Chapter 1

INTRODUCTION

1.1 MODELS

a. Linear models (LM} and linear mixed models (LMM)

lin almest o] uses of slatislics, major intorest conters on averages and
ol varistion about those sverages, Tor wore than sixty vears this n-
terest hos frequently mandfosted isell in the widespread use of analvsis
of varisnce (ANOVAY as orvieinally developed by R AL Fisher, This

involves oxproessing an observalion as a sum ol o mean plus difforonces

between weans, which, nuder certaiu ciroustances, leads to methods
for moaking inferences about means or aboul the naluee of variabik
ity. The vsvally-quoted sel of clroniustances which permits this §s that
the expected value of cach datnm be taken as o lnear combination of
nnknown poaramclors, considerad ag congstantar ane that che dais. he
deomed o have come roin a norngal disureibuition, Thas e linear re-
ruirenient is such that the cxpectec value (e, mean), g, of 4 random
obaervalion yy can be, for exaraple, of the form gy = oy |5 where
jb. g and A are unluown corstants  unknowu. bt which we want to
cstinale. And the novmalicy requirement would e that p,; 15 normally
disrritmted with mean g5, These requirements are the essense of what
wo ol v Liear mmodef, or LM for shorls By thal we mcan Lhal ihe
wodel is luear in the parameters, so Vlncarity”™ also nclades being of
the form jry, = by + by + b8, | or example, where the s are kuown
atd theve can be (nnd often ave) more than nwo of them.

A vaiant of LMs i3 where paramcters in an LM are treated nol as
constants bof as (realizalions of) random variables. To dencte this dif-
fetent menning we represent parameters treated as random by [otnan
rather than {rreek fetiers, Thus it the o incthe exoinple were to be ean-
sidered vancdom, they would be denoted by as, so giving, g = p—ay 13,
With the 35 rovoaining ag constancs, g,: is then a mixture of random
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and constant terms, Correspondingly, the model (which is still linear)
iz called a lineor mized model, or LMM. Uniil recontly, most uses of
gnch models have involved treating random a;8 as having zero mean,
being homoscedastic (Le., having equal variance) with variance o2 and
being uncorrelated. Additionally, normality of the a;s i usually also
invoked.

There are many hooks dealing at length with LMs and LMMs, We
name but a few: Graybill (1976). Seber (1977}, Arnold (1981), Hocking
(1985}, Searle {1997), and Searle et al, {1992).

b. Generalized models (GLMs and GLMDMs})

The last twenty-five vears or €0 have scen LMs and LMMs extended
to generalized linear models (GLMs) and to generalized linear mizved
models (GLMMs), The cesence of this generalization is two-fold: one,
that data are not necessarily assumed to be normally distribnrted; and
two, that {he mean is not necessarily taken as a lincar combination
of parameters but that some function of the mean is. For example,
count data may follow a Poissou distribution, with mean A, say; and
log A will be taken as a linear combination of parameters. If all the
parameters are considered as fixed constants the model 18 a GLM; if
some ave treated as random it is a GLMM.

The methodology for applyving a GLM or o GLMM to data can be
quite different from that for an LM or LMM. Nevertheless. some of the
latter is indeed a bagis for contributing to analysis procedures for GLMs
and GLMMs, and to that extent this book does describe some of the
procedures for LMz (Chapter 4) and LMMs (Chapter 6); Chaptlers 5
and 7 theu deal, respectively, with GLMs and GLMMs. Chapters 2 and
3 provide details for the hasic modeling of the one-way classificarion
and ol regression, prior to the general cases treated later.

1.2 TFACTORS, LEVELS, CELLS, EFFECTS AND DATA

We arc often interested in atiributing the variability that is evident
in data to the various categories, or classifications, of the data., For
example. in a study of basal cell epithelioma sites (akin to Abu-Libdeh
et al., 1990}, patients might be classified by gender, age-group and
extent of exposure to sunshine. The various groups of data could be
summarized in a table such as Table 1.1.

The three classifications, gender, age, and cxposure to sunshine,
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Table 1.1: A Format for Sumnmarizing Data

Low Exposure Lligh Exposure
to Sunshine 1o Sunshine |
Age Group Age Group !
Gender A B C Al B T C .
Male | I
Female .
Table 1.2: Summarizing Exam Grades
English Geology
Section Section
Gender —3—1 [ T @ EY B c
Male : E
wfemale_gr Jl_ |]

which identify the source of each datum are called factors., The in-
dividual classcs of a classification are the levels of a factor (e.p.. male
and female are the two levels of the factor “gender”™). The subsct of
data occurring at the “inlersection”™ of one level of every factor heing
considered is said to be in a cell of the data. Thus with the three fac-
tors, gender (2 levels), age (3 levels) and sunshine (2 levels}, there are
2x3x2=12 cells.

Suppose that we have student exam grades from cach of three sec-
tions in English and Geology courses. LThe data could be summarized
as in Table 1.2, gimilar to Table 1.1. Although the layout of Table 1.2
has the same appearance as Table 1.1, scctions in Table 1.2 are very
different from the age groups of Lable 1.1. In Table 1.2 section A of
Lnglish has no connection to (and will have different students from}
section A of Geology; in the same way netlher are sections B (or C)
the same in the two subjects. Thus the scetion factor s nesfed within
the subject factor. In contrast, in Table 1.1 the three age groups are
the same for both low and high exposures to sunshine, The age and
sunshine factors are said to be crossed.

In classifving data in terms of factors and their levels, the feature
of interest is the extent to which different levels of a factor affect the
ariable of interest. We refer to this as the effect of a level of a factor
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on that variable. The effects of a factor are always one or other of
two kinds, as introduced in Section 1.1 in terms of parameters. First
is the case of parameters being considered as fixed constants or, as we
henceforth call them, fized ¢ffects. These are the effects artributable to
a linite sct of tevels of a factor that occur in the data and which are
there because we are interested in them. In Table 1.1 the effects for all
three factors are fixed effects.

The second case corresponds to what we earlier deseribed as parame-
ters being considered randoni. now to be called random effects. These
are attributable to a {usually} infinite set of levels of a factor, of which
only a random sanmple are deemed to occur in the data. For cxam-
ple, four loaves of bread are taken from each of six batches of bread
baked at three different temperatures. Since there is definite interest
in the particular baking temperatures used, the statistical concern is to
estimate those temperature effects; they are fixed effects. No assump-
tion 15 made that the temperature clleets are random. Indeed, even if
the temperatures themselves were chosen at random, it would not he
sensible to agsume that the lemperature effects were random. This is
hecause temperature is defined on a continwam and, for example, the
cffect of a temperature of 450.117 js almost always likely 1o he a very
similar to the effect of a 450.12% temperature. This nullifies the idea of
temperature effects being randon.

In contrast, batches are not defined on a continnaum,. They are real
objects, just as are people, or cows, or clinies and so, depending on the
clreumnstance, il can be perfectly reasonable to think of their cifects as
being random. Moreover, we can do this even if the objects themselves
have not been chosen as a random sample —- which, indeed, they seldom
arc. So we assume that bateh clfeets are random, and then interest in
them lies in estimating the variance of those effects. Thus data from
this experiiment would be considered as having two sources of random
variation: hatch variance and, as usual, error variance. These two
variances are known as variance components: [or lincar models their
suin is the variance of the variable being observed.

Models in which the only effects are fixed cffects are called fired
effects models, or sometimes just fized meodels. And those having (apart
from =a single, general mean commmon to all observations) only random
effects are called random effects models or, more simply, random maodels.
Further examples and propertics of fixed effects and of random effects
arc given in Seclions 1.5 aod 1.4,







































