
ChapterTwo

RATEOFCHANGE:THE
DERIVATIVE

Chapter 1 intr oducedthe averagerate of
changeof a function on an interval. In this
chapter, we investigatethe instantaneous rate of
changeof a function at a point. The notion of
rate of changeat a given instant leadsus to the
conceptof the derivative.

The derivativecanbe interpretedgeometrically
asthe slopeof a curveand physically asa rate
of change.Derivativescanbeusedto represent
everything fr om �uctuations in interestrates,
to the rate at which �sh aredying, to the rate of
growth of a tumor.
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2.1 INSTANTANEOUSRATEOFCHANGE

Chapter1 introducedtheaveragerateof changeof a functionover an interval. In this section,we
considerthe rateof changeof a function at a point. We saw in Chapter1 that whenan object is
moving along a straight line, the averagerate of changeof position with respectto time is the
averagevelocity. If positionis expressedasy = f (t), wheret is time, then

Averagerateof changein position

betweent = a andt = b
=

� y
� t

=
f (b) � f (a)

b� a
:

If you drive 200miles in 4 hours,your averagevelocity is 200=4 = 50 milesperhour. Of course,
this doesnot meanthatyou travel at exactly 50 mphtheentiretrip. Your velocity at a giveninstant
duringthetrip is shown onyourspeedometer, andthis is thequantitythatwe investigatenow.

InstantaneousVelocity
We throw a grapefruitstraightupward into theair. Table2.1 givesits height,y, at time t. What is
thevelocityof thegrapefruitat exactly t = 1?Weuseaveragevelocitiesto estimatethisquantity.

Table 2.1 Heightof thegrapefruitabovetheground

t (sec) 0 1 2 3 4 5 6

y = s(t) (feet) 6 90 142 162 150 106 30

The averagevelocity on the interval 0 � t � 1 is 84 ft/secandthe averagevelocity on the
interval 1 � t � 2 is 52 ft/sec.Notice that the averagevelocity beforet = 1 is larger thanthe
averagevelocityaftert = 1 sincethegrapefruitis slowing down. Weexpectthevelocityat t = 1 to
bebetweenthesetwo averagevelocities.How canwe �nd thevelocityatexactlyt = 1?We look at
whathappensneart = 1 in moredetail.Supposethatwe �nd theaveragevelocitieson eitherside
of t = 1 oversmallerandsmallerintervals,asin Figure2.1.Then,for example,

Averagevelocity

betweent = 1 andt = 1:01
=

� y
� t

=
s(1:01) � s(1)

1:01� 1
=

90:678� 90
0:01

= 67:8 ft/sec.

Weexpecttheinstantaneousvelocityatt = 1 to bebetweentheaveragevelocitiesoneitherside
of t = 1. In Figure2.1,thevaluesof theaveragevelocitybeforet = 1 andtheaveragevelocityafter
t = 1 getclosertogetherasthesizeof theinterval shrinks.For thesmallestintervalsin Figure2.1,
bothvelocitiesare68.0ft/sec(to onedecimalplace),sowe saythevelocity at t = 1 is 68.0ft/sec
(to onedecimalplace).

t 0 0:9 0:99 0:999 1 1:001 1:01 1:1 2

y = s(t) 6:000 83:040 89:318 89:932 90:000 90:068 90:678 96:640 142:000

-�
Average velocity

84 ft/sec
-�

Average velocity
69:6 ft/sec

-�
Average velocity

68:2 ft/sec
-�

Average velocity
68:0 ft/sec

-�
Average velocity

52 ft/sec
-�

Average velocity
66:4 ft/sec

-�
Average velocity

67:8 ft/sec
-�

Average velocity
68:0 ft/sec

Figure 2.1: Averagevelocitiesover intervalsoneithersideof t = 1 showing successively smallerintervals
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Of course,if we showed moredecimalplaces,the averagevelocitiesbeforeandafter t = 1
would no longer agree.To calculatethe velocity at t = 1 to more decimalplacesof accuracy,
we take smallerandsmallerintervals on eithersideof t = 1 until the averagevelocitiesagreeto
the numberof decimalplaceswe want. In this way, we canestimatethe velocity at t = 1 to any
accuracy.

De�ningInstantaneousVelocityUsingtheIdeaof aLimit
Whenwe take smallerintervalsneart = 1, it turnsout thattheaveragevelocitiesfor thegrapefruit
arealwaysjust above or just below 68 ft/sec.It seemsnatural,then,to de�ne velocity at theinstant
t = 1 to be68 ft/sec.This is calledthe instantaneousvelocityat this point. Its de�nition depends
on our being convinced that smallerand smaller intervals provide averagevelocities that come
arbitrarily closeto 68.Thisprocessis referredto astakingthelimit.

The instantaneous velocity of an objectat time t is de�ned to be the limit of the average
velocityof theobjectover shorterandshortertime intervalscontainingt.

Notice that the instantaneousvelocity seemsto beexactly 68, but what if it were68.000001?
How canwebesurethatwehavetakensmallenoughintervals?Showing thatthelimit is exactly68
requiresmorepreciseknowledgeof how thevelocitieswerecalculatedandof thelimiting process;
seetheFocusonTheorysectiononpage135.

InstantaneousRateof Change
Wecande�ne theinstantaneousrateof changeof any functiony = f (t) atapoint t = a. Wemimic
whatwedid for velocityandlook at theaveragerateof changeover smallerandsmallerintervals.

The instantaneous rate of change of f at a, alsocalled the rate of change of f at a, is
de�ned to bethe limit of theaverageratesof changeof f over shorterandshorterintervals
arounda.

Sincetheaveragerateof changeis adifferencequotientof theform � y=� t, theinstantaneous
rateof changeis a limit of differencequotients.In practice,we oftenapproximatea rateof change
by oneof thesedifferencequotients.

Example 1 Thequantity(in mg)of adrugin thebloodattimet (in minutes)is givenby Q = 25(0:8)t. Estimate
therateof changeof thequantityat t = 3 andinterpretyouranswer.

Solution Weestimatetherateof changeat t = 3 by computingtheaveragerateof changeover intervalsnear
t = 3. We canmake our estimateasaccurateaswe like by choosingour intervals small enough.
Let's look at theaveragerateof changeover theinterval 3 � t � 3:01:

Averagerateof change=
� Q
� t

=
25(0:8)3.01 � 25(0:8)3

3:01� 3:00
=

12:7715� 12:80
3:01� 3:00

= � 2:85:

A reasonableestimatefor the rateof changeof thequantityat t = 3 is � 2:85. SinceQ is in
mg andt in minutes,theunitsof � Q=� t aremg/minute.Sincetherateof changeis negative, the
quantityof thedrugis decreasing.After 3 minutes,thequantityof thedrugin thebodyis decreasing
at2:85mg/minute.

In Example1, we estimatedtherateof changeusinganinterval to theright of thepoint (t = 3
to t = 3:01). We could usean interval to the left of the point, or we could averagethe ratesof
changeto theleft andtheright. In this text, weusuallyuseaninterval to theright of thepoint.
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TheDerivativeataPoint
Theinstantaneousrateof changeof a functionf at a point a is soimportantthat it is givenits own
name,thederivativeof f at a, denotedf 0(a) (read“ f -primeof a”). If we want to emphasizethat
f 0(a) is the rateof changeof f (x) as the variablex increases,we call f 0(a) the derivative of f
with respectto x at x = a. Noticethat thederivative is just a new namefor therateof changeof a
function.

Thederivative of f at a, written f 0(a), is de�ned to betheinstantaneousrateof changeof
f at thepointa.

A de�nition of thederivativeusinga formulais givenin theFocusonTheorysectiononpage135.

Example 2 Estimatef 0(2) if f (x) = x3.

Solution Sincef 0(2) is thederivative, or rateof change,of f (x) = x3 at 2, we look at theaveragerateof
changeover intervalsnear2. Usingtheinterval 2 � x � 2:001, weseethat

Averagerateof change

on2 � x � 2:001
=

(2:001)3 � 23

2:001� 2
=

8:012� 8
0:001

= 12:0:

Therateof changeof f (x) at x = 2 appearsto beapproximately12, soweestimatef 0(2) = 12.

VisualizingtheDerivative:Slopeof theGraphandSlopeof theTangentLine
Figure2.2showstheaveragerateof changeof a functionrepresentedby theslopeof thesecantline
joining pointsA andB . Thederivative is foundby taking theaveragerateof changeover smaller
andsmallerintervals.In Figure2.3,aspoint B movestowardpoint A, thesecantline becomesthe
tangentline at point A. Thus,the derivative is representedby the slopeof the tangentline to the
graphat thepoint.

a b
x

A

B

f (x)

Slope = Average rate
of change

?

6

?

f (b) � f (a)

-� (b� a)

Figure 2.2: Visualizingtheaveragerateof
changeof f betweena andb

a
x

A
B

B

B

B

f (x)

Slope = Instantaneous rate of change

6

Figure 2.3: Visualizingtheinstantaneousrate
of changeof f ata

Alternatively, take thegraphof a functionaroundapointand“zoomin” to getaclose-upview.
(SeeFigure2.4.)Themorewezoomin, themorethegraphappearsto bestraight.Wecall theslope
of this line theslopeof thegraphat thepoint; it alsorepresentsthederivative.

Thederivative of a functionat thepointA is equalto

� Theslopeof thegraphof thefunctionatA.

� Theslopeof theline tangentto thecurve atA.
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Curve More linear Almost completely
linear

3

s

3

s

Slope of line =
Slope of
curve at A

A A A �

Figure 2.4: Findingtheslopeof acurveatapointby “zoomingin”

Theslopeinterpretationis oftenusefulin gainingroughinformationaboutthederivative,asthe
following examplesshow.

Example 3 Useagraphof f (x) = x2 todeterminewhethereachof thefollowingquantitiesis positive,negative,
or zero: (a) f 0(1) (b) f 0(� 1) (c) f 0(2) (d) f 0(0)

Solution Figure2.5 shows tangentline segmentsto thegraphof f (x) = x2 at thepointsx = 1, x = � 1,
x = 2, andx = 0. Sincethederivative is theslopeof thetangentline at thepoint,wehave:

(a) f 0(1) is positive.
(b) f 0(� 1) is negative.
(c) f 0(2) is positive (andlargerthanf 0(1)).
(d) f 0(0) = 0 sincethegraphhasahorizontaltangentat x = 0.

� 2 � 1 1 2

1

2

3

4

5

x

f (x) = x2

Figure 2.5: Tangentlinesshowing signof derivativeof f (x) = x 2

Example 4 Estimatethederivative of f (x) = 2x atx = 0 graphicallyandnumerically.

Solution Graphically:If wedraw atangentline atx = 0 to theexponentialcurve in Figure2.6,weseethatit
hasapositiveslopebetween0:5 and1.

� 1 1

1

2

x

A
B

C

f (x) = 2x

?

Slope = 0:5 ?

Slope = 1

Tangent line
Slope = f 0(0) � 0:693

�

Figure 2.6: Graphof f (x) = 2x showing thederivativeat x = 0
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Numerically:To estimatethe derivative at x = 0, we computethe averagerateof changeon an
interval around0.

Averagerateof change

on0 � x � 0:0001
=

20.0001 � 20

0:0001� 0
=

1:000069317� 1
0:0001

= 0:69317:

Sinceusingsmallerintervalsgivesapproximatelythesamevalues,it appearsthat thederivative is
approximately0:69317; thatis, f 0(0) � 0:693.

Example 5 Thegraphof a functiony = f (x) is shown in Figure2.7. Indicatewhethereachof the following
quantitiesis positiveor negative,andillustrateyouranswersgraphically.

(a) f 0(1) (b)
f (3) � f (1)

3 � 1
(c) f (4) � f (2)

1 2 3 4 5 6 7

f (x)

x

Figure 2.7

Solution (a) Sincef 0(1) is theslopeof thegraphat x = 1, weseein Figure2.8thatf 0(1) is positive.

1 2 3 4 5 6 7

f (x)
Slope= f ′(1)

x

Figure 2.8

1 3

Slope=
f (3) � f (1)

3 � 1

o

f (x)

x

Figure 2.9

2 4

f (x)

f (2)

f (4)
6?
f (2) � f (4)

x

Figure 2.10

(b) Thedifferencequotient(f (3) � f (1)) =(3 � 1) is theslopeof thesecantline betweenx = 1
andx = 3. Weseefrom Figure2.9thatthis slopeis positive.

(c) Sincef (4) is thevalueof thefunctionat x = 4 andf (2) is thevalueof thefunctionat x = 2,
theexpressionf (4) � f (2) is thechangein thefunctionbetweenx = 2 andx = 4. Sincef (4)
liesbelow f (2), this changeis negative.SeeFigure2.10.

EstimatingtheDerivativeof aFunctionGivenNumerically
If we aregivena tableof valuesfor a function,we canestimatevaluesof its derivative.To do this,
we have to assumethat thepointsin thetablearecloseenoughtogetherthat thefunctiondoesnot
changewildly betweenthem.

Example 6 Thetotal acreageof farmsin theUS1 hasdecreasedsince1980.SeeTable2.2.

Table 2.2 Total farm land in million acres

Year 1980 1985 1990 1995 2000

Farmland(million acres) 1039 1012 987 963 945

(a) Whatwastheaveragerateof changein farmlandbetween1980and2000?
(b) Estimatef 0(1995)andinterpretyouranswerin termsof farmland.

1Statistical Abstracts of the United States 2004–2005, Table 796.
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Solution (a) Between1980and2000,

Averagerateof change=
945� 1039
2000� 1980

=
� 94
20

= � 4:7 million acresperyear.

Between1980 and 2000, the amountof farm land was decreasingat an averagerate of 4:7
million acresperyear.

(b) Weusetheinterval from 1995to 2000to estimatetheinstantaneousrateof changeat1995:

f 0(1995) =
Rateof change

in 1995
�

945� 963
2000� 1995

=
� 18

5
= � 3:6 million acresperyear:

In 1995,theamountof farm landwasdecreasingat a rateof approximately3:6 million acres
peryear.

Problemsfor Section2.1
1. Thedistance(in feet)of anobjectfrom a point is given

by s(t) = t2 , wheretime t is in seconds.

(a) What is the averagevelocity of the objectbetween
t = 3 andt = 5?

(b) By usingsmallerandsmallerintervalsaround3, es-
timatetheinstantaneousvelocityat time t = 3.

2. In a time of t seconds,a particlemovesa distanceof s
metersfrom its startingpoint,wheres = 4t 2 + 3.

(a) Find the averagevelocity betweent = 1 andt =
1 + h if:

(i) h = 0:1, (ii) h = 0:01, (iii) h = 0:001.

(b) Useyour answersto part (a) to estimatethe instan-
taneousvelocityof theparticleat time t = 1.

3. Thesize,S, of a tumor(in cubicmillimeters)is givenby
S = 2t , wheret is thenumberof monthssincethetumor
wasdiscovered.Giveunitswith youranswers.

(a) Whatis thetotalchangein thesizeof thetumordur-
ing the�rst six months?

(b) Whatis theaveragerateof changein thesizeof the
tumorduringthe�rst six months?

(c) Estimatethe rateat which the tumor is growing at
t = 6. (Usesmallerandsmallerintervals.)

4. Matchthepointslabeledonthecurvein Figure2.11with
thegivenslopes.

Slope Point
� 3
� 1

0
1=2

1
2

A
B

C
D

E
F

Figure 2.11

5. If t is in yearssince2000,thepopulation,in thousands,
of the McAllen, Texas metropolitanareawas given by
P (t) = 570(1:037)t . Estimatetherateof growth, in peo-
pleperyear, in 2006.

6. Figure2.12shows thecost,y = f (x), of manufacturing
x kilogramsof achemical.

(a) Is theaveragerateof changeof thecostgreaterbe-
tweenx = 0 andx = 3, or betweenx = 3 and
x = 5?Explainyouranswergraphically.

(b) Is theinstantaneousrateof changeof thecostof pro-
ducingx kilogramsgreaterat x = 1 or at x = 4?
Explainyouranswergraphically.

(c) Whataretheunitsof theseratesof change?

1 2 3 4 5

1

2

3

4

x (kg)

y (thousand$)

Figure 2.12

7. Find theaveragevelocity over theinterval 0 � t � 0:8,
andestimatethevelocity at t = 0:2 of a carwhoseposi-
tion, s, is givenby thefollowing table.

t (sec) 0 0:2 0:4 0:6 0:8 1:0
s (ft) 0 0:5 1:8 3:8 6:5 9:6
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8. The following tablegivesthepercentof theUS popula-
tion living in urbanareasasa functionof year.2

Year 1800 1830 1860 1890 1920
Percent 6.0 9.0 19.8 35.1 51.2

Year 1950 1980 1990 2000
Percent 64.0 73.7 75.2 79.0

(a) Find theaveragerateof changeof thepercentof the
populationliving in urbanareasbetween1890and
1990.

(b) Estimatetherateat which this percentis increasing
at theyear1990.

(c) Estimatethe rateof changeof this function for the
year1830andexplainwhatit is telling you.

(d) Is this functionincreasingor decreasing?

9. (a) Thefunctionf is givenin Figure2.13.At which of
thelabeledpointsis f 0(x) positive?Negative?Zero?

(b) At which labeledpoint is f 0 largest?At which la-
beledpoint is f 0 mostnegative?

B C D

E

F G

A

f (x)

x

Figure 2.13

10. For � 3 � x � 7, useacalculatoror computerto graph

f (x) = (x3 � 6x2 + 8x)(2 � 3x ):

(a) How many zerosdoesf have in this interval?
(b) Is f increasingor decreasingat x = 0? At x = 2?

At x = 4?
(c) On which interval is theaveragerateof changeof f

greater:� 1 � x � 0 or 2 � x � 3?
(d) Is the instantaneousrate of changeof f greaterat

x = 0 or at x = 2?

11. Let f (x) = 5x . Usea small interval to estimatef 0(2).
Now improve your accuracy by estimatingf 0(2) again,
usinganevensmallerinterval.

12. (a) Let g(t) = (0:8)t . Useagraphto determinewhether
g0(2) is positive,negative,or zero.

(b) Useasmall interval to estimateg0(2).

13. (a) Usea graphof f (x) = 2 � x3 to decidewhether
f 0(1) is positiveor negative.Give reasons.

(b) Useasmall interval to estimatef 0(1).

14. Figure2.14shows thegraphof f . Matchthederivatives
in thetablewith thepointsa; b;c;d; e.

ba c d e

f

x

Figure 2.14

x f 0(x)
0

0:5
2

� 0:5
� 2

15. EstimateP 0(0) if P (t) = 200(1:05)t . Explainhow you
obtainedyouranswer.

16. For the function f (x) = 3x , estimatef 0(1). From the
graph of f (x), would you expect your estimateto be
greaterthanor lessthanthetruevalueof f 0(1)?

17. Table2.3 givesP = f (t), thepercentof householdsin
theUSwith cabletelevision t yearssince1990.3

(a) Doesf 0(6) appearto bepositive or negative?What
doesthis tell you aboutthe percentof households
with cabletelevision?

(b) Estimatef 0(2). Estimatef 0(10). Explainwhateach
is telling you, in termsof cabletelevision.

Table 2.3

t (years since 1990) 0 2 4 6 8 10 12
P (% with cable) 59:0 61:5 63:4 66:7 67:4 67:8 68:9

18. Figure2.15 shows N = f (t), the numberof farmsin
theUS4 between1930and2000asa functionof year, t .

(a) Is f 0(1950) positiveor negative?Whatdoesthis tell
youaboutthenumberof farms?

(b) Which is morenegative: f 0(1960) or f 0(1980)?
Explain.

1930 1950 1970 1990

1

2

3

4

5

6

7

t (year)

millionsoffarms

Figure 2.15

2Statistical Abstracts of the US, 1985, US Department of Commerce, Bureau of the Census, p. 22, and World Almanac
and Book of Facts 2005, p. 624 (New York).

3The World Almanac and Book of Facts 2005, p. 310, (New York).
4www.nass.usda.gov:81/ipedb/farmnum.htm, accessed April 11, 2005.
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19. Estimatetheinstantaneousrateof changeof thefunction
f (x) = x ln x at x = 1 andat x = 2. What do these
valuessuggestabouttheconcavity of thegraphbetween
1 and2?

20. Usethegraphin Figure2.7onpage102to decideif each
of thefollowingquantitiesispositive,negativeorapprox-
imatelyzero.Illustrateyouranswersgraphically.

(a) Theaveragerateof changeof f (x) betweenx = 3
andx = 7.

(b) Theinstantaneousrateof changeof f (x) atx = 3.

21. UseFigure2.16to �ll in theblanksin thefollowing state-
mentsaboutthefunctiong atpointB .

(a) g( ) = (b) g0( ) =

(1:95; 5:02)

(2; 5)

B
g(x)

Tangentline

Figure 2.16

22. UseFigure2.17to �ll in theblanksin thefollowing state-
mentsaboutthefunctionf atpointA.
(a) f ( ) = (b) f 0( ) =

(7; 3)
A

(7:2; 3:8)
Tangentline

f (x)

Figure 2.17

23. Show how to representthefollowing onFigure2.18.

(a) f (4) (b) f (4) � f (2)

(c)
f (5) � f (2)

5 � 2
(d) f 0(3)

1 2 3 4 5
x

f (x)

Figure 2.18

24. For eachof the following pairs of numbers,use Fig-
ure2.18to decidewhich is larger. Explainyouranswer.

(a) f (3) or f (4)?
(b) f (3) � f (2) or f (2) � f (1)?

(c)
f (2) � f (1)

2 � 1
or

f (3) � f (1)

3 � 1
?

(d) f 0(1) or f 0(4)?

25. (a) Graphf (x) = x2 andg(x) = x2 + 3 on thesame
axes.Whatcanyou sayabouttheslopesof thetan-
gent lines to the two graphsat the point x = 0?
x = 1?x = 2?x = a, wherea is any value?

(b) Explainwhy addinga constantto any functionwill
not changethevalueof thederivativeatany point.

26. The following tableshows the numberof hoursworked
in a week, f (t), hourly earnings,g(t), in dollars, and
weeklyearnings,h(t), in dollars,of productionworkers
asfunctionsof t , theyear.5

(a) Indicatewhethereachof thefollowing derivativesis
positive,negative,or zero:f 0(t), g0(t), h0(t). Inter-
preteachanswerin termsof hoursor earnings.

(b) Estimateeachof the following derivatives,and in-
terpretyouranswers:

(i) f 0(1970) andf 0(1995)

(ii) g0(1970) andg0(1995)

(iii) h0(1970) andh0(1995)

t 1970 1975 1980 1985 1990 1995 2000
f (t ) 37:0 36:0 35:2 34:9 34:3 34:3 34:3
g(t ) 3:40 4:73 6:84 8:73 10:09 11:64 14:00
h(t ) 125:80 170:28 240:77 304:68 349:29 399:53 480:41

5The World Almanac and Book of Facts 2005, p. 151 (New York). Production workers includes nonsupervisory workers
in mining, manufacturing, construction, transportation, public utilities, wholesale and retail trade, finance, insurance, real
estate, and services.
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2.2 THEDERIVATIVEFUNCTION

In Section2.1we lookedat thederivativeof a functionatapoint. In general,thederivative takeson
differentvaluesat differentpointsandis itself a function.Recallthat thederivative is theslopeof
thetangentline to thegraphat thepoint.

FindingtheDerivativeof aFunctionGivenGraphically

Example 1 Estimatethederivative of thefunctionf (x) graphedin Figure2.19at x = � 2, � 1, 0, 1, 2, 3, 4, 5.

� 1� 2 1 2 3 4 5

� 3

� 2

� 1

1

2

3

4

5

Slope of tangent
= f 0(� 1) = 2

-

Slope of tangent
= f 0(3) = � 1

�

f (x)

x

Figure 2.19: Estimatingthederivativegraphicallyastheslopeof a tangentline

Solution Fromthegraph,we estimatethederivative at any point by placinga straightedgeso that it forms
the tangentline at thatpoint, andthenusingthegrid to estimatetheslopeof the tangentline. For
example,thetangentatx = � 1 is drawn in Figure2.19,andhasaslopeof about2, sof 0(� 1) � 2.
Notice that the slopeat x = � 2 is positive andfairly large; the slopeat x = � 1 is positive but
smaller. At x = 0, theslopeis negative, by x = 1 it hasbecomemorenegative, andsoon. Some
estimatesof the derivative, to the nearestinteger, are listed in Table2.4. You shouldcheckthese
valuesyourself.Is thederivative positive whereyouexpect?Negative?

Table 2.4 Estimatedvaluesof derivativeof functionin Figure2.19

x � 2 � 1 0 1 2 3 4 5

Derivativeat x 6 2 � 1 � 2 � 2 � 1 1 4

The importantpoint to noticeis that for every x-value,thereis a correspondingvalueof the
derivative.Thederivative, therefore,is a functionof x.

For a functionf , wede�ne thederivative function, f 0, by

f 0(x) = Instantaneousrateof changeof f at x:

Example 2 Plot thevaluesof thederivative functioncalculatedin Example1. Comparethegraphsof f 0 andf .
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Solution Graphsof f andf 0 arein Figures2.20and2.21,respectively. Noticethatf 0 is positive (its graphis
above thex-axis)wheref is increasing,andf 0 is negative (its graphis below thex-axis)wheref
is decreasing.Thevalueof f 0(x) is 0 wheref hasamaximumor minimumvalue(atapproximately
x = � 0:5 andx = 3:7).

� 2 � 1 1 2 3 4

� 3

� 2

� 1

1

2

3
4

5

x

f (x)

→

-�
f increasing

-�
f decreasing

-�
f increasing

Figure 2.20: Thefunctionf

� 2 � 1 1 2

3

4 5

� 3
� 2

1

2
3
4
5
6

f 0(x)
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Figure 2.21: Estimatesof thederivative, f 0

Example 3 Thegraphof f is in Figure2.22.Whichof thegraphs(a)–(c)is agraphof thederivative, f 0?

� 4

� 2

2 4
x

f (x)

Figure 2.22

� 4 � 2 2 4
x

(a)

� 4 � 2 2 4
x

(b)

� 4

� 2

2 4
x

(c)

Solution Sincethegraphof f (x) is horizontalat x = � 1 andx = 2, thederivative is zerothere.Therefore,
thegraphof f 0(x) hasx-interceptsat x = � 1 andx = 2.

Thefunctionf is decreasingfor x < � 1, increasingfor � 1 < x < 2, anddecreasingfor x > 2.
Thederivative is positive (its graphis above thex-axis)wheref is increasing,andthederivative is
negative (its graphis below thex-axis)wheref is decreasing.Thecorrectgraphis (c).

WhatDoestheDerivativeTellUsGraphically?
Wherethederivative, f 0, of a functionis positive, thetangentto thegraphof f is slopingup;where
f 0 is negative, the tangentis slopingdown. If f 0 = 0 everywhere,thenthe tangentis horizontal
everywhereandso f is constant.The sign of the derivative f 0 tells us whetherthe function f is
increasingor decreasing.

If f 0 > 0 onaninterval, thenf is increasingover thatinterval.
If f 0 < 0 onaninterval, thenf is decreasingover thatinterval.
If f 0 = 0 onaninterval, thenf is constantover thatinterval.

Themagnitudeof thederivativegivesusthemagnitudeof therateof changeof f . If f 0 is large
in magnitude,thenthe graphof f is steep(up if f 0 is positive or down if f 0 is negative); if f 0 is
small in magnitude,thegraphof f is gentlysloping.
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EstimatingtheDerivativeof aFunctionGivenNumerically
If we aregivena tableof functionvaluesinsteadof a graphof thefunction,we canestimatevalues
of thederivative.

Example 4 Table2.5givesvaluesof c(t), theconcentration(mg/cc)of adrugin thebloodstreamattimet (min).
Constructa tableof estimatedvaluesfor c0(t), therateof changeof c(t) with respectto t.

Table 2.5 Concentrationof a drugasa functionof time

t (min) 0 0:1 0:2 0:3 0:4 0:5 0:6 0:7 0:8 0:9 1:0

c(t) (mg/cc) 0:84 0:89 0:94 0:98 1:00 1:00 0:97 0:90 0:79 0:63 0:41

Solution To estimatethe derivative of c using the valuesin the table,we assumethat the datapointsare
closeenoughtogetherthattheconcentrationdoesnotchangewildly betweenthem.Fromthetable,
we seethat the concentrationis increasingbetweent = 0 andt = 0:4, so we expecta positive
derivative there.From t = 0:5 to t = 1:0, the concentrationstartsto decrease,and the rate of
decreasegetslargerandlarger, sowe would expectthederivative to benegative andof greaterand
greatermagnitude.

Weestimatethederivative for eachvalueof t usingadifferencequotient.For example,

c0(0) �
c(0:1) � c(0)

0:1 � 0
=

0:89� 0:84
0:1

= 0:5 (mg/cc)perminute.

Similarly, wegettheestimates

c0(0:1) �
c(0:2) � c(0:1)

0:2 � 0:1
=

0:94� 0:89
0:1

= 0:5

c0(0:2) �
c(0:3) � c(0:2)

0:3 � 0:2
=

0:98� 0:94
0:1

= 0:4

andso on. Thesevaluesare tabulatedin Table2.6. Notice that the derivative hassmall positive
valuesupuntil t = 0:4, andthenit getsmoreandmorenegative,asweexpected.

Table 2.6 Derivativeof concentration

t 0 0:1 0:2 0:3 0:4 0:5 0:6 0:7 0:8 0:9

c0(t) 0:5 0:5 0:4 0:2 0:0 � 0:3 � 0:7 � 1:1 � 1:6 � 2:2

Improving Numerical Estimates for the Derivative

In the previous example,our estimatefor the derivative of c(t) at t = 0:2 usedthe point to the
right. We found the averagerate of changebetweent = 0:2 and t = 0:3. However, we could
equallywell have goneto the left andusedthe rateof changebetweent = 0:1 andt = 0:2 to
approximatethederivativeat0.2.For amoreaccurateresult,wecouldaveragetheseslopes,getting
theapproximation

c0(0:2) �
1
2

(
Slopeto left

of 0.2
+

Slopeto right

of 0.2

)
=

0:5 + 0:4
2

= 0:45:

Eachof thesemethodsof approximatingthederivative givesa reasonableanswer. We will usually
estimatethederivative by goingto theright.
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FindingtheDerivativeof aFunctionGivenby aFormula
If we are given a formula for a function f , can we comeup with a formula for f 0? Using the
de�nition of the derivative, we often can.Indeed,muchof the power of calculusdependson our
ability to �nd formulasfor thederivativesof all thefamiliar functions.This is explainedin detailin
Chapter3. In thenext example,weseehow to guessa formulafor thederivative.

Example 5 Guessa formulafor thederivative of f (x) = x2.

Solution We usedifferencequotientsto estimatethe valuesof f 0(1), f 0(2), andf 0(3). Thenwe look for a
patternin thesevalueswhichweuseto guessa formulafor f 0(x).

Nearx = 1, wehave

f 0(1) �
1:0012 � 12

0:001
=

1:002� 1
0:001

=
0:002
0:001

= 2:

Similarly,

f 0(2) �
2:0012 � 22

0:001
=

4:004� 4
0:001

=
0:004
0:001

= 4

f 0(3) �
3:0012 � 32

0:001
=

9:006� 9
0:001

=
0:006
0:001

= 6:

Knowing thevalueof f 0 atspeci�c pointscannottell ustheformulafor f 0, but it canbesuggestive:
knowing f 0(1) � 2, f 0(2) � 4, f 0(3) � 6 suggeststhat f 0(x) = 2x. In Chapter3, we show that
this is indeedthecase.

Problemsfor Section2.2

1. Thegraphof f (x) is givenin Figure2.23.Draw tangent
linesto thegraphatx = � 2, x = � 1, x = 0, andx = 2.
Estimatef 0(� 2), f 0(� 1), f 0(0), andf 0(2).

� 4 � 3 � 2 � 1 0 1 2 3 4

1

2

4

x

Figure 2.23

For Problems2–7,graphthederivativeof thegivenfunctions.

2.

� 4 4

� 4

4
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y 3.
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4.

� 4 4

� 4
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y 5.

� 4 4

� 4

4
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y

6.

� 4 4

� 4

4

x

y 7.

� 4 4

� 4

4

x

y

8. A city grew in populationthroughoutthe 1980s. The
populationwas at its largest in 1990, and then shrank
throughoutthe1990s. Let P = f (t) representthepop-
ulation of the city t yearssince1980. Sketchgraphsof
f (t) andf 0(t), labelingtheunitson theaxes.
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Matchthefunctionsin Problems9–12with oneof thederiva-
tivesin Figure2.24.

� 5 5

� 5

5

f 0(x)

x

(I)

� 5 5

� 5

5

f 0(x)

x

(II)

� 5 5

� 5

5

f 0(x)

x

(III)

� 5 5

� 5

5

f 0(x)

x

(IV)

� 5 5

� 5

2

5
f 0(x)

x

(V)

� 5 5

� 5

5

f 0(x)
x

(VI)

� 5 5

� 5

5
f 0(x)

x

(VII)

� 5 5

� 5

5

f 0(x)

x

(VIII)

Figure 2.24

9.

� 5 5

� 5

5 f (x)

x

10.

� 5 5

� 5

3

5

f (x)

x

11.

� 5 5

� 5

5 f (x)

x

12.

� 5 5

� 5

2

5
f (x)

x

13. In thegraphof f in Figure2.25,at which of the labeled
x-valuesis

(a) f (x) greatest? (b) f (x) least?
(c) f 0(x) greatest? (d) f 0(x) least?

x1

x2 x3

x4 x5

x6
x

f (x)

Figure 2.25

14. (a) Estimatef 0(2) usingthevaluesof f in thetable.
(b) For whatvaluesof x doesf 0(x) appearto beposi-

tive?Negative?

x 0 2 4 6 8 10 12
f (x) 10 18 24 21 20 18 15

15. Findapproximatevaluesfor f 0(x) ateachof thex-values
givenin thefollowing table.

x 0 5 10 15 20
f (x) 100 70 55 46 40

16. Draw a possiblegraphof y = f (x) giventhefollowing
informationaboutits derivative.

� f 0(x) > 0 for x < � 1
� f 0(x) < 0 for x > � 1
� f 0(x) = 0 at x = � 1

17. Draw a possiblegraphof y = f (x) giventhefollowing
informationaboutits derivative.

� f 0(x) > 0 on1 < x < 3
� f 0(x) < 0 for x < 1 andx > 3
� f 0(x) = 0 at x = 1 andx = 3

18. Valuesof x and g(x) are given in the table.For what
valueof x is g0(x) closestto 3?

x 2:7 3:2 3:7 4:2 4:7 5:2 5:7 6:2
g(x) 3:4 4:4 5:0 5:4 6:0 7:4 9:0 11:0
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For Problems19–26,sketchthegraphof f 0(x).

19.

2

3

x

f (x)

20.

1 2

� 2

� 1

1

2

x

f (x)

21.

2 4

f (x)

x

22.

1 2
x

f (x)

23.

4
x

f (x) 24.

� 1 1 2 3 4
x

f (x)

25.

x

f (x)

26.

x

f (x)

27. (a) Let f (x) = ln x. Use small intervals to estimate
f 0(1), f 0(2), f 0(3), f 0(4), andf 0(5).

(b) Useyour answersto part (a) to guessa formula for
thederivativeof f (x) = ln x.

28. Supposef (x) = 1
3 x3 . Estimatef 0(2), f 0(3), andf 0(4).

Whatdoyounotice?Canyouguessaformulafor f 0(x)?

29. Figure2.26is thegraphof f 0, thederivativeof afunction
f . Onwhatinterval(s)is thefunctionf

(a) Increasing? (b) Decreasing?

x1

x2

x3
x4 x5

f 0

x

Figure 2.26: Graphof f 0, not f

30. A child in�ates aballoon,admiresit for awhile andthen
letstheair outataconstantrate.If V (t) givesthevolume
of theballoonat time t, thenFigure2.27shows V 0(t) as
a functionof t . At whattimedoesthechild:

(a) Begin to in�ate theballoon?
(b) Finishin�ating theballoon?
(c) Begin to let theair out?
(d) Whatwould thegraphof V 0(t) look like if thechild

had alternatedbetweenpinching and releasingthe
openendof theballoon,insteadof letting theair out
ataconstantrate?

3 6 9 12 15 18

1

� 2

t

V 0(t )

Figure 2.27

2.3 INTERPRETATIONSOFTHEDERIVATIVE

We have seenthederivative interpretedasa slopeandasa rateof change.In this section,we see
otherinterpretations.Thepurposeof theseexamplesis not to make a catalogof interpretationsbut
to illustratetheprocessof obtainingthem.Thereis anothernotationfor thederivative that is often
helpful.

AnAlternativeNotationfor theDerivative
So far we have usedthe notationf 0 to standfor the derivative of the function f . An alternative
notationfor derivativeswasintroducedby the GermanmathematicianGottfried Wilhelm Leibniz
(1646–1716)whencalculuswas�rst beingdeveloped.We know thatf 0(x) is approximatedby the
averagerateof changeover a small interval. If y = f (x), thentheaveragerateof changeis given
by � y=� x. For small� x, wehave

f 0(x) �
� y
� x

:
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Leibniz's notationfor the derivative, dy=dx, is meantto remindus of this. If y = f (x), thenwe
write

f 0(x) =
dy
dx

:

Leibniz'snotationis quitesuggestive,especiallyif wethink of theletterd in dy=dx asstanding
for “small differencein : : : .” Thenotationdy=dx remindsusthat thederivative is a limit of ratios
of theform

Differencein y-values
Differencein x-values

:

Thenotationdy=dx is usefulfor determiningtheunitsfor thederivative: theunitsfor dy=dx arethe
unitsfor y dividedby (or “per”) theunitsfor x.

The separateentitiesdy anddx of�cially have no independentmeaning:they arepart of one
notation.In fact, a good formal way to view the notationdy=dx is to think of d=dx asa single
symbolmeaning“the derivative with respectto x of : : :”. Thus,dy=dx couldbeviewedas

d
dx

(y); meaning“the derivative with respectto x of y.”

Ontheotherhand,many scientistsandmathematiciansreallydothink of dy anddx asseparate
entitiesrepresenting“in�nitesimally” smalldifferencesin y andx, eventhoughit is dif�cult to say
exactlyhow small“in�nitesimal” is. It maynotbeformally correct,but it is veryhelpful intuitively
to think of dy=dx asaverysmallchangein y dividedby averysmallchangein x.

For example,recallthatif s = f (t) is thepositionof a moving objectat time t, thenv = f 0(t)
is thevelocityof theobjectat time t. Writing

v =
ds
dt

remindsus that v is a velocity sincethe notationsuggestsa distance,ds, over a time, dt, andwe
know thatdistanceover time is velocity. Similarly, we recognize

dy
dx

= f 0(x)

astheslopeof thegraphof y = f (x) by rememberingthatslopeis verticalrise,dy, overhorizontal
run,dx.

Thedisadvantageof theLeibniznotationis thatit is awkwardto specifythex-valueatwhicha
derivative is evaluated.To specifyf 0(2), for example,wehave to write

dy
dx

∣∣∣∣
x=2

:

UsingUnitsto InterprettheDerivative
Supposes = f (t) givesthepositionin metersof a bodyfrom a �x edpoint asa functionof time, t,
in seconds.Then,knowing that

ds
dt

= f 0(2) = 10meters/sec

tellsusthatwhent = 2 sec,thebodyis moving atavelocityof 10meters/sec.If thebodycontinues
to move at this velocity for a wholesecond(from t = 2 to t = 3), it would move anadditional10
meters.In general:

� Theunitsof thederivative of a functionaretheunitsof thedependentvariabledivided
by theunitsof theindependentvariable.

� If the derivative of a function is not changingrapidly neara point, thenthe derivative
is approximatelyequalto thechangein the functionwhenthe independentvariablein-
creasesby 1 unit.
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Wede�ne thederivative of velocity, dv=dt, asacceleration.

Example 1 If the velocity of a body at time t secondsis measuredin meters/sec,what are the units of the
acceleration?

Solution Sinceacceleration,dv=dt, is thederivativeof velocity, theunitsof accelerationareunitsof velocity
dividedby unitsof time,or (meters/sec)/sec,writtenmeters/sec2.

The following examplesillustratehow usefulunitscanbe in suggestinginterpretationsof the
derivative.

Example 2 ThecostC (in dollars)of building ahouseA squarefeetin areais givenby thefunctionC = f (A).
Whatis thepracticalinterpretationof thefunctionf 0(A)?

Solution In theLeibniznotation,

f 0(A) =
dC
dA

:

This is a costdividedby anarea,so it is measuredin dollarspersquarefoot. You canthink of dC
astheextra costof building anextra dA squarefeetof house.Thus,dC=dA is theadditionalcost
persquarefoot. Soif you areplanningto build a houseroughlyA squarefeet in area,f 0(A) is the
costpersquarefoot of theextra areainvolved in building a slightly largerhouse,andis calledthe
marginal cost. The marginal costis not necessarilythe samething asthe averagecostper square
foot for theentirehouse,sinceonceyouarealreadysetup to build a largehouse,thecostof adding
a few squarefeetcouldbecomparatively small.

Example 3 Thecostof extractingT tonsof orefrom acoppermineis C = f (T) dollars.Whatdoesit meanto
saythatf 0(2000) = 100?

Solution In theLeibniznotation,

f 0(2000) =
dC
dT

∣∣∣∣
T=2000

:

SinceC is measuredin dollarsandT is measuredin tons,dC=dT mustbemeasuredin dollarsper
ton.Sothestatement

dC
dT

∣∣∣∣
T=2000

= 100

saysthatwhen2000tonsof orehave alreadybeenextractedfrom themine,thecostof extracting
thenext ton is approximately$100.Anotherwayof sayingthis is thatit costsabout$100to extract
the2001st ton.Notethatthis maywell bedifferentfrom thecostof extractingthetenthton,which
is likely to bemoreaccessible.

Example 4 If q = f (p) givesthenumberof poundsof sugar producedwhenthepriceperpoundis p dollars,
thenwhataretheunitsandthemeaningof

dq
dp

∣∣∣∣
p=3

= 50?

Solution Theunitsof dq=dparetheunitsof q over theunitsof p, or pounds/dollar. Thestatement

dq
dp

∣∣∣∣
p=3

= f 0(3) = 50pounds/dollar

tells us that therateof changeof q with respectto p is 50 whenp = 3. This meansthatwhenthe
priceis $3, thequantityproducedis increasingat 50 poundsfor eachdollar increasein price.This
is an instantaneousrateof change,meaningthat if theratewereto remain50 pounds/dollarandif
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thepricewereto increaseby a wholedollar, thequantityproducedwould increaseby 50 pounds.
In fact, the rateprobablydoesnot remainconstant,so the quantityproducedwould probablynot
increaseby exactly50pounds.

Example 5 Thelengthof time,L , (in hours)thata drugstaysin a person's systemis a functionof thequantity
administered,q, in mg,soL = f (q).

(a) Interpretthestatementf (10) = 6. Give unitsfor thenumbers10and6.
(b) Write thederivativeof thefunctionL = f (q) in Leibniznotation.If f 0(10) = 0:5, whatarethe

unitsof the0:5?
(c) Interpretthestatementf 0(10) = 0:5 in termsof doseandduration.

Solution (a) We know thatf (q) = L . In thestatementf (10) = 6, we have q = 10 andL = 6, sotheunits
are10mgand6 hours.Thestatementf (10) = 6 tellsusthatadoseof 10mg lasts6 hours.

(b) SinceL = f (q), we seethatL dependson q. Thederivative of this function is dL=dq. Since
L is in hoursand q is in mg, the units of the derivative are hoursper mg. In the statement
f 0(10) = 0:5, the0:5 is thederivative andtheunitsarehourspermg.

(c) Thestatementf 0(10) = 0:5 tells us that,at a doseof 10 mg, therateof changeof durationis
0.5 hour per mg. In otherwords,if we increasethe doseby 1 mg, the drug staysin the body
approximately30minuteslonger.

Example 6 You aretold thatwateris �o wing througha pipeat a rateof 10 cubicfeetpersecond.Interpretthis
rateasthederivative of somefunction.

Solution You might think at �rst that thestatementhassomethingto do with thevelocity of thewater, but
in fact a �o w rateof 10 cubic feet per secondcould be achieved eitherwith very slowly moving
waterthrougha large pipe,or with very rapidly moving waterthrougha narrow pipe. If we look
at the units—cubicfeet per second—werealizethat we are beinggiven the rateof changeof a
quantitymeasuredin cubic feet.But a cubic foot is a measureof volume,sowe arebeingtold the
rateof changeof a volume.If you imagineall thewaterthatis �o wing throughendingup in a tank
somewhereandlet V (t) bethevolumeof thetankat time t, thenwe arebeingtold that therateof
changeof V (t) is 10,or that

V 0(t) =
dV
dt

= 10:

UsingtheDerivativeto EstimateValuesof aFunction
Sincethederivative tells ushow fastthevalueof a functionis changing,we canusethederivative
atapoint to estimatevaluesof thefunctionatnearbypoints.

Example 7 Thenumberof new subscriptionsto a newspaper, y, in a monthis a functionof theamount,x, in
dollarsspentonadvertisingin thatmonth,soy = f (x).

(a) Interpretthestatementsf (250) = 180andf 0(250) = 2.
(b) Usethe statementsgiven in part (a) to estimatef (251) andf (260). Which estimateis more

reliable?

Solution (a) Thestatementf (250) = 180 tells us thaty = 180whenx = 250. This meansthat if $250a
monthis spenton advertising,thereare180new subscriptionsa month.Sincethederivative is
dy=dx, thestatementf 0(250) = 2 tellsusthat

dy
dx

= 2 whenx = 250.

This meansthat if theamountspenton advertisingis $250andincreasesby $1, thenumberof
new subscriptionswill goupby about2.
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(b) The statementf (250) = 180 saysthat when$250is spenton advertising,thereare180 new
subscriptions.Thestatementf 0(250) = 2 meansthatthenumberof new subscriptionsincreases
ata rateof 2 subscriptionsperadditionaldollarspentonadvertising.If onemoredollar is spent
onadvertising(sox = 251), weexpect2 moresubscriptionsin additionto the180,so

f (251) � 180+ 2 = 182:

Similarly, if 10 dollarsmorewerespenton advertising(sox = 260), we expectabout10(2) =
20new subscriptions,so

f (260) � 180+ 10(2) = 200:

Note that to estimatef (260), we have to assumethat the rateof 2 new subscriptionsfor each
additionaldollar continuesall theway from x = 250to x = 260. This meansthattheestimate
of f (251) is morereliable.

In Example7, representingthe changein y by � y andthe changein x by � x, we usedthe
following result:

Local Linear Approximation

� y � f 0(x)� x for �x near0.

Example 8 Climbinghealthcarecostshave beena sourceof concernfor sometime.Usethedata6 in Table2.7
to estimateaverage(perconsumerunit) expendituresin 2005and2020.

Table 2.7 Average yearlyhealthcarecosts(perconsumerunit) for variousyears since1990

Year 1990 1995 1998 2000 2002

Percapitaexpenditure($) 1480 1732 1903 2066 2350

Solution Healthcarecostsincreasedthroughouttheperiodshown. Between2000and2002,they increased
(2350� 2066)=2 = $142peryear. To make estimatesbeyond2002we assumethatcostscontinue
to climb at thesamerate.Therefore,weestimate

Costsin 2005= Costsin 2002+ Changein costs

� $2350+ $142� 3 = $2776:

Since2020is 18yearsbeyond2002,

Costsin 2020� $2350+ $142� 18 = $4906:

The estimatefor 2005 in the precedingexampleis muchmore likely to be closeto the true
valuethantheestimatefor 2020.Thefurtherwe extrapolatefrom thegivendata,the lessaccurate
we arelikely to be.It is unlikely that therateof changeof healthcarecostswill stayat $142/year
until 2020.

Graphically, what we have doneis to extendthe line joining the pointsfor 2000and2002to
makeprojectionsfor thefuture.SeeFigure2.28.Youmightbeconcernedthatweusedonly thelast
two piecesof datato make theestimates.Isn't therevaluableinformationto begainedfrom therest
of thedata?Yes,indeed—thoughthere's no �x edway of takingthis informationinto account.You
might look at the rateof changefor the yearsbefore2000andtake an average,or you might use
linearor exponentialregression.

6Statistical Abstracts of the United States 2004–2005, Table 125.
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Figure 2.28: Graphof healthcarecosts

Problemsfor Section2.3
1. TheaverageweightW of anoaktreein kilogramsthatis

x meterstall is givenby the functionW = f (x). What
aretheunitsof measurementof f 0(x)?

2. Figure 2.29 shows world solar energy output, in
megawatts,asa functionof yearssince1990.7 Estimate
f 0(6). Giveunitsandinterpretyouranswer.

2 4 6 8 10

100

200

300
f (t )

t (yearssince1990)

solarpower(megawatts)

Figure 2.29

3. Thecost,C = f (w), in dollarsof buyingachemicalis a
functionof theweightbought,w, in pounds.

(a) In thestatementf (12) = 5, whataretheunitsof the
12?Whataretheunitsof the5?Explainwhatthis is
sayingaboutthecostof buying thechemical.

(b) Do youexpectthederivativef 0 to bepositiveor neg-
ative?Why?

(c) In thestatementf 0(12) = 0:4, whataretheunitsof
the12? Whataretheunitsof the0:4? Explainwhat
this is sayingaboutthecostof buying thechemical.

4. Thecost,C (in dollars)to produceg gallonsof icecream
can be expressedas C = f (g). Using units, explain
the meaningof the following statementsin termsof ice
cream.

(a) f (200) = 350 (b) f 0(200) = 1:4

5. The time for a chemical reaction,T (in minutes), is
a function of the amount of catalyst present,a (in
milliliters), soT = f (a).

(a) If f (5) = 18, whataretheunitsof 5? Whatarethe
units of 18? What doesthis statementtell us about
thereaction?

(b) If f 0(5) = � 3, whataretheunitsof 5?Whatarethe
unitsof � 3?Whatdoesthisstatementtell us?

6. Thepercent,P , of US householdswith a personalcom-
puteris a functionof thenumberof years,t , since1982
(whenthe percentwasessentiallyzero),so P = f (t).
Interpretthestatementsf (20) = 57 andf 0(20) = 3.

7. A yamhasjust beentakenoutof theovenandis cooling
off beforebeingeaten.The temperature,T , of the yam
(measuredin degreesFahrenheit)is a function of how
long it hasbeenoutof theoven,t (measuredin minutes).
Thus,wehaveT = f (t).

(a) Is f 0(t) positiveor negative?Why?
(b) Whataretheunitsfor f 0(t)?

8. Thequantitysold,q, of a certainproductis a functionof
theprice,p, soq = f (p). Interpreteachof thefollowing
statementsin termsof demandfor theproduct:

(a) f (15) = 200 (b) f 0(15) = � 25.

9. Theweight,W , in lbs,of a child is a functionof its age,
a, in years,soW = f (a).

(a) Do you expect f 0(a) to be positive or negative?
Why?

(b) What doesf (8) = 45 tell you?Give units for the
numbers8 and45.

(c) Whataretheunitsof f 0(a)?Explainwhatf 0(a) tells
you in termsof ageandweight.

(d) Whatdoesf 0(8) = 4 tell youaboutageandweight?
(e) As a increases,do you expect f 0(a) to increaseor

decrease?Explain.

10. Thethickness,P , in mm,of pelicaneggshellsdependson
the concentration,c, of PCBsin the eggshell,measured
in ppm(partspermillion); thatis, P = f (c).

(a) Thederivative f 0(c) is negative. Whatdoesthis tell
you?

(b) Give units and interpret f (200) = 0:28 and
f 0(200) = � 0:0005 in termsof PCBsandeggs.

7The Worldwatch Institute, Vital Signs 2001, p. 47, (New York: W.W. Norton, 2001).
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Problems11–14concerng(t) in Figure2.30,which givesthe
weightof ahumanfetusasa functionof its age.

8 16 24 32 40

1

2

3 g(t )

t , ageoffetus
(weeksafterlastmenstruation)

weight(kg)

Figure 2.30

11. (a) Whataretheunitsof g0(24)?
(b) Whatis thebiologicalmeaningof g0(24) = 0:096?

12. (a) Which is greater, g0(20) or g0(36)?
(b) Whatdoesyouranswersayaboutfetal growth?

13. Is the instantaneousweight growth rate greateror less
than the averagerate of changeof weight over the 40
weekperiod

(a) At week20? (b) At week36?

14. Estimate(a) g0(20) (b) g0(36)

(c) The averagerateof changeof weight for the entire
40 weekgestation.

15. Thewind speedW in meterspersecondat a distancex
kilometersfrom thecenterof a hurricaneis givenby the
functionW = h(x). Whatdoesthefactthath0(15) > 0
tell youaboutthehurricane?

16. Youdroparockfrom ahightower. After it fallsx meters
its speedS in metersper secondis S = h(x). What is
themeaningof h0(20) = 0:5 ?

17. If t is thenumberof yearssince2003, thepopulation,P ,
of China,in billions,canbeapproximatedby thefunction

P = f (t) = 1:291(1:006)t :

Estimatef (6) andf 0(6), giving units.Whatdothesetwo
numberstell youaboutthepopulationof China?

18. Figure2.31shows the length,L , in cm, of a sturgeon(a
typeof �sh) asa functionof the time, t, in years.8 Esti-
matef 0(10). Giveunitsandinterpretyouranswer.

5 10 15 20

50

100

150
f (t )

t (years)

length(cm)

Figure 2.31

19. After investing$1000at an annualinterestrate of 7%
compoundedcontinuouslyfor t years,your balanceis
$B , whereB = f (t). What are the units of dB=dt?
Whatis the�nancial interpretationof dB=dt?

20. For somepainkillers,the sizeof the dose,D , given de-
pendsontheweightof thepatient,W . Thus,D = f (W ),
whereD is in milligramsandW is in pounds.

(a) Interpret the statementsf (140) = 120 and
f 0(140) = 3 in termsof thispainkiller.

(b) Usethe informationin the statementsin part (a) to
estimatef (145).

21. For a function f (x), we know that f (20) = 68 and
f 0(20) = � 3. Estimatef (21); f (19) andf (25).

22. Supposethat f (x) is a function with f (20) = 345 and
f 0(20) = 6. Estimatef (22).

23. The quantity, Q mg, of nicotine in the body t minutes
afteracigaretteis smokedis givenby Q = f (t).

(a) Interpretthestatementsf (20) = 0:36 andf 0(20) =
� 0:002 in termsof nicotine.What arethe units of
thenumbers20, 0:36, and� 0:002?

(b) Use the information given in part (a) to estimate
f (21) andf (30). Justifyyouranswers.

24. Table2.8shows world gold production,9 G = f (t), asa
functionof year, t .

(a) Doesf 0(t) appearto bepositive or negative?What
doesthismeanin termsof goldproduction?

(b) In which time interval doesf 0(t) appearto begreat-
est?

(c) Estimatef 0(2002). Giveunitsandinterpretyouran-
swerin termsof goldproduction.

(d) Use the estimatedvalue of f 0(2002) to estimate
f (2003) andf (2010), andinterpretyouranswers.

Table 2.8 World goldproduction

t (year) 1990 1993 1996 1999 2002
G (mn troy ounces) 70.2 73.3 73.6 82.6 82.9

8Data from von Bertalanffy, L., General System Theory, p. 177, (New York: Braziller, 1968).
9The World Almanac and Book of Facts 2005, p. 135, (New York).
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25. Figure2.32showshow thecontractionvelocity, v(x), of
amusclechangesastheloadon it changes.

(a) Findtheslopeof theline tangentto thegraphof con-
tractionvelocityata loadof 2 kg. Giveunits.

(b) Usingyouranswerto part(a),estimatethechangein
thecontractionvelocity if theloadis increasedfrom
2 kg by adding50grams.

(c) Expressyour answerto part (a) as a derivative of
v(x).

1 2 3 4

5
10
15
20
25
30

v(x)

x , loadopposingcontraction(kg)

contractionvelocity(cm/sec)

Figure 2.32

26. SupposeC(r ) is the total costof payingoff a car loan
borrowedat anannualinterestrateof r %. Whatarethe
unitsof C0(r )? Whatis thepracticalmeaningof C0(r )?
Whatis its sign?

27. A climberonMountEverestis6000 metersfromthestart
of his trail andat elevation8000 metersabove sealevel.
At x metersfrom the start, the elevation of the trail is
h(x) metersabove sealevel. If h0(x) = 0:5 for x near
6000, whatis theapproximateelevationanother3 meters
alongthetrail?

28. Let f (v) be the gasconsumption(in liters/km) of a car
goingat velocity v (in km/hr). In otherwords,f (v) tells
youhow many litersof gasthecarusesto goonekilome-
ter at velocity v. Explain what the following statements
tell youaboutgasconsumption:

f (80) = 0:05 and f 0(80) = 0:0005:

29. Figure2.33 shows how the pumpingrateof a person's
heartchangesafterbleeding.

(a) Findtheslopeof theline tangentto thegraphat time
2 hours.Giveunits.

(b) Using your answerto part (a), estimatehow much
thepumpingrateincreasesduringtheminutebegin-
ningat time2 hours.

(c) Expressyour answerto part (a) as a derivative of
g(t).

1 2 3
0
1
2
3
4
5

g(t )

t (hours)

pumpingrateofheart
(literspumpedperminute)

Figure 2.33

30. Tostudytraf�c �o w, acity installsadevicewhichrecords
C(t), thetotalnumberof carsthathavepassedby t hours
after4:00am.Thegraphof C(t) is in Figure2.34.

(a) Whenis thetraf�c �o w thegreatest?
(b) EstimateC0(2).
(c) WhatdoesC0(2) meanin practicalterms?

2 4 6

1000

3000

5000

t

C(t )

Figure 2.34

Problems31–35referto Figure2.35,which shows thedeple-
tion of foodstoresin thehumanbodyduringstarvation.

1 2 3 4 5 6 7 8

2

4
6

8

10
12

Protein

Fat

weeksofstarvation

quantityofstored
food(kg)

Figure 2.35

31. Which is beingconsumedatagreaterrate,fator protein,
duringthe

(a) Third week? (b) Seventhweek?

32. The fat storagegraphis linear for the �rst four weeks.
Whatdoesthis tell youabouttheuseof storedfat?

33. Estimatetherateof fat consumptionafter

(a) 3 weeks (b) 6 weeks (c) 8 weeks

34. What seemsto happenduring the sixth week?Why do
you think thishappens?

35. Figure2.36shows the derivativesof the proteinandfat
storagefunctions.Whichgraphis which?

1 2 3 4 5 6 7 8

� 2

� 1

0
I

II

t (wksofstarvation)

rateofchangeof
foodstores(kg/week)

Figure 2.36
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36. The table10 shows f (t), total salesof music compact
discs(CDs), in millions, and g(t), total salesof music
cassettes,in millions, asa functionof yeart.

(a) Estimatef 0(2002) and g0(2002). Give units with
your answersandinterpreteachanswerin termsof
salesof CDsor cassettes.

(b) Usef 0(2002) to estimatef (2003) andf (2010). In-
terpretyouranswersin termsof salesof CDs.

Year, t 1994 1996 1998 2000 2002
CD sales, f (t ) 662:1 778:9 847:0 942:5 803:3
Cassette sales, g(t ) 345:4 225:3 158:5 76:0 31:1

37. Whenyou breathe,a muscle(calledthe diaphragm)re-
ducesthe pressurearoundyour lungs and they expand
to �ll with air. Thetableshows thevolumeof a lungasa
functionof thereductionin pressurefrom thediaphragm.
Pulmonologists(lung doctors)de�ne the complianceof
thelungasthederivativeof this function.11

(a) Whataretheunitsof compliance?
(b) Estimatethemaximumcomplianceof thelung.
(c) Explain why the compliancegets small when the

lung is nearlyfull (around1 liter).

Pressure reduction Volume
(cm of water) (liters)

0 0.20
5 0.29
10 0.49
15 0.70
20 0.86
25 0.95
30 1.00

38. A personwith a certainliver disease�rst exhibits larger
and larger concentrationsof certain enzymes(called
SGOT and SGPT) in the blood. As the diseasepro-
gresses,theconcentrationof theseenzymesdrops,�rst to
theprediseaselevel andeventuallyto zero(whenalmost
all of the liver cellshave died).Monitoring the levelsof
theseenzymesallows doctorsto track the progressof a
patientwith thisdisease.If C = f (t) is theconcentration
of theenzymesin thebloodasa functionof time,

(a) Sketchapossiblegraphof C = f (t).
(b) Mark on the graphthe intervals wheref 0 > 0 and

wheref 0 < 0.
(c) Whatdoesf 0(t) represent,in practicalterms?

2.4 THESECONDDERIVATIVE

Sincethederivative is itself a function,we cancalculateits derivative.For a functionf , thederiva-
tive of its derivative is called the secondderivative, and written f 00. If y = f (x), the second

derivative canalsobewrittenas
d2y
dx2 , whichmeans

d
dx

(
dy
dx

)
, thederivative of

dy
dx

.

WhatDoestheSecondDerivativeTellUs?
Recallthatthederivative of a functiontellsuswhetherthefunctionis increasingor decreasing:

If f 0 > 0 onaninterval, thenf is increasingover thatinterval.
If f 0 < 0 onaninterval, thenf is decreasingover thatinterval.

Sincef 00is thederivative of f 0, wehave
If f 00> 0 onaninterval, thenf 0 is increasingover thatinterval.
If f 00< 0 onaninterval, thenf 0 is decreasingover thatinterval.

So thequestionbecomes:Whatdoesit meanfor f 0 to be increasingor decreasing?Thecase
in which f 0 is increasingis shown in Figure2.37,wherethe graphof f is bendingupward,or is
concaveup. In thecasewhenf 0 isdecreasing,shown in Figure2.38,thegraphisbendingdownward,
or is concavedown.

f 00> 0 onaninterval meansf 0 is increasing,sothegraphof f is concave up there.
f 00< 0 onaninterval meansf 0 is decreasing,sothegraphof f is concavedown there.

10The World Almanac and Book of Facts 2005, p. 309 (New York).
11Adapted from John B. West, Respiratory Physiology 4th Ed. (New York: Williams and Wilkins, 1990).
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f 0 < 0 f 0 > 0

Concave up
f 00> 0

Figure 2.37: Meaningof f 00: Theslopeincreasesfrom negative to positiveasyoumove from left to right, so
f 00is positiveandf is concaveup

f 0 > 0 f 0 < 0

f 00< 0
Concave down

Figure 2.38: Meaningof f 00: Theslopedecreasesfrom positive to negativeasyoumove from left to right, so
f 00is negativeandf is concavedown

Example 1 For thefunctionswhosegraphsaregivenin Figure2.39,decidewheretheir secondderivativesare
positiveandwherethey arenegative.

x x x

f

g

h(a) (b) (c)

Figure 2.39: Whatsignsdo thesecondderivativeshave?

Solution Fromthegraphsit appearsthat

(a) f 00> 0 everywhere,becausethegraphof f is concave upeverywhere.
(b) g00< 0 everywhere,becausethegraphis concave down everywhere.
(c) h00> 0 for x > 0, becausethegraphof h is concave up there;h00< 0 for x < 0, becausethe

graphof h is concave down there.

Interpretationof theSecondDerivativeasaRateof Change
If we think of the derivative asa rateof change,thenthe secondderivative is a rateof changeof
a rateof change.If thesecondderivative is positive, therateof changeis increasing;if thesecond
derivative is negative, therateof changeis decreasing.

The secondderivative is often a matterof practicalconcern.In 1985 a newspaperheadline
reportedtheSecretaryof DefenseassayingthatCongressandtheSenatehadcutthedefensebudget.
Ashisopponentspointedout,however, Congresshadmerelycuttherateatwhichthedefensebudget
wasincreasing.12 In otherwords,thederivative of thedefensebudgetwasstill positive (thebudget
wasincreasing),but thesecondderivative wasnegative (thebudget's rateof increasehadslowed).

12In the Boston Globe, March 13, 1985, Representative William Gray (D–Pa.) was reported as saying: “It’s confusing to
the American people to imply that Congress threatens national security with reductions when you’re really talking about a
reduction in the increase.”
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Example 2 A population,P, growing in a con�ned environmentoftenfollows a logistic growth curve, like the
graphshown in Figure2.40.Describehow the rateat which the populationis increasingchanges
over time.Whatis thesignof thesecondderivatived2P=dt2?Whatis thepracticalinterpretationof
t � andL?

t �

L

t

P

Figure 2.40: Logisticgrowth curve

Solution Initially, thepopulationis increasing,andatanincreasingrate.So,initially dP=dt is increasingand
d2P=dt2 > 0. At t � , the rateat which thepopulationis increasingis a maximum;thepopulation
is growing fastestthen.Beyond t � , the rateat which the populationis growing is decreasing,so
d2P=dt2 < 0. At t � , thegraphchangesfrom concave up to concave down andd2P=dt2 = 0.

ThequantityL representsthelimiting valueof thepopulationthatis approachedast tendsto in-
�nity; L is calledthecarryingcapacityof theenvironmentandrepresentsthemaximumpopulation
thattheenvironmentcansupport.

Example 3 Table2.9shows thenumberof abortionsperyear, A, reportedin theUS13 in theyeart.

Table 2.9 Abortionsreportedin theUS(1972–2000)

Year, t 1972 1975 1980 1985 1990 1995 2000

Thousandsof abortionsreported,A 587 1034 1554 1589 1609 1359 1313

(a) Calculatetheaveragerateof changefor thetime intervalsshown between1972and2000.
(b) Whatcanyousayaboutthesignof d2A=dt2 duringtheperiod1972–1995?

Solution (a) For eachtime interval we cancalculatetheaveragerateof changeof thenumberof abortions
peryearover this interval. For example,between1972and1975

Averagerate
of change

=
�A
�t

=
1034� 587
1975� 1972

=
447
3

� 149:

Thus,between1972and1975,therewereapproximately149;000moreabortionsreportedeach
year. Valuesof �A= �t arelistedin Table2.10:

Table 2.10 Rateof change of numberof abortionsreported

Time 1972–1975 1975–1980 1980–1985 1985–1990 1990–1995 1995–2000
Averagerateof change,
�A=�t (1000s=year)

149 104 7 4 � 50 � 9:2

13Statistical Abstracts of the United States 2004–2005, Table 89.
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(b) We assumethe datalies on a smoothcurve. Sincethe valuesof �A=�t aredecreasingdra-
matically for 1975–1995,we canbe pretty certainthat dA=dt alsodecreases,so d2A=dt2 is
negative for this period.For 1972–1975,thesignof d2A=dt2 is lessclear;abortiondatafrom
1968would help.Figure2.41con�rms this; thegraphappearsto beconcave down for 1975–
1995.The fact that dA=dt is positive during the period 1972–1980tells us that the number
of abortionsreportedincreasedfrom 1972to 1980.Thefact thatdA=dt is negative duringthe
period1990–2000tells usthatthenumberof abortionsreporteddecreasedfrom 1990to 2000.
The fact thatd2A=dt2 is negative for 1975–1995tells us that the rateof increaseslowedover
thisperiod.

1975 1980 1985 1990 1995 2000

500

1000

1500

2000

t (years)

A (thousands of abortions)

Figure 2.41: How thenumberof reportedabortionsin theUS is changingwith time

Problemsfor Section2.4

1. For thefunctiongraphedin Figure2.42,arethefollowing
nonzeroquantitiespositiveor negative?

(a) f (2) (b) f 0(2) (c) f 00(2)

2

4

� 1

1

x

f (x)

Figure 2.42

ForProblems2–7,givethesignsof the�rst andsecondderiva-
tivesfor eachof thefollowing functions.Eachderivative is ei-
therpositiveeverywhere,zeroeverywhere,or negative
everywhere.

2.

1

1

x

f (x)
3.

1

1

x

f (x)

4.

1

1

f (x)

x

5.

x

f (x)

6.

1� 1
f (x)

x
7.

1

1
x

f (x)

In Problems8–9,usethevaluesgivenfor eachfunction.
(a) Doesthederivative of thefunctionappearto bepositive

or negativeover thegiveninterval?Explain.
(b) Doesthe secondderivative of the functionappearto be

positiveor negativeover thegiveninterval?Explain.

8.
t 100 110 120 130 140

w(t) 10:7 6:3 4:2 3:5 3:3

9.
t 0 1 2 3 4 5

s(t ) 12 14 17 20 31 55
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In Problems10–11,usethegraphgivenfor eachfunction.
(a) Estimatetheintervalsonwhich thederivative is positive

andtheintervalsonwhich thederivative is negative.
(b) Estimatethe intervalson which thesecondderivative is

positiveandtheintervalsonwhich thesecondderivative
is negative.

10.

1
2 3 4

� 20

� 10

10

20

30

g(t )

t

11.

� 4 4

� 4

4 f (t )

t

12. (a) Grapha functionwhose�rst andsecondderivatives
areeverywherepositive.

(b) Grapha functionwhosesecondderivative is every-
wherenegative but whose�rst derivative is every-
wherepositive.

(c) Grapha functionwhosesecondderivative is every-
wherepositive but whose�rst derivative is every-
wherenegative.

(d) Grapha functionwhose�rst andsecondderivatives
areeverywherenegative.

13. At exactly two of the labeledpoints in Figure2.43,the
derivative f 0 is 0; thesecondderivative f 00 is not zeroat
any of thelabeledpoints.Onacopy of thetable,give the
signsof f , f 0, f 00ateachmarkedpoint.

B
C

A D

Figure 2.43

Point f f 0 f 00

A
B
C
D

14. ThelengthL of thedayin minutes(sunriseto sunset)x
kilometersnorth of the equatoron June21 is given by
L = f (x). Whataretheunitsof

(a) f 0(3000)? (b) f 00(3000)?

15. For three minutes the temperatureof a feverish per-
sonhashadpositive �rst derivative andnegative second
derivative.Whichof thefollowing is correct?

(a) Thetemperaturerosein thelastminutemorethanit
rosein theminutebefore.

(b) Thetemperaturerosein thelastminute,but lessthan
it rosein theminutebefore.

(c) Thetemperaturefell in thelastminutebut lessthan
it fell in theminutebefore.

(d) Thetemperaturerosetwo minutesagobut fell in the
lastminute.

16. Yesterday's temperatureat t hours past midnight was
f (t) � C. At noon the temperaturewas 20� C. The �rst
derivative, f 0(t), decreasedall morning,reachinga low
of 2� C=hour at noon,then increasedfor the restof the
day. Whichoneof thefollowing mustbecorrect?

(a) The temperaturefell in themorningandrosein the
afternoon.

(b) At 1 pmthetemperaturewas18� C.
(c) At 1 pmthetemperaturewas22� C.
(d) Thetemperaturewasloweratnoonthanatany other

time.
(e) Thetemperatureroseall day.

17. Valuesof f (t) aregivenin thefollowing table.

(a) Doesthis functionappearto have a positive or neg-
ative �rst derivative?Secondderivative?Explain.

(b) Estimatef 0(2) andf 0(8).

t 0 2 4 6 8 10
f (t ) 150 145 137 122 98 56

18. Sketch the graphof a function f suchthat f (2) = 5,
f 0(2) = 1=2, andf 00(2) > 0.

19. Sketcha graphof a continuousfunction f with the fol-
lowing properties:

� f 0(x) > 0 for all x
� f 00(x) < 0 for x < 2 andf 00(x) > 0 for x > 2.

20. At which of themarkedx-valuesin Figure2.44canthe
following statementsbetrue?

(a) f (x) < 0
(b) f 0(x) < 0
(c) f (x) is decreasing
(d) f 0(x) is decreasing
(e) Slopeof f (x) is positive
(f) Slopeof f (x) is increasing

x1 x2 x3

x4 x5

f (x)

x

Figure 2.44

21. A functionf hasf (5) = 20, f 0(5) = 2, andf 00(x) < 0,
for x � 5. Whichof thefollowing arepossiblevaluesfor
f (7) andwhichareimpossible?

(a) 26 (b) 24 (c) 22
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22. Thetablegivesthenumberof passengercars,C = f (t),
in millions,14 in theUS in theyeart.

(a) Do f 0(t) andf 00(t) appearto bepositiveor negative
duringtheperiod1940–1980?

(b) Estimatef 0(1975). Using units, interpretyour an-
swerin termsof passengercars.

t 1940 1950 1960 1970 1980 1990 2000
C 27:5 40:3 61:7 89:2 121:6 133:7 133:6

23. “Winning the war on poverty” hasbeendescribedcyn-
ically as slowing the rate at which peopleare slipping
below thepoverty line. Assumingthatthis is happening:

(a) Graphthetotal numberof peoplein poverty against
time.

(b) If N is thenumberof peoplebelow thepoverty line
attimet, whatarethesignsof dN=dt andd2N=dt2?
Explain.

24. Let P (t) representthe price of a shareof stock of a
corporationat time t. What doeseachof the following
statementstell usaboutthesignsof the �rst andsecond
derivativesof P (t)?

(a) “The priceof thestockis rising fasterandfaster.”
(b) “The priceof thestockis closeto bottomingout.”

25. In economics,total utility refers to the total satisfac-
tion from consumingsomecommodity. Accordingto the
economistSamuelson:15

As you consumemore of the samegood, the
total (psychological)utility increases.However,
. . .with successive new unitsof thegood,your
total utility will grow at a slower and slower
ratebecauseof afundamentaltendency for your
psychologicalability to appreciatemoreof the
goodto becomelesskeen.

(a) Sketchthe total utility asa function of the number
of unitsconsumed.

(b) In termsof derivatives,whatis Samuelsonsaying?

26. An industryis beingchargedby the EnvironmentalPro-
tection Agency (EPA) with dumpingunacceptablelev-
elsof toxic pollutantsin a lake.Over a periodof several
months,an engineering�rm makesdaily measurements
of the rateat which pollutantsarebeingdischargedinto
the lake. The engineersproducea graphsimilar to ei-
therFigure2.45(a)or Figure2.45(b).For eachcase,give
an ideaof what argumentthe EPA might make in court
againsttheindustryandof theindustry'sdefense.

nowayearago
time

rateofdischarge(a)

nowayearago
time

rateofdischarge(b)

Figure 2.45

27. Sketchthegraphof theheightof a particleagainsttime
if velocity is positiveandaccelerationis negative.

28. Figure2.46givestheposition,f (t), of a particleat time
t. At which of themarkedvaluesof t canthe following
statementsbetrue?

(a) Thepositionis positive
(b) Thevelocity is positive
(c) Theaccelerationis positive
(d) Thepositionis decreasing
(e) Thevelocity is decreasing

t1 t2

t3 t4 t5

f (t )

t

Figure 2.46

29. Eachof thegraphsin Figure2.47shows thepositionof
a particlemoving alongthex-axisasa functionof time,
0 � t � 5: Theverticalscalesof thegraphsarethesame.
During this time interval, whichparticlehas

(a) Constantvelocity?
(b) Thegreatestinitial velocity?
(c) Thegreatestaveragevelocity?
(d) Zeroaveragevelocity?
(e) Zeroacceleration?
(f) Positiveaccelerationthroughout?

5
t

x(I)

5
t

x(II)

5
t

x(III)

5
t

x(IV)

Figure 2.47

14The World Almanac and Book of Facts 2005, p. 237 (New York).
15From Paul A. Samuelson, Economics, 11th edition (New York: McGraw-Hill, 1981).
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2.5 MARGINALCOSTANDREVENUE

Managementdecisionswithin aparticular�rm or industryusuallydependonthecostsandrevenues
involved.In thissectionwe look at thecostandrevenuefunctions.

Graphsof CostandRevenueFunctions
The graphof a cost function may be linear, as in Figure 2.48, or it may have the shapeshown
in Figure 2.49. The intercepton the C-axis representsthe �x ed costs,which are incurredeven
if nothing is produced.(This includes,for instance,the cost of the machineryneededto begin
production.)In Figure2.49,thecostfunctionincreasesquickly at�rst andthenmoreslowly because
producinglargerquantitiesof a goodis usuallymoreef�cient thanproducingsmallerquantities—
this is calledeconomyof scale. At still higherproductionlevels, thecostfunction increasesfaster
again asresourcesbecomescarce;sharpincreasesmayoccurwhennew factorieshave to bebuilt.
Thus,thegraphof acostfunction,C, maystartoutconcavedown andbecomeconcaveup lateron.

q (quantity)

C (cost)

Figure 2.48: A linearcostfunction

q (quantity)

C (cost)

Figure 2.49: A nonlinearcostfunction

Therevenuefunctionis R = pq, wherep is priceandq is quantity. If theprice,p, is aconstant,
the graphof R againstq is a straightline throughthe origin with slopeequalto the price. (See
Figure2.50).In practice,for largevaluesof q, themarketmaybecomeglutted,causingthepriceto
dropandgiving R theshapein Figure2.51.

R (revenue)

quantity

Figure 2.50: Revenue:Constantprice

quantity

R (revenue)

Figure 2.51: Revenue:Decreasingprice

Example 1 If cost,C, andrevenue,R, aregiven by the graphin Figure2.52, for what productionquantities
doesthe�rm make apro�t?

130 215
q (quantity)

$
C

R

Figure 2.52: Costsandrevenuesfor Example1
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Solution The�rm makesa pro�t whenever revenuesaregreaterthancosts,that is, whenR > C. Thegraph
of R is above thegraphof C approximatelywhen130 < q < 215. Productionbetween130units
and215unitswill generateapro�t.

MarginalAnalysis
Many economicdecisionsarebasedon ananalysisof thecostsandrevenues“at themargin.” Let's
look at this ideathroughanexample.

Supposeyou arerunninganairline andyou aretrying to decidewhetherto offer anadditional
�ight. How shouldyou decide?We'll assumethat the decisionis to be madepurely on �nancial
grounds:if the�ight will make money for thecompany, it shouldbeadded.Obviously you needto
considerthecostsandrevenuesinvolved.Sincethechoiceis betweenaddingthis �ight andleaving
thingstheway they are,thecrucialquestionis whethertheadditionalcostsincurredaregreateror
smallerthantheadditionalrevenuesgeneratedby the�ight. Theseadditionalcostsandrevenuesare
calledmarginal costsandmarginal revenues.

SupposeC(q) is the functiongiving thecostof runningq �ights. If theairline hadoriginally
plannedto run 100�ights, its costswould beC(100). With theadditional�ight, its costswould be
C(101). Therefore,

Marginal cost= C(101) � C(100):

Now

C(101) � C(100) =
C(101) � C(100)

101� 100
;

andthis quantityis theaveragerateof changeof costbetween100and101�ights. In Figure2.53
the averagerateof changeis the slopeof the secantline. If the graphof the cost function is not
curving too fastnearthepoint, theslopeof thesecantline is closeto theslopeof the tangentline
there.Therefore,theaveragerateof changeis closeto theinstantaneousrateof change.Sincethese
ratesof changearenotverydifferent,many economistschooseto de�ne marginalcost,M C, asthe
instantaneousrateof changeof costwith respectto quantity:

Marginal cost= M C = C0(q):

Marginal costis representedby theslopeof thecostcurve.

100 101
x

C(q)

Slope = C(101) � C(100)

Slope = C0(100)

Slopes of these
two lines are close

}

Figure 2.53: Marginal cost:Slopeof oneof theselines
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Similarly, if the revenuegeneratedby q �ights is R(q), thentheadditionalrevenuegenerated
by increasingthenumberof �ights from 100to 101is

Marginal revenue= R(101) � R(100):

Now R(101) � R(100) is theaveragerateof changeof revenuebetween100and101�ights.
As before,theaveragerateof changeis approximatelyequalto theinstantaneousrateof change,so
economistsoftende�ne

Marginal revenue= M R = R0(q).

Marginal revenueis representedby theslopeof therevenuecurve.

Example 2 If C(q) andR(q) for theairlinearegivenin Figure2.54,shouldthecompany addthe101st �ight?

Solution Themarginal revenueis theslopeof therevenuecurve at q = 100. Themarginal costis theslope
of the graphof C at q = 100. Figure2.54suggeststhat the slopeat the point A is smallerthan
theslopeat B , so M C < M R for q = 100. This meansthat the airline will make morein extra
revenuethanit will spendin extra costsif it runsanother�ight, so it shouldgo aheadandrun the
101st �ight.

R(q)

C(q)

q = 100

A

B

Slope = M C

Slope = M R

�

�

Figure 2.54: Costandrevenuefor Example2

Example 3 Thegraphof a costfunction is given in Figure2.55.Doesit costmoreto producethe500th item
or the2000th ?Doesit costmoreto producethe3000th itemor the4000th ?At approximatelywhat
productionlevel is marginal costsmallest?Whatis thetotal costat thisproductionlevel?

1 2 3 4 5

10;000

20;000

C(q)

q (thousands)

$

Figure 2.55: Estimatingmarginal cost:Whereis marginal costsmallest?

Solution The costto producean additionalitem is the marginal cost,which is representedby the slopeof
thecostcurve. Sincetheslopeof thecostfunction in Figure2.55is greaterat q = 0:5 (whenthe
quantityproducedis 0:5 thousand,or 500) thanat q = 2, it costsmoreto producethe500th item
thanthe2000th item. Sincetheslopeis greaterat q = 4 thanq = 3, it costsmoreto producethe
4000th item thanthe3000th item.
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Theslopeof thecostfunctionis closeto zeroat q = 2, andis positive everywhereelse,sothe
slopeis smallestat q = 2. Themarginal costis smallestat a productionlevel of 2000units.Since
C(2) � 10;000, thetotal costto produce2000unitsis about$10;000.

Example 4 If therevenueandcostfunctions,R andC, aregivenby thegraphsin Figure2.56,sketchgraphsof
themarginal revenueandmarginal costfunctions,M R andM C.

$

q

R
$

q

C

100

Figure 2.56: Total revenueandtotal costfor Example4

Solution Therevenuegraphis a line throughtheorigin, with equation

R = pq

wherep representstheconstantprice,sotheslopeis p and

M R = R0(q) = p.

Thetotalcostis increasing,sothemarginalcostis alwayspositive.For smallqvalues,thegraph
of thecostfunctionis concave down, sothemarginal costis decreasing.For largerq, sayq > 100,
thegraphof thecostfunctionis concave up andthemarginal costis increasing.Thus,themarginal
costhasaminimumataboutq = 100. (SeeFigure2.57.)

p
M R

q (quantity)

$/unit

100

$/unit

q (quantity)

M C

Figure 2.57: Marginal revenueandcostsfor Example4

Problemsfor Section2.5

1. In Figure2.58,estimatethemarginal costwhenthelevel
of productionis 10;000 unitsandinterpretit.

10;000

10;000

20;000

q

C(q)
$

0

Figure 2.58

2. In Figure2.59,estimatethe marginal revenuewhenthe
level of productionis 600 unitsandinterpretit.

600

10;000

20;000

q

R(q)
$

0

Figure 2.59



2.5 MARGINAL COST AND REVENUE 129

3. ThefunctionC(q) givesthecostin dollarsto produceq
barrelsof oliveoil.

(a) Whataretheunitsof marginal cost?
(b) What is the practical meaning of the statement

M C = 3 for q = 100?

4. It costs$4800 to produce1295itemsandit costs$4830
to produce1305items.Whatis theapproximatemarginal
costataproductionlevel of 1300items?

5. In Figure2.60, is marginal costgreaterat q = 5 or at
q = 30?At q = 20 or atq = 40?Explain.

C(q)

10 20 30 40 50

100

200

300

400

500

q

$

Figure 2.60

6. Figure2.61shows partof thegraphof costandrevenue
for acarmanufacturer. Whichis greater, marginalcostor
marginal revenue,at

(a) q1? (b) q2?

q1 q2

R

C

q

$

Figure 2.61

7. Let C(q) representthe total costof producingq items.
SupposeC(15) = 2300 andC0(15) = 108. Estimate
thetotal costof producing:(a) 16 items (b) 14 items.

8. To produce1000 items,the total cost is $5000 andthe
marginal costis $25 per item.Estimatethecostsof pro-
ducing1001 items,999 items,and1100 items.

9. Let C(q) representthecostandR(q) representthe rev-
enue,in dollars,of producingq items.

(a) If C(50) = 4300 and C0(50) = 24, estimate
C(52).

(b) If C0(50) = 24 andR0(50) = 35, approximately
how muchpro�t is earnedby the51st item?

(c) If C0(100) = 38 and R0(100) = 35, shouldthe
company producethe101st item?Why or why not?

10. Cost and revenuefunctionsfor a charterbus company
are shown in Figure 2.62. Should the company add a
50th bus?How abouta90th ?Explainyouranswersusing
marginal revenueandmarginal cost.

25 50 75 100 125
0

200

400

600

800

1000

C(q)

R(q)

q

$

Figure 2.62

11. For q units of a product,a manufacturer's cost is C(q)
dollars and revenue is R(q) dollars, with C(500) =
7200, R(500) = 9400, M C(500) = 15, and
M R(500) = 20.

(a) Whatis thepro�t or lossatq = 500?
(b) If productionis increasedfrom 500to 501units,by

approximatelyhow muchdoespro�t change?

12. A company's costof producingq liters of a chemicalis
C(q) dollars;this quantitycanbesold for R(q) dollars.
SupposeC(2000) = 5930 andR(2000) = 7780.

(a) Whatis thepro�t ataproductionlevel of 2000?
(b) If M C(2000) = 2:1 andM R(2000) = 2:5, what

is theapproximatechangein pro�t if q is increased
from 2000to 2001?Shouldthecompany increaseor
decreaseproductionfrom q = 2000?

(c) If M C(2000) = 4:77 and M R(2000) = 4:32,
shouldthecompany increaseor decreaseproduction
from q = 2000?

13. An industrialproductionprocesscostsC(q) million dol-
lars to produceq million units; theseunits thensell for
R(q) million dollars.If C(2:1) = 5:1, R(2:1) = 6:9,
M C(2:1) = 0:6, andM R(2:1) = 0:7, calculate

(a) Thepro�t earnedby producing2:1 million units
(b) Thechangein revenueif productionincreasesfrom

2.1to 2.14million units.
(c) Thechangein revenueif productiondecreasesfrom

2:1 to 2:05 million units.
(d) Thechangein pro�t in parts(b) and(c).

14. Thecostof recycling q tonsof paperis given in thefol-
lowing table.Estimatethe marginal costat q = 2000.
Give unitsandinterpretyour answerin termsof cost.At
approximatelywhatproductionlevel doesmarginal cost
appearsmallest?

q (tons) 1000 1500 2000 2500 3000 3500
C(q) (dollars) 2500 3200 3640 3825 3900 4400

15. Let C(q) bethetotal costof producinga quantityq of a
certainproduct.SeeFigure2.63.

(a) Whatis themeaningof C(0)?
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(b) Describein wordshow themarginalcostchangesas
thequantityproducedincreases.

(c) Explaintheconcavity of thegraph(in termsof eco-
nomics).

(d) Explain the economic signi�cance (in terms of
marginal cost) of the point at which the concavity
changes.

(e) Do youexpectthegraphof C(q) to look likethis for
all typesof products?

$

q

C(q)

Figure 2.63

CHAPTERSUMMARY

� Rateof change
Average,instantaneous

� Estimating derivatives
Estimatederivativesfrom agraph,tableof values,or for-
mula.

� Inter pretation of derivatives
Rateof change,slope,usingunits, instantaneousveloc-
ity.

� Mar ginality
Marginal costandmarginal revenue

� Secondderivative
Concavity

� Derivativesand graphs
Understandrelationbetweensignof f 0 andwhetherf is
increasingor decreasing.Sketchgraphof f 0 from graph
of f . Marginalanalysis.

REVIEWPROBLEMSFORCHAPTERTWO

1. For the function shown in Figure2.64,at what labeled
points is the slopeof the graphpositive? Negative? At
whichlabeledpointdoesthegraphhavethegreatest(i.e.,
mostpositive) slope?The leastslope(i.e., negative and
with thelargestmagnitude)?

A

B
C D

E

F

Figure 2.64

2. Thefunctionin Figure2.65hasf (4) = 25 andf 0(4) =
1:5. Find thecoordinatesof thepointsA, B , C.

A

B

C

x
3:9 4 4:2

f (x)

Tangentline

Figure 2.65

3. Estimatef 0(2) for f (x) = 3x . Explainyour reasoning.

4. In a time of t seconds,a particlemovesa distanceof s
metersfrom its startingpoint,wheres = 3t 2 .

(a) Find the averagevelocity betweent = 1 andt =
1 + h if:

(i) h = 0:1, (ii) h = 0:01, (iii) h = 0:001.

(b) Useyour answersto part (a) to estimatethe instan-
taneousvelocityof theparticleat time t = 1.

5. The populationof the world reached1 billion in 1804,
2 billion in 1927, 3 billion in 1960, 4 billion in 1974, 5
billion in 1987 and6 billion in 1999. Find the average
rateof changeof thepopulationof theworld, in people
perminute,duringeachof theseintervals.[That is, from
1804to 1927,1927to 1960,etc.]

6. In a time of t seconds,a particlemovesa distanceof s
metersfrom its startingpoint,wheres = sin(2t).

(a) Find the averagevelocity betweent = 1 andt =
1 + h if:

(i) h = 0:1, (ii) h = 0:01, (iii) h = 0:001.

(b) Useyour answersto part (a) to estimatethe instan-
taneousvelocityof theparticleat time t = 1.
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7. Giventhenumericalvaluesshown, �nd approximateval-
ues for the derivative of f (x) at eachof the x-values
given. Where is the rate of changeof f (x) positive?
Whereis it negative?Wheredoesthe rateof changeof
f (x) seemto begreatest?

x 0 1 2 3 4 5 6 7 8
f (x) 18 13 10 9 9 11 15 21 30

Sketchthegraphsof thederivativesof thefunctionsshown in
Problems8–13.Be sureyour sketchesareconsistentwith the
importantfeaturesof thegraphsof theoriginal functions.

8.

5

x

f (x)
9.

� 3 3
� 3

3 f (x)

x

10.

� 3 3
� 4

4 f (x)

x

11.

x

f (x)

12.

x

f (x)

13.

x

f (x)

14. A vehiclemoving alongastraightroadhasdistancef (t)
from its startingpoint at time t. Which of the graphsin
Figure2.66could be f 0(t) for the following scenarios?
(Assumethescaleson theverticalaxesareall thesame.)

(a) A busonapopularroute,with no traf�c
(b) A carwith no traf�c andall greenlights
(c) A carin heavy traf�c conditions

t

(I)

t

(II)

t

(III)

Figure 2.66

15. Thetemperature,H , in degreesCelsius,of a cupof cof-
feeplacedon thekitchencounteris givenby H = f (t),
where t is in minutessince the coffee was put on the
counter.

(a) Is f 0(t) positive or negative?Give a reasonfor your
answer.

(b) What arethe units of f 0(20)? What is its practical
meaningin termsof thetemperatureof thecoffee?

16. Thetemperature,T , in degreesFahrenheit,of acoldyam
placedin ahotovenis givenby T = f (t), wheret is the
time in minutessincetheyamwasput in theoven.

(a) Whatis thesignof f 0(t)?Why?
(b) Whataretheunitsof f 0(20)? What is thepractical

meaningof thestatementf 0(20) = 2?

17. Supposethat f (x) is a function with f (100) = 35 and
f 0(100) = 3. Estimatef (102).

18. Supposethat f (t) is a function with f (25) = 3:6 and
f 0(25) = � 0:2. Estimatef (26) andf (30).

19. A mutual fund is currentlyvaluedat $80 per shareand
its valuepershareis increasingat a rateof $0:50 a day.
Let V = f (t) bethevalueof thesharet daysfrom now.

(a) Expresstheinformationgivenaboutthemutualfund
in termof f andf 0.

(b) Assumingthattherateof growth staysconstant,es-
timateandinterpretf (10).

20. Theaverageweight,W , in pounds,of anadultis a func-
tion, W = f (c), of theaveragenumberof Caloriesper
day, c, consumed.

(a) Interpret the statementsf (1800) = 155 and
f 0(2000) = 0 in termsof dietandweight.

(b) Whataretheunitsof f 0(c) = dW=dc?

21. Investing$1000at an annualinterestrateof r %, com-
poundedcontinuously, for 10 yearsgivesyou a balance
of $B , whereB = g(r ). Give a �nancial interpretation
of thestatements:

(a) g(5) � 1649.
(b) g0(5) � 165. Whataretheunitsof g0(5)?

22. SupposeP (t) is the monthly payment,in dollars,on a
mortgagewhichwill taket yearsto payoff. Whatarethe
unitsof P 0(t)? What is thepracticalmeaningof P 0(t)?
Whatis its sign?

23. Let f (x) betheelevationin feetof theMississippiriverx
milesfrom its source.Whataretheunitsof f 0(x)?What
canyousayaboutthesignof f 0(x)?

24. An economistis interestedin how thepriceof a certain
itemaffectsits sales.At apriceof $p, aquantity, q, of the
item is sold.If q = f (p), explain themeaningof eachof
thefollowing statements:

(a) f (150) = 2000 (b) f 0(150) = � 25
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25. A company's revenuefrom carsales,C (in thousandsof
dollars), is a function of advertising expenditure,a, in
thousandsof dollars,soC = f (a).

(a) Whatdoesthecompany hopeis trueaboutthesign
of f 0?

(b) Whatdoesthestatementf 0(100) = 2 meanin prac-
tical terms?How aboutf 0(100) = 0:5?

(c) Suppose the company plans to spend about
$100;000 on advertising. If f 0(100) = 2, should
the company spendmoreor lessthan$100;000 on
advertising?Whatif f 0(100) = 0:5?

26. At oneof the labeledpointson thegraphin Figure2.67
bothdy=dx andd2y=dx2 arepositive.Which is it?

A B

C D E

y

x

Figure 2.67

27. Sketch the graphof a function whose�rst and second
derivativesareeverywherepositive.

28. Sketch the graphof a function whose�rst derivative is
everywherenegativeandwhosesecondderivative is pos-
itive for somex-valuesandnegative for otherx-values.

29. IBM-Peru usessecondderivatives to assessthe relative
successof variousadvertisingcampaigns.They assume
that all campaignsproducesomeincreasein sales.If
a graphof salesagainst time shows a positive second
derivativeduringanew advertisingcampaign,whatdoes
this suggestto IBM management?Why? What doesa
negativesecondderivativesuggest?

30. A high schoolprincipal is concernedaboutthe drop in
thepercentageof studentswhograduatefrom herschool,
shown in thefollowing table.

Year entered school, t 1992 1995 1998 2001 2004
Percent graduating, P 62:4 54:1 48:0 43:5 41:8

(a) Calculatethe averagerateof changeof P for each
of thethree-yearintervalsbetween1992and2004.

(b) Doesd2P=dt2 appearto bepositive or negative be-
tween1992and2004?

(c) Explainwhy thevaluesof P anddP=dt aretrouble-
someto theprincipal.

(d) Explainwhy thesignof d2P=dt2 andthemagnitude
of dP=dt in the year 2001 may give the principal
somecausefor optimism.

31. Studentswereaskedto evaluatef 0(4) from thefollowing
tablewhichshowsvaluesof thefunctionf :

x 1 2 3 4 5 6
f (x) 4:2 4:1 4:2 4:5 5:0 5:7

� Student A estimatedthe derivative as f 0(4) �
f (5) � f (4)

5 � 4
= 0:5.

� Student B estimatedthe derivative as f 0(4) �
f (4) � f (3)

4 � 3
= 0:3.

� StudentC suggestedthatthey shouldsplit thediffer-
enceandestimatethe averageof thesetwo results,
thatis, f 0(4) � 1

2 (0:5 + 0:3) = 0:4.

(a) Sketch the graphof f , and indicatehow the three
estimatesarerepresentedon thegraph.

(b) Explainwhichansweris likely to bebest.

32. Given all of the following informationabouta function
f , sketchits graph.

� f (x) = 0 atx = � 5; x = 0; andx = 5
� f (x) ! 1 asx ! �1
� f (x) ! � 3 asx ! 1
� f 0(x) = 0 at x = � 3; x = 2:5; andx = 7

33. Figure2.68shows therateatwhichenergy, f (v), is con-
sumedby abird �ying at speedv meters/sec.

(a) What rateof energy consumptionis neededby the
bird to keepaloft, withoutmoving forward?

(b) Whatdoestheshapeof thegraphtell youabouthow
birds�y?

(c) Sketchf 0(v).

1 2

3

6
f (v)

v, speed(m/sec)

energy(joules/sec)

Figure 2.68
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PROJECTSFORCHAPTERTWO

1. Estimating the Temperature of a Yam
Supposeyou put a yamin a hot oven,maintainedat a constanttemperatureof 200� C. As

theyampicksupheatfrom theoven,its temperaturerises.16

(a) Draw a possiblegraphof thetemperatureT of theyamagainsttime t (minutes)sinceit is
put into theoven.Explainany interestingfeaturesof thegraph,andin particularexplain its
concavity.

(b) Supposethat,at t = 30, thetemperatureT of theyamis 120� andincreasingat the(instan-
taneous)rateof 2� /min. Usingthis information,pluswhatyouknow abouttheshapeof the
T graph,estimatethetemperatureat time t = 40.

(c) Supposein additionyou aretold thatat t = 60, the temperatureof theyamis 165� . Can
you improve yourestimateof thetemperatureat t = 40?

(d) Assumingall thedatagivensofar, estimatethetime at which thetemperatureof theyam
is 150� .

2. Temperature and Illumination
Alonein yourdim,unheatedroom,youlight asinglecandleratherthancursethedarkness.

Depressedwith thesituation,youwalk directlyawayfrom thecandle,sighing.Thetemperature
(in degreesFahrenheit)andillumination (in % of onecandlepower) decreaseasyour distance
(in feet)from thecandleincreases.In fact,youhave tablesshowing this information.

Distance(feet) Temperature(� F)

0 55

1 54:5

2 53:5

3 52

4 50

5 47

6 43:5

Distance(feet) Illumination(%)

0 100

1 85

2 75

3 67

4 60

5 56

6 53

You arecold whenthetemperatureis below 40� . You arein thedarkwhenthe illumination is
atmost50%of onecandlepower.

(a) Two graphsareshown in Figures2.69and2.70.Oneis temperatureasafunctionof distance
andoneis illuminationasa functionof distance.Which is which?Explain.

Figure 2.69 Figure 2.70

(b) Whatis theaveragerateat which thetemperatureis changingwhentheillumination drops
from 75%to 56%?

(c) You canstill readyour watchwhentheillumination is about65%. Canyou still readyour
watchat3:5 feet?Explain.

16From Peter D. Taylor, Calculus: The Analysis of Functions (Toronto: Wall & Emerson, Inc., 1992).
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(d) Supposeyou know that at 6 feet the instantaneousrate of changeof the temperatureis
� 4:5� F/ft and the instantaneousrateof changeof illumination is � 3% candlepower/ft.
Estimatethetemperatureandtheilluminationat7 feet.

(e) Are you in thedarkbeforeyouarecold,or vice-versa?
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FOCUSONTHEORY

LIMITS,CONTINUITY, ANDTHEDEFINITIONOFTHEDERIVATIVE

The velocity at a single instant in time is surprisinglydif�cult to de�ne precisely. Considerthe
statement“At theinstantit crossedthe�nish line, thehorsewastravelingat42mph.” How cansuch
a claim besubstantiated?A photographtakenat that instantwill show thehorsemotionless—itis
no help at all. Thereis someparadoxin trying to quantify the propertyof motion at a particular
instantin time,sinceby focusingonasingleinstantwestopthemotion!

A similardif�culty ariseswheneverweattemptto measuretherateof changeof anything—for
example,oil leakingoutof adamagedtanker. Thestatement“Onehouraftertheship'shull ruptured,
oil wasleakingata rateof 200barrelspersecond”seemsnot to makesense.Wecouldarguethatat
any giveninstantnooil is leaking.

Problemsof motionwereof centralconcernto Zenoandotherphilosophersasearlyasthe�fth
centuryBC. Theapproachthatwetook,madefamousby Newton'scalculus,is to stoplookingfor a
simplenotionof speedataninstant,andinsteadto look atspeedoversmallintervalscontainingthe
instant.Thismethodsidestepsthephilosophicalproblemsmentionedearlierbut bringsnew onesof
its own.

De�nitionof theDerivativeUsingAverageRates
On page100 of Section2.1, we de�ned the derivative as the instantaneousrate of changeof a
function. We can estimatea derivative by computingaverageratesof changeover smallerand
smallerintervals.Weusethis ideato giveasymbolicde�nition of thederivative.Lettingh represent
thesizeof theinterval, wehave

Averagerateof change

betweenx andx + h
=

f (x + h) � f (x)
(x + h) � x

=
f (x + h) � f (x)

h
:

To �nd thederivative,or instantaneousrateof changeat thepointx, weusesmallerandsmaller
intervals.To �nd the derivative exactly, we take the limit ash, the sizeof the interval, shrinksto
zero,sowesay

Derivative = Limit, ash approacheszero,of
f (x + h) � f (x)

h
:

Finally, insteadof writing thephrase“limit, ash approaches0,” weusethenotationlim
h! 0

. This leads

to thefollowing symbolicde�nition:

For any functionf , wede�ne thederivative function, f 0, by

f 0(x) = lim
h! 0

f (x + h) � f (x)
h

;

providedthelimit exists.Thefunctionf is saidto bedifferentiable at any point x at which
thederivative functionis de�ned.

Notice that we have replacedthe original dif�culty of computingvelocity at a point by an
argumentthattheaverageratesof changeapproachanumberasthetime intervalsshrinkin size.In
a sense,we have tradedonehardquestionfor another, sincewe don't yet have any ideahow to be
certainwhatnumbertheaveragevelocitiesareapproaching.
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TheIdeaof aLimit
Weusedalimit to de�ne thederivative.Now welook abit moreat theideaof thelimit of a function
at thepoint c. Providedthelimit exists:

Wewrite lim
x! c

f (x) to representthenumberapproachedby f (x) asx approachesc.

Example 1 Investigate lim
x! 2

x2.

Solution Noticethatwecanmake x2 ascloseto 4 aswe like by takingx suf�ciently closeto 2. (Look at the
valuesof 1:92, 1:992, 1:9992, and2:12, 2:012, 2:0012 in Table2.11;they seemto beapproaching
4.) Wewrite

lim
x! 2

x2 = 4;

which is read“the limit, asx approaches2, of x2 is 4.” Notice that the limit doesnot askwhat
happensat x = 2, so it is not suf�cient to substitute2 to �nd the answer. The limit describes
behavior of a functionnearapoint,notat thepoint.

Table 2.11 Valuesof x2 nearx = 2

x 1:9 1:99 1:999 2:001 2:01 2:1

x2 3:61 3:96 3:996 4:004 4:04 4:41

Example 2 Useagraphto estimatelim
x! 0

2x � 1
x

.

� 1 1

0:5

1

f (x) =
2x � 1

x

x

Figure 2.71: Find thelimit asx ! 0 of
2x � 1

x

Solution Noticethattheexpression
2x � 1

x
is unde�nedatx = 0. To �nd outwhathappensto thisexpression

asx approaches0, look at a graphof f (x) =
2x � 1

x
. Figure2.71shows that asx approaches0

from eitherside,the valueof
2x � 1

x
appearsto approach0:7. If we zoomin on the graphnear

x = 0, wecanestimatethelimit with greateraccuracy, giving

lim
x! 0

2x � 1
x

� 0:693:



LIMITS, CONTINUITY, AND THE DEFINITION OF THE DERIVATIVE 137

Example 3 Estimatelim
h! 0

(3 + h)2 � 9
h

numerically.

Solution The limit is the valueapproachedby this expressionash approaches0. The valuesin Table2.12
seemto beapproaching6 ash ! 0. Soit is a reasonableguessthat

lim
h! 0

(3 + h)2 � 9
h

= 6:

However, we cannotbesurethatthelimit is exactly6 by looking at thetable.To calculatethelimit
exactly requiresalgebra.

Table 2.12 Valuesof
(
(3 + h)2 � 9

)
=h

h � 0:1 � 0:01 � 0:001 0:001 0:01 0:1(
(3 + h)2 � 9

)
=h 5:9 5:99 5:999 6:001 6:01 6:1

Example 4 Usealgebrato �nd lim
h! 0

(3 + h)2 � 9
h

.

Solution Expandingthenumeratorgives

(3 + h)2 � 9
h

=
9 + 6h + h2 � 9

h
=

6h + h2

h
:

Sincetakingthelimit ash ! 0 meanslookingatvaluesof h near, but notequal,to 0, wecancancel
acommonfactorof h, giving

lim
h! 0

(3 + h)2 � 9
h

= lim
h! 0

6h + h2

h
= lim
h! 0

(6 + h):

As h approaches0, thevaluesof (6 + h) approach6, so

lim
h! 0

(3 + h)2 � 9
h

= lim
h! 0

(6 + h) = 6:

Continuity
Roughlyspeaking,a function is said to be continuouson an interval if its graphhasno breaks,
jumps,or holesin thatinterval. A continuousfunctionhasagraphthatcanbedrawn without lifting
thepencilfrom thepaper.

Example:The function f (x) = 3x2 � x2 + 2x + 1 is continuouson any interval. (SeeFig-
ure2.72.)

Example:Thefunctionf (x) = 1=x is notde�ned atx = 0. It is continuousonany interval not
containingtheorigin. (SeeFigure2.73.)

Example:Supposep(x) is the price of mailing a �rst-class letter weighingx ounces.It costs
34c/ for oneounceor less,57c/ betweenthe �rst andsecondounces,andso on. So the graph(in
Figure2.74)is a seriesof steps.This functionis not continuouson intervalssuchas(0; 2) because
thegraphjumpsatx = 1.

� 2 � 1 1 2

� 5

5 f (x)

x

Figure 2.72: Thegraphof
f (x) = 3x3 � x2 + 2x � 1

f (x) =
1

x

x

Figure 2.73: Graphof f (x) = 1=x:
Not de�ned at0

1 2 3

37

57

80
p(x)

x (ounces)

y (cents)

Figure 2.74: Costof mailinga letter
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What Does Continuity Mean Numerically?

Continuity is important in practicalwork becauseit meansthat small errorsin the independent
variableleadto smallerrorsin thevalueof thefunction.

Example:Supposethatf (x) = x2 andthatwewantto computef (� ). Knowing f is continuous
tellsusthattakingx = 3:14shouldgiveagoodapproximationto f (� ), andthatwecangetabetter
approximationto f (� ) by usingmoredecimalsof � .

Example:If p(x) is thecostof mailinga letterweighingx ounces,thenp(0:99) = p(1) = 34c/,
whereasp(1:01) = 57c/, becauseassoonaswe get over 1 ounce,the price jumpsup to 57c/. So
a small differencein the weight of a letter canleadto a signi�cant differencein its mailing cost.
Hencep is not continuousat x = 1.

Definition of Continuity

We now de�ne continuityusinglimits. The ideaof continuity rulesout breaks,jumps,or holesby
demandingthatthebehavior of a functionnearapointbeconsistentwith its behavior at thepoint:

Thefunctionf is continuous atx = c if f is de�ned at x = c and

lim
x! c

f (x) = f (c):

The function is continuous on an interval (a;b) if it is continuousat every point in the
interval.

Which Functions are Continuous?

Requiringafunctionto becontinuousonaninterval is notaskingverymuch,asany functionwhose
graphis an unbroken curve over the interval is continuous.For example,exponentialfunctions,
polynomials,andsineandcosinearecontinuouson every interval. Functionscreatedby adding,
multiplying, or composingcontinuousfunctionsarealsocontinuous.

UsingtheDe�nitionto CalculateDerivatives
By estimatingthederivative of thefunctionf (x) = x2 at severalpoints,we guessedin Example5
of Section2.2 thatthederivative of x2 is f 0(x) = 2x. In orderto show thatthis formulais correct,
wehave to usethesymbolicde�nition of thederivative givenonpage135.

In evaluatingtheexpression

lim
h! 0

f (x + h) � f (x)
h

;

wesimplify thedifferencequotient�rst, andthentake thelimit ash approacheszero.

Example 5 Show thatthederivative of f (x) = x2 is f 0(x) = 2x.

Solution Usingthede�nition of thederivative with f (x) = x2, wehave

f 0(x) = lim
h! 0

f (x + h) � f (x)
h

= lim
h! 0

(x + h)2 � x2

h

= lim
h! 0

x2 + 2xh + h2 � x2

h
= lim
h! 0

2xh + h2

h

= lim
h! 0

h(2x + h)
h

:
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To take thelimit, look atwhathappenswhenh is closeto 0, but donot let h = 0. Sinceh 6= 0,
wecancelthecommonfactorof h, giving

f 0(x) = lim
h! 0

h(2x + h)
h

= lim
h! 0

(2x + h) = 2x;

becauseash getscloseto zero,2x + h getscloseto 2x. So

f 0(x) =
d

dx
(x2) = 2x:

Example 6 Show thatif f (x) = 3x � 2, thenf 0(x) = 3.

Solution Sincetheslopeof thelinearfunctionf (x) = 3x � 2 is 3 andthederivative is theslope,weseethat
f 0(x) = 3. Wecanalsousethede�nition to getthis result:

f 0(x) = lim
h! 0

f (x + h) � f (x)
h

= lim
h! 0

(3(x + h) � 2) � (3x � 2)
h

= lim
h! 0

3x + 3h � 2 � 3x + 2
h

= lim
h! 0

3h
h

:

To �nd thelimit, look atwhathappenswhenh is closeto, but notequalto, 0. Simplifying, weget

f 0(x) = lim
h! 0

3h
h

= lim
h! 0

3 = 3:

ProblemsonLimitsandtheDe�nitionof theDerivative

1. OnFigure2.75,marklengthsthatrepresentthequantities
in parts(a)– (e). (Pickany h, with h > 0.)

(a) a + h (b) h (c) f (a)

(d) f (a + h) (e) f (a+h)� f (a)

(f) Using your answersto parts(a)–(e),show how the

quantity
f (a + h) � f (a)

h
canberepresentedasthe

slopeof a line on thegraph.

a
x

f (x)

Figure 2.75

2. OnFigure2.76,marklengthsthatrepresentthequantities
in parts(a)–(e).(Pickany h, with h > 0.)

(a) a + h (b) h (c) f (a)

(d) f (a + h) (e) f (a+h)� f (a)

(f) Using your answersto parts (a)–(e),representthe

quantity
f (a + h) � f (a)

h
astheslopeof a line on

thegraph.

a
x

f (x)

Figure 2.76
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Useagraphto estimatethelimits in Problems3–4.

3. lim
x ! 0

sin x
x

(with x in radians)

4. lim
x ! 0

5x � 1

x

Estimatethe limits in Problems5–8 by substitutingsmaller
andsmallervaluesof h. For trigonometricfunctions,usera-
dians.Giveanswersto onedecimalplace.

5. lim
h ! 0

(3 + h)3 � 27

h
6. lim

h ! 0

7h � 1

h

7. lim
h ! 0

e1+ h � e
h

8. lim
h ! 0

cos h � 1

h

In Problems9–12,doesthe function f (x) appearto be con-
tinuouson theinterval 0 � x � 2? If not,whatabouton the
interval 0 � x � 0:5?

9.

1 2

f (x)

x

10.

1 2
x

f (x)

11.

1 2
x

f (x)
12.

1 2
x

f (x)

Are thefunctionsin Problems13–18continuouson thegiven
intervals?

13. f (x) = x + 2 on � 3 � x � 3

14. f (x) = 2x on 0 � x � 10

15. f (x) = x2 + 2 on 0 � x � 5

16. f (x) =
1

x � 1
on 2 � x � 3

17. f (x) =
1

x � 1
on 0 � x � 2

18. f (x) =
1

x2 + 1
on 0 � x � 2

Whichof thefunctionsdescribedin Problems19–23arecon-
tinuous?

19. Thenumberof peoplein a village asa functionof time.

20. The weight of a baby as a function of time during the
secondmonthof thebaby's life.

21. Thenumberof pairsof pantsasa functionof thenumber
of yardsof cloth from which they aremade.Eachpair
requires3 yards.

22. Thedistancetraveledby a car in stop-and-gotraf�c asa
functionof time.

23. You start in North Carolinaand go westward on Inter-
state40 towardCalifornia.Considerthe functiongiving
thelocal time of dayasa functionof your distancefrom
yourstartingpoint.

Usethede�nition of thederivative to show how theformulas
in Problems24–33areobtained.

24. If f (x) = 5x, thenf 0(x) = 5.

25. If f (x) = 3x � 2, thenf 0(x) = 3.

26. If f (x) = x2 + 4, thenf 0(x) = 2x.

27. If f (x) = 3x2 , thenf 0(x) = 6x.

28. If f (x) = � 2x3 , thenf 0(x) = � 6x2 .

29. If f (x) = x � x2 , thenf 0(x) = 1 � 2x.

30. If f (x) = 1 � x3 , thenf 0(x) = � 3x2 .

31. If f (x) = 5x2 + 1, thenf 0(x) = 10x.

32. If f (x) = 2x2 + x, thenf 0(x) = 4x + 1.

33. If f (x) = 1=x, thenf 0(x) = � 1=x2 .


