Chapter 1 intr oducedthe averagerate of
changeof a function on an interval. In this
chapter, we investigatethe instantaneous rate of
changeof a function at a point. The notion of
rate of changeat a giveninstant leadsusto the
conceptof the derivative.

The derivative can be inter pretedgeometrically
asthe slopeof a curve and physically asa rate
of change.Derivativescan be usedto represent
everything from uctuations in interestrates,
to the rate at which sh aredying, to the rate of
growth of atumor.
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2.1

INSANANEOURATEOFCHANGE

Chapterl introducedthe averagerate of changeof a functionover aninterval. In this section,we
considerthe rate of changeof a function at a point. We sav in Chapterl thatwhenan objectis
moving along a straightline, the averagerate of changeof positionwith respectto time is the
averagevelocity. If positionis expresseasy = f (t), wheret is time,then

y_f( f@.

Averagerateof changen position
Tt b oa

betweert = aandt = b t
If you drive 200 milesin 4 hours,your averagevelocity is 200=4 = 50 miles perhour. Of course,

this doesnot meanthatyou travel at exactly 50 mphtheentiretrip. Your velocity ata giveninstant
duringthetrip is shavn onyour speedometeandthis is the quantitythatwe investigatenow.

Instantaneou%elocity

t

We throw a grapefruitstraightupward into the air. Table 2.1 givesits height,y, attime t. Whatis
thevelocity of thegrapefruitatexactlyt = 1? We useaveragevelocitiesto estimatethis quantity

Table 2.1 Heightof the grapefruitabovethe ground

t (sec) 0 1 2 3 4 5 6
y = s(t) (feet) 6 90 | 142 | 162 | 150 | 106 | 30

The averagevelocity ontheinterval 0 t 1 is 84 ft/secandthe averagevelocity on the
interval 1  t  2is 52 ft/sec. Notice that the averagevelocity beforet = 1 is largerthanthe
averagevelocity aftert = 1 sincethegrapefruitis slowing down. We expectthevelocityatt = 1to
bebetweernthesetwo averagevelocities.How canwe nd thevelocity atexactlyt = 1? We look at
whathappensieart = 1in moredetail. Supposehatwe nd the averagevelocitieson eitherside
of t = 1 oversmallerandsmallerintenals,asin Figure2.1.Then,for example,

y _ s(1:01)

Averagevelocity
betweert = 1andt = 1.01 t

s(1) _ 90:678 90

101 1 001 = 67:8ft/sec.

We expecttheinstantaneougelocityatt = 1to bebetweertheaveragevelocitiesoneitherside
oft = 1. In Figure2.1,thevaluesof theaveragevelocity beforet = 1 andtheaveragevelocity after
t = 1 getclosertogetherasthe sizeof theintenal shrinks.For the smallestintenalsin Figure2.1,
bothvelocitiesare68.0ft/sec(to onedecimalplace),sowe saythe velocity att = 1 is 68.0ft/sec
(to onedecimalplace).

| 0 | 0:9 | 0:99 | 0:999 | 1 | 1:001 | 1:01 |

1:1| 2|

y =s(t) ‘ 6:000 ‘ 83:040 ‘ 89:318 ‘ 89:932 ‘ 90:000 ‘ 90:068 ‘ 90:678 ‘ 96:640 ‘142:000‘

Average velocity

Average velocity

84 ft/sec 52 ft/sec
Average velocity Average velocity
69:6 ft/sec 66:4 ft/sec

Average velocity
68:2 ft/sec

Average velocity
67:8 ft/sec

Average velocity ~ Average velocity
68:0 ft/sec

68:0 ft/sec

Figure 2.1: Averagevelocitiesoverintenalson eithersideof t = 1 shaving successiely smallerintervals
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Of course,if we shaved more decimalplaces the averagevelocitiesbeforeandaftert = 1
would no longer agree.To calculatethe velocity att = 1 to more decimalplacesof accuray,
we take smallerandsmallerintervals on eithersideof t = 1 until the averagevelocitiesagreeto
the numberof decimalplaceswe want. In this way, we canestimatethe velocity att = 1to ary
accurag.

De ningInstantaneou%elocityUsingthe ldeaof a Limit

Whenwe take smallerintervalsneart = 1, it turnsoutthatthe averagevelocitiesfor the grapefruit
arealwaysjustabove or justbelov 68 ft/sec.It seemsatural,then,to de ne velocity attheinstant
t = 1to be68ft/sec.Thisis calledtheinstantaneouselocityat this point. Its de nition depends
on our being corvinced that smallerand smallerintervals provide averagevelocitiesthat come
arbitrarily closeto 68. This processs referredto astakingthelimit.

The instantaneous velocity of an objectat time t is de ned to be the limit of the average
velocity of the objectover shorterandshortertime intervals containingt.

Notice thatthe instantaneouselocity seemgo be exactly 68, but whatif it were68.000001?
How canwe besurethatwe have takensmallenoughintervals?Shawving thatthelimit is exactly 68
requiresmorepreciseknowledgeof how the velocitieswerecalculatedandof thelimiting process;
seethe Focuson Theorysectionon pagel35.

InstantaneouRateof Chang@

We cande ne theinstantaneousate of change of ary functiony = f (t) atapointt = a. We mimic
whatwe did for velocity andlook atthe averagerateof changeover smallerandsmallerintervals.

The instantaneous rate of change of f at a, alsocalledthe rate of change of f ata, is
de ned to bethelimit of the averageratesof changeof f over shorterandshorterintervals
arounda.

Sincetheaveragerateof changds a differencequotientof theform y= t, theinstantaneous
rateof changes alimit of differenceguotientsin practice we oftenapproximatea rateof change
by oneof thesedifferencequotients.

Example 1

Solution

Thequantity(in mg) of adrugin thebloodattimet (in minutes)is givenby Q = 25(0:8)¢. Estimate
therateof changeof thequantityatt = 3 andinterpretyour answer

We estimateéherateof changeatt = 3 by computingthe averagerateof changeoverintervalsnear
t = 3. We canmake our estimateasaccurateaswe like by choosingour intenals small enough.
Let'slook attheaveragerateof changeovertheintenal3 t  3:0L:

Q _ 25(08)%01 25(0:8)° 127715 1280 _

Averagerateofchangez—t 301 300 = ~301 300 2:85

A reasonablestimatefor the rate of changeof the quantityatt = 3is 2:85. SinceQ isin
mg andt in minutes,theunitsof Q= t aremg/minute.Sincetherateof changes negative, the
guantityof thedrugis decreasingAfter 3 minutesthequantityof thedrugin thebodyis decreasing
at 2:85 mg/minute.

In Examplel, we estimatedherateof changeusinganintenal to theright of thepoint(t = 3
tot = 3:01). We could usean intenal to the left of the point, or we could averagethe ratesof
changeo theleft andtheright. In thistext, we usuallyuseanintenval to theright of the point.
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TheDeriativeata Point

Theinstantaneousateof changeof afunctionf atapointa is soimportantthatit is givenits own
name the derivativeof f at a, denotedf (a) (read“f -prime of a”). If we wantto emphasizehat
f (a) is the rate of changeof f (x) asthe variablex increaseswe call f qa) the deriative of f

with respecto x atx = a. Noticethatthederivative is just a newv namefor therateof changeof a
function.

Thederivative of f at a, writtenf %a), is de ned to be the instantaneougateof changeof
f atthepointa.

A de nition of thederiative usingaformulais givenin the Focuson Theorysectionon pagel35.

Example 2

Solution

Estimatef %2) if f (x) = x.

Sincef 92) is the derivative, or rateof changepof f (x) = x2 at 2, we look at the averagerate of
changeoverintenalsnear2. Usingtheinterval2 x  2:001, we seethat

Averagerateof change _ (2:001® 23 8012 8 _ 120
on2 x 2001 2001 2 0001 T

Therateof changeof f (x) atx = 2 appearso beapproximatelyl2, sowe estimatef 92) = 12

Visualizinghe Deriative:Slopeof the GraphandSlopeof the TangentLine

Figure2.2shavstheaveragerateof changeof afunctionrepresentetly the slopeof the secantine
joining pointsA andB . Thederivative is found by taking the averagerate of changeover smaller
andsmallerintervals.In Figure2.3,aspoint B movestoward point A, the secantine becomeghe
tangentline at point A. Thus, the derivative is representedby the slopeof the tangentline to the
graphatthepoint.

Slope = Average rate
of change

=1
} w 7 | Slope = Instantaneous rate of change
: } X | X
a b a

Figure 2.2: Visualizingthe averagerateof Figure 2.3: Visualizingtheinstantaneousate
changeof f betweera andb of changeof f ata

Alternatively, take the graphof afunctionarounda pointand“zoomin” to getaclose-upview.
(SeeFigure2.4.) Themorewe zoomin, themorethegraphappearso be straight.We call the slope
of thisline the slopeof thegraphat the point; it alsorepresentshe derivative.

Thederivative of afunctionatthepointA is equalto

Theslopeof thegraphof thefunctionatA.
Theslopeof theline tangento thecurve atA.
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More linear Almost completely

S linear
/ Slope of line =
) A Slope of
\ curve at A

Figure 2.4: Findingthe slopeof a curve ata pointby “zoomingin”
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Theslopeinterpretatioris oftenusefulin gainingroughinformationaboutthederivative, asthe

following examplesshow.

Example 3 Useagraphof f (x) = x? to determinavhethereachof thefollowing quantitiess positive, negative,

orzero: (a) f91) () Y 1) © 92 d) f90)

Solution Figure 2.5 shavs tangentline sggmentsto the graphof f (x) = x? atthepointsx = 1,x = 1,
x = 2,andx = 0. Sincethederiative is the slopeof thetangentine atthe point, we have:
(@) f Y1) is positive.
(b) F9 1) is negative.
(c) f9%2) is positive (andlargerthanf %1)).
(d) f90) = 0 sincethegraphhasa horizontaltangentatx = O.
Figure 2.5: Tangentinesshawing signof derivative of f (x) = x?
Example4 Estimatethederivative of f (x) = 27 atx = 0 graphicallyandnumerically
Solution Graphically:If we drav atangentine atx = 0to theexponentialcurvein Figure2.6,we seethatit

hasa positive slopebetweerD:5 and1.

f(x)=2"
Slope =1
i
. Tangent line
Slope = 0:5 “7 Slope=f%0) 0:693
1
A
B
1 : X
1 1

Figure 2.6: Graphof f (x) = 2* shawing thederivative atx = 0
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Numerically: To estimatethe derivative at x = 0, we computethe averagerate of changeon an
interval aroundO.

Averagerateof change _ 200001 20 1:000069317 1 _ 069317
on0 x 00001 00001 0 0:0001 e '

Sinceusingsmallerintervals givesapproximateljthe samevalues,it appearghatthe deriative is
approximately0:69317 thatis, f 40)  0:693

Example 5 Thegraphof afunctiony = f (x) is shavn in Figure2.7. Indicatewhethereachof the following
gquantitiess positive or neggative, andillustrateyour answergraphically

@ £ w &0 © @ 1@

f(x)

X

1 1 1 1 1 1 1
12 3 4567
2.

Figure 2.7
Solution (a) Sincef q1) is theslopeof thegraphatx = 1, we seein Figure2.8thatf Y1) is positive.
f(x) / f(x)
® 1@ 54

ORI

\
\
|

4

Figure 2.9 Figure 2.10

(b) Thedifferencequotient(f (3) f (1)) =3 1) is theslopeof the secantine betweerx = 1
andx = 3. We seefrom Figure2.9thatthis slopeis positive.

(c) Sincef (4) is thevalueof thefunctionatx = 4 andf (2) is thevalueof thefunctionatx = 2,
theexpressiorf (4) f (2) isthechangen thefunctionbetweerx = 2 andx = 4. Sincef (4)
liesbelow f (2), this changds negative. SeeFigure2.10.

Estimatinghe Deriativeof a FunctionGivenNumericajl

If we aregivenatableof valuesfor afunction,we canestimatevaluesof its derivative. To do this,
we have to assumehatthe pointsin the tablearecloseenoughtogetherthatthe functiondoesnot
changewildly betweerthem.

Example 6 Thetotal acreagef farmsin the US!' hasdecreasedince1980.SeeTable2.2.
Table 2.2 Total farmlandin million acres

Year 1980 1985 1990 1995 2000
Farmland(million acres) | 1039 1012 987 963 945

(a) Whatwasthe averagerateof changen farmland betweeril980and20007?
(b) Estimatef 941995) andinterpretyour answelin termsof farmland.

IStatistical Abstracts of the United States 2004-2005, Table 796.
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Solution (a) Between1980and2000,

945 1039 94 _

Averagerateof change= 5600 1980- 20 -

4:7 million acresperyeat

Between1980 and 2000, the amountof farm land was decreasingat an averagerate of 4:7
million acresperyear
(b) We usetheinterval from 1995to 2000to estimatethe instantaneougateof changeat 1995:

Rateof change
in 1995

945 963 _ 18 _

f %1995) = 979 999
( ) 2000 1995 5

3:6 million acresperyear.

In 1995,the amountof farm land wasdecreasingt a rate of approximately3:6 million acres
peryear

Problemsfor Section2.1

1. Thedistance(in feet) of an objectfrom a pointis given

5. If t is in yearssince2000,the population,in thousands,

by s(t) = t2, wheretimet is in seconds.

(a) Whatis the averagevelocity of the objectbetween
t =3 andt =57?

(b) By usingsmallerandsmallerintervalsaround3, es-
timatetheinstantaneouselocity attimet = 3.

. In atime of t secondsa particlemovesa distanceof s
metersfrom its startingpoint, wheres = 4t2 + 3.

(a) Find the averagevelocity betweent = 1 andt =
1+ hif:
@i h=0:1, (i) h=0:01, (i) h=0:001.
(b) Useyour answerdo part (a) to estimatethe instan-
taneousrelocity of theparticleattimet = 1.

. Thesize,S, of atumor(in cubicmillimeters)is givenby
S = 2', wheret is thenumberof monthssincethetumor
wasdiscovered.Give unitswith your answers.

(a) Whatis thetotal changen thesizeof thetumordur-
ing the rst six months?

(b) Whatis theaveragerateof changein thesizeof the
tumorduringthe rst six months?

(c) Estimatethe rate at which the tumor is growing at
t = 6. (Usesmallerandsmallerintervals.)

. Matchthepointslabeledonthecurvein Figure2.11with
thegivenslopes.

Slope | Point

w

[y

\o
:

1=2

| —
i

Figure 2.11

of the McAllen, Texas metropolitanareawas given by
P (t) = 570(1:037)". Estimatetherateof growth, in peo-
ple peryear in 2006.

. Figure2.12shavsthecost,y = f (x), of manufcturing

x kilogramsof achemical.

(a) Istheaveragerateof changeof the costgreaterbe-
tweenx = 0 andx = 3, or betweenx = 3 and
x = 5?7 Explainyour answergraphically

(b) Istheinstantaneousateof changeof thecostof pro-
ducingx kilogramsgreateratx = 1 oratx = 4?
Explainyour answergraphically

(c) Whataretheunitsof theseratesof change?

y (thousant)

4
) //
2
1
1 2 3 4 x (9
Figure 2.12

7. Findtheaveragevelocity overtheinternval 0 t  0:8,

andestimatethevelocity att = 0:2 of a carwhoseposi-
tion, s, is givenby thefollowing table.

t(sec) |0 0:2|0:4|06|08]|10
s(fty |0 05| 1:8|38|65|96
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10.

11.

12.

13.
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. Thefollowing tablegivesthe percentof the US popula-

tion living in urbanareasasa functionof year>

14. Figure2.14shaws the graphof f . Matchthe derivatives

in thetablewith the pointsa; b;c; d; e.

Year

1800

1830

1860

1890

1920

Percent

6.0

9.0

19.8

35.1

51.2

Year

1950

1980

1990

2000

Percent

64.0

73.7

75.2

79.0

- (@)

(a) Findtheaveragerateof changeof the percentof the
populationliving in urbanareasbhetween1890and
1990.

Estimatethe rateat which this percents increasing
attheyear1990.

Estimatethe rate of changeof this function for the
year1830andexplain whatit is telling you.

Is thisfunctionincreasingor decreasing?

(b)
(©

(d)

Thefunctionf is givenin Figure2.13.At which of
thelabeledpointsis f °(x) positve?Negative?Zero?

(b) At which labeledpoint is f ° largest?At which la-
beledpointis f ® mostnegative?
A
D
\E/E/o\f(x)
X
E
FéG

Figure 2.13

For 3 x 7,useacalculatoror computerto graph
f(x)=(x® 6x*>+8x)(2 3°):

(@) How mary zerosdoesf havein thisintenal?

(b) Isf increasingor decreasingitx = 0? At x = 27?
At x =4?

(c) Onwhichinterval is the averagerateof changeof f
greater: 1 x 0Oor2 x 37

(d) Is the instantaneousate of changeof f greaterat
X =0oratx =2?

Letf (x) = 5*. Usea smallinterval to estimatef °(2).
Now improve your accurag by estimatingf °(2) again,
usinganevensmallerintenal.

(@) Letg(t) = (0:8)'. Useagraphto determinewhether
g°(2) is positive, negative, or zero.

(b) Useasmallinterval to estimateg®(2).

(a) Useagraphof f (x) = 2 x° to decidewhether

f %(1) is positive or negative. Give reasons.
(b) Useasmallinterval to estimatef °(1).

15.

16.

x | £9x)
f 0
0:5
— — X 2
a p C d¢e 05
2

Figure 2.14

EstimateP %(0) if P (t) = 200(1:05)". Explainhow you
obtainedyour answer

For the functionf (x) = 3%, estimatef °(1). Fromthe
graphof f (x), would you expect your estimateto be
greatetthanor lessthanthetruevalueof f %(1)?

. Table2.3givesP = f (t), the percentof householdsn

the US with cabletelevisiont yearssince1990?

(a) Doesf %(6) appeatto be positive or negative? What
doesthis tell you aboutthe percentof households
with cabletelevision?

(b) Estimatef %(2). Estimatef °(10). Explainwhateach
is telling you, in termsof cabletelevision.

Table 2.3
t (years since 1990) 0 2 4 6 8 10 12
P (% with cable) | 59:0 | 61:5 | 63:4 | 66:7 | 67:4 | 67:8 | 68:9

18.

Figure2.15shavs N = f (t), the numberof farmsin
theUS' betweer930and2000asa functionof year t.

(@) Isf °(1950) positive or negative?Whatdoesthistell
you aboutthe numberof farms?

(b) Whichis morenegative: f %(1960) or f °(1980)?
Explain.

millioneffams

N

PN W 0o N

t (year)
1930 1950 1970 1990

Figure 2.15

2Statistical Abstracts of the US, 1985, US Department of Commerce, Bureau of the Census, p. 22, and World Almanac

and Book of Facts 2005, p. 624 (New York).

3The World Almanac and Book of Facts 2005, p. 310, (New York).

4

www.nass.usda.gov:81/ipedb/farmnum.htm, accessed April 11, 2005.



19. Estimatetheinstantaneousateof changeof thefunction
f(x) = xIlnx atx = 1 andatx = 2. Whatdo these
valuessuggestaboutthe concaity of thegraphbetween
land2?

Usethegraphin Figure2.7 onpagel02to decideif each
of thefollowing quantitieds positive, negative or approx-
imatelyzero.lllustrateyour answergraphically

20.

(a) Theaveragerateof changeof f (x) betweerx = 3
andx = 7.
(b) Theinstantaneousteof changeof f (x) atx = 3.

21. UseFigure2.16to Il intheblanksin thefollowing state-

mentsaboutthefunctiong at pointB .

@ 9(_)=__ o) o(_)=_
(1:95;5:02)
(2;5)
Tangentine
Figure 2.16

22. UseFigure2.17to Il in theblanksin thefollowing state-
mentsaboutthefunctionf atpointA.

@ f(_)=_ b fA_)=_

Tangentine

(7:2;3:8)

f(x)

24.

26.
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f(x)

X
12345

Figure 2.18

For eachof the following pairs of humbers,use Fig-
ure2.18to decidewhichis larger Explainyour answer

@) f(3) or f(4)?
) f(3) f(2) or f(2)

© f(2% f1 (1)
(d) £9%1) orf °4)?

(@) Graphf (x) = x? andg(x) = x? + 3 onthesame
axes.Whatcanyou sayaboutthe slopesof the tan-
gentlines to the two graphsat the pointx = 0?
X = 1?x = 2?x = a, wherea is ary value?

(b) Explainwhy addinga constanto ary function will
notchangehevalueof thederivative atary point.

The following table shavs the numberof hoursworked
in a week, f (t), hourly earnings,g(t), in dollars, and
weekly earningsh(t), in dollars,of productionworkers
asfunctionsof t, theyear®

(a) Indicatewhethereachof thefollowing derivativesis
positive, negative, or zero:f %(t), g°(t), h%(t). Inter-
preteachanswelin termsof hoursor earnings.

(b) Estimateeachof the following dervatives,andin-
terpretyour answers:

(i) f°%1970) andf °(1995)
(i) ¢°%(1970) andg®(1995)
(i) h°%1970) andh®(1995)

Figure 2.17
t | 1970 | 1975 | 1980 | 1985 | 1990 | 1995 | 2000
f(t) | 37:0 36:0 35:2 34:9 34:3 34:3 34:3
23. Shaw how to representhefollowing on Figure2.18. g(t) | 340 | 473 | 6:84 | 873 | 10:09 | 1164 | 14:00
h(t) | 125:80 | 170:28 | 240:77 | 304:68 | 349:29 | 399:53 | 480:41
@ f(4) (b) f(4) f(2)
f(5) f(2
© " IE @

3The World Almanac and Book of Facts 2005, p. 151 (New York). Production workers includes nonsupervisory workers
in mining, manufacturing, construction, transportation, public utilities, wholesale and retail trade, finance, insurance, real
estate, and services.
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2.2 THEDERIXTIVEFUNCTION
In Section2.1we lookedatthederiative of afunctionata point. In generalthe derivative takeson

differentvaluesat differentpointsandis itself a function. Recallthatthe derivative is the slopeof
thetangentine to thegraphat the point.

Findingthe Deriativeof a FunctionGivenGraphicail

Example 1 Estimatethederivative of thefunctionf (x) graphedn Figure2.19atx = 2, 1,0,1,2,3,4,5.

/}4

/3 f (x)
/

Slope of tangent
=f% 1)=2 "

Slope of tangent
=f°3) = 1

Figure 2.19: Estimatingthe derivative graphicallyasthe slopeof atangentine

Solution Fromthe graph,we estimatethe derivative at ary point by placinga straightedgesothatit forms
thetangentine at that point, andthenusingthe grid to estimatethe slopeof the tangentiine. For
example thetangentatx = 1isdravnin Figure2.19,andhasaslopeof about2, sof { 1) 2.
Notice thatthe slopeatx = 2 is positive andfairly large; the slopeatx = 1 is positive but
smaller At x = 0, theslopeis negative, by x = 1 it hasbecomemorenegative, andso on. Some
estimatesf the derivative, to the nearesinteger, arelisted in Table 2.4. You shouldcheckthese
valuesyourself.Is the derivative positive whereyou expect?Negative?

Table 2.4 Estimatedvaluesof derivativeof functionin Figure 2.19

X 2 1 0 1 2 3 4 5
Derivative at x 6 2 1 2 2 1 1

The importantpoint to noticeis thatfor every x-value,thereis a corresponding/alue of the
derivative. Thederiative, therefore js afunctionof x.

For afunctionf , we de ne thederivative function, f %, by

fYx) = Instantaneoumteof changeof f atx:

Example 2 Plotthevaluesof the derivative function calculatedn Examplel. Comparehegraphsof f andf .
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Solution Graphsof f andf %arein Figures2.20and2.21,respectiely. Noticethatf °is positive (its graphis
above the x-axis)wheref is increasingandf ©is negative (its graphis below the x-axis) wheref
is decreasingThevalueof f qx) is 0 wheref hasamaximumor minimumvalue(atapproximately
x = 0:5andx = 3.7).

5+ 6+
5 £
31 At £9(x)
o1 \f®) 3+
2 _£
T T1
T } } } } X H | | | I ?\) | |
2 1 1 92\ 3 4 T T T T T T — X
1 2 1% 1 2 15
2 24
3+ 3L
f iﬁcreasing'; f decreasing f incfeasing f Opositve  f Onegative  f ©positive
Figure 2.20: Thefunctionf Figure 2.21: Estimatesf thederivative, f °

Example 3 Thegraphof f isin Figure2.22.Which of thegraphs(a)—(c)is agraphof the derivative, f %2

\ o | N
4 \/( 2\4X

Figure 2.22

Solution Sincethegraphof f (x) is horizontalatx = 1 andx = 2, thederivative is zerothere.Therefore,
thegraphof f qx) hasx-interceptsatx = 1andx = 2.
Thefunctionf isdecreasindorx < 1,increasindor 1< x < 2, anddecreasindor x > 2.
Thederivative is positive (its graphis above the x-axis)wheref is increasingandthedervative is
negative (its graphis belav thex-axis)wheref is decreasingThecorrectgraphis (c).

WhatDoesthe DeriativeTell UsGraphicail?

Wherethederiative, f ©, of afunctionis positive, thetangento thegraphof f is slopingup; where
f Ois negative, the tangentis slopingdown. If f° = 0 everywhere thenthe tangentis horizontal
everywhereandsof is constant.The sign of the derivative f ° tells us whetherthe functionf is
increasingpr decreasing.

If f 9> 0onaninterval, thenf is increasingoverthatinterval.
If f < Oonaninterval, thenf is decreasingover thatinterval.
If f °= 0 onaninterval, thenf is constantover thatinterval.

The magnitudeof the derivative givesusthe magnitudeof therateof changeof f . If f %is large
in magnitude thenthe graphof f is steep(up if f %is positive or down if f ©is negative); if f %is
smallin magnitudethegraphof f is gentlysloping.
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Estimatinghe Deriativeof a FunctionGivenNumericajl

If we aregivenatableof functionvaluesinsteadof a graphof thefunction,we canestimatevalues
of thederivative.

Example 4

Table2.5givesvaluesof c(t), theconcentratiorfmg/cc)of adrugin thebloodstreanattimet (min).
Constructatableof estimatedraluesfor cXt), therateof changeof c(t) with respecto t.

Table 2.5 Concentation of a drug asa functionof time

0 0:1 0:2 0:3 0:4 0:5 0:6 0:7 0:8 0:9 1:0

c(t) (mg/cc) | 0:84 0:89 0:94 0:98 1:00 1:00 0:97 0:90 0:79 0:63 0:41

Solution

To estimatethe derivative of ¢ usingthe valuesin the table,we assumehat the datapoints are
closeenoughtogetherthatthe concentratiordoesnot changewildly betweerthem.Fromthetable,
we seethat the concentratioris increasingbetweent = 0 andt = 0:4, sowe expecta positve
derivative there.Fromt = 0:5tot = 1:0, the concentratiorstartsto decreaseand the rate of
decreasgetslargerandlarger, sowe would expectthe derivative to be negative andof greaterand
greatermagnitude.

We estimatethe derivative for eachvalueof t usinga differencequotient.For example,

c(0:1) c(0) 089 084
01 0 0:1
Similarly, we getthe estimates

c%0)

= 0:5 (mg/cc)perminute.

c(0:2) c(0:1) 094 0:89 _

on- .
c(0:1) 02 01 01 05
. c(0:3) ¢(0:2) _ 0:98 0:94: )
c(0:2) 03 02 01 04

and so on. Thesevaluesare takulatedin Table 2.6. Notice that the derivative hassmall positive
valuesup until t = 0:4, andthenit getsmoreandmorenegative, aswe expected.

Table 2.6 Derivativeof concentation

t 0 0:1 0:2 0:3 0:4 0:5 0:6 0:7 0:8 0:9
(1) 0:5 0:5 0:4 0:2 0:0 0:3 0:7 1:1 1:6 2:2

Improving Numerical Estimates for the Derivative

In the previous example,our estimatefor the derivative of c(t) att = 0:2 usedthe point to the
right. We found the averagerate of changebetweent = 0:2 andt = 0:3. However, we could
equallywell have goneto the left and usedthe rate of changebetweent = 0:1 andt = 0:2 to
approximatehederivative at0.2. For amoreaccurateesult,we couldaveragetheseslopesgetting
theapproximation

0:2) 1 Slopeto left . Slopeto right _ 0.5+ 0:4 — 045
2 of 0.2 of 0.2 2

Eachof thesemethodsof approximatinghe derivative givesa reasonablanswerWe will usually

estimatethe derivative by goingto theright.



2.2 THE DERIVATIVE FUNCTION 109

Findingthe Deriativeof a FunctionGivenby a Formula

If we are given a formula for a function f , canwe comeup with a formula for f ® Using the
de nition of the derivative, we often can.Indeed,much of the power of calculusdependsn our
ability to nd formulasfor the derivativesof all thefamiliar functions.This is explainedin detailin
Chapter3. In thenext example,we seehow to guessaformulafor the derivative.

Example 5

Solution

Guessaformulafor thederivative of f (x) = x2.

We usedifferencequotientsto estimatethe valuesof f (1), f 42), andf 43). Thenwe look for a
patternin thesevalueswhich we useto guessaformulafor f {x).
Nearx = 1, we have

1:0022 12  1:.002 1 _ 0:002 _

[0) .
) 0001~ 0001 _ 0001 2
Similarly,
) 200F 22 _ 4004 4 _ 0:004 _ 4
0:001 0:001 0:001
£93) 300 3 _ 9:006 9 _ 0:006 _ 5
0:001 0:001 0:001

Knowing thevalueof f ©atspeci ¢ pointscannottell ustheformulafor f ©, but it canbe suggestie:
knowingf91) 2,f%2) 4,f93) 6 suggestshatf (x) = 2x. In Chapter3, we shaw that
thisis indeedthe case.

Problemsfor Section2.2

1. Thegraphof f (x) is givenin Figure2.23.Draw tangent 4. y 5. y

linestothegraphatx = 2,x = 1,x =0,andx = 2. 4 i 4
Estimatef °( 2), % 1), f %0), andf %(2). PN
T x X
4 l/ ~ [ 14 AN 4
4 |
/"\ 4 4
2
1 . .
N ) 6 2 7 R
3 2 10 1 2 3 4
JITTN
Figure 2.23 \\ / X X
4 / 4 4 X l4
g /
N
4 4

For Problem22—7,graphthederiative of the givenfunctions.

2.

3,
4y 4y

8. A city grew in populationthroughoutthe 1980s. The

populationwas at its largestin 1990, and then shrank

X | A, X throughoutthe 1990s. Let P = f (t) representhe pop-

/ ulation of the city t yearssince1980. Sketch graphsof

f (t) andf °(t), labelingthe unitson the axes.




110

Matchthefunctionsin Problem®-12with oneof thederiva-

tivesin Figure2.24.
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13. In thegraphof f in Figure2.25,atwhich of thelabeled

x-valuesis

(@ f (x) greatest?

(b) f(x)least?

o 5+ an 5\ (©) fOx) greatest? (d) fox) least?
fox)
1 1 1 F X
5 5 5 5 |
%) (o |
5 5t AN raxe |,
(m 5 (V) 5+ | X2 X3 | X6
f Ax) }
1 1 1 1 f(x)
5 5 5 5
/ Figure 2.25
54 51 foAx)
Y 4 Vi +
N £ 9(%) o0 > 14. (a) Estimatef °(2) usingthevaluesof f in thetable.
2 b (b) For whatvaluesof x doesf °(x) appeatto be posi-
} } } Lo tive?Negative?
5 5 5 £0x)] 5
5| 5l X 02|46 8][10]12
f(x)| 1018242120 18] 15
(Vi) 5 (Vi) 54
fAx)
/ f Ax)
| | | | 15. Findapproximatesaluesfor f %(x) ateachof thex-values
5 5 5 5 givenin thefollowing table.
5\ 54
X 0 5|10|15| 20
Figure 2.24 f(x) | 100 |70 | 55| 46 | 40
9 5t 10 N 16. Draw apossiblegraphofy = f (x) giventhefollowing
' f(x) ' 5\ informationaboutits derivative.
3
\f(x) fox)> 0forx < 1
| b ox | fox)< 0forx > 1
5 > 5 fo%x)=0atx = 1
5.1 5.1 17. Draw apossiblegraphofy = f (x) giventhefollowing
informationaboultits derivative.
fo9x)>0onl< x<3
11. 51 f(x) 12. 5 fo%x) < 0forx < 1andx > 3
f (x) fo%x)=0atx =1andx =3
2 x
‘ 18. Valuesof x andg(x) aregiven in the table. For what
‘5 é X 's valueof x is g%x) closesto 3?
T 5+ X | 273237 (42|47 |52|57| 62
g(x) | 34|44 |50|54|60|74|90| 110
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For Problems1 926 sketchthe graphof f °(x). 29. Figure2.26is thegraphof f °, thederivative of afunction
f . Onwhatinterval(s)is thefunctionf
19. 20.

(@ Increasing? (b) Decreasing?
3 T0

2 f(x) fO

‘ |
21, 22. ‘ x2S
} X
_\ " A 1 2
4 f(x)

23. f(x) 24,

Figure 2.26: Graphof f ©, notf

£ (%) 30. A child in ates aballoon,admiredt for awhile andthen
letstheair outataconstantate.If V (t) givesthevolume
of theballoonattimet, thenFigure2.27shavs V (t) as

| | | X

afunctionof t. At whattime doesthechild:

(a) Begintoin ate theballoon?

(b) Finishin ating theballoon?

(c) Beginto lettheair out?

(d) Whatwould thegraphof vV °(t) look likeif thechild
had alternatedbetweenpinching and releasingthe
openendof theballoon,insteadof letting theair out
ataconstantate?

25.

1 — VA
T ‘ 1 ‘ 1 1 1 t
27. (a) Letf (x) = Inx. Usesmallintenals to estimate 3 6 9 12115 /18
£9(1),192),1°%3),f°4), andf °(5). 5
(b) Useyour answerdo part(a) to guessa formulafor
thederivative of f (x) = InX. Figure 2.27

. Supposé (x) = 1x®. Estimatef °(2), f %(3), andf %(4).
Whatdoyou notice?Canyouguessaformulafor f °(x)?

2

[ee]

2.3 INTERPRETIONSFTHEDERIXTIVE

We have seenthe derivative interpretedasa slopeandasa rate of changeln this section,we see
otherinterpretationsThe purposeof theseexamplesis not to make a catalogof interpretationsut
to illustratethe processf obtainingthem.Thereis anothemotationfor the derivative thatis often
helpful.

An AlternativeNotatiorfor the Deriative

So far we have usedthe notationf © to standfor the derivative of the functionf . An alternatve
notationfor derivativeswasintroducedby the GermanmathematiciarGottfried Wilhelm Leibniz
(1646-1716Wwhencalculuswas rst beingdeveloped We know thatf qx) is approximatedy the
averagerateof changeover asmallintenal. If y = f (x), thenthe averagerateof changeis given
by y= x.Forsmall x,wehae

y.
RONEE
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Leibniz's notationfor the derivative, dy=dx, is meantto remindus of this. If y = f (x), thenwe
write

dy
Oy = Y.
fix) = ix
Leibniz's notationis quitesuggestie, especiallyif wethink of theletterd in dy=dx asstanding
for “small differencein ::: " Thenotationdy=dx remindsusthatthe derivative is alimit of ratios

of theform ) )
Differencen y-values

Differencen x-values
Thenotationdy=dx is usefulfor determininghe unitsfor the derivative: theunitsfor dy=dx arethe
unitsfor y dividedby (or “per”) the unitsfor x.
The separateentitiesdy anddx of cially have no independentneaning:ithey are partof one
notation.In fact, a good formal way to view the notationdy=dx is to think of d=dx asa single
symbolmeaning‘the derivative with respecto x of :::”. Thus,dy=dx couldbeviewedas

d%(y): meaning‘the derivative with respecto x of y.”

Ontheotherhand,mary scientistandmathematicianseally do think of dy anddx asseparate
entitiesrepresentingin nitesimally” smalldifferencesn y andx, eventhoughit is dif cult to say
exactly how small“in nitesimal” is. It maynotbeformally correct,butit is very helpfulintuitively
to think of dy=dx asavery smallchangen y divided by avery smallchangen x.

For example recallthatif s = f (t) is the positionof amoving objectattimet, thenv = f Yt)
is thevelocity of theobjectattime t. Writing

ds

dt

remindsus thatv is a velocity sincethe notationsuggests distanceds, over atime, dt, andwe
know thatdistanceover timeis velocity. Similarly, we recognize

dy
dx
astheslopeof thegraphofy = f (x) by rememberindghatslopeis verticalrise,dy, overhorizontal
run, dx.
Thedisadwantageof the Leibniz notationis thatit is awkwardto specifythe x-valueatwhicha
derivative is evaluated To specifyf 92), for example,we have to write

dy|
dx :v=2.

V=

= )

UsingUnitsto Interprethe Deriative

Supposes = f (t) givesthepositionin metersof abodyfrom a x edpointasafunctionof time, t,
in secondsThen,knowing that

%’ = £92) = 10 meters/sec

tellsusthatwhent = 2 sec,thebodyis moving atavelocity of 10 meters/sedf thebodycontinues
to move at this velocity for awholesecondfromt = 2tot = 3), it would move anadditional10
metersln general:

The units of the derivative of a function arethe units of the dependenvariabledivided
by the unitsof theindependentariable.

If the derivative of a functionis not changingrapidly neara point, thenthe derivative
is approximatelyequalto the changein the function whenthe independenvariablein-
creasedy 1 unit.
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We de ne thederivative of velocity, dv=dt, asacceleation.

Example 1

Solution

If the velocity of a body at time t secondds measuredn meters/secwhat are the units of the
acceleration?

Sinceaccelerationgdv=dt, is the derivative of velocity, the unitsof acceleratiorareunitsof velocity
dividedby unitsof time, or (meters/sec)/seejritten meters/set

The following examplesillustratehow usefulunits canbein suggestingnterpretationof the
derivative.

Example 2

Solution

ThecostC (in dollars)of building ahouseA squardeetin areais givenby thefunctionC = f (A).
Whatis the practicalinterpretatiorof thefunctionf 9A)?

In the Leibniz notation, dc
Ay = :

fYA) = dA-
Thisis a costdivided by anarea,soit is measuredn dollarsper squarefoot. You canthink of dC
asthe extra costof building an extra dA squarefeetof house.Thus,dC=dA is the additionalcost
persquarefoot. Soif you areplanningto build a houseroughly A squarefeetin areaf qA) is the
costper squarefoot of the extra areainvolvedin building a slightly larger house andis calledthe
maurginal cost The mamginal costis not necessarilfthe samething asthe averagecostper square
foot for the entirehouse sinceonceyou arealreadysetupto build alarge housethe costof adding

afew squardeetcouldbe comparatrely small.

Example 3

Solution

Thecostof extractingT tonsof orefrom acoppemineis C = f (T) dollars.Whatdoesit meanto
saythatf 42000) = 100?

In the Leibniz notation,
dC

dT 75000
SinceC is measuredn dollarsandT is measuredn tons,dC=dT mustbe measuredh dollarsper
ton. Sothe statement

f 92000) =

dC

dT | 72000
saysthatwhen2000tonsof ore have alreadybeenextractedfrom the mine, the costof extracting
thenext tonis approximately$100.Anotherway of sayingthis s thatit costsabout$100to extract
the 200! ton. Notethatthis maywell be differentfrom the costof extractingthetenthton, which
is likely to bemoreaccessible.

= 100

Example 4

Solution

If g = f(p) givesthe numberof poundsof sugar producedvhenthe price per poundis p dollars,
thenwhatarethe unitsandthe meaningof
dq

= ?
dp 507

p=3

Theunitsof dg=dparethe unitsof q over theunitsof p, or pounds/dollarThe statement
dg

dp
tells usthatthe rate of changeof g with respecto p is 50 whenp = 3. This meanghatwhenthe
priceis $3, the quantityproduceds increasingat 50 poundsfor eachdollar increasen price. This
is aninstantaneougate of changemeaningthatif theratewereto remain50 pounds/dollaandif

= f 93) = 50 pounds/dollar
p=3
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the price wereto increaseby a whole dollar, the quantity producedwould increaseby 50 pounds.
In fact, the rate probablydoesnot remainconstantso the quantity producedwould probablynot
increaseby exactly 50 pounds.

Example5

Solution

Thelengthof time, L, (in hours)thata drug staysin a persons systemis a function of the quantity
administeredg, in mg,soL = f (q).

(a) Interpretthe statement (10) = 6. Give unitsfor thenumberslO and6.

(b) Write thederivative of thefunctionL = f (q) in Leibniz notation.If f 10) = 0:5, whatarethe
unitsof the 0:5?

(c) Interpretthestatement 410) = 0:5 in termsof doseandduration.

(a) We know thatf (g) = L. In thestatement (10) = 6, wehave q= 10andL = 6, sotheunits
are10 mgand6 hours.Thestatement (10) = 6 tellsusthata doseof 10 mglasts6 hours.

(b) SinceL = f(q), we seethatL dependon g. Thederiative of this functionis dL=dg. Since
L isin hoursandq is in mg, the units of the dervative are hoursper mg. In the statement
f 910) = 0:5, the0:5 is the derivative andthe unitsarehourspermg.

(c) Thestatement (10) = 0:5 tells usthat,at a doseof 10 mg, the rateof changeof durationis
0.5 hour permg. In otherwords,if we increasethe doseby 1 mg, the drug staysin the body
approximately30 minuteslonget

Example 6

Solution

You aretold thatwateris o wing througha pipeatarateof 10 cubicfeetpersecondIinterpretthis
rateasthe derivative of somefunction.

You might think at rst thatthe statemenhassomethingto do with the velocity of the water but
in facta o w rateof 10 cubicfeet per secondcould be achieved eitherwith very slovly moving
waterthrougha large pipe, or with very rapidly moving waterthrougha narrav pipe. If we look
at the units—cubicfeet per second—werealizethat we are being given the rate of changeof a
quantitymeasuredn cubicfeet.But a cubicfoot is a measuref volume,sowe arebeingtold the
rateof changeof avolume.If youimagineall thewaterthatis o wing throughendingup in atank
someavhereandlet V (t) bethevolumeof thetankattimet, thenwe arebeingtold thatthe rate of

changeof V (t) is 10, or that

dv
0ty = - 10
Vay = 5 = 10

Usingthe Deriativeto Estimaté/aluesof a Function

Sincethe derivative tells ushow fastthe valueof a functionis changingwe canusethe derivative
atapointto estimatevaluesof the functionat nearbypoints.

Example7

Solution

The numberof new subscriptiongo a newspapery, in a monthis a function of the amount,x, in
dollarsspenton adwertisingin thatmonth,soy = f (x).

(a) Interpretthe statement$ (250) = 180andf 4250) = 2.

(b) Usethe statementgivenin part(a) to estimatef (251) andf (260). Which estimateis more
reliable?

(a) The statement (250) = 180tells usthaty = 180whenx = 250. This meanghatif $250a
monthis spenton adwertising,thereare 180 new subscriptions month.Sincethe derivative is
dy=dx, thestatement (250) = 2 tells usthat

dy _

-~ = 2 whenx = 250
dx

This meanghatif theamountspenton adwertisingis $250andincreasedy $1, the numberof
new subscriptionsvill go up by about2.
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(b) Thestatement (250) = 180 saysthatwhen$250is spenton adwertising,thereare 180 new
subscriptionsThestatement 4250) = 2 meanghatthenumberof new subscriptionsncreases
atarateof 2 subscriptiongeradditionaldollar spenton adwertising.If onemoredollaris spent
onadwertising(sox = 251), we expect2 moresubscriptionsn additionto the 180,s0

f(251) 180+ 2= 182

Similarly, if 10 dollarsmorewerespenton adwertising(sox = 260), we expectabout10(2) =
20 new subscriptionsso
f (260) 180+ 10(2)= 20Q

Notethatto estimatef (260), we have to assumehatthe rateof 2 new subscriptiongor each
additionaldollar continuesall theway from x = 250to x = 260. This meanghatthe estimate
of f (251) is morereliable.

In Example?, representinghe changein y by y andthe changein x by x, we usedthe
following result:

Local Linear Approximation

y f9x) x for x nearo0.

Example 8

Solution

Climbing healthcarecostshave beena sourceof concerrfor sometime. Usethedatd in Table2.7
to estimateaverage(perconsumeunnit) expendituresn 2005and2020.

Table 2.7 Average yearly healthcare costs(per consumeunit) for variousyeairs since1990

Year 1990 1995 1998 2000 2002
Percapitaexpenditure($) 1480 | 1732 | 1903 | 2066 | 2350

Healthcarecostsincreasedhroughoutthe periodshavn. Between2000and2002,they increased
(2350 2066)2 = $142peryear To make estimatedeyond2002we assumehatcostscontinue
to climb atthe samerate. Thereforewe estimate

Costsin 2005= Costsin 2002+ Changen costs
$2350+ $142 3= $2776

Since2020is 18 yearsheyond2002,
Costsin 2020 $2350+ $142 18= $4906

The estimatefor 2005in the precedingexampleis muchmorelikely to be closeto the true
valuethanthe estimatefor 2020. The further we extrapolatefrom the given data,the lessaccurate
we arelikely to be. It is unlikely thatthe rateof changeof healthcarecostswill stayat $142/year
until 2020.

Graphically whatwe have doneis to extendthe line joining the pointsfor 2000and2002to
male projectionsfor thefuture.SeeFigure2.28.You mightbe concernedhatwe usedonly thelast
two piecesof datato malke the estimateslsn't therevaluableinformationto be gainedfrom therest
of thedata?Yes,indeed—thougltheres no x edway of takingthis informationinto account.You
might look at the rate of changefor the yearsbefore2000andtake an average,or you might use
linearor exponentialregression.

SStatistical Abstracts of the United States 20042005, Table 125.
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costs

5000
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2000
1000

Slope = 142

1990

2000

1
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Figure 2.28: Graphof healthcarecosts

Problemsfor Section2.3

1. TheaverageweightW of anoaktreein kilogramsthatis

x meterstall is given by the functionW = f (x). What
aretheunitsof measuremeruf f °(x)?

. Figure 2.29 shavs world solar enegy output, in

megawatts,asa function of yearssince1990.” Estimate
f %(6). Give unitsandinterpretyour answer

solaponer (megaatts)
300

200
100

f (t)-

t (yearssincel990)
2 4 6 8 10

Figure 2.29

. Thecost,C = f (w), in dollarsof buying achemicalis a

functionof theweightbought,w, in pounds.

(@) Inthestatement (12) = 5, whataretheunitsof the
12? Whataretheunitsof the5? Explainwhatthisis
sayingaboutthe costof buying the chemical.

(b) Doyouexpectthederivativef °to bepositive or neg-
ative?Why?

(c) Inthestatement °(12) = 0:4, whatarethe unitsof
the 12? Whatarethe units of the 0:4? Explainwhat
thisis sayingaboutthe costof buying thechemical.

. Thecost,C (in dollars)to produceg gallonsof icecream

can be expressedas C = f (g). Using units, explain
the meaningof the following statementsn termsof ice
cream.

(@ f(200) =350 (b) 9200) = 1:4

. The time for a chemicalreaction, T (in minutes),is

a function of the amount of catalyst present,a (in
milliliters), soT =f (a).

(@) If f (5) = 18, whataretheunitsof 5? Whatarethe
units of 18? What doesthis statementell us about
thereaction?

(b) If£%5) = 3, whataretheunitsof 5? Whatarethe
unitsof  3? Whatdoesthis statementell us?

6. ThepercentP, of US householdsvith a personacom-

puteris a function of the numberof years t, since1982
(whenthe percentwas essentiallyzero),soP = f (t).
Interpretthe statements (20) = 57 andf °(20) = 3.

. A yamhasjust beentakenout of the ovenandis cooling

off beforebeingeaten.The temperatureT, of the yam
(measuredn degreesFahrenheit)is a function of how
longit hasbeenoutof theoven,t (measuredh minutes).
Thus,wehave T = f (t).

(a) Isf (t) positive or negative?Why?
(b) Whataretheunitsfor f °(t)?

. Thequantitysold,q, of a certainproductis a function of

theprice,p, soq = f (p). Interpreteachof thefollowing
statementin termsof demandor the product:

(@ f(15) =200 (b) £915) = 25.

9. Theweight,W, in Ibs, of a child is afunctionof its age,

a, inyearssoW = f (a).

(a) Do you expect f %(a) to be positive or negative?
Why?

(b) Whatdoesf (8) = 45 tell you? Give units for the
numbers3 and45.

(c) Whataretheunitsof f °(a)? Explainwhatf °(a) tells
you in termsof ageandweight.

(d) Whatdoesf %(8) = 4 tell youaboutageandweight?

(e) As a increasesdo you expectf %a) to increaseor
decreaseExplain.

. ThethicknessP, in mm, of pelicaneggshellsdepend®n

the concentrationg, of PCBsin the eggshell,measured
in ppm (partspermillion); thatis, P = f (c).

(a) Thederivative f °(c) is negative. What doesthis tell
you?

(b) Give units and interpret f (200) = 0:28 and
£°(200) = 0:0005 in termsof PCBsandeggs.

TThe Worldwatch Institute, Vital Signs 2001, p. 47, (New York: W.W. Norton, 2001).



Problemsl1-14concerng(t) in Figure2.30,which givesthe
weightof ahumanfetusasafunctionof its age.

weight(kg)

3 / a(t)

2

1

L—1 t, ageoffetus
) 16 24 32 40 (weeksaftedastmenstuiation)
Figure 2.30

11. (a) Whataretheunitsof g°(24)?

12.

13.

14.

15.

16.

17.

18.

(b) Whatis the biologicalmeaningof g°(24) = 0:096?
(a) Whichis greaterg®(20) or g%(36)?

(b) Whatdoesyouranswersayaboutfetal gronth?

Is the instantaneousveight growth rate greateror less
than the averagerate of changeof weight over the 40
weekperiod

(a) Atweek20? (b) At week36?
Estimate(a) g°20) (b) ¢°(36)

(c) The averagerateof changeof weightfor the entire
40 weekgestation.

Thewind speedW in metersper secondat a distancex
kilometersfrom the centerof a hurricaneis givenby the
functionW = h(x). Whatdoesthefactthath®(15) > 0
tell you aboutthe hurricane?

Youdroparockfrom ahightower. After it fallsx meters
its speedS in metersperseconds S = h(x). Whatis

the meaningof h%(20) = 0:5 ?

If t is thenumberof yearssince2003, thepopulationP,

of China,in billions, canbeapproximatedby thefunction

P =f(t) = 1:291(1:006)":
Estimatef (6) andf °(6), giving units.Whatdothesetwo
numbergell you aboutthe populationof China?

Figure2.31shavs thelength,L, in cm, of a stuigeon(a
typeof sh) asa functionof thetime, t, in years® Esti-
matef °(10). Give unitsandinterpretyour answer

length(cm)
150
f(t)
100
50
t (years)
5 10 15
Figure 2.31

19

20.

21.

22.

23.

24.
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. After investing$1000at an annualinterestrate of 7%
compoundectcontinuouslyfor t years,your balanceis
$B, whereB f (t). What are the units of dB=dt?
Whatis the nancial interpretatiorof dB =dt?

For somepainkillers, the size of the dose,D, given de-
pendntheweightof thepatientW . Thus,D = f (W),
whereD isin milligramsandW isin pounds.

(a) Interpret the statementsf (140) 120 and
f %(140) = 3 in termsof this painkiller.
(b) Usetheinformationin the statementén part(a) to

estimatef (145).

For a function f (x), we know thatf (20) = 68 and
£920) = 3. Estimatef (21);f (19) andf (25).

Supposeéhatf (x) is afunctionwith f (20) = 345 and
f9(20) = 6. Estimatef (22).

The quantity Q mg, of nicotinein the bodyt minutes
afteracigaretteis smoledis givenby Q = f (t).

(@) Interpretthestatements$ (20) = 0:36 andf °(20) =
0:002 in termsof nicotine. What are the units of
thenumbers20, 0:36, and 0:002?
(b) Use the information given in part (a) to estimate
f (21) andf (30). Justifyyouranswers.

Table2.8 shavs world gold production’ G = f (t), asa
functionof year t.

(a) Doesf %(t) appearto be positive or negative? What
doesthis meanin termsof gold production?

(b) Inwhichtimeinterval doesf °(t) appeato begreat-
est?

(c) Estimatef °(2002). Give unitsandinterpretyouran-
swerin termsof gold production.

(d) Use the estimatedvalue of f °(2002) to estimate
f (2003) andf (2010), andinterpretyour answers.

Table 2.8 World gold production

1990
70.2

1993
733

1996
73.6

1999
82.6

2002
82.9

t (year)

G (mn troy ounces)

8Data from von Bertalanfty, L., General System Theory, p. 177, (New York: Braziller, 1968).
9The World Almanac and Book of Facts 2005, p. 135, (New York).
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25. Figure2.32shavs how the contractionvelocity, v(x), of

amusclechangesstheloadonit changes.

(a) Findtheslopeof theline tangento thegraphof con-
tractionvelocity ataloadof 2 kg. Give units.

(b) Usingyouranswetto part(a), estimate¢hechangen
thecontractionvelocity if theloadis increasedrom
2 kg by adding50 grams.

(c) Expressyour answerto part (a) as a derivative of
v(X).

contactionelocitfcm/sec)

26.

27.

28.

29.

30
25
20
15
10

5

V)

1 2 3
Figure 2.32

SupposeC(r) is the total costof payingoff a carloan
borraved at an annualinterestrate of r %. Whatarethe
unitsof C%r)? Whatis the practicalmeaningof C%r)?
Whatis its sign?

A climberonMountEverestis 6000 meterdrom thestart
of histrail andat elevation 8000 metersabove sealevel.
At x metersfrom the start, the elevation of the trail is
h(x) metersabove sealevel. If h%(x) = 0:5 for x near
6000, whatis theapproximateslevationanother3 meters
alongthetrail?

Let f (v) bethe gasconsumption(in liters/km) of a car
goingatvelocity v (in km/hr). In otherwords,f (v) tells
you how mary liters of gasthecarusego go onekilome-
ter at velocity v. Explain whatthe following statements
tell you aboutgasconsumption:

f(80) = 0:05 and f%80) = 0:0005:

Figure 2.33 shawvs how the pumpingrate of a persons
heartchangesfterbleeding.

(a) Findtheslopeof theline tangento thegraphattime
2 hours.Give units.

(b) Usingyour answerto part (a), estimatehow much
thepumpingrateincreasesluringthe minutebegin-
ning attime 2 hours.

(c) Expressyour answerto part (a) as a derivative of

g(t)-

pumpingateofheat
(literppumpegberminute)

5

«Q
—
~

O, N WM

t (hours)
1 2

Figure 2.33

X, loadopposingontactior(kg)

30. Tostudytrafc o w, acity installsadevicewhichrecords

C(t), thetotalnumberof carsthathave passedby t hours
after4:00am.Thegraphof C(t) is in Figure2.34.

(a) Whenisthetrafc o w thegreatest?
(b) EstimateC®(2).
(c) WhatdoesC®(2) meanin practicalterms?

5000 c()
3000
1000
| | | t
2 4 6
Figure 2.34

Problems31-35referto Figure2.35,which shavs thedeple-
tion of food storesin the humanbody during stanation.

31.

32.

33.

34.

quantitpfstored
food(kg)

12
10

Protein

=

Fat

N A O

——

—

1 2 3 4 65 6 7

weeksof staration
Figure 2.35

Whichis beingconsumedhtagreaterate,fator protein,
duringthe

(@ Third week? (b) Seventhweek?

The fat storagegraphis linear for the rst four weeks.
Whatdoesthis tell you aboutthe useof storedfat?
Estimatetherateof fat consumptiorafter

(b) 6weeks

(@) 3weeks (c) 8weeks

What seemsto happenduring the sixth week?Why do
you think this happens?

35. Figure 2.36 shaws the derivatives of the proteinandfat
storaggfunctions.Which graphis which?
rateofchangef
foodstoregkg/veek)
1 2 3 456 7 8
0 —t+—+—+—+—+—+—+ t (wksofstawation)
L I
l [
2 | I
Figure 2.36
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36. The tablé® shaws f (t), total salesof music compact Pressure reduction | Volume
discs(CDs), in millions, and g(t), total salesof music (cm of water) (liters)
cassettesn millions, asafunctionof yeart. 0 0.20
(a) Estimatef °%(2002) and g°(2002). Give units with 5 0.29

your answersandinterpreteachanswerin termsof 10 0.49
salesof CDsor cassettes. 15 0.70
(b) Usef °(2002) to estimate (2003) andf (2010). In- 20 0.86
terpretyour answersn termsof salesof CDs. 25 0.95
30 1.00
Year, t 1994 | 1996 | 1998 | 2000 | 2002
CD sales, f (t) 662:1 | 7789 | 847.0 | 9425 | 803:3

Cassette sales, g(t) | 345:4 | 225:3 | 1585 | 76:.0 | 31:1 38. A personwith a certainliver diseaserst exhibits larger

and larger concentrationsof certain enzymes(called

SGOr and SGPT) in the blood. As the diseasepro-

gressesheconcentratiomf theseenzymeslrops, rst to

the prediseaséevel andeventuallyto zero(whenalmost
all of theliver cells have died). Monitoring the levels of

theseenzymesallows doctorsto track the progressof a

patientwith thisdiseaself C = f (t) istheconcentration
of theenzymesn thebloodasafunctionof time,

(a) Sketchapossiblegraphof C = f (t).

(b) Mark on the graphthe intervals wheref ° > 0 and
wheref °< 0.

(c) Whatdoesf °(t) representin practicalterms?

37. Whenyou breathe a muscle(calledthe diaphragm)re-
ducesthe pressurearoundyour lungs and they expand
to Il with air. Thetableshavsthevolumeof alung asa
functionof thereductionin pressurérom thediaphragm.
Pulmonologistglung doctors)de ne the complianceof
thelung asthe derivative of this function!!

(a) Whataretheunitsof compliance?

(b) Estimatethe maximumcomplianceof thelung.

(c) Explain why the compliancegets small when the
lungis nearlyfull (aroundLl liter).

2.4 THESECONDERIXTIVE

Sincethederivative is itself a function,we cancalculatets derivative. For afunctionf , thederiva-
tive of its derivative is called the secondderivative andwritten f °©© If y = f (x), the second

2
<ﬂ> , thedervative of ﬂ

L . d . d
derivative canalsobewritten as ay which means—
X \ dx dx

dx2’ d

WhatDoesthe SeconDeriativeTellUs?

Recallthatthe derivative of afunctiontells uswhetherthe functionis increasingor decreasing:
If f °> 0 onaninterval, thenf is increasingover thatinterval.
If f °< 0onaninterval, thenf is decreasingver thatinterval.

Sincef %is thederivative of f ©, we have
If f °°> 0 onanintenal, thenf is increasingover thatinterval.
If f ©°< 0 onaninterval, thenf %is decreasingver thatinterval.

Sothe questionbecomesWhat doesit meanfor f © to be increasingor decreasingThe case
in which f 0 is increasingis shavn in Figure2.37,wherethe graphof f is bendingupward, or is
concavaup. In thecasewvhenf %is decreasingshavnin Figure2.38,thegraphis bendingdownward,
or is concavedown

f 99> 0 onaninterval meand %is increasingsothegraphof f is concae upthere.
f %< 0 onaninterval meand °is decreasingsothegraphof f is concae down there.

0The World Almanac and Book of Facts 2005, p. 309 (New York).
11 Adapted from John B. West, Respiratory Physiology 4th Ed. (New York: Williams and Wilkins, 1990).
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Concave up
f00> 0

f9<0 9> 0

Figure 2.37: Meaningof f ° Theslopeincreasesrom negative to positive asyou move from left to right, so
f ©js positive andf is concae up

9> 0

f 00 <0
Concave down

Figure 2.38: Meaningof f ° Theslopedecreasefom positive to negative asyou move from left to right, so
f ©is negative andf is concae down

Example 1 For thefunctionswhosegraphsaregivenin Figure2.39,decidewheretheir secondderivativesare
positive andwherethey arenegative.
(a) f (o) (©) h
g
X X X

Figure 2.39: Whatsignsdo the secondierivativeshave?

Solution Fromthegraphst appearshat

(a) f9°> 0everywherepecause¢hegraphof f is concae up everywhere.

(b) g°°< 0 everywherepecausehe graphis concare down everywhere.

(c) h%> 0for x > 0, becausehe graphof h is concae up there;h®< 0for x < 0, becausehe
graphof h is concae down there.

Interpretationf the Seconderiativeasa Rateof Chang@

If we think of the derivative asa rate of changethenthe secondderivative is a rate of changeof
arateof changelf the secondderiative is positive, the rateof changeis increasingijf the second
derivative is negative, therateof changes decreasing.

The secondderiative is often a matterof practicalconcern.ln 1985 a newspaperheadline
reportedheSecretanpf DefenseassayingthatCongressindthe Senatédhadcutthedefensdudget.
As hisopponentpointedout, however, Congresfiadmerelycuttherateatwhichthedefensdudget
wasincreasing'? In otherwords,the derivative of the defensebudgetwasstill positive (the budget
wasincreasing)put the secondderivative wasnegative (the budgets rateof increaseénadslowved).

1211 the Boston Globe, March 13, 1985, Representative William Gray (D—Pa.) was reported as saying: “It’s confusing to
the American people to imply that Congress threatens national security with reductions when you’re really talking about a
reduction in the increase.”
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Example 2

Solution

A population P, growing in a con ned ervironmentoftenfollows a logistic gronth curwe, like the
graphshowvn in Figure2.40.Describehow the rate at which the populationis increasingchanges
overtime. Whatis the signof the secondierivative d?P=dt?? Whatis the practicalinterpretatiorof
t andL?

Figure 2.40: Logistic growth curve

Initially, thepopulationis increasingandatanincreasingate.So, initially dP=dt is increasingand
d’P=dt?> > 0. At t , therateat which the populationis increasings a maximum;the population
is growing fastesthen.Beyondt , the rate at which the populationis growing is decreasingso
d’P=dt’> < 0. Att , thegraphchangesrom concae up to concare dovn andd?P=dt> = 0.

ThequantityL representthelimiting valueof thepopulationthatis approachedst tendstoin-
nity; L is calledthecarrying capacityof theernvironmentandrepresentthe maximumpopulation
thattheernvironmentcansupport.

Example 3

Solution

Table2.9 shavs thenumberof abortionsperyear A, reportedn the US!3 in theyeart.

Table 2.9 Abortionsreportedin the US (1972—-2000)

Year t 1972 1975 1980 1985 1990 1995 2000
Thousandsf abortionsreported A 587 1034 1554 1589 1609 1359 1313

(a) Calculatetheaveragerateof changefor thetime intervals shavn betweerl972and2000.
(b) Whatcanyou sayaboutthesignof d?A=dt? duringthe period1972—-1995?

(a) For eachtime intenval we cancalculatethe averagerate of changeof the numberof abortions
peryearoverthisintenal. For example between972and1975

Averagerate _ A

ofchange = t

1034 587 _ 447

= lo75 1972 3 40

Thus,betweenl972and1975,therewereapproximatelyl 43,000 moreabortiongeportedeach
year Valuesof A= t arelistedin Table2.10:

Table 2.10 Rateof change of numberof abortionsreported

Time 1972-1975| 1975-1980 | 1980-1985 | 1985-1990 | 1990-1995 | 1995-2000
Averagerateof change, .
A=t (1000syear) 149 104 7 4 50 9:2

3 Statistical Abstracts of the United States 2004-2005, Table 89.
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(b) We assumehe datalies on a smoothcune. Sincethe valuesof A=t aredecreasingira-
matically for 1975-1995we can be pretty certainthat dA=dt alsodecreasesso d>A=dt? is
negative for this period.For 1972-1975the sign of d?A=dt? is lessclear;abortiondatafrom
1968would help. Figure2.41 con rms this; the graphappearso be concae dowvn for 1975—
1995. The fact that dA=dt is positive during the period 1972-1980tells us that the number
of abortionsreportedincreasedrom 1972to 1980.ThefactthatdA=dt is negative duringthe
period1990-200Gells usthatthe numberof abortionsreporteddecreaseffom 1990to 2000.
Thefactthatd?A=dt? is negative for 1975-1995ells us that the rate of increaseslowed over
this period.

A (thousands of abortions)
2000

1500
1000

500

1 1 t
1975 1980 1985 1990 1995 2000

(years)

Figure 2.41: How the numberof reportedabortionsin the US is changingwith time

Problemsfor Section2.4

1. Forthefunctiongraphedn Figure2.42 arethefollowing 4. 5.
nonzeroguantitiegpositive or negative? f (x)
@ f(2 (b) %2) © f%2)
1+ X
H o
1
4
f | I I I X
2
1% f(x) 6 e 1 .
L — 1 !
Figure 2.42
f (x)

For Probleme-7,give thesignsof the rst andsecondieriva-
tivesfor eachof thefollowing functions.Eachderivative is ei-
ther positive everywhere zeroeverywhere or negative

everywhere. . .
yw In Problems3-9,usethevaluesgivenfor eachfunction.

(a) Doesthederivative of thefunctionappeaito be positive
or negative over thegiveninterval? Explain.

(b) Doesthe secondderivative of the function appearto be
— (%) positive or negative over the giveninterval? Explain.

2. 3.
f(x)

X — X : t | 100 | 110] 120 | 130 | 140
1 1 w(t) | 107 | 63 | 42 | 35 | 33

s(t) [12] 1417 | 20| 3155




In Problemsl0-11,usethegraphgivenfor eachfunction.
(a) Estimatetheintenalsonwhichthedervative is positive

(b)

10.

11.

12.

13.

14.

15.

andtheintervalson which thederivative is negative.
Estimatethe intervals on which the secondderivative is
positive andtheintervalsonwhich the secondderivative
is negative.

30
20 \ g(t)

10
1 / .

10
20

A1)

N
—
P

Ly

(a) Graphafunctionwhose rst andsecondderivatives
areeverywherepositive.

(b) Graphafunctionwhosesecondderiative is every-
where neggative but whose rst derivative is every-
wherepositive.

(c) Graphafunctionwhosesecondderiative is every-
where positive but whose rst dervative is every-
wherenggative.

(d) Graphafunctionwhose rst andsecondderivatives
areeverywherenegative.

At exactly two of the labeledpointsin Figure2.43,the
derivative f ®is 0; the secondderivative f is notzeroat
ary of thelabeledpoints.Onacopy of thetable,give the

signsof f , f % f ®ateachmarked point.
B c Point | f | O] 00
A
B
C
A D D
Figure 2.43

ThelengthL of thedayin minutes(sunriseto sunset)
kilometersnorth of the equatoron June21 is given by
L = f (x). Whataretheunitsof

(@ f93000)? (b) f°43000)?
For three minutes the temperatureof a feverish per

sonhashadpositive rst derivative andnegative second
derivative. Which of thefollowing is correct?

(a) Thetemperatureosein thelastminutemorethanit
rosein theminutebefore.

16.

17.

18.

19.

20.

21.
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(b) Thetemperatureosein thelastminute,butlessthan
it rosein the minutebefore.

(c) Thetemperaturdell in thelastminutebut lessthan
it fell in theminutebefore.

(d) Thetemperatureosetwo minutesagobut fell in the
lastminute.

Yesterdays temperatureat t hours past midnight was
f (t) C. At noonthe temperaturavas20 C. The rst

derivative, f %(t), decreasedll morning,reachinga low
of 2 C=hour at noon, thenincreasedor the restof the
day Which oneof thefollowing mustbecorrect?

(@) Thetemperaturdell in the morningandrosein the
afternoon.

(b) At 1 pmthetemperaturevasi8 C.

(c) At 1pmthetemperaturevas22 C.

(d) Thetemperaturevasloweratnoonthanatary other
time.

(e) Thetemperatureoseall day.

Valuesof f (t) aregivenin thefollowing table.

(a) Doesthisfunctionappearto have a positive or neg-
ative rst derivative? Secondderivative?Explain.
(b) Estimatef °(2) andf (8).

t 0 2 4 6 8
f(t) | 150 | 145 | 137 | 122 | 98

10
56

Sketchthe graphof a functionf suchthatf (2) = 5,
£9(2) = 1=2, andf %42) > 0.

Sketcha graphof a continuousfunctionf with the fol-
lowing properties:

fo(x) > 0forall x
f%x) < 0forx < 2andf ®4x) > 0forx > 2.

At which of the marked x-valuesin Figure2.44 canthe
following statementbetrue?

@ fx)<o

(b) £%x)< 0

(c) f (x) isdecreasing

(d) fOx) is decreasing

(e) Slopeoff (x) is positve

(f) Slopeof f (x) isincreasing

f(x)

Figure 2.44
A functionf hasf (5) = 20, %(5) = 2, andf “{x) < 0,
forx 5. Whichof thefollowing arepossiblevaluesfor

f (7) andwhich areimpossible?

(@ 26 (b) 24 (¢ 22
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22.

23.

24.

25.

26.
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Thetablegivesthenumberof passengetars,C = f (t),
in millions,'* in theUSin theyeart.

(a) Dof %t) andf °Yt) appeato bepositive or negative
duringthe period1940-19807?

(b) Estimatef °(1975). Using units, interpretyour an-
swerin termsof passengetars.

t | 1940 | 1950 | 1960 | 1970 | 1980 | 1990 | 2000

C | 275 | 40:3 | 61:7 | 89:2 | 121:6 | 1337 | 133:6

@

“Winning the war on poverty” hasbeendescribedcyn-
ically asslowing the rate at which peopleare slipping
belav the poverty line. Assumingthatthis is happening:

(a) Graphthetotal numberof peoplein poverty against
time.

(b) If N isthenumberof peoplebelon the poverty line
attimet, whatarethesignsof dN =dt andd?N =dt??
Explain.

Let P (t) representhe price of a shareof stock of a

corporationat time t. What doeseachof the following

statementsell us aboutthe signsof the rst andsecond
derivativesof P (t)?

(@) “The priceof thestockis rising fasterandfaster’
(b) “The price of thestockis closeto bottomingout”

In economics,total utility refersto the total satishc-
tion from consumingsomecommodity Accordingto the
economisSamuelsor’

As you consumemore of the samegood, the
total (psychologicaltility increasesHowever,
...with successie new units of the good, your
total utility will grow at a slower and slower
ratebecausef afundamentalendeng for your
psychologicakbility to appreciatemore of the
goodto becomdesskeen.

(a) Sketchthetotal utility asa function of the number
of unitsconsumed.
(b) In termsof derivatives,whatis Samuelsorsaying?

An industryis beingchagedby the ErvironmentalPro-
tection Agengy (EPA) with dumpingunacceptabléev-
elsof toxic pollutantsin alake. Over a periodof several

months,an engineeringrm makesdaily measurements

of the rateat which pollutantsarebeingdischagedinto
the lake. The engineersproducea graphsimilar to ei-
therFigure2.45(a)or Figure2.45(b).For eachcasegive
anideaof whatamgumentthe EPA might male in court
agpinsttheindustryandof theindustry's defense.

(b)

rateofdischarge rateofdischarge

time time
ayearago nav ayearago

Figure 2.45

27.

28.

29.

Sketchthe graphof the heightof a particleagainsttime
if velocity is positive andaccelerations negative.

Figure2.46givesthe position,f (t), of aparticleattime
t. At which of the marked valuesof t canthe following
statementbetrue?

(a) Thepositionis positive
(b) Thevelocityis positive
(c) Theacceleratiorns positive
(d) Thepositionis decreasing
(e) Thevelocityis decreasing

Figure 2.46

Eachof the graphsin Figure2.47 shavs the position of

a particlemoving alongthe x-axisasa function of time,

0 t 5:Theverticalscaleof thegraphsarethesame.
During thistime interval, which particlehas

(a) Constanwelocity?

(b) Thegreatestnitial velocity?

(c) Thegreatestveragevelocity?
(d) Zeroaveragevelocity?

(e) Zeroacceleration?

() Positve acceleratiorthroughout?

m x am X

t t

5 5
(my X (v) X
t t
5 5
Figure 2.47

4The World Almanac and Book of Facts 2005, p. 237 (New York).
I5From Paul A. Samuelson, Economics, 11th edition (New York: McGraw-Hill, 1981).
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2.5 MARGINACOSTANDREVENUE

Managemendlecisionswithin aparticular rm or industryusuallydependnthecostsandrevenues
involved. In this sectionwe look at the costandrevenuefunctions.

Graphsof CostandRererue Functions

The graphof a costfunction may be linear, asin Figure 2.48, or it may have the shapeshavn
in Figure 2.49. The intercepton the C-axis representgshe x ed costs,which are incurredeven
if nothingis produced.(This includes,for instance the costof the machineryneededto begin
production.)n Figure2.49,thecostfunctionincreasesjuickly at rst andthenmoreslowly because
producinglarger guantitiesof a goodis usuallymoreef cient thanproducingsmallerquantities—
thisis calledeconomyof scale At still higherproductionlevels, the costfunctionincreasegaster
agpin asresourcedecomescarcesharpincreasesnay occurwhennew factorieshave to be built.
Thus,thegraphof a costfunction,C, maystartout concare down andbecomeconcae up lateron.

C (cost) C (cost)

q (quantity) q (quantity)

Figure 2.48: A linearcostfunction Figure 2.49: A nonlinearcostfunction

Therevenuefunctionis R = pg, wherep is priceandq is quantity If theprice,p, is aconstant,
the graphof R againstq is a straightline throughthe origin with slopeequalto the price. (See
Figure2.50).In practice for large valuesof g, the market may becomeglutted,causingthe priceto
dropandgiving R theshapédn Figure2.51.

R (revenue) R (revenue)
quantity quantity
Figure 2.50: Revenue:Constanprice Figure 2.51: Revenue:Decreasingrice
Example1 If cost,C, andrevenue,R, aregiven by the graphin Figure2.52, for what productionquantities
doesthe rm make apro t?
$
C
R

|

|

|

|

|

| |

| |

| |

| |

| |

o

S Y Y Y B 1 Uantit
130 215 i Y

Figure 2.52: Costsandrevenuedor Examplel
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Solution The rm makesaprot wheneerrevenuesaregreaterthancoststhatis, whenR > C. Thegraph
of R is above the graphof C approximatelywhen130< g < 215 Productionbetweenl30 units
and215unitswill generate pro t.

MaginalAnalsis

Many economicdecisionsarebasedn ananalysisof the costsandrevenues‘at themaigin.” Let's
look atthisideathroughanexample.

Supposeyou arerunninganairline andyou aretrying to decidewhetherto offer anadditional
ight. How shouldyou decideVe'll assumehat the decisionis to be madepurely on nancial
groundsif the ight will make money for thecompary, it shouldbe added Obviously you needto
considerthe costsandrevenuesnvolved. Sincethe choiceis betweeraddingthis ight andleaving
thingsthe way they are,the crucial questionis whetherthe additional costsincurredaregreateror
smallerthantheadditionalrevenuegieneratedby the ight. Theseadditionalcostsandrevenuesare
calledmaminal costsandmaiginal revenues

SupposeC(q) is the function giving the costof runningq ights. If the airline hadoriginally
plannecdto run 100 ights, its costswould be C(100). With the additional ight, its costswould be
C(101). Therefore,

Marginalcost= C(101) C(100):

Now
C(101) C(100).

101 100

andthis quantityis the averagerate of changeof costbetweenl00and101 ights. In Figure2.53
the averagerate of changeis the slopeof the secantline. If the graphof the costfunctionis not

curvingtoo fastnearthe point, the slopeof the secantine is closeto the slopeof thetangentine

there.Thereforethe averagerateof changes closeto theinstantaneousateof change Sincethese
ratesof changearenotvery different,mary economist€hooseo de ne mamginal cost,M C, asthe
instantaneourateof changeof costwith respecto quantity:

C(101) C(100)=

Marginalcost= M C = CY0):

Marginal costis representedly the slopeof the costcurve.

C(a)

Slope = C(101) ~ C(100) Slopes of these
Slope = C°(100) two lines are close

\
\ \
\ \
| |
100 101

Figure 2.53: Marginal cost:Slopeof oneof theselines
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Similarly, if the revenuegeneratedy q ights is R(q), thenthe additionalrevenuegenerated
by increasinghe numberof ights from 100to 101is
Marginalrevenue= R(101) R(100):

Now R(101) R(100) is theaveragerateof changeof revenuebetweenl00and101 ights.
As before theaveragerateof changds approximatelyequalto theinstantaneougateof changeso
economist®ftende ne

Marginal revenue= M R = RY0).

Marginal revenueis representetly the slopeof therevenuecurve.

Example 2 If C(g) andR(q) for theairline aregivenin Figure2.54,shouldthe compary addthe 101 ight?

Solution The maginal revenueis the slopeof the revenuecurve atq = 100 The maginal costis the slope
of the graphof C atq = 100 Figure 2.54 suggestghatthe slopeat the point A is smallerthan
theslopeatB, soM C < MR for g = 100 This meanghatthe airline will make morein extra
revenuethanit will spendin extra costsif it runsanotheright, soit shouldgo aheadandrunthe
1018 ight.

+«—— Slope=MR

Figure 2.54: Costandrevenuefor Example2

Example 3 The graphof a costfunctionis givenin Figure2.55.Doesit costmoreto producethe 500" item
or the2000" ? Doesit costmoreto producethe 3000" item or the4000" ? At approximatelywhat
productionlevel is maiginal costsmallestWhatis the total costat this productionlevel?

$
20,000

10;000

— (| (thousands)
5

Figure 2.55: Estimatingmaiginal cost:Whereis mamginal costsmallest?

Solution The costto producean additionalitem is the maiginal cost,which is representedby the slopeof
the costcurwe. Sincethe slopeof the costfunctionin Figure2.55is greateratq = 0:5 (whenthe
quantityproduceds 0:5 thousandpr 500)thanatq = 2, it costsmoreto producethe 500" item
thanthe 2000" item. Sincethe slopeis greateratq = 4 thanq = 3, it costsmoreto producethe
4000" itemthanthe 3000" item.



128 Chapter Two RATE OF CHANGE: THE DERIVATIVE

The slopeof the costfunctionis closeto zeroatq = 2, andis positive everywhereelse,sothe
slopeis smallestatq = 2. The maginal costis smallestat a productionlevel of 2000units. Since
C(2) 16,000, thetotal costto produce2000unitsis about$1G000.

Example 4 If therevenueandcostfunctions,R andC, aregivenby thegraphsn Figure2.56,sketchgraphsof
themaiginal revenueandmaiginal costfunctions,M R andM C.

$ $
R C

100

Figure 2.56: Total revenueandtotal costfor Example4
Solution Therevenuegraphis aline throughthe origin, with equation
R=pq
wherep representshe constanprice,sotheslopeis p and
MR = RYq) = p.
Thetotal costis increasingsothemaurginal costis alwayspositive. For smallg valuesthegraph
of the costfunctionis concae down, sothe maiginal costis decreasingkor largerq, sayq > 100,

the graphof the costfunctionis concae up andthe mamginal costis increasingThus,the maiginal
costhasa minimumataboutq = 100 (SeeFigure2.57.)

$/unit $/unit

pl MR MC

(quantity) : (quantity)
q y 100 q y

Figure 2.57: Marginal revenueandcostsfor Example4

Problemsfor Section2.5

1. In Figure2.58,estimatehe mamginal costwhenthelevel 2. In Figure 2.59, estimatethe maiginal revenuewhenthe

of productionis 10;000 unitsandinterpretit. level of productionis 600 unitsandinterpretit.
$
$
C
(@ 20,000 R(q)
20,000 =
—
10,000 10,000
/
: 9 q
0 10;000 0 600

Figure 2.58 Figure 2.59
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10.

ThefunctionC (q) givesthe costin dollarsto produceq
barrelsof olive ail.

(a) Whataretheunitsof maginal cost?
(b) What is the practical meaning of the statement
M C = 3 forq = 100?

. It costs$4800 to producel295itemsandit costs$4830

to producel305items.Whatis theapproximatenaiginal
costataproductionlevel of 1300items?

. In Figure 2.60,is mamginal costgreateratq = 5 or at

g = 30?At q = 20 oratq = 40? Explain.

$
500 - C(a)

400

300 /
200
100

q
10 20 30 40 50
Figure 2.60

. Figure2.61shaws partof the graphof costandrevenue

for acarmanufcturerWhichis greateymaiginal costor
mamginal revenue at

@ @? (b) @7
$

: C
|
|

| |

a1 Q2 d

Figure 2.61

. Let C(q) representhe total costof producingq items.

SupposeC (15) = 2300 andC%15) = 108. Estimate
thetotal costof producing:(a) 16 items (b) 14 items.

. To producel000 items, the total costis $5000 andthe

mamginal costis $25 peritem. Estimatethe costsof pro-
ducing1001 items,999 items,and1100 items.

. Let C(q) representhe costandR(q) representhe rev-

enue,n dollars,of producingg items.

(@) If C(50) = 4300 and C°(50) = 24, estimate
C(52).

(b) If C°%50) = 24 andR%50) = 35, approximately
how muchpro t is earnedoy the 51" item?

(c) If C%100) = 38 andR%100) = 35, shouldthe
company producethe 101% item?Why or why not?

Costand revenuefunctionsfor a charterbus comparny
are shawvn in Figure 2.62. Should the compary add a
50" bus?How abouta90™ ? Explainyouranswersising
mamginal revenueandmaginal cost.
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$ C(9)

1000 R (9)
800 //

600

400

200

q
25 50 75 100 125
Figure 2.62

11. For g units of a product,a manufcturers costis C(q)

dollars and revenueis R(q) dollars, with C(500) =
7200, R(500) = 9400, M C(500) = 15, and
M R (500) = 20.

(&) Whatistheprot orlossatq = 500?
(b) If productionis increasedrom 500to 501 units, by
approximatelyhow muchdoespro t change?

12. A compan's costof producingq liters of a chemicalis

C(q) dollars;this quantitycanbe sold for R(q) dollars.
SupposeC (2000) = 5930 andR (2000) = 7780.

(&) Whatistheprot ataproductionlevel of 2000?

(b) If M C(2000) = 2:1 andM R(2000) = 2:5, what
is the approximatechangen pro t if qis increased
from 2000to 2001 ?Shouldthecompaly increaser
decreas@roductionfrom g = 2000?

(c) If MC(2000) = 4:77 and M R(2000) = 4:32,
shouldthecompaly increaseor decreas@roduction
from g = 2000?

13. AnindustrialproductionprocessostsC (q) million dol-

lars to produceq million units; theseunits thensell for
R(q) million dollars.If C(2:1) = 5:1, R(2:1) = 6:9,
M C(2:1) = 0:6,andM R(2:1) = 0:7, calculate

(@) Theprot earneddy producing2:1 million units

(b) Thechangen revenueif productionincreasesrom
2.1to 2.14million units.

(c) Thechangdn revenueif productiondecreasefom
2:1 to0 2:05 million units.

(d) Thechangen prot in parts(b) and(c).

14. The costof regycling q tonsof paperis givenin thefol-

lowing table. Estimatethe maginal costat g = 2000.
Give unitsandinterpretyour answetlin termsof cost. At
approximatelywhat productionlevel doesmaiginal cost
appeasmallest?

q (tons) 1000 | 1500 | 2000 | 2500 | 3000 | 3500

C(q) (dollars) | 2500 | 3200 | 3640 | 3825 | 3900 | 4400

15. Let C(q) bethetotal costof producinga quantityq of a

certainproduct.SeeFigure2.63.
(a) Whatis themeaningof C(0)?
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(b) Describein wordshow themaiginal costchangess
thequantityproducedncreases.

(c) Explaintheconcaity of thegraph(in termsof eco-
nomics).

(d) Explain the economic signi cance (in terms of
maminal cost) of the point at which the concaity
changes.

(e) Do youexpectthegraphof C(q) to look lik e thisfor
all typesof products?

CHAPTEBUMMAR

Rate of change

Averagejnstantaneous

Estimating derivatives

Estimatederivativesfrom agraph tableof valuesor for-
mula.

Inter pretation of derivatives

Rateof changeslope,usingunits, instantaneouseloc-
ity.

REVIEWROBLEM$&ORCHAPTERWO

1. For the function shawvn in Figure 2.64, at what labeled

pointsis the slopeof the graph positive? Negative? At
whichlabeledpointdoesthegraphhave thegreatesti.e.,
mostpositive) slope?The leastslope(i.e., negative and
with thelargestmagnitude)?

Figure 2.64

2. Thefunctionin Figure2.65hasf (4) = 25 andf %(4) =

1:5. Find the coordinate®f thepointsA, B, C.

Tangentine

f(x)

Figure 2.65

3.

5.

C(a)

Figure 2.63

Mar ginality

Marginal costandmaiginal revenue

Secondderivative

Concaity

Derivativesand graphs
Understandelationbetweersignof f °andwhetherf is
increasingor decreasingSketchgraphof f © from graph
of f . Marginal analysis.

Estimatef °(2) for f (x) = 3*. Explainyour reasoning.

. In atime of t secondsa particlemovesa distanceof s

metersfrom its startingpoint, wheres = 3t2.

(a) Findthe averagevelocity betweent = 1 andt =
1+ hif:
@) h=0:1, (@) h=0:01, (i) h=0:001.
(b) Useyour answerdo part(a) to estimatethe instan-
taneousvelocity of the particleattimet = 1.

The populationof the world reachedl billion in 1804,

2 billion in 1927, 3 billion in 1960, 4 billion in 1974, 5

billion in 1987 and6 billion in 1999. Find the average
rate of changeof the populationof the world, in people
perminute,duringeachof theseintervals.[Thatis, from

1804t0 1927,1927t0 1960,etc.]

. In atime of t secondsa particlemovesa distanceof s

metersfrom its startingpoint, wheres = sin(2t).

(a) Findthe averagevelocity betweent = 1 andt =
1+hif:
@) h=0:1, (i) h=0:01, (i) h=0:001.
(b) Useyour answerdo part(a) to estimatethe instan-
taneousvelocity of the particleattimet = 1.



7. Giventhenumericalaluesshovn, nd approximateval-
uesfor the derivative of f (x) at eachof the x-values
given. Whereis the rate of changeof f (x) positve?
Whereis it negative? Wheredoesthe rate of changeof
f (x) seemto begreatest?

X o 1 2 3 45 6 7 8
f(x)|18 13 10 9 9 11 15 21 30

Sketchthe graphsof thederivativesof thefunctionsshavn in
Problems38—13.Be sureyour sketchesareconsistentvith the
importantfeaturesof the graphsof the original functions.

8. 9.
f(x)

f(x)

10. 11.
\ ‘é / 00 U f(x)
| | | X

12. 13.

14. A vehiclemoving alonga straightroadhasdistance (t)
from its startingpoint at time t. Which of the graphsin
Figure2.66 could be f %(t) for the following scenarios?
(Assumethescalentheverticalaxesareall thesame.)

(a) A busonapopularroute,with notrafc
(b) A carwith notrafc andall greenlights
(c) A carin heary trafc conditions

0] (n

@y

Figure 2.66

15.

16.

17.

18.

19.

20.
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ThetemperatureH , in degreesCelsius,of a cup of cof-
fee placedon thekitchencounteris givenby H = f (t),
wheret is in minutessincethe coffee was put on the
counter

(a) st %t) positive or negative?Give a reasorfor your
answer

(b) Whatarethe units of f %(20)? Whatis its practical
meaningn termsof thetemperaturef the coffee?

ThetemperatureT , in degreesFahrenheitpf acoldyam
placedin ahotovenis givenby T = f (t), wheret is the
timein minutessincetheyamwasputin the oven.

(a) Whatis thesignof f %(t)? Why?
(b) Whatarethe units of f °(20)? Whatis the practical
meaningof the statement °(20) = 2?

Supposdhatf (x) is afunctionwith f (100) = 35 and
f %(100) = 3. Estimatef (102).

Supposehatf (t) is a functionwith f (25) = 3:6 and
£9(25) = 0:2. Estimatef (26) andf (30).

A mutualfund is currentlyvaluedat $80 per shareand
its value pershareis increasingat a rate of $0:50 a day.
LetV = f (t) bethevalueof thesharet daysfrom now.

(a) Expresgheinformationgivenaboutthemutualfund
intermof f andf °.

(b) Assumingthattherateof growth staysconstantes-
timateandinterpretf (10).

Theaverageweight,W , in poundsof anadultis afunc-
tion, W = f (c), of the averagenumberof Caloriesper
day ¢, consumed.

(@) Interpret the statementsf (1800) = 155 and
f %(2000) = 0 in termsof dietandweight.
(b) Whataretheunitsof f %(c) = dw=dc?

. Investing$1000at an annualinterestrate of r %, com-

poundedcontinuouslyfor 10 yearsgivesyou a balance
of $B, whereB = g(r). Give a nancial interpretation
of thestatements:

(@) 9(5) 1649.
(b) ¢°5) 165. Whataretheunitsof g%5)?

. SupposeP (t) is the monthly payment,in dollars,on a

mortgagewhichwill taket yearsto payoff. Whatarethe
units of P%(t)? Whatis the practicalmeaningof P %(t)?
Whatis its sign?

. Letf (x) betheelevationin feetof theMississippiriverx

milesfrom its source Whataretheunitsof f °(x)? What
canyou sayaboutthe signof f °(x)?

. An economistis interestedn how the price of a certain

item affectsits sales At apriceof $p, aquantity g, of the
itemis sold.If q = f (p), explainthemeaningof eachof
thefollowing statements:

(@ f(150) = 2000 (b) fo150)= 25



132

25

26.

27.

28.
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. A compan's revenuefrom carsalesC (in thousand®f

dollars), is a function of adwertising expenditure,a, in
thousandsf dollars,soC = f (a).

(@) Whatdoesthe compary hopeis true aboutthe sign
of f %2

(b) Whatdoesthestatement °(100) = 2 meanin prac-
tical terms?How aboutf °(100) = 0:5?

(c) Suppose the company plans to spend about
$100;000 on adwertising. If f°100) = 2, should
the compary spendmoreor lessthan$100;000 on
adwertising?Whatif f °(100) = 0:5?

At oneof thelabeledpointson the graphin Figure2.67
bothdy=dx andd?y=dx? arepositive. Whichis it?

y

Figure 2.67

Sketch the graphof a function whose rst and second
derivativesareeverywherepositive.

Sketchthe graphof a function whose rst derivative is

everywherenggative andwhosesecondderivative is pos-
itive for somex-valuesandnegative for otherx-values.

IBM-Peru usessecondderivativesto assesshe relative
succes®f variousadwertising campaignsThey assume
that all campaignsproducesomeincreasein sales.|f
a graph of salesagainsttime shavs a positive second
derivative duringa new adwertisingcampaignwhatdoes
this suggesto IBM management®hy? What doesa
negative secondderivative suggest?

A high schoolprincipal is concernedaboutthe drop in
thepercentagef studentsvho graduatdrom herschool,
shavn in thefollowing table.

Year entered school, t | 1992 | 1995 | 1998 | 2001 | 2004

Percent graduating, P | 62:4 | 54:1 | 48:0 | 43:5 | 41:8

(a) Calculatethe averagerate of changeof P for each
of thethree-yeaintenalsbetweenl992and2004.

(b) Doesd?P=dt?> appeatto be positive or negative be-
tween1992and2004?

(c) Explainwhy thevaluesof P anddP=dt aretrouble-
someto theprincipal.

(d) Explainwhy thesignof d?P=dt? andthemagnitude
of dP=dt in the year 2001 may give the principal
somecausefor optimism.

31. Studentsvereaskedto evaluatef °(4) from thefollowing

tablewhich shaws valuesof the functionf :

f(x)|42|41|42|45|50|57

StudentA estimatedthe deriative as f %(4)

f(5) f(4)

= 0:5.
5 4
StudentB estimatedthe derivative as f °(4)
W 1) _ g,

Studen(C suggestethatthey shouldsplit thediffer-
enceand estimatethe averageof thesetwo results,
thatis, f °(4)  3(0:5+ 0:3) = 0:4.

() Sketchthe graphof f, andindicatehow the three
estimatesrerepresentednthegraph.
(b) Explainwhich answetiis likely to bebest.

32. Givenall of the following informationabouta function

f , sketchits graph.

f(x)=0atx = 5;x=0;andx =5
f(x)! 1 asx! 1

f(x)!' 3asx! 1

fo%x)=0atx = 3;x =2:5; andx =7

33. Figure2.68shavstherateatwhichenengy, f (v), is con-

sumedby abird ying atspeeds meters/sec.

(a) Whatrate of enegy consumptionis needecby the
bird to keepaloft, without moving forward?

(b) Whatdoesthe shapeof thegraphtell youabouthowv
birds y?

(c) Sketchf %(v).

energyjoules/sec)

o O

V, speedm/sec)
1 2

Figure 2.68
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PROJECTEFORCHAPTERWO

1. Estimating the Temperature of a Yam
Supposey/ou put ayamin a hot oven, maintainedat a constantemperaturef 200 C. As
theyam picksup heatfrom the oven, its temperaturegisest®

(a) Draw apossiblegraphof thetemperaturd of theyamagainsttimet (minutes)sinceit is
putinto theoven.Explainary interestingfeaturesf thegraph,andin particularexplainits
concaity.

(b) Supposeéhat,att = 30, thetemperaturd of theyamis 120 andincreasingatthe (instan-
taneousyateof 2 /min. Usingthis information,pluswhatyou know aboutthe shapeof the
T graph,estimateghetemperaturattimet = 40.

(c) Supposean additionyou aretold thatatt = 60, the temperaturef theyamis 165 . Can
youimprove your estimateof thetemperaturatt = 40?

(d) Assumingall the datagivensofar, estimatethetime at which the temperaturef theyam
is150 .

2. Temperature and Illumination
Alonein yourdim, unheatedoom,youlight asinglecandleratherthancursethedarkness.
Depresseavith thesituation,youwalk directly avay from thecandle sighing. Thetemperature
(in dggreesFahrenheitiandillumination (in % of onecandlepower) decreasasyour distance
(in feet)from the candleincreasesln fact,you have tablesshowing this information.

Distancdfeet) | Temperaturé F) Distancefeet) lllumination (%)
0 55 0 100
1 54:5 1 85
2 53:5 2 75
3 52 3 67
4 50 4 60
5 47 5 56
6 43:5 6 53

You arecold whenthetemperaturés belov 40 . You arein the darkwhentheillumination is
atmost50% of onecandlepower.

(a) Twographsareshavnin Figures2.69and2.70.0Oneis temperaturasafunctionof distance
andoneis illumination asa functionof distanceWhich is which?Explain.

S~ -

Figure 2.69 Figure 2.70

(b) Whatis theaveragerateatwhich thetemperaturés changingwhentheillumination drops
from 75%to 56%?

(¢) You canstill readyour watchwhentheillumination is about65% Canyou still readyour
watchat 3:5 feet?Explain.

16From Peter D. Taylor, Calculus: The Analysis of Functions (Toronto: Wall & Emerson, Inc., 1992).
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(d) Supposeyou know that at 6 feet the instantaneousate of changeof the temperaturds
4:5 F/ft andthe instantaneousate of changeof illuminationis 3% candlepower/ft.
Estimatethetemperatur@ndtheillumination at 7 feet.
(e) Areyouinthedarkbeforeyouarecold, or vice-versa?
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FOCU®NTHEOR

LIMITSCONTINUITXNDTHEDEFINITIOQFTHEDERIXTIVE

The velocity at a single instantin time is surprisinglydif cult to de ne precisely Considerthe
statementAt theinstantit crossedhe nish line, thehorsewastravelingat42mph?” How cansuch
aclaim be substantiatedA photographaken at thatinstantwill shov the horsemotionless—itis
no help at all. Thereis someparadoxin trying to quantify the propertyof motion at a particular
instantin time, sinceby focusingon a singleinstantwe stopthe motion!

A similar dif culty arisesvhen&erwe attemptto measureherateof changeof anything—for
example oil leakingoutof adamagedanker. ThestatementOnehouraftertheship's hull ruptured,
oil wasleakingatarateof 200barrelspersecond’seemsiotto make senseWe couldarguethatat
ary giveninstantno oil is leaking.

Problemsof motionwereof centralconcerrnto Zenoandotherphilosopherasearlyasthe fth
centuryBC. Theapproachhatwe took, madefamousby Newton's calculuss to stoplooking for a
simplenotionof speedataninstant,andinsteado look at speedver smallintervals containingthe
instant.This methodsidestepshe philosophicalproblemsmentionecearlierbut bringsnew onesof
its own.

De nitionof the DeriativeUsingAverage Rates

On page 100 of Section2.1, we de ned the derivative asthe instantaneousate of changeof a
function. We can estimatea derivative by computingaverageratesof changeover smallerand
smallerintenals.We usethisideato give asymbolicde nition of thederivative. Letting h represent
thesizeof theintenval, we have

Averagerateof change _ f(x+ h) f(x) _ f(x+h) f(x).
betweerx andx + h (x+h) x h '

To nd thederwative, or instantaneousateof changeatthepointx, we usesmallerandsmaller
intervals. To nd the derivative exactly, we take the limit ash, the size of the interval, shrinksto
zero,sowe say

f(x+h) f(x).
 h

Finally, insteadof writing thephrasélimit, ash approache8,” we usethenotationlbi!mo. Thisleads
to thefollowing symbolicde nition:

Derivative = Limit, ash approachegero,of

For ary functionf , we de ne thederivative function, f ©, by

fx+h) (9.
H :

providedthelimit exists. Thefunctionf is saidto be differentiable atany pointx atwhich
the derivative functionis de ned.

O _ .
fH(x) = }Ll!mo

Notice that we have replacedthe original dif culty of computingvelocity at a point by an
argumentthatthe averageratesof changeapproacta numberasthetime intenalsshrinkin size.In
a sensewe have tradedonehardquestionfor anothey sincewe don't yet have ary ideahow to be
certainwhatnumberthe averagevelocitiesareapproaching.
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Theldeaof a Limit

We usedalimit to de ne thederivative. Now we look a bit moreattheideaof thelimit of afunction
atthepointc. Providedthelimit exists:

We write Iilm f (x) to representhe numberapproachedy f (x) asx approaches.

Example1

Solution

Investigate lim x2.
xt

Noticethatwe canmake x? ascloseto 4 aswe like by takingx sufciently closeto 2. (Look atthe
valuesof 1:9?, 1:99?, 1:999, and2:12, 2:012, 2:007 in Table2.11;they seemto be approaching
4.) We write

lim x? = 4;
which is read*“the limit, asx approache®, of x? is 4 Notice thatthe limit doesnot askwhat
happensat x = 2, soit is not sufcient to substitute2 to nd the answer The limit describes
behaior of afunctionnearapoint, not at the point.

Table 2.11  Valuesofx2 nearx = 2

X 1:9 1:99 | 1:999 | 2:001 | 2:01 21
X2 | 361 | 3:96 | 3:996 | 4:004 | 4:04 | 4:41

Example 2

Solution

T

. .2
Useagraphto est|mateI||mO
x:

1 1
21

Figure 2.71: Findthelimit asx ! 0 of

. 27 1. . .
NotlcethattheexpressmnT isunde nedatx = 0. To nd outwhathappengo thisexpression

asx approache$, look at a graphof f (x) = . Figure2.71 shaws thatasx approache$®

T

. . 2* 1 i
from eitherside, the value of appeargo approachd:7. If we zoomin on the graphnear
X = 0, we canestimatethelimit with greateraccurag, giving

X

lim 0:693
z! 0
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+ h)2
Example 3 Estimate}lbilmO W numerically
Solution The limit is the valueapproachedby this expressionash approache$. The valuesin Table2.12
seemo beapproachingg ash ! 0. Soit is areasonablguesghat
2
lim W = 6
B0 h
However, we cannotbe surethatthelimit is exactly 6 by looking atthetable.To calculatethe limit
exactly requiresalgebra.
Table2.12  Valuesof ((3+ h)? 9)=h
h 0:1 0:01 0:001 | 0:001 | 0:01 | 0:1
(3+h)* 9)=h 5:9 5:99 5:999 | 6:001 | 6:01 | 6:1
+ h)2
Example 4 Usealgebrao nd ’Ililmow.
Solution Expandingthe numeratogives
83+h)?2 9 9+6h+h? 9 6h+h?
h - h ~h
Sincetakingthelimit ash ! 0meandooking atvaluesof h near but notequalto 0, we cancancel
acommonfactorof h, giving
+ h)2 + h2
lim w= lim éh+ h = lim (6 + h):
AN h h! 0 R 0
As h approaches, thevaluesof (6 + h) approacts, so
. (3+h? 9
- = + = .
ilzllmO h ilzl!mo(G h)=6
Continuity
Roughly speaking,a function is saidto be continuouson an intenal if its graphhasno breaks,
jumps,or holesin thatinterval. A continuoudunctionhasa graphthatcanbedravn withoutlifting
the pencilfrom the paper

Example:Thefunctionf (x) = 3x?> x2+ 2x + 1 is continuouson ary interval. (SeeFig-
ure2.72.)

Example:Thefunctionf (x) = 1=xisnotde nedatx = 0. It is continuouson ary interval not
containingtheorigin. (SeeFigure2.73.)

Example:Suppose(x) is the price of mailing a rst-class letter weighingx ounceslt costs
34¢ for oneounceor less,57¢ betweenthe rst andsecondouncesandsoon. Sothe graph(in
Figure2.74)is a seriesof steps.This functionis not continuouson intervals suchas(0; 2) because
thegraphjumpsatx = 1.

Y (cents)
i 1
5 f(x) )=+ 20 I p(x)
57 ¢ o—e
i X X
2 1 1 2 37 0——e
5L : : — X (ounces)
1 2 3

Figure 2.72: Thegraphof
f(x)=3x> x%+2x

1

Figure2.73: Graphof f (x) = 1=x:
Notde ned at0

Figure 2.74: Costof mailing aletter
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What Does Continuity Mean Numerically?

Continuity is importantin practicalwork becausdt meansthat small errorsin the independent
variableleadto smallerrorsin the valueof thefunction.

Example:Suppos¢hatf (x) = x? andthatwewantto computef ( ). Knowingf is continuous
tellsusthattakingx = 3:14 shouldgive agoodapproximatiorto f ( ), andthatwe cangetabetter
approximatiorto f () by usingmoredecimalsof

Examplelf p(x) is thecostof mailing aletterweighingx ouncesthenp(0:99) = p(1) = 34¢,
whereag(1:01) = 57¢, becauseas soonaswe getover 1 ounce,the price jumpsup to 57£ So
a small differencein the weight of a letter canleadto a signi cant differencein its mailing cost.
Hencep is notcontinuousatx = 1.

Definition of Continuity

We now de ne continuity usinglimits. Theideaof continuity rulesout breaks jumps,or holesby
demandinghatthe behaior of afunctionneara point be consistentvith its behaior at the point:

Thefunctionf is continuous atx = cif f isde nedatx = cand
Iilm f(x) = f(0):

The function is continuous on an interval (a;b) if it is continuousat every point in the
interval.

Which Functions are Continuous?

Requiringafunctionto becontinuouson anintenal is notaskingvery much,asary functionwhose
graphis an unbrolen curve over the interval is continuous.For example,exponentialfunctions,
polynomials,and sine and cosineare continuouson every interval. Functionscreatedby adding,
multiplying, or composingcontinuoudunctionsarealsocontinuous.

Usingthe De nitionto CalculatdDeriatives

By estimatingthe derivative of the functionf (x) = x? at several points,we guessedn Example5
of Section2.2 thatthe derivative of x? is f (x) = 2x. In orderto shawv thatthis formulais correct,
we have to usethe symbolicde nition of thederivative givenon pagel35.
In evaluatingthe expression
im f(x+ h) f(x);
R0 h
we simplify the differencequotient rst, andthentake thelimit ash approachegero.

Example5

Solution

Shaw thatthederivative of f (x) = x2isf (x) = 2x.

Usingthede nition of the derivative with f (x) = x2, we have

fx+h) F(x)_ (x+ h)2 x?

0 — .
) = IlzllmO h ilzllmO h
X2+ 2xh+h?2 x2 . 2xh+h?
- ilzllmO h - Ilzl'mO h
= jim N+ N,

Rl O h
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To take thelimit, look atwhathappensvhenh is closeto O, but donotleth = 0. Sinceh 6 0,
we cancelthe commonfactorof h, giving

. h(2x + h) .
Oy — - — oy
f9(x) = ]Ill!mo h }Ill!mo (2x + h) = 2x;

becausash getscloseto zero,2x + h getscloseto 2x. So

_d _ oy
f9x) = &(xz) = 2X:

Example 6

Solution

Problemson LimitsandtheDe nition of the Deriative

Shaw thatif f (x) = 3x 2, thenf 9x) = 3.

Sincetheslopeof thelinearfunctionf (x) = 3x  2is 3 andthederiative is theslope,we seethat
f Ax) = 3. We canalsousethede nition to getthis result:

£9x) = lim fx+h) () _ ., Bx+h 2) GBx 2
Rl 0 h hl 0 h
. 3+3h 2 3x+2_ . 3h
= lim = lim —:
Rl 0 h R 0 h

To nd thelimit, look atwhathappensvhenh is closeto, but notequalto, 0. Simplifying, we get

3h
UAx) = lim - lim 3= 3
P00 = fILI! 0 h fILI! o3 3

1. OnFigure2.75,marklengthsthatrepresenthequantities

2. OnFigure2.76,marklengthsthatrepresenthequantities

in parts(a)— (e). (Pickarny h, with h > 0.)

@ a-+h (b) h (© f(a)

(d) f(a+h) (¢ f(at+h) f(a)

(f) Using your answerdo parts(a)—(e),shov how the
quantityw canberepresentedsthe
slopeof aline onthegraph.

f(x)

Figure 2.75

in parts(a)—(e).(Pickany h, withh > 0.)
@ a+h (b) h (© f(a)
d) f(a+h) (e f(at+h) f(a)
() Using your answersto parts (a)—(e),representhe
. f(a+h) f(a)
quantity —————~=
thegraph.

asthesslopeof aline on

f(x)

L X
a

Figure 2.76
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Chapter Two / FOCUS ON THEORY

Useagraphto estimatethelimits in Problems3—4.

3. lim ? (with x in radians)

x! 0

X

4. lim >
x! 0 X

Estimatethe limits in Problems5—8 by substitutingsmaller

andsmallervaluesof h. For trigonometricfunctions,usera-
dians.Give answergo onedecimalplace.

3
5 i BT 27
ht 0 h
1+ h
. e
[ —

h

6. lim
hi 0

8. lim SN 1
ht 0 h

In Problems9-12,doesthe functionf (x) appearo be con-

tinuouson theinterval 0
intenal0 x  0:5?

9.
11.

X

2? If not, whatabouton the

10. o——

i f(x) j f(x)
X X

1 2 1 2

12.

) \ f(x) i. f(x)
X X

1 2 1 2

Are thefunctionsin Problemsl3—18continuousnthegiven

intervals?

13. f (x) =x +2 on
14. f (x) = 2% on 0
15.f(x)=x2+2  on

X 3
10
X 5

16. f (x) = % on 2 x 3
17. f (x) = % on 0 x 2
18. f (x) = ﬁ on 0 x 2

Which of thefunctionsdescribedn Problems19-23arecon-
tinuous?

19. Thenumberof peoplein avillage asa function of time.

20. The weight of a baby as a function of time during the

secondmonthof thebabys life.

21. Thenumberof pairsof pantsasafunctionof thenumber
of yardsof cloth from which they are made.Eachpair

requires3 yards.

. Thedistancdraveledby a carin stop-and-gdrafc asa
functionof time.

23. You startin North Carolinaand go westward on Inter
state40 toward California. Considerthe function giving
thelocaltime of dayasa functionof your distancerom

your startingpoint.

Usethede nition of the derivative to showv how theformulas
in Problems24—33areobtained.

24, If f (x) = 5x, thenf °(x) = 5

25. 1f f (x) = 3x 2, thenf %(x) = 3.

26. IF f (x) = x? + 4, thenf °(x) = 2x.

27. 1f f (x) = 3x2, thenf °(x) = 6x.

28. Iff (x) = 2x3,thenf O (x) = 6x°.
29.1ff (x) =x x? thenf%x)=1 2x.
30. ff(x)=1 x5 thenfx)= 3x2.
31. If f (x) = 5x% + 1, thenf %(x) = 10x.
32. If f (x) = 2x? 4 x, thenf %(x) = 4x + 1.
33. If f (x) = 1=x, thenf %(x) = 1=x°.



