CHAPTER 1

GENERALITIES

1.1 WHY ROBUST PROCEDURES?

Statistical inferences are based only in part upon the observations.  An cyually
impartant base is formed by prior assumptions about the underlving situation. Even
in the simplest cases, there are explicit or implicit assumptions aboul randomness
and indepeodence, abour distributional models. perhaps prior distribotions tfor some
unknowi paramters, aid so on.

These assumpuons are not supposed (o he exactly true—they are mathematically
comvenient rationalizations of an often fuzzy knowledge or beliel. As m every other
branch of applied mathematics, such ralionabzations or simplifications are vital, and
one justifies their use by appealing o 4 vague contnnity or stability principle: a
minor error in the mathematical model should cause ooly a small error in the Hnal
conclusions.

Unfortunately, this does not always hold. Since the middle of the 20th century, one
has beeome increasingly wvare that some of the most commaon statistical procedures
{in particular. those optitnized for an anderlying normal distribution]) are excessively
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2 CHAPTER 1. GEMERALITIES

sengitive 1o secmingly minos deviations from the assumplions, and a plerthora of
aiternauve “robust” procedures have been proposed.

The word “mbusi” i3 oaded with many—someiimss inconsislent: - —connoialions,
We usc it in a relatively narrow sense: for our purposes, robustness yignifiey insensi-
tvity to snwdl deviations from the assumprions.

Primarily, we are concerned with disrriburional robustaess: the shape of the true
vnderlying Jdistribution deviates slightly {rom the assumed model (usually the Gavs-
sian law). This ig boih the mest timportant case and the best ynderstond one. Much
less is known about what hoppens when ihe other standard assnmpticons of statistics
are nat quite satisfied and about the appropriate safeguards io these other cases.

The following example, due wo Tukey (1960, shows the dramatic lack of disrribu-
tional robustness of some of the classical procedures,

B FXAMPLE 1

Assume that we have a Jarge, randanily mixed batch of # “good”™ and “bad”
observations ., of the same quanrity g Each single observaiiog with probability
1T —sisa anod” one, with probability & a “had” ooe, where ¢ is a stiall number,
In the former case o is A7, =7, in the latter A, 9771, In other words all
chservations are normally distributed with the same mean, but the errors of
gome are incrcased by a factor of 3,

Equivalently, we could say that the x, are independent, identically disrribuled
with the commion underlying distribution
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. 1 v R
Foo=— %y - (1.3}
r-—
and the root mean square deviation
10
[1 — ol
S = | — ‘}_-\_{:;:_; - . (1.4
'l ?f Fa—— N

There was & dispute beiween Eddington (1914, p. 1471 and Fisher (1920,
footnoe on p. 762) aboul the relative merits of 4, and #,. Eddington had
advocated the nse of the former: “This is contrary to ihe advice of most
textbooks; but it can be shown (o be true” Fisher seeminzly scttled the matier
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by pomnting out that for identically distributed normal observations =, is ubout
240 more cfiictent thun o,,.

Of course, the two statistics measure diflerent characteristics of the error
distribution.  For instance, if the errors are exactly normal, s, converges (o
o, while #,, converges o \,5_—_ a = 380, So we must be precize about
how their performances are 1o be compared; we use the asvinpiotic relative
etficiency (ARE) of «,, relaiive to 5, defined as tollows:

. 'I(.‘.,_ B
ARE(S) = lim 25l _

dmr ol VAT ,-_ﬁj_: 3 r.;'{ Edr\ 3

The results are sunanarized in Exbibin 1.1,

£ ARJH
{t G.876
0.001 0,948
002 La1A

Q005 11ug
0.01 1434
{102 1.752
{1,005 20135
.10 1404
015 1.659
(.25 1.371
0 1.7
1.0 118760

Exhibit 1.1 Asvmprotic officiency ol inean absolute deviation relative o root mieal
square devigtion. From Claber (19775, with permission of the publisher.

The result is disquieting: just 2 bad observations in 1000 suffice to oftset the
12% advamage of the mean square error, and ARF{} reaches o maximum value
greater than 2 at about = = (.05, This is particudarly unfortunaie since in the physical
sciences typieal “good data” samples appear to be well modeled by wn error law ol
the toom (1.1 with £ in the range between 001 and 0.1, {This does not imply that
these samples contain between P9 and 10%%: aross errors, ulthough this s very often
mrue: the above law {1.1) mav just be a comvenient descripuon of a shightly longer-
tailed than normal distribution.y Thus it hecomes painfully clear that the narirally
occeurring deviations from the idealized model are large enough to render meaningless
the traditional asymptotic optimality theory: in practice, we should ceitainly prefer
o to s, st it s better for all £ boetween 0,002 and 0.5,
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To avoid misunderstandings, we should hasten to emphagsize what is 2of implied
here. Firet, the above does not imply that we advocate the use of the mean abso-
Tate deviation {there are still better estimates of scale}, Second, some people have
argured that the example is unrealistic wisofar as the “bad”™ observations will stick out
as outliers, so any conscientions <tatistician will do something about them before
caleulating the mean sguare errcr. "This s beside the point: outlier rejection followed
by the mean square error might very well beat the performance of the mean abso-
hute error, bt we are concerned here with the behavior of the unmodified classical
cstimates,

The exumple clearly has to doe with Jongtailedness: lengthening the tails of the
underlying distribution explodes the vaclance of s, (i, 15 much less altected). Short-
ening the wails, on the other hand, produces quite negligible efivets on the distributions
of the estimates. (Il may impair the absolute efficiency by decreasing the asymp-
wotic Crumiér-Rao bound, bei the latter is so unstable under small changes of the
distribution thac this eifect cammot be taken very seriously.)

The sensitivity of classical procedures to longlailedness 5 typical and not Tmited
o this example. As a consequence, “distributionally robust™ and “outlicr resistant,”
although concepmally distinct, are practically syoony mous novons. Ay reasonable,
formal or informal, procedure for rejeching ouiliers will prevent the worst.

We might therefore ask whether robust procedures are aeeded at all: perbaps a
twp-step approach would suffice;

{1 Tirst elean the data by applying seme rule for outier rejection,
{2y Thon use classical estimation and testing procedures on the remainder

Would these steps do the same job in g simpler way?
Unforunaiely they will not, for the lollowing reasons:

& [t is rarely possible 1o separate the two steps cleanly; for instance, in mull-
parameter regression problems oviliers are dithealt o recognize unless we
have reliable, robust estimates for the paramerers.

e Even (f the original batch of observations consists of normal observations
mterspersed with somne gross errors, the cleaned data will not be nornial ithere
will he statisticad crrors of both kinds: false rejections and false retentions).
and the sitvation is cven worse when the original barch derives from a genuine
nonnormal distrbution, instead of from s gross-errer framework,  Therefore
the classical normal theory 1s not upplicable w cleaned samples, and the actual
performance of such a two-step procedure may be more difficult to work out
than that of a straight robust procedure,

s Ti 15 an empirical fuct that the best rejection procedures do not guite reach the
pertormance of the besi robust procedures. The latter uppurently are superior
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becanse they can make a smooth transition between tull acceptance and tull
rejection of att abservafion, See Hampel (19745, 1985), and Hampel of of.
(1986, pp. 56-71).

& The same emnpirical stady also had shivam that many of the classical rejection
mles are unable o cope with multiple cotliers: 1t can happen that a second
ouilier masks the first, so that none Is rejected. see Section 11,1,

Amoeng these four reasons, the last is the erocial one. s eatstence and importance
had not even been recognized in advance of the holistic robusiness approach,

1.2 WHAT SHOULD A ROBUST PROCEDURE ACHIEVE?

We are adopting what mighi be called an “applied parametric viewpoint™: we have
a parametric model, which hopetully is a good approximation to the true undertying
situation, but we cannot and do not asswune that it is exactly correct. Therefore any
statistical procedure should possess the following desirable features:

o Ffficiency: [t should have a reasonably sood {optimal or nearly optimal)
cfficicney at the assumed model.

# Stahility: It shoufd be robust in the sense that small deviations from the madel
assumptions should impair the performance only slighdy, that 15, (the later
(described, say. in terms of the asymptotic variance of an estimate, or of the
level and power of a test) should be close to the nominal value calculated at
the moded.

& Breakdown: Somewhat farger deviations from il modet should not cause a
cataxtrophe,

AN three aspects are important. And one should never forges that robustness i3
based on cornproinise, a3 was mwost clearly enunciated by Anscombe (1960} with his
msurance metaphaor: sacrifice some eliiciensy at the model. in order to insure against
accidents caused by deviations from the model.

1t shonid be emphasized that the occurrepee of gross errors in & soiall fraction
of the observations s to be recarded as a simall deviation, and that, in view of the
cxtreme sensitivity of some classical procedores, a primary goal of robust procedurss
1 1o safeguard aguinst gross errois.

I asymprotic performamee criteris are used, some care is needed. In particular, the
convergence should be uniform over a neighborhood of the model, or there should he
atleast w one-sided unilorn bowd, becuuse utherwise we cannot guaraniee robusiness
for any fnife v, no matter how large # is. This point has often been overlocked.

Asvmiptoic versus findte sample goads.  Tn view of Tukey's seminal example
(Example 1.1) thar bad trigeered the developiment of robustuess theory, the initial
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setup for that rheory had been asymprote, with symroctric conlamination.  The
symmatry restriction has been a source of complamis, which bowever are unjusdticd,
ol the dscussion in Seciinn 490 a procedure that is mimimax under the symmetry
assumplion is almost miniinax when the latter is relaxed. A much more serious cause
for worry has Lurgely been overlooked, and is still being overtooked by many, namely
that 15 contamination has entirely different effects In sainples of size 5 or 1000
Thus, asvinptolic optimality theory need not be relevant ot all for modest sample
sizes and contamination rates, where the expecied number of contaminants 15 small
and may tall below 1. Fortunarely, this scaling quesiion could be setrled with the help
of an exact anilte sample theory, see Chapter 10, Remarkahlv, and rather surprisingly,
it produced solutions rhat did not depend on the sample size. At the same time, this
finite samople theory did away with the restriction to syiumetric conaminarion,

ther goals. The lteratwe containg many other explicit and implicil goals foc
robust procedures, for example, high ssvmptotic refuffve efffcicney (relative o some
classical reference procedures). or high abselute ¢fficieacy, and this either for com-
pletely arhitrary (sufficiently smooth) underlying distributions or for a specific paca-
metrie family. Maore recently, it bas hecome fashionahle to strive for the highest
possible dreakdown point. However, it seems to me that these goals are secondary
i imperiance. and they should never be allowed to take precedence over the dabove-
mentioned three.

1.2.1 Robust, Nonparametric, and Distribution-Free

Ruobust procedures persistently have heen tmiselassified and pooled with nonpara-
metric and distribution-free ones. Tnoour view, the three notions have very little
averlap.

A procedure is called ponparamerric iT it is supposed to be used for a broad. not
parametrized set of underlying distributions. For instance, the sample mean and the
sample nedian are the nonparametric estimates of the population mean and median,
respectively. Although nonparametric, the samnple mean is highly sensitive to outliers
and therefore very nou-robust. In the relatively rare cuses where one is speaificadly
inferested in estimating the true population mean, there i« litile choiee except to pray
and use the sample mean

A test iy called drsiribution-free it (he probability of falsely rejecting the null
hypothesis is the same for all pogsible underlying continunus diswibutions (eprimal
robustness of validity ), Typical examples are two-sample 1ank tests tor testing equal-
iy hetween distributions. Most distribution-free tests happen w have a reascnably
stable power and thus also a good robustness of torl performance. But this seems
o b a fortmate accident, since distribution-frezness does not imply anything about
the behavior of the power function.

Estimates derived v a distribution-free test are sometimes also called distri-
bution-free. but this 1 @ mispomer: the stochastic behavior of point estimates ig
intimately copnecied with the power (not the level) of the parent tests and depends on
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the underlving distribution, The onlv exceptions are interval estimates derived from
cank tests: tor example, the mterval between two specified sample quantiles caiches
the true median with a fixed probability (but still the distribution of the lengih of this
interval depends on the vaderlying distribution),

Eobost mmethods, as conceived o this book, are woch closer o the classical
parameiric ideas than (o nonparametric or distribution-free ones. They are destined
to work with purarmcivic models: the only differences arc that the latter are no longer
supposed to be hiterally true. and that one 15 also trying to take this inte account in a
formal way.

[0 accordance with these ideas, we intend to standaidize robust estimates such
that they are consistent extimates of the unknown parameters af the idealized model.
Because of robusiness, they will not drift ioo far away if the model is only approxi-
mately true. Outside of the maodel, we then may define the parameter 1o be estimated
n terms of the limidng value of the cstimate—(or example, it we vse the sample
median, then the natural estimand is the population median, and so on.

1.2.2 Adaptive Procedures

Stein (1936} drscovered the possibility of devising nonparametric efficient tests and
estimates. Later, several adthors, 1o particnlar Takeuchi t1971), Beran (1974, [978),
Sacks (1975}, und Stone { 19751 deseribed specif{ic location estimates that are asyinp-
totically efficient for all sufficiently smoath ssymmetrie densities. Since we may say
that these estimaes adupt themsebves o the underlying disivibution, they have be-
come known under the name of adaptive procedures. See also the review article by
Hozg (19745

In the mid-1970s adaptive estinmates-—atte mpting to achieve asymptotic officicncy
ar 1l well-behaved error disiributions-—were thought by many 1o be the ultimate
robust estimates. Then Klaassen (1980) proved a disturbing reselt on the fack of
stability of adaptive estimates. In view of his result. 1 conjectured at thai time that
an estimaie cannot be siimuliancously adaptive in a neighborhood of the madel and
gualiratively robust at the model: to my knowledge, this conjecture still stands.

Addaptive procedures Uvpically are desizned for symimetne sitoatons, and thelr
behavior for asymnetric true underlying distributions is practically unexplored. In
any cuse, sdaptation o asymmetric situations docs not make sease in the robist-
ness context. The point is: 10 4 smooth model distibution 15 conraminaied by a
tightlv concentrated asymimetric contaminant. then Fisher informarion is dominated
by the latter, Bur since that conraminant may be a mere bundle of gross errors, any
information derived from it s irrelevant for the location parameter of nterest.

The connection between adaptivity and robustness is paradoxical also tor other
reasens. Inorobustness, the emphasis rests ouch more on stabihty and satewy than
on efficiency. For extremely lacge samples. where at first blush adaptive estimates
lovk particulacly attractive, the statistical variability of the estimate falis below its
potential bias {caused by asvmmetric contaminarion and the like), and robustness
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wou ld theretore suggest v move toward a less efficient estimade, namely the sampie
muedian, that minimizes bias (see Section 4.2), We therefoce prefer to follow Stein's
vriginal tevminology and to classidy adaptive estimates not ander robustness. but
under the heading of efbcienl nonparametric procedures.

The situation is seonewhat different with regard to “modest adapiation”™: adjust a
single parameter, such as the trimming rale, n order to oblain good results. Compare
Iagckel (197 1h} and se¢ also Bxhibit 4 8. Bu even there, adaplation o individusal
samples can be counterproductive, since it tmpairs comparison betwoeen samples.

1.2.3 Resistant Procedures

A stutistical procedure s called resivremr (see Mosweller and Tukey, 1977, p. 203)
i the value of the extimine {or test stabistic) 15 msensitive o small changes o the
undlerlying sample (small changes in all, or barge changes in o few of the values), The
underlying distribution does not enter at all. This notion is particulary appropriate
for (eaploratory ) data analysis and is of covrse conceptually distinct from robustness.
However. in view of Hompel's theorem (Section 2.6), the iwo notions are Tor all
practical purposes sYnenyimous.

1.2.4 Robustness versus Diagnostics

There seems to be some confusion between the respective roles of divenestics and
robystress, The purpose of rabustness is 10 safeguard azanst deviations from the as-
SUMIptions, in partivular against those that are aear or below the limiis of deteciability.
The purpose of disgnostcs is to find and idenniy deviations irom the assumpiions,
Thus. outlier detection iz a diagnastic task, while suppressing ill eifects from them
(s a robustness fask, and of course there is some overlap between the two, Good
diagnostic oals tvpically are robust —it always helpe if one can separate gross ecoors
trom the eszential underlying structures—but the converse nead not be true,

1.2.5 Breakdown point

The breakdown point s the smallest fraction of bad observations that may cause au
estimator o lake on arbitrarily large aberrant values, Shortly after the first edition
of this book. there were sorne major developments in that area.  The first was
that we realized that the breakdown point concept is maost useful in small sample
sutvtations. and that it theretore beter should be given a finite sample definition, see
Chapter 11, The second important jssue is that afthough many single-paraineter
robusl estimaiors happen to achieve reasonably high breakdown points, even if they
were not designed o do so, this 18 not =o with multiparameter estimaticon problems.
In particular, all converdional regression estimates are highly sensitive to gross errers
in the independent vanables, and in extreme cases a single such crror may cause
breakdown, Therefore, a plethora of alternatve regression procedures have been
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devised whose goal 15 to Improve the breakdown point with regard 1o gross ermors in
the independent variables, Unfortunately, it seemis that these altemative approaches
have gone overboard with attempts to maimize the breakdown point, disregarding
impoitant other aspects, such as having reasonably high efficiency at the model. Tt
is dJebatable whether any of these alternatives even deserve to be called robust, since
they seem t0 fail the basic stability requirerment of robustness. An approach through
data analveis and diagnosics may be preferable; see the discussion in Chapter 7,
Sections 7.0, 7.9, and 712,

1.3 QUALITATIVE ROBUSTNESS

Lit thiz section, we motivate and give a formal definition of quulitative asymptotic
robusess. For stafistics representable ag a functional 7 of the empincal distribution.
qualitative robustness 15 essentially equivatent to weaki-stac) continuity of 77, and
for the sake of clarity we Grsi discuss this pariicular case.

Many of the most common test stutistics and estimators depand on the sample

(... ., s ) only through the empirical distnbution funcrion
Fin) =" E Lig st (1.6
or, for more general sample spaces, through the empineal measure
Fo=a 1y 5, (1.7)
aa
where 4, stands for the pointraass 1 gt g, That is, we can write
Tolereo oy — T, {1.8)

for some tunctional T defined (at leasty on the space of empirical measures, Ofen
4" has 2 natural extension to o mach larger subspace, possibly to the full space A of
ali probability measures on the sumple space. For instance, if the limit in probability
exisis, put

T(F) - lin TR, (1.9

¥ T

where I is the true underbyiog common distribudion of the vbscrvations. It a func-
tional T osatishies 1195 4113 called Fisher copsisiont at I'oor in shorl, censisrent,

B EXAMPLE 1.2

The Test Staristic of the Nevman -Fearson Lemma The mast powerdul tests
befween lwo densities py and g are based on a statistic of the torm

R _
SR de) = Y sim,), {1.10)
B . e u .

"
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with
(1.1

B EXAMPLE L3

The maximum likelthoud estimate of @ for an assumed vaderlviag family of
densities fix, A7 is a solation of

/ B, 8 F(de) =0, (1.123

with
8y = 2l i ) (13,
SR A R F_)f)l AR A A J)

B EXAMPLE 1.4

The ee-wimmed wcan can be wiitten as

o 1 1—i»
X, - — / Foivde (1.1}

Ml EXAMPLE L&

The so-called Hodges—Lehmann estimate s one-half of the median of the
cunvaiulion square;
sned(F, + F,0. (1.15)

REMARK: This is the nedian of all 7o° pairwise means (e, 421 /9; the mare customary

versions wse oy the pairs & <0 Jor ¢ =~ 3, bur are asympioteally equivalent,

Assume now i the sample space v Euclidean, or. more geperally, a complete,
separable meirizable space. We claim that, 10 this case, the natural robustness (inora
precisely, resistance) requireinient for a statistic of the form (18] is that 7 should be
coatinuous with respect to the weaki-stary topolugy. By definition this is the weakest
topology in the space A1 of all probability measures such that the map

F_+/wdF (1.16)

from A4 into ® 15 continuous whenever 27 13 bounded and connnuous, The converse
is also true: if a Hpear funciional of the form (L16) i= weakly continuous, then
must be bounded and continuous; see Chapier 2 for details,
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The motivation behind cur claim iz the following baste resistance requiremnesit.
Take a linear ztadstic of the {form (1,100 and make a small chiange in the sample,
that is. make either small changes in all of the observations «; (rounding, grouping}
or huoge changes in a few of thewm {gross ervors, blunders).  [f 4 is bounded and
continuous, then this will resultin a small change of 208, = [ df,. Butit &
15 wot bounded. then 4 single, strategically placed gross grror can completely upset
LU T i not condinueus, and 11 &, happens 1o put mass onto diseatinuity
points, then small changes in many of the +; may produce a large change in (5, ).

We conclude from this thal our vague, intuitive notion of resistance or cobustaess
should be made precise as (pllows: a linear lunctional 2 is robust everywhere it and
ondy it (1) the corresponding ¢ 13 bounded and continuous, that is, Iff T is weakly
continueus.

We could take this lust property us our definltion and call a (not necessarily linear)
statistical functional 7 robust 104t s weakly continoous.

But, following Hampel 119713, we preder to adopt a slighdy more general detini-
lion.

Let the observations #; be independent identically distributed. with common
distribution £, and let {7, ] be a sequence of estimaues or test statistics 7, =
Talwi.. . w,). Then this sequence is called mbusr ar £ = £ If the sequence of
maps of distributions

F o Lr(T,). (1.173

mapping F to the distribution of 77, 15 equicontinuous at £, That 1s, 3f we take a

suitable distance tunction d, in the space A of probability measures, metrizing the

wenk topology. then, Tor each = = (), there is a8 = Uand an v, > (0 such that. for all
fand all v =y,

Aoty Fy2 & = 00, (Ta Lridihy 7 e (1 18)

[N

Il the sequence 17,) derives from a fonctiooal 1, = (£, 1. then. as is shown in
Section 2.6, this definition is essentially equivalent 1o weak continuity of 77,

Note the close formal andlogy between this definition of robustness and stability
of ordinary differential equations: let 77,01 be the solution with initial value 3(0) = =
of the differencal equation

i

it
Then we have stability ag . - ay; if, forall 2 2 0 there 1s 1 § 2 W such that, for all =
and all £ >0,

— (3"(\3‘? .

1.4 QUANTITATIVE ROBUSTNESS

For several reasons, it may be useful to deseribe guantitatively how greaily a small
change in the underlving distohution ' changes the distribution £707,) of an es-
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timate or test statistic 7o, - Tolr, ... 2.0, A few crude and simple numcrical
guantifiers might be more effactive than a very detailed description,

To fix the idea, assume that 75, = T(F,) derives from a functional 7, In most
cases of practical interest, T, is then consistent,

T, «T{F} mprobahility, (119

and usymplotically normal,
Cod T, - T - N0 A(E T i1.20)
Then it is convenient o discuss the quantitative large sample robusiness of 7 i
tering of the hehavior of its usymptotic bias TUF) — TR and asymptolic variance

ALF, T in some neighborhood 7-0F, ) of the model distribution Py,
For instance, 7, might be a £LJvy neighborhoad,

PAF = {19 Byt e e Fliy <l Fr 420+ 21 (L.21)
or & comsuntinarion Treiglhhorfiood”,
PoiFo) =4k | F =11 —)Fy+=H, H = M} (1223

(the laiter is not a neighborhood in the sense of the weak fepology). Eguation {1.22)
15 also called the grass eremr model.
The two maost important charactenstics then are the nigximun bfay

izt o aup TUFY = T{Fy) {123

and the mraxirmam varianee

wrlg) = sup AET) 1,243

T

Ry

We often comsider a restricted supremum of ACF 7 also, assuming that £ varles
only aver sowe siice of P, where T'(F) stays constani, for example, only over the
set ol symmetric distributions.

Lniortanately, the above approach w the problem 1s conceptually ivadequate; we
should like to establish that, for suiticiently targe n. our estimate 1, hehaves well
for aff F 7 P- A deseription in termig of by and «) would allow us to show that,
for each fived F £ P,, T, behaves well for sufficiently large »n. The distipction
mvolves an interchange in the order of quantifiers and 15 fundamental, but has been
largely ignored in the literawure. On this point. sec in particulay the discussion of
superefiiciency in Huber (2009),

A better approach is ac follows. Tet ATCF, T, be the median ol £ ;_-['Tf_,; - T Ph)]
and let (1. T, be o normalized t-quantile ringe of Cp( /1,0, where, for any
distribution €7, the nomnalized #-quaniile range is Jefined ax

Mt ths
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& being the standard normal comuolative. The value of £ is arbitracy, but fixed, sav

¢ = .25 {interguartite range) or { = 0,025 (¥3%: range, which Is convenlent in view

of the uaditional 95% confidence intervals), For a normal disrabution, ¢J; coineides

with the standard deviation ot 7 therefors ¢ 2“ 15 sometimes called psendo-varance,
Then detine the maximum asympotic bias and variance, respectively, as

Ol=) = lin sup M P10, {126)
™ oEeP,
¢ lim sup Q{5 107 (1.273
P,
Theorem 1.1 I by and vy are well-defined, we bave bz} 2 byieland w12) > vzl

Proof Let 1+, =0 for simplicity and assume that 15 is consistent, TOF) —
TEFY Thenliun, M(F 5 V= T8, and we have the following obvious inequality,
valid foeany = By

Blzy v anp |AE T 0] 2 L AM{E L = T8
T IRz 7
henee
Ble) = sap i LUEY = b9,
e

Similarly, i w[Z, — $(F)] has a timiting normal disiribution, we have
Vien,, C4 (I, - AP E), and vz oy (e follows in the same faslion as
above. -

The quanttics #and » are awkward o handle, so we usually work with by and
insteud. We are then, however, obliged (o check whether, {or the particular 72, and
T under constideration, we have b, band ¢y v Forwnately, tis i3 usoally true.

Theorem 1.2 If P, is the Lévy neighhorhood. then b=} <2 {2 +0) = lim,, | b {n.

Proof According to the Glivenko—-Cantelli theorem, wehave supl F,, (v - F{a)
in probability. uniformly in F. Thus, for any § > 0, the probability of 7, = P F)
and hence of £, = P 5 Fp), will tead to 1, uniformiy in F for £ = Po{ ). Henee
W=y < fyfe — 8 forall 3 -4, a

1

Nute that, for the above types of neighborhoods, Py = Ad s thie zet of all
probubility measures on the sample space, so #13 is the worst possible value of b
fusvally ~¢), We defing the asymprotic breckdown point of 1 at Fi as

g7 = @ == aupie T h{e] < BT {1.2%)

Remighly speaking. the breakdown point gives the limiting fravtiem of bad outhiers the
estimator can cope with, In many cases 27 does not depend on Fj, and it i often
the same for all the vsval choroes for 7. Historically, the brzakdown point was first
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defined by Hampel (1968) as an asymptotic concept, ke here, [n Chapter 11, we
shall, however, argue that it is most vseful in small sample situations and shall give
il a tinite sample definition.

B EXAMPLE 1.6

The breakdown point of the ce-trimmed mean 1s £7 =« (This is innudtively
obvious; for a formal derivatan see Section 3.3

Similarly we may also detine an asymptaric varlance breakdown point
g =T = suple o) ot el i1.29)

but this & aomuch less aselul notion,

1.5 INFINITESIMAL ASPECTS

What happens if we add one more abservation with value & to a very large sample”

lts suttably nonmed limiting influence on the value of an estimate or rest stadsiic
TUFL Y cun be expressed us

; . Tl - 58

HAw FOI - dn —— et

s—tl 5

where d,. denaotes the pointmass 1 atr. The ubove guantity, considered as a function
of w, was intraduced by Hampel (1968, 1974b) under the name iafluence corve (1€
or énflucice function, and 15 arzuably the most useful hewristio tool Gf rebusy statistics,
Lt is treated in move detatl in Section 2.5,

It 2 1s suificiently regular, it can he Hnearized near F'in terms of the influence
fupction: if €7 1s gear 2, then the leading terms of o Taylor expansion are

TiCy=1{F) + / 00, F TGy - Fidz)| ~ - (1.30)

We have .
/ T, FUNE (de) =10, {1.32)

and, if we substitute the empincal distibwtion F, for ¢ i the above expansion,
wi obtain

V(T - T = vn / FCta, FUOOE ) 4 -

| R— )
= — N IC, FT) e (1.33)
L —
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By the central limit theorem, the leading term on thie right-hand side is asymptotically
normal with mesn O, i ihe »; are mdependent with common distribution {7 Sinee
it 15 ofien true (hut not easy W prove) that the remaining wrms are asymptoetically
negligible, a1, -- T is thon assmplotically normal with mean (¢ and

AF T = / IC{ FL T Fde). (.34

Thus the influence (unctoen has Gwo muaio uses,  First, it allows us 1o assess
the relative influence of individual observations toward the value of an estimmate
or test statistic. I it is unbounded, an outlier muight cause trouble. Its maximum
absolule value,

' = a4
s

o 4T (1.35)

has heen called the gross crror sensitivity by Tlumpel, 1t is related 1o the mazimom
bias 11.23) take the gross creor model {1,223, then, approxumarely,

TUFy T{Fy) ™~ ¢ / FE o P T H (da, (1.36)

Hence
sy =sap R = TRy 7 e (1.37)

However, some Hsky and possibly tllegitmate taterchanges of suprema and passages
to the limit are involved here. We give two examples later {(Sccbion 3.3) where

(1 ="« oo bul iy oo foralls =i
(2 v =~ but lim (=) = 0for = — 0

Second, the mfluence corve allows an immediale and simple, henrisric assassment
of the asymprotic properties of an esthmate, since it allows 15 10 guess an explicir
formula (1.34) for the asymplotic variance (which then has 1o be proved rigorously
by othar means ).

There are several tinife sample and/or differcnce guotient versions of (1.30), the
st important being the senviriviey cerve (Tukey 19710 and the juckknie (Quenouille
1936, Tukey P58, Miller 1964, 1974). We obtun the sensitiviy curve if we replace
Fbov £, pand s by Linin i 1.30):

=1 i, .
T ({__ -1!‘.;:.—'[ + _5.1: ] - I.[fz“u.—'l,‘J
o . . n i

i .
S s{e) = —

=alf ey ooy = L e il (1,3%;

The juckknife is detined a< follows. Consider un estimate 7, (ey, . ., a0, hat iy
exsentially the “same’ across different sample sizes (For mstance, assume that itis a
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functional of the empirical distribution). Then the ith juckknrifed pyewdo-vaine is, by
definiion,

o

Faa = n'.Tn, - (T?- — 1 IlTﬂ- 1 lr\-'::l-. BRI I W S L) } (1.39)
For example, it 77, is the sample mean, then U7, = ;. We note that 17, — T, isan
upproximation w 70 (e more precisely, if we substitote £, for £ and --1/(n — 1)
for s in (.30, we obtain

) 1T
T ( 1= 1Fn - _ 10-1\1) - 1 [\"!4'1'5.}

T S S Y U SRR T DR
— 7 T (L40)

It 7, is a consistent estinwate of &, whose bias has the asvmplatic expansion

E(L, —8) =2

(141
then
. . .
Toe=—NTu (142
has a smaller bias: )
S . {5 a
BT g =2 0 ( ). (1.43)
’ = .
B FXAMPLE 1.7
I3, =170 {x — 717, then
i ;
T, = - ey - 3)
and {1.42) produces an unbiased esunate of o
e S
' rp — b o—
Tukey (19331 pointed out that
win — 13 }_..,[r-.Tga o (1.44}
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(3 imite sample version of (12403 15 usually a good estimator of the variance of 7, It
con also be used as dan estimale of the variance of 777, but setually it is better matched
ta £,

In zomne cases, nanwely when the influcnce function 7O F, T does not depeadd
smoothly on £, the jackknife is in trouble and nay vield a varfance that is worse than
useless. This happens, in partdcular, for estimates that are based on o small number
of order statistics, like the median.

1.6 OPTIMAL ROBUSTNESS

Tn Sectiem 1.4 woe Intraduced some gquantitative measures of Tobustness. They arc
certainly ned the enly ones. But, as we defined robuxiness to mean insensitivity with
regard to small deviations from the assumptions, any quantitative measure of robust-
ness st somehow be concerned with the ntaximum degradation of perfurmance
possible for an c-deviation from the assomptions. An oprimaliv rofusr procedure
then mintmizes this maximum degradation and hence will be a minimax procedure
of some Kind, As we have considerable frecdom in how we quanfize performance
and z-deviations, we also have a host of notons of optimal robnsiness, of various
usetulnesy, und of various mathernatical manageabilicy.

Fvact, finite sample stinimay resulis are avatlable for 1w simple, but impor-
taut speciat cuses: the first corresponds o a robusitlication of the Neyman-Pearson
temima, and the second vields interval estmates of location.  They are reated in
Chapter 10, Although the resuliing tesis and estimafes are quite sunple, the ap-
proach does not generulize well. In pariicular, 1@ does nor seem possible o obtain
explicil, finite-sample results when there are nuisance parameters (e.g., when scale
1s unknown.

If we use asymplotic perlormance criteria (.., asymplotic varkmees), we obtdin
asvmpiotic minimay estimates, lreated in Chapters 4-6. These asymptotic theorias
work well only if there 15 a high degree of symmetry (left-right syimmetry, translation
invariance, ¢t ), but they dre able w cope with nnisance parameters. By a fortunate
aceldent, some of the asympioiic minimax estimates, although derived under quite
different assumplions, comcide with certain finite sample minimax cstimates; this
gives o strong heuristic suppart for using asymptotic optimality criteria,

Multiparanizter regression, and the estimation of covariance marrices possess
enough svimmeties that the above asymptotic optimality resuls are transterable
{Chapters 7 and %), However the valve of this ransier 1 somewhar questionable
because of the facr that in practice the number of observations per parameter tends to
he uncoinfortably low, Chher. design-related dangers, sueh as leverage points, may
beceme more important than disciibutional robusiness irselt.

16 problems lacking invariance, for insance in the gencral one-parameter estima-
tion problen, Hampel (1968) has proposed optimizing robostiess by minimizing the
asymptotic variance at the model, subject 1o o bound on the gross-error sensitiviiy
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a4 defined by (1.35). This approach is fechmcally straightforward, bat it has some
concepiual drawbacks: reassuringly, it again vields the same estiinates as those ob-
tained by the exact, inite sample minimax approach when the latter is applicahle,
For details, see Section 121

1.7 PERFORMANCE COMPARISONS

In robustness. optimolity (Le., minimaxity} of a given procedure 15 an important
aspect, but v must be regarded as part of 2 larger picture. In particular, 1t must be
complemented by performance cempurivons---for dittevent sample sizes and under-
lytog situations, and with other procedures. The so-called Princeton robustiess study
was a first, and exemplay, investigation of this kind. see Andrews of af. (1872).

The Frinceton study showed ap sowme intrinsic drawbacks of empirical sampling
studies, The min one s that they anly can give a collection of puncinated spotlights,
since cach stmulation is done tor one specific procedure and one specific sitnation
(sumplc size and distributiony. Even worse, the Monte Carlo sampling variability
al each such spotlight may exceed the performance differences one is interested in
(g, between the effects of the underlving disuibutions}, for all practicable Monte
Carlo sample sizes. The Princeton studv managed (o overoome this in pagt—-that is,
tfor suitably struciured fannlies of distribitions—hy Tokey s “Monte Carlo Swindle™:
uiilize infommation available w the person conducting the Monte Carlo simulation, but
not 1 the statstician applying the procedure. This “swindle”™ permits one w redece
the differentul sampling variabilitv.  After the Princeton studv, Tokey proposed
an even mors sophisticaled approdch based on the idea that any particular sample
configuration can occur under muy underlying distribution (provided the latter has a
strictly positive densily ), but it probability of ceewrrence depends on the latrer. This
1s the basts of the so-called configural polvsampling method, see Morgenthaler and
Tukey (19911

Ancther approach to the investigation of the small sample behavior of robust
estimates, avoiding empinical sampling altogether, is based on the so-called smial
sumple asympiotics. Thix will be discussed in Chaprer 14,

1.8 COMPUTATION OF ROBUST ESTIMATES

In many practical applications of {say} the method of lewst squares. the aciual setting
up and selving of the least squares equations occupies ondy a small fruction of the total
length of the computer prograin. We should therefore auive for robust algorithins that
can gasily be patched into existing programs. rather than for comprehensive rabust
packages.

This is in fact possible. Technicalitios are discussed in Chapler 7; the salient idea
is to achicye robustness by modifying deviant observations.
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To fix the ideas, asswme that we are doing 4 least squares fif on observations ;.
viclding fitted valucs g, and rexiduals r; — 5 — ;. Let 55 be some ostimate of the
standard error of 4, (or, even hetter, of the standard error of v}

We metrically Winsorize the obscevations p, and replace them by psceudao-
observations y7

" i || e,
[T G TR O I, =l —es;. (1.45%
"t_:u'.;' — ] if e

The constant ¢ rexolaes the amount of rebustness: eond choices ars 1o the range
hetween 1 and 2, aay 0 = 1.5,

We then use the pseudo-observations ¢° in place ol the y; t caleulate new fitted
valnes jr. new residuals »; = »y - ¢y, and new #,. We then use (1.45) 1o produce new
pseude-cbservations, and ilerate 1o convergence.

If all observations are equally accurate. the classical estimate of the variance of a
single ohservation would be

5 1 - . \
5 V T (1.46)
ELE

arnaters, and we

where . — » 7% (the number of obiervations minus the number of p

is the ith diagonal element of the hat mawix # = X{X X)X T, see Chapeer 7,
Secitons 7.2 and 7.9,

It we nse medilied residuals »7 =
undersstimate scale: we can correct this bias (1o a zero order approximation), if we
replace (1.46) by

— y: Instead of the r;, we clearly would

! Nt

(1.47}

where v s the numher of unmodified observations {1} .

More elegantly. we can use the classical analvsis of variance formulas il we move
the corraction factor into the residuals, that s, if we use boosted pseudo-residuals
{n/rdey. 1o detail, this approach works us follows: we first defermine robust fitied
vahies i as above und irerate o convergence. Then we determine the number s of
mimaodified residuals and boost all pseudo-residuals (wheiber or not they are atfected
by metrical Winsorization).  Finally, we apply the classical analysis of variance
formulas to the boosied pscudo-ohservations

gro s e fende {1.48)

This will give approximately correct results also [or the estimaled variances. See
Sectivn 7.10 for higher order bias corvections.
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It is evident that this procedure deflates the InHuence of outliers, Moreover thers
are versions of this procedore that are demonsirably convergent: they converge o a
reasonably well-understood M -estimarte,

These ideas vield a completely general recipe o robustize any statistical procedurs
for which it makes sense 0 decompose the underlving observations into fitted values
and residuals.  Of course. such a recipe will work ooly if the titted values are
noticenbly more acensate thet the observations; see Section 7.9 for a4 diseussion of
the latrer point. We first “clean” the data by polling cutliers rowards their fred
values in the manner of 11.45) and re-nit iteratively uneil convergence is obrained,
that is, unul further cleaning e longer changes the fitted vatues, Then we applv the
statistical procedure in question o the (boosted) pseudo-observatious ¢, Compare
Bickel (1976, p. 167), Huber (1979, and Kleiner ¢f of. {1979 for nontrivial early
examples,

1.9 LIMITATIONS TO ROBUSTNESS THEORY

Perhaps the nwast important puipose of robmstness is 10 safeguard against ocecasional
gross errors. Correspondingly, most approaches o robustness ave based on ihe
follorwing inmitive requirenment:

A discordant simall winovity should never be abie to vverride the vvidence of the

majorily of the observations.

We may say that this is a feequentist approach that makes sense ouly with relatively
Jarge sample sizes, sinee otherwize the notion of 2 “anall minorin would be mean-
ingless, [t works welb only for wnnples that under the idealized model devive from
a single homogencows population, and for statistical procedures thar are invariant
under permutation of the observations. In particular, one has 1o make sure that a
small minority should 1ot be able 1o overcome its smallness and 1o exercise undue
power either by virtue of pasition or through coafiions. In order o prevent this
m a theoretically clean wd clear-cul way, we are practically forced to muake an ex-
changeabilily requiteaient: the statistical problent (or at ieast the procedures wsed for
dealing with ) should be invartant under arbitrary permutations,

Esrchangeability does not sit well with struoctured problems. Very similar dif-
flculnes ocowr also with the bootswap.  Only pariial remedics are pussible. For
example, in iume series problems, if seema ar first thai 1L should be possible to saiisty
the exchangeability requitement. since state space models pormit one to reduce the
ideal simation to iLi.d, innovations. However, some ol the most typical corrupiions
against which one shoold safegoard (n ime series problerms are clumps of bad values
affecting contiguons observations. That is, one rng into problems with “coalitions”
of had observations, How should one formalize such coalitions? Morever, ln state
spuce models, gross eriors can enter the picture i several different places with quite
different cffects. The lack of convineing models is @ very serious obstacle apainst
developing u convineiny theory of robostooss in time seres,
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In regression, we encounter the other problem: high mfluence through position,
see Chapter 7. m particular Sectionz 7.1, 7.9, and 7.12. Tn that casc, the situation is
very delicate. In my opinion, dealing with high positonal influence requires what-il
analvses and human judgment rather than & blind, autenated robustness approach,

An approach to robustness that does aot depend on sample size might be based i
the following, adimittedly vague, intuitive idea:

Make sure that srcertidn parts of the evidence never huve werriding ifluence

on the finel conclusions.

Such apn approach, at least in principle. clearly applies also to sinall samples, and
i parciculag, it perntits one w0 formalize robustness with regard to uncerainties in a
Bavesian prior tef, Chapter 13). But it does pot resolve the techinical problems, and
serious techimcol ditficolties persist with small sample robustness theory, as well as
with Inck of exchangeabilty and with coalitions. Also, nwsance parameters continue
to present a serions obstacle.

As a final remark. L should emphasize ence more that robustness theory, as cun-
ceived here, js concerned with small deviations from a model. Thus twe important
limitations of that theory are thut we nead (i} o model and (1) a notion of smaliness,
Unfortunacely, much of the literarure, in particular on robust regression, is sloppy
with reapect to model specification, Also, the currently tashionable (over jernphasts
of hizh breakdown points, tat is. safeguarding against deviations that are not small
in any conceivable sense of the word, transmits @ wrong signal. A high breakdown
point is nice 1o have, 1t it comes for free, bur otherwise the strife for the highest
possible breakdown point may be overly pessumistie. The presence of a substantial
amount of contwmination wsually indicates & mixwre model and calls tor data apalysis
and diagnostics, wheress a thoughtless applicaton of robust procedires might vnly
hide the underlying problem. Morcover, ali attempts o maximize the breakdown
point seent 1o run into the netorious instability problems of “optimal’” proceduras
(ef. Section 7.12). See Huber {2004 for the pitfalls of oprimization.








