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CHAPTER 1

METHODS OF PROOF AND SOME
NOTATION

1.1 METHODS OF PROOF

A" arsl "B which could be either troe or false,
For cxample, Tt “A7 be the statenent *Jobn is an engincering student,” and

Clonsider Lwo statemens,

et “BY be the statement “John is Taking a course on oplimization.” We can
colbine Liese stalements to form other statemends, such as “A and 137 or A
or B o our example, A and B uncans “Jobm g an engineering stindent, and
he b tuking a course an opiindzation.” We can ulso form statements snch as
ot A7 fpol L7 snot (A and B3], and so on For example. “not A7 teans
“Jihuy g nal an engineering stdont.”  The toulh o falsite of the combined
stalements depond on the trath or falsity of the original statements, “A” and
T This relationship s cxpressed by means of troth tables: see Tables 1.1
and 1.2,

From the tables, in is cusy lo see than the statement “uot {A and B)7 g
equivalent 1o “(non A or (not BY {see Exercise 1.3}, Thix is colled DeMor-
agens b,

Laletnenis, i is convenient to express aemuabined sbatement by a
*A=B7 The conditinnal

In prroving
ffionad, such az ©A iroplies 13,7 which we donate

o, to Optirozation, 1hed Edifien. By 1 K. P Choag and 8 11 Zak 3
(8 Johin Wiiey £ Sons, T
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Table 1.1 Teoth Tabde [on “A and 17 and A or 137

AB Aandll AR

bR 13 F
N I ik

Table 1.2 Trath Table for mrob A7

A nol A
I T

T n

Tabde 1.3 Trath Table for Conditionals and Bicomdin ionals

A 14 = B
i F T T T
i I’ T I Ir
T v 1 1 b
F T T T r

A=D7 iz simply the combined statement (oot AT or BY and s olten also
read fA only DT o NP A then B or A s sufficient for B or (B iy
weceasary for AT

We ran combine two conditionl] stoteinaents 1o forin o econditionel stale-
rent of the form "A<B” which sbaply mesas “(A=D) and (B=407 The
staternent A =BT reads A 00 and ondy B o0 CA da equivalent to T30 or
TS nevessory and suflicient for B2 Loaeh tables for comditiomal and ieon-
ditiornd stulements are given in Table 1.3,

[t s casy to vorily, using the truide rable, that Uhe ztalement *A T3 g

spbvadint Lo thie sbal el

frot F=>fuol A5 The latter 1s called the con-
o of he former. Uowe take the conbrapositive to DeMorgan™s Low, woe

obain the asseruon that “not (A or 7 iz equivalont to “(oot &) and {not
(35
+l

Wlowt sraternonls we deal with bave rhe form “A=07 10 prove such
statement, wo taay usc oue of the following three difforent tochniques:
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1. The divect methad

[

. Proof by coutraposifion

wotttradiction or reduetio ad ahsirdim

J Proog hl,

e of the direct method, wo stiot with A7 then deduee o chain of
VATIOUS conseguences Lo e with ST

A wseiul wethod [or proving statenmnts s pracf by contraposition, based
on the equivalonce of the staroments A =B and “not Ti=(not A} We
atart with “nol B,
a conclusion.

Anotimr ethod of proof that woe nse s prog
the equividence of the stutianents “A=1T" and "not {A and {nm B Mere

!

Lhen deduee varions consequences to end wich "“not A™ az
P
i

by rontradiction, based on

we begin with A smd (not B3)7 and derive a contradietion.
Ouveapionally, we wse the principle of inductian w prove statements. This

principle may be srated as foilows, Assume Lhai a given properly of pasitive

integers satisties the following conditions:

Iy

o T munber 1 possosees this property.

» If the number % possesses Lhis property, then the taauber 4 1 possesses
it o

The principle of indnation states thal under these assuruptions auy pusilive
1 T k A

integer podseses the proparty.

The principle: of induction iz easily undersicod uging Lhe Tollowing iniailave

argmnent. I the number 1 possesses e given progerty, then the second
cowdition implied that Lhe munber 2 possesson the property, Bat, then again,
the seeond condition implies that Wl moaber 3 possesaes 1his proporty, and so

oL, The prineiple of industion s a Tormal statoment of this iutnitive reasoning.
Vor o detailed treavmend of different methods of proal, see [117].

1.2 NOTATION

Throngliont, we wse (he lollowine motulion. 1 X is asen, thoen we write o 0 X
to mean that @ is an element of X, When an object » i3 not an clionent
ket notation” for

of aset Xowe write & @ X We also use the “owrly bra
sels, writing dewn the first fow eloments of & set Tollowed by tluee dots, Bor
example, {o),we, w5, ...} s the set conraiuing the clemenis vy, 2, rs, and so
o Alternacively, we can explicitly displioy the low of formation. For example,
from O, 2> A% veads “the ged of wll # zuch that 2 s read awl r is srcater
than 5.7 The colop following # remds “such that ™ An alternative notation
el iz (e Rz At

X and ¥V oare sels, then we wrile X C Y to mean thor swvery eloment

for the same

of X iz also an elemen, of Y. Lo thos case, wo say that X s s subset of
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It A and ¥V oare sots

them we depote by X0 Y (%X mious ¥Y7) ie set of

all points in X that are ool in ¥, Motz thal X VY s a sailbsel of X, The

volacion @ X — ¥V omeans #f s o lunction from the sct X inio the set ¥ .©

The symbol == denoles ariilnnetic assignment. Thus, o statoent of the form

s "1 benoines .7 The symbwl — means Yequals by definition.”

Thronghont the texi, we mark the end of theoreme. lemwrua

. propositions,
and corollaries nsing the svrobod 20 We mark the end of proods, definitions.
and exaraples by B

We use the IREE srvle when eiting veference ttema. For exawpls. [77)
veprosents reforence nurabor 77 in the list of veferences at the end ol Whe boolk,

EXERCISES
1.1 Congeraer the fimth table for vhe statemsut “inol Bi={uot A)." and nse
it to show that chis stacement is eguivalent to (e staremeni “A=B7

1.2 Construet the ronth Lable for the statenent “not (A and (o BT and
usc E Lo shose that this statement Is eqoivalent w the stadoment “A=-B7

1.3 Prove Dedaorgan™s law by conslrucling ohe appropriate runh tables,

1.4 Prove that for any stotements A and B, we bave A = (A and BY or
(A and (now BV This s uselul besanse it allows us to prove astateinent A
by proving the two separnte cases (A and BY and “CA and (uen TV For
exanmple. 1o prove thal frl ©

Clor oy w2 R, wo separanely prove the cases

Hat o amd o 2 07 and et

o8 TS
|z o diveerly (see Seetion 2.4

Cad o -7 KT Droving the two ea
ol o he ea

Lhan praoving the storoment |:

and Exercize 2.0,

1.5 (Uhis exercise i adopted from |20, ppo &0 31)) Suppose that you are
shown four cards, Ladd ont i s row. Tacl cnrd has o detter on one side and a
nurnbrer on the other, On the visible s

cler of the carids sro printed the symbaols

S 5 A

[92a

Detomnnine which carnds vou should turn over to declde it the following ol
1 lrue or Galser "W iliers s o vowel o omne side ol ihe eard, then there i an
e wunber on the olher =ide”





