23
multi-way analysis used 70, 215, 312–23
second-order calibration example 280–3
typical three-way array for 259
VENICE data 313–14

interpretation of model 314, 316, 317
PARAFAC model 314, 315

ester synthesis, batch process 186–9, 216, 218
Euclidean distance(s) 205–6, 207

in example 209, 210, 211
Euclidean plots 206
expectation maximization

cross-validation using 151–2, 153
in example(s) 268–70

missing data handled using 151, 312
explanatory validation 146
exploratory analysis 7

in chromatography 302–12
of designed data 323–40
in environmental sciences 312–23

fermentation example, batch process monitoring of
301

first-order instruments 276
effect of interferent on calibration 278

fit of model to data, and centering of data 229
five-way data 11
flow injection analysis, second-order calibration used

in 284
flow injection analysis example

constrained Tucker3 model for 95–6
PARAFAC model for 92–3
rank-deficiency

in three-way arrays 31–2
in two-way arrays 24–6

Tucker3 model for 92–3
fluorescence spectroscopy

contour plots 182
curve resolution of data 259–73
example

assessing validity of new samples 270–2
building of three-way model 262–70
cross-calibration of model 268–70
excitation-emission matrix (EEM) 263
finding scores of new data 270
low excitation wavelengths excluded 265–6
outlying samples and variables assessed 266–7
PARAFAC model for 260–1, 266
preparing data for analysis 261–2
preprocessing of data 262
selecting number of components 264–5
solvent-related Raman scatter 261–2
using model on new data 270–3
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fluorescence spectroscopy (Continued)
using test sample scores in calibration model

272–3
verifying number of components 267–8

excitation-emission matrix (EEM) 132, 261, 263
handling of missing data 132–3
line plots 183
PARAFAC model 261–2
rank annihilation factor analysis 138
Rayleigh scatter in 132, 261, 263
residuals used for assessing number of components

162–3
rotation of Tucker3 core-array 101–2
second-order calibration in 285
split-half analysis 165–6, 267–8
uses 259

food processing, predicting product quality 78–9
four-way array(s), as fourth-order tensor(s) 32
four-way data 11
Fourier transforms 247
Frobenius norm 111
fudge (zoom) factor, in biplots 207, 211, 212

GEMANOVA see generalized multiplicative analysis
of variance

generalized eigenvalue problem 139
formulated in general terms 141

generalized multiplicative analysis of variance
(GEMANOVA) model 340–1

application 344–6
generalized rank annihilation method (GRAM) 136,

138–44
algorithm 142
basic theory 139
compared with least squares PARAFAC algorithm

142
second-order calibration problem solved using 279,

280, 282, 346–7
compared with other methods 282, 285
in example 280, 282, 283

graphing techniques
not used 175
see also plotting techniques

greyvalues, in visualization 176, 201, 202, 204, 205

Hadamard product 17
example 17
notation 17, 134
properties 17–18

Harshman three-way model 58–9, 60
heavy-metal analysis, in environmental studies 280–3
heterogeneous variables 5
heteroscedasticity

in regression modelling 195
scaling to accommodate 234

hierarchy, meaning of term 90
hierarchy of models 93–5, 154–5

higher-way data 11
histograms 177, 189

three-dimensional 201
see also bar charts/plots

history
multi-way analysis 57–9
plotting in chemical three-way analysis 180
plotting in three-way analysis 179–80

homogeneous variables 4–5
Hotelling’s T 2 statistic 172, 289
hyphenated data

examples 257
PARAFAC models for 62, 63, 64–5

ICP-AES analysis, in environmental study 70,
215

image analysis 201–2
five-way array 11
three-way arrays in 3, 11, 73
Tucker1 model used 73–4

image(s) 73, 176, 201
influence analysis 171–3

in example(s) 216, 219, 266–7
influence measures 171, 216
inner product(s), of vectors 13
intercept(s) 222

see also offset(s)
intercorrelations 5
interferent

example 280, 281
meaning of term 278

inverse problem 8
iterative preprocessing 237

joint plots 176, 179, 213–15
in example 215, 321
see also biplots

Khatri-Rao product 18, 115
example 18

Khatri-Rao product notation
PARAFAC model in 85–6
PCA model in 43, 44

Kronecker product 16, 85
example 16
properties 16–17
shorthand notation for 125

Kronecker product notation
PARAFAC model in 84
PCA model in 43, 44
Tucker1 model in 87
Tucker3 model in 68

Kruskal conditions 103, 279, 348, 349

Lambert-Beer law 280
deviations from 282

large data sets, visualization of 216, 218
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latent variables
as combinations of manifest/measured variables

35–6, 69
estimation of 7–8, 53
and Tucker models 68–9

least squares algorithms see alternating least squares
algorithms

least squares approach to missing data 133
least squares minimization 48
leverage 171–3

example using 172–3
visualization of 171, 172, 216, 219, 267

Levin, Joseph 58
line plots 176, 184–6

examples 183–5, 189, 218, 315, 316
linear projection methods 7
linearity 21
liquid chromatography

exploratory analysis in 302–11
second-order calibration in 285, 302
see also normal-phase liquid chromatography;

reversed-phase liquid chromatography
loading plots 190

in examples
batch-synthesis examples 189, 326
liquid chromatography example 307, 308, 309,

310
PEAT example 190, 191, 192, 193
SEEDS example 338, 339
VENICE data model 316, 317
wine example 209, 210

loadings (vectors) 11, 12

MacGregor’s Tucker1 model 301
Mahalanobis distance(s) 171, 207

in example 210
MALT example 324, 334

model building and interpretation 337
MANOVA, in examples 337–8
many-fit diagnostics 146
mass spectrometry

curve resolution in 274
MS/MS spectra, second-order calibration used in

284–5
matrices

pictorial representation 13, 14
as second-order tensor(s) 32

matricizing 19–20
of three-way arrays 30

matrix product(s) 13, 16–18
pictorial representation 14
see also Hadamard product; Khatri-Rao product;

Kronecker product
maximal variance structure 130
mean-centering 221

see also centering
meat shelf life see modified-atmosphere packaging

missing data
and centering 232, 251
handling 131–4

expectation maximization approach 151, 312
iterative data imputation approach 134
NIPALS approach compared with least squares

method 132–3
weighted regression approach 134

model hierarchy 93–5, 154–5
modified-atmosphere packaging 341

example data 341–2
ANOVA model 342–3
GEMANOVA model 344–6

Moore-Penrose inverse 17, 48
movies 176
multilinear engine, model for environmental data built

using 321, 322
multilinear partial least squares regression 79–83,

124–8
basis 124–5
predicting responses of new samples 127–8
see also N -PLS regression

multiple linear regression 48–9
in example 286
problems 47

multiplicative multilinear models for ANOVA
340–1

application(s) 344–6
multiplicative scatter correction (MSC)

transformation of spectra 247
multivariate calibration 8, 10
multivariate data structures 5–11
multivariate image analysis 201, 216
multivariate process monitoring

of batch processes 291
of continuous processes 289

multivariate statistical process control (MSPC)
288

multi-way arrays
addition of 32–3
outer products 33–4
subtraction of 32–3

multi-way component models, cross-validation of
149–53

multi-way covariates regression models 77, 128–30
alternating least squares algorithm 129
comparison with other regression models 83
example of use 78–9
extension to multi-way arrays 79
predicting responses of new samples 130

multi-way data, analysis of 1
multi-way regression application 285–8

background to theory 285
building a regression model 286–8
example data sets 286

multi-way regression models, cross-validation of
153
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N -mode principal component analysis see Tucker
models

N -PLS regression 79–83
comparison with other regression models 83
example 82–3, 286, 287
improved method 812

near-infrared spectra
in examples 189, 325
interpretation of 324, 338
see also visible-NIR spectrometry

nestedness, meaning of term 90
NIGER data 318, 319

chemical variables studied 319
interpretation of 321–2

NIPALS algorithm 40, 112
and missing data 132–3

NMR, second-order calibration in 285
nonlinear multivariate analysis tools 7
nonlinear transformations of data 245–6
non-negative least squares (NNLS) algorithm 136
non-negativity constraints 135–6
nonorthogonal-t PLS regression 52–3

algorithm 56
generalization 79

normal-phase liquid chromatography 302
exploratory analysis in 311–12

object(s), meaning of term 3
object-space representation 248, 249
Ockham’s razor 154
offset(s)

across first mode 222, 224
across second mode 222, 224, 225
centering across first mode 225–6
centering across second mode 226–7
constant across columns and across rows

224–5
on-line batch process monitoring 296–9

‘current deviation’ approach 297
D test statistic 297

charts 297, 298, 299, 299, 300
pictorial representation 297

SPE test statistic 297
charts 297, 298, 299, 299, 300
pictorial representation 297

one-fit diagnostics 146
optimization techniques 111–13
orthogonal-t PLS regression 51–2

algorithm 56
orthogonal transformation 99

rotation of Tucker3 model by 100, 100–2
orthogonal Tucker3 model 121

least squares algorithm for 121–2
outer product notation of PCA model 42
outer product(s)

of multi-way arrays 33–4
of vectors 13

outliers 192, 192, 208
detection of 172, 270–2

PARAFAC model 59–61
alternating least squares algorithm 113–19
block effect in 324, 325, 326
closed-form solution 136–44
compared with Tucker models 67–8, 101, 119, 154,

155–6
cross-validation of, in example(s) 268–70
degeneracies 89, 107–9, 307

ways of dealing with 308
example 62
in examples

BATCH data 325–8
batch polymerization 300
designed data 336–8
fluorescence spectroscopy 260–1, 274–5, 286
liquid chromatography 307–8
PEAT example 198, 337
VENICE data 314

expression in subspaces 140
in fluorescence spectroscopy 260–1, 274–5,

286
cross-validation of model 268–70
multi-way regression 287

generalized expression 61, 91
in heavy-metal environmental analysis 280
intrinsic axes property 63–4
in mass spectrometry 274
multi-way regression, in example 286, 287, 288
notation 60, 84–6

Khatri-Rao product notation 85–6
Kronecker product notation 84
simultaneous components notation 62–3, 63,

64
tensor products notation 84
vec-operator notation 84

number of parameters 97
partial uniqueness 105
pictorial representation(s) 61, 62, 63, 64
preprocessing of data 229, 240
relationship to Tucker3 model 67–8, 75, 86, 89,

91–3, 101, 154
scatter plots 197–8
scree plots 158–60
sequential compared with simultaneous fitting

64–5
uniqueness property 102–5
in UV-vis spectrometry 274

PARAFAC-ALS algorithm 114–15
calculating scores of new samples 118–19
convergence criterion 116
initializing 116–18

random start approach 118
rational start approach 117
semi-rational start approach 117–18
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more-efficient algorithm 115–16
second-order calibration problem solved using 282

parallel factor analysis (PARAFAC) 11–12,
59–66

see also PARAFAC model
parallel proportional profiles 57, 59
parsimony principle 57, 154

and centering of data 229
partial least squares (PLS) regression 50–3

algorithms 55–6, 125–7
basis 50–1
in example 286, 287
general scheme 53
multilinear 79–83, 124–8
nonorthogonal t vectors version 52–3, 56
orthogonal t vectors version 51–2, 56
three-way 79, 125–7
see also N -PLS regression; tri-PLS algorithm

partial uniqueness, of three-way component models
105

PCA see principal component analysis
PCA models

in examples
in batch polymerization example 294
liquid chromatography example 305–7

notation 40–5
Khatri-Rao product notation 43, 44
Kronecker product notation 43, 44
with matrices and vectors 41–2
outer product notation 42
with typical elements and summation 40–1
vec-operator notation 43, 44

pictorial representations 44, 45
PEAT example 324, 334–5

bar plots 161, 190, 219
dendrogram 204
images of matricized arrays 203
images of Tucker core array 205
influence plots 216, 219
line plots 198
loading plots 191, 193, 198, 199
model building and interpretation 337
particle size distribution 187–9, 190
residual plots 203, 216, 217
scatter plots 191, 193, 198, 199, 219, 337
schematic view of data array 188
scree plots 159–60
squared Mahalanobis distance plot 219
three-dimensional loading plots 194

Penrose problem 129
permutational nonuniqueness 98
pictorial representation, rules for 13, 14
plotting techniques 175–9

biplots 176, 179, 206–13
dendrograms 177–8, 202–4
history 179–80
joint plots 176, 179, 213–15

leverage plots 216
line plots 176, 184–6
listed 176, 177
psychology of proportions 199, 200
residual plots 216
scatter plots 176, 178, 190–2

problems 192–201
scree plot(s) 157–8, 180–1, 184

polyaromatic compounds
contour plots 182
line plots 183

polymerization, batch process monitoring of 291–3,
301–2

prediction error sum of squares (PRESS) 27, 148–9,
152

preprocessing 221–55
factors affecting 2
iterative 237
other types 245–7
three-way 239–44
two-way 228–38
see also centering; scaling

principal component analysis (PCA) 7, 11, 37–45
formal treatment 38–40
N -mode see Tucker models
outer product notation 42
Pearson’s (‘variance explained by principal

components’) approach 38, 39–40, 54–5
preprocessing of data 253, 254
scatter plots in 192, 195–7
as singular value decomposition 40, 206–7
‘variance of principal components’ approach 38,

39, 54
see also PCA models

principal component regression (PCR) 49–50
in example 286, 287

problem definition 2
process chemometrics 257, 288–302

typical three-way array for 258
see also batch synthesis example

process control, meaning of term 288
process monitoring

batch processes 290–1
example 291–6

continuous processes 289
meaning of term 288
on-line 296–9
operational/test phase 289
purpose 289
training phase 289
type of variation 289

process variable measurements, to control product
quality 290

product quality measurements 290
projection methods 7
proper centering 244, 245
proper scaling 244, 245
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pseudo-rank
of three-way arrays 30–1

analysis in example 293, 294
of two-way arrays 24, 25

determination of 27

quantile plots 177
quantitative structure-activity relationships (QSARs) 8

three-dimensional (3D-QSAR) 11

rainwater example, scaling of data 233–4
rank

mathematical concept not convenient in chemical
modelling 23–4

of three-way arrays 28–32
of two-way arrays 22–8

k-rank 28
rank annihilation 59
rank annihilation factor analysis (RAFA) 136–8

automated version 138–42
line plots after 180, 184
see also generalized rank annihilation method

rank deficiency
in three-way arrays 31–2
in two-way arrays 24–5

rank reduction 25–6, 137
automation of 138
and centering of data 229, 250–1

rank-one second-order instruments 276
receptor modeling 320

examples of applications 318, 320–1
regression methods

optimization problems 9
prediction problems 8

regression models 46–8, 53
cross-validation of 153
nomenclature 47
scatter plots for 192, 195
selecting number of components 166
three-way two-block data analysis using 76–83
two-way two-block data analysis using 46–53

residual analysis 166–70
residual plots 216

in examples
liquid chromatography example 307
PEAT example 203, 217

residuals 167
number of components determined using 161–3
techniques for studying 169–70
visualization of 163, 169–70

restricted Tucker3 model 122
reversed-phase liquid chromatography

exploratory analysis in 302–11
second-order calibration in 285

reversed-phase liquid chromatography example 302–4
building and using models 304–11

initial calculations 304–7

PARAFAC analysis 307–8
principal component analysis 305–7
Tucker3 analysis 308–11

mobile phase in 303
retention factors calculated and transformed 304–5
solutes in 303, 304
stationary phases in 303

source of variation 304
rotational freedom

in PCA models 40
in Tucker3 models 99

row-centering 226–7
row-rank

of three-way arrays 30
of two-way arrays 23

rows
in three-way arrays 14, 15, 15
in two-way arrays 2, 3

Savitzky-Golay smoothing derivative 186, 189, 247,
327

vis-NIR spectra affected by 189, 328
scalar(s)

pictorial representation 13, 14
as zero-order tensor(s) 32

scaling of data 5, 178, 232–8
alternatives 237–8
compared with centering 221, 244–5
definitions 222–7
examples 233–4, 235, 236
incorrect 243
interdependence with centering

multi-way arrays 243–4
two-way arrays 238–9

method of operation 235–7
proper 244, 245
purpose 221
reason for wording ‘within’ 227
reasons for use 234–5
rules for 228
situations when scaling does not work 237
three-way arrays 242–3

incorrect use of scaling 243
two-way arrays 232–8
within first mode

three-way data 242
two-way data 227, 235

within second mode, two-way data 227, 235
scaling nonuniqueness 98
scatter plots 176, 178, 190–2

examples 195–7, 333, 336
of images 201
problems 192–201

including the origin 200–1
(non)orthonormality of base 192, 195–8
scale problems 199
sign indeterminacy 200
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for regression plotting 192, 195
three-dimensional 176, 192, 194
see also loading plots; score plots

SCENES data 318
chemical variables studied 319
interpretation of 322

scientific visualization 218
score plots 190

examples 197, 208–10, 295–6, 307, 330, 333
batch polymerization example 295–6
batch synthesis example 330, 331
liquid chromatography example 307
wine example 208–10

scores (vectors) 11–12
predicting for new data 127, 270

scree plot(s) 157–8, 180–1, 184
examples 159, 186
hypothetical example 158
for PARAFAC model 158–60
for Tucker3 model 161, 162

second-order advantage 106, 278
second-order calibration 10, 31, 106, 141, 257

applications
in chromatography 302
flow injection analysis 284
heavy-metal environmental analysis 280–3,

284
background of theory 276–80
disadvantages 284
environmental example 280–5

building and using models 280, 282
principles 280, 281

typical three-way array for 258
second-order calibration problems

case (ii): mixtures with more than one interferent
279, 347–8

case (iv): multiple mixtures 279
case (iii): multiple standards 279, 348–9
case (i): standard containing several analytes 279
generalized rank annihilation solution 279, 280,

282, 346–7
compared with other methods 282, 285
in example 280, 282, 283

second-order instruments 276
effect of interferent on calibration 278

SEEDS example 324, 335
model building and interpretation 337–8, 338,

339
segmented cross-validation 149
selection of model 154–6
selection of number of components 156–66

in example(s) 165–6, 264–5, 294
sensory analysis

comparing configurations 9
prediction methods 82–3
selection of model 155–6

sign reversal problems 200, 331, 333

simultaneous components notation
Tucker1 model in 87
Tucker2 model in 86
Tucker3 model in 86

simultaneous two-way centering and scaling
238–9

single-centering
of three-way data 241
of two-way data 227, 230

singular value decomposition (SVD) 37
in examples

in batch synthesis example 328–9
wine example 208

principal component analysis as 40, 206–7
relationship with eigendecomposition 38
weights in tri-PLS1 obtained from 144

slab-centering 227
spectral analysis plots 177
split-half analysis 164–6

examples 165–6, 267–8
squared Mahalanobis distance(s)

calculation of 172, 271
leverage viewed as 171, 172, 216, 218
in outlier detection 172, 271–2

Standard Normal Variate (SNV) transformation of
spectra 247

statistical reliability 146
sub-arrays 20, 167
subspaces

finding suitable subspaces from real data 140–1
PARAFAC model expressed in 140

sufficient variation 105
sugar quality example 286

multi-way regression 286, 287
supervised classification 7
‘swamp’ (slow convergence) 117, 229

avoidance of 117, 229
SYNT example 324, 336

model building and interpretation 338–9
PARAFAC analysis 186–7, 189, 338–9

tensor analysis 32
tensor product 18–19
tensor product notation

in PARAFAC model 84
in Tucker2 model 87
in Tucker3 model 86

test-set validation 147
in example(s) 271, 272

theoretical appropriateness 145
thin-layer chromatography, second-order calibration

in 285
third-order instruments 278
three-dimensional histograms 201
three-dimensional scatter plots 176, 192

examples 194
three-dimensional visualization 177, 216
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three-way array(s)
columns 15, 15
decomposition of 11–12
degrees of freedom 97
dimensionality vector 30
frontal slices 3, 4, 14, 14
horizontal slices 3, 4, 14, 14
pictorial representation 13, 14
preprocessing of 239–44
rank of 28–32

border rank 29
definitions 28–9
determination of 32
individual rank 29
maximum rank 29
properties 29
typical rank 29

rows 15, 15
as third-order tensor(s) 32
tubes 15, 15
vertical slices 3, 4, 14, 14

three-way component models 59–76
complexity 97
degrees of freedom 97
extensions for multi-way arrays 76
fitting errors 96
general framework for 75–6
hierarchy 90
nestedness 90–1
number of parameters in 96–7
PARAFAC models 59–66
properties 89–109
relationships between 89–97
Tucker models 66–75
uniqueness in 98, 102–6
see also PARAFAC models; Tucker models

three-way data, representation 2–3, 3
three-way multiblock data 10
three-way one-block data 9–10

calibration and resolution 10
exploration of 9–10
models for 59–76

three-way partial least squares regression 79
algorithm(s) 125–7
see also Tucker1-PLS model

three-way regression models 76–83
sequential methods 76, 79–83
simultaneous methods 76, 77–9

three-way two-block data 10
models for 76–83

Thurstone’s principle of parsimony 57
tri-PLS1 algorithm 125–6

weights obtained from singular value
decomposition 144

tri-PLS2 algorithm 126–7
triad(s) 18

visualization of 18
trilinear decomposition see PARAFAC model

trilinear decomposition (TLD) algorithm 143
trilinearity 21, 277–8
tube-rank, of three-way arrays 30
tubes, in three-way arrays 14, 15, 15
TUCKALS3 algorithm 121–2

initializing 122–3
Tucker, Ledyard 58, 66, 179
Tucker congruence coefficient 107, 229

calculation of 107
in examples 268

Tucker models 66–75
algorithms for fitting 121–2, 123–4
hierarchy 93–5
interpretation in terms of new basis 71–2
pictorial representations 67, 73, 75
uniqueness in 98

Tucker1 model 73–5
algorithm for fitting 124
alternating least squares algorithm for 124
derivation from Tucker2 model 94
differences between MacGregor and Wold

approaches 301
in examples

batch polymerization process 294, 295, 296, 298,
299, 301

image analysis 73–4
in Kronecker product notation 87
number of parameters 97
pictorial representation 75
in simultaneous components notation 87
in summation notation 74

Tucker1–PLS model 79
comparison with other regression models 83

Tucker2 model 72–3
algorithm for fitting 123–4
alternating least squares algorithm for 123–4
derivation from Tucker3 model 94
number of parameters 97
pictorial representation 73
in simultaneous components notation 86
in tensor product notation 87

Tucker3 model 66–72
algorithm for fitting 121–2
alternating least squares algorithm for 121–2

convergence criterion 122
initializing 122–3

calculating scores of new samples 123
closed-form solution 120–1
compared with PARAFAC model 67–8, 101, 119
constrained 95

in FIA example 95–6
number of parameters 97
uniqueness 105–6

core array in 66, 119
analysis 156
calculating 119–20
rank 107
rotating 101–2, 130–1, 156
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simplifying 99–101
size 30, 106
visualizing 204–5, 321

decomposition of 66–7, 213–14
deriving from latent structure 68–9
in examples

batch polymerization process 294–5, 296, 296,
298, 300, 301

environmental studies 70, 321, 322
liquid chromatography example 308–11

generalization for three-way arrays 67, 93
Kronecker multiplication for 68
in Kronecker product notation 68
least squares algorithm 121–2
number of parameters 97
pictorial representation 67, 213
properties 66, 70–1, 94, 106–7
relationship to PARAFAC model 67–8, 75, 86, 89,

91–3, 95, 101, 154
rotational freedom in 99
scree plot for 161, 162
in simultaneous components notation 86
squared Mahalanobis distance 173
in tensor product notation 86

Tucker3 regression, in example 286, 287
two-factor degeneracy 107, 116, 117
two-mode component analysis 45–6
two-way array(s)

decomposition of 11, 35, 36
preprocessing of 228–38
rank of 22–8

definitions 22–3
determination of 27
properties 23

rows and columns 2, 3
two-way centering 228–32
two-way data

centering of 228–32
representation 2, 3
scaling of 232–8

two-way multiblock data 9
two-way one-block data 6–8

analysis using component models 35–46
classification methods 7
estimation of underlying phenomena 7–8
exploration of 6–7

two-way scaling 232–8
two-way two-block data 8–9

analysis using regression models 46–53
exploring and optimization problems 8–9
prediction problems 8

unfolding, meaning of term 19
uniqueness property

component models 98, 102–6
meaning of term 98, 103

constrained Tucker3 models 105–6
PARAFAC models 102–5
principal components 40
Tucker models 98

unsupervised classification 7
UV-vis spectra

analysis of 274
examples of offsets 223–6

UV-vis spectrometry
curve resolution in 274
second-order calibration in 285

validation
meaning of term 145–7
see also cross-validation

variable(s)
latent 7–8
meaning of term 3
types 4–5

variable-space representation 248–9
variation, chemical sources 23–4
vec-operator 15–16

notation in PARAFAC model 84
notation in PCA model 44

vector(s)
as first-order tensor(s) 32
multiplication of 13, 14
pictorial representation 13, 14

vector product 13, 14
VENICE data 313–14, 318, 319–20

chemical variables studied 319
PARAFAC model 314, 315

interpretation of model 314, 316, 317, 321
visible-NIR spectrometry, batch synthesis monitored

using 186, 323, 336
visualization 175–220

of large data sets 216, 218
of residuals 163, 169–70
see also plotting techniques

water quality, in environmental studies 215,
319–20

wavelet transforms 247
weather systems data, visualization of 216, 218
weighted least squares fitting, and scaling

236–7
wine example 208–12
Wold’s Tucker1 model 301

X-ray photoelectron spectroscopy 334
see also XPS example

XPS example 324, 334
model building and interpretation 336–7

zeroth-order instruments 276
effect of interferent on calibration 278

With kind thanks to Paul Nash for compilation of this index.


