FUNDAMENTAL
PRINCIPLES

Convective heat transfer, or simply, convection, is the study of heat transport
processes effected by the flow of fluids. The very word convection has its roots
in the Latin verbs convecto-are and convého-véhére [1],* which mean to bring
together or to carry into one place [2]. Convective heat transfer has grown to
the status of a contemporary science because of people’s desire to understand
and predict how a fluid flow will act as a “carrier” or “conveyor belt” for
energy and matter.

Convective heat transfer is clearly, a field at the interface between two older
fields: heat transfer and fluid mechanics. For this reason, the study of any
convective heat transfer problem must rest on a solid understanding of basic
heat transfer and fluid mechanics principles. The objective in this chapter is to
review these principles in order to establish a common language to debate the
more specific issues addressed in later chapters.

Before reviewing the foundation of convective heat transfer methodology, it
is worth reexamining the historic relationship between fluid mechanics and heat
transfer at the interface we call convection. Especially during the past 100 years,
heat transfer and fluid mechanics have enjoyed a symbiotic relationship in their
development, a relationship where one field was stimulated by the curiosity in
the other field. Examples of this symbiosis abound in the history of boundary
layer theory and natural convection. The field of convection heat transfer grew
out of this symbiosis, and if we are to learn anything from history, important
advances in convection will continue to result from this symbiosis. Thus, the
student and the future researcher would be well advised to devote equal atten-
tion to fluid mechanics and heat transfer literature.

*Numbers in brackets indicate references at the end of each chapter.
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1.1 MASS CONSERVATION

The first principle to review is undoubtedly the oldest: It is the conservation
of mass in a closed system or the ‘“‘continuity’’ of mass through a flow (open)
system. From engineering thermodynamics, we recall the mass conservation
statement for a control volume [3]:

oM,
Y= — > (1.1)
ot inlet outlet
ports ports

where M_, is the mass instantaneously trapped inside the control volume (cv),
while the ri’s are the mass flow rates associated with flow into and out of the
control volume. In convective heat transfer, we are usually interested in the
velocity and temperature distribution in a flow region near a solid wall; hence,
the control volume to consider is the infinitesimally small Ax Ay box drawn
around a fixed location (x,y) in a flow field. In Fig. 1.1, as in most of the
problems analyzed in this book, the flow field is two-dimensional (i.e., the same
in any plane parallel to the plane of Fig. 1.1); in a three-dimensional flow field,
the control volume of interest would be the parallelepiped Ax Ay Az. Taking
u and v as the local velocity components at point (x,y), the mass conservation
equation (1.1) requires that

d d
5(prAy) = pu Ay + pv Ax — |:pu + %Ax] Ay
X
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or, dividing through by the constant size of the control volume (Ax Ay),

d d d(pv
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In a three-dimensional flow, an analogous argument yields

ap 4 d(pu) N d(pv) n d(pw) _
ot ox ay 0z

0 (1.4)

where w is the velocity component in the z direction. The local mass conser-
vation statement (1.4) can also be written as
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Figure 1.1 Mass conservation and systems of coordinates.
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In expression (1.6), v is the velocity vector (u,v,w), and D/Dt represents the
“material derivative” operator, encountered frequently in convective heat and
mass transfer,



4 1 FUNDAMENTAL PRINCIPLES

—=—4+uyu—+v—+w— (1.7)

Of particular interest to classroom treatment of the convection problem is
the wide class of flows in which temporal and spatial variations in density are
negligible relative to the local variations in velocity. For this class, the mass
conservation statement reads

uww

=0 1.8
ax Jdy 0z (1.8

The equivalent forms of eq. (1.8) in cylindrical and spherical coordinates are
(Fig. 1.1)

v v 1 dv, dv,
ar r r a0 0z (1.9)
and
L2 oy v 2 L singy + ——P0—0 (L0
-—(rv — (v, sin — = .
ror ”sin¢pap ¢ sin ¢ 90

It is tempting to regard eqs. (1.8)—(1.10) as valid only for incompressible fluids;
in fact, their derivation shows that they apply to flows (not fluids) where the
density and velocity gradients are such that the Dp/Dt terms are negligible
relative to the p V-v terms in eq. (1.6). Most of the gas flows encountered in
heat exchangers, heated enclosures, and porous media obey the simplified ver-
sion of the mass conservation principle [egs. (1.8)—(1.10)].

1.2 FORCE BALANCES (MOMENTUM EQUATIONS)

From the dynamics of thrust or propulsion systems, we recall that the instan-
taneous force balance on a control volume requires that [3]

d
— (Mv)),, = > F, + > rw, — > nw, (1.11)
at inlet outlet

ports ports

where n is the direction chosen for analysis and v, and F), are the projections
of fluid velocity and forces in the n direction. Equation (1.11) is recognized in
the literature as the momentum principle or momentum theorem: In essence,
eq. (1.11) is the control volume formulation of Newton’s second law of motion,
where in addition to terms accounting for forces and mass X acceleration, we
now have the impact due to the flow of momentum into the control volume,
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plus the reaction associated with the flow of momentum out of the control
volume. In the two-dimensional flow situation of Fig. 1.2, we can write two
force balances of type (1.11), one for the x direction and the other for the y
direction.

Consider now the special form taken by eq. (1.11) when applied to the finite-
size control volume Ax Ay drawn around point (x,y) in Fig. 1.2. Consider first
the balance of forces in the x direction. In Fig. 1.2a, showing the Ax Ay control
volume, we see the sense of the impact and reaction forces associated with the
flow of momentum through the control volume. In Fig. 1.2b, we see the more
classical forces represented by the normal stress (o), tangential stress (7,,),
and the x-direction body force per unit volume (X).

Projecting all these forces on the x axis, we obtain
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Figure 1.2 Force balance in the x direction on a control volume in two-dimensional flow.
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—a% (pu Ax Ay) + pu® Ay — [pu2 + ai (pu?) Ax] Ay
X

+ puv Ax — [puv + ai (puv) Ay] Ax
y

+ o, Ay — <0'X + 90, Ax) Ay — 7, Ax
ox
0T,
+ <TXV+TAy) Ax +XAxAy =0 (1.12)
’ y

or, dividing by Ax Ay in the limit (Ax, Ay) — 0,

Du Dp du  Jdv o, ITy
p—tu|—+pl—+— = - + + X (1.13)
dx  dy dx Jdy

According to the mass conservation equation (1.6), the quantity in brackets is
equal to zero; hence,

Du 80} aTxy
Py = 0t
Dt ox ay

+ X (1.14)

Next, we relate the stresses o, and 7, to the local flow field by recalling the
constitutive relations [4]
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These relations are of empirical origin: They summarize the experimental ob-
servation that a fluid packet offers no resistance to a change of shape, but resists
the time rate of a change of shape. Equations (1.15) and (1.16) define the
measurable coefficient of viscosity w. Combining egs. (1.14)—(1.16) yields the
Navier—Stokes equation,

Du apP ad ou 2u (du  Jv
p—=——+—|2u—— " |—+—
Dt ax  ox x 3 \dox oy

TR B L N (1.17)
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Of particular interest is the case when the flow may be treated as incom-
pressible and the viscosity u may be regarded as constant. Then the x momen-
tum equation reduces to

du du u P Pu  du
ot 0x ay ox 0x ay

A similar equation can be derived from the force balance in the y direction.
For a three-dimensional flow in the (x,y,z), (u,u,w) Cartesian system, the three
momentum equations for p, u = constant flows are

u u u Ju
pP\l—tu—+v—+w—

ot ox dy 0z
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Alternative forms of eqgs. (1.19) are:
Vectorial notation:

D
pF‘; = VP + uV¥ +F (1.20)

where F is the body force vector per unit volume (X,Y,Z).

Cylindrical coordinates (Fig. 1.1b):

o, v, v,ov, V3 v,
p + v, +—=——-——+0u,
ot ar r 06 r Yoz

P v, lov, v, 1 2 dv, 9%
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(1.21a)
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where (v,,04,0,) and (F,,F,F,) are the velocity and body force vectors.
Spherical coordinates (Fig. 1.1c):
Dv, v + v
p Dt r
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where (v,,04,0) and (F,,F,F,) are the velocity and body force vectors, and
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are the material derivative and Laplacian operators in spherical coordinates.

1.3 FIRST LAW OF THERMODYNAMICS

The preceding two principles—mass conservation and force balance—are in
many cases sufficient for solving the flow part of the convective heat transfer
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Figure 1.3 First law of thermodynamics applied to a control volume in two-dimensional flow
(for work transfer, see Fig. 1.2).
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problem; note at this juncture the availability of four equations (mass conser-
vation plus three force balances) for determining four unknowns (three velocity
components plus pressure). The exception to this statement is the subject of
Chapter 4, where the natural flow is driven by the heat administered to the
flowing fluid. In all cases, however, the heat transfer part of the convection
problem requires a solution for the temperature distribution through the flow,
especially in the close vicinity of the solid walls bathed by the heat-carrying
fluid stream (Chapter 2). The additional equation for accomplishing this ulti-
mate objective is the first law of thermodynamics or the energy equation.

For the control volume of finite size Ax Ay in Fig. 1.3, the first law of
thermodynamics requires that

rate of energy
accumulation in the

control volume
1

_ [ net transfer of " net heat transfer
energy by fluid flow . by conduction s

rate of internal net work transfer
" heat generation (e.g., | | from the control (1.25)
electrical power volume to its ’
dissipation) environment
4 5

According to the energy flow diagrams sketched in Fig. 1.3, the groups of
terms above are
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"

where e, ¢}, ¢}, and ¢" are the specific internal energy, heat flux in the x
direction, heat flux in the y direction, and dissipation rate or rate of internal
heat generation.

The origin of the dissipation rate term {+}5 lies in the work transfer effected
by the normal and tangential stresses sketched in Fig. 1.2b. For example, the
work done per unit time by the normal stresses o, on the left side of the Ax
Ay element is negative and equal to the force acting on the boundary (o, Ay)
times the boundary displacement per unit time (x), which yields —uo, Ay.
Similarly, the work transfer rate associated with normal stresses acting on the
right side of the element is positive and equal to [0, + (do/dx) Ax][u +
(0u/dx) Ax] Ay. The net work transfer rate due to these two contributions is
[o.(du/dx) + u(do,/dx)](Ax Ay), as shown in the {-}5 term of eq. (1.25").

Three more work transfer rates can be calculated in the same manner by
examining the effect of the remaining three stresses, 7,, in the x direction and
o, and 7, in the y direction. In the {-}5 expression above, the eight terms have
been separated into two groups. It can be shown that the group denoted as
()% reduces to —p(D/Dt)(u*> + v?)/2, which represents the change in kinetic
energy of the fluid packet; in the present treatment, this change is considered
negligible relative to the internal energy change d(pe)/dt appearing in {-},.

Assembling expressions (1.25) into the energy conservation statement that
preceded them, and using constitutive relations (1.15) and (1.16), we obtain

De Dp
—+el—+pVv|=-Vq"+qg"—PV-v+ ud (126
Y e<Dt p V) q tgq v+ ud  (1.26)

n n

where q” is the heat flux vector (¢7.q} ) and ® is the viscous dissipation function,
shown later in eq. (1.45a). The quantity between parentheses on the left-hand
side of eq. (1.26) is equal to zero [cf. eq. (1.6)]. In the special case where the
flow can be modeled as incompressible and two-dimensional, the viscous dis-
sipation function reduces to

2 2 2
o=2 [(a_) - (2) ] (22 (1.27)
ox dy Jdy  ox

To express eq. (1.26) in terms of enthalpy, we use the thermodynamics
definition 7 = e + (1/p)P; hence,

Dh De 1DP P Dp
— =t - - — (1.28)
Dt Dt p Dt p Dt

In addition, we can express the directional heat fluxes ¢} and ¢} in terms of
the local temperature gradients; that is, we invoke the Fourier law of heat
conduction,
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q' = —kVT (1.29)
Then, combining eqs. (1.26), (1.28), and (1.29) in the manner desired, we
obtain

Dh DP P (Dp
Dt Dt

p—=V-kVD) +q¢" +—+ pud® ——| — + pV°v> (1.30)
Dt p

Finally, we learn from the mass conservation equation (1.6) that the last terms
in parentheses in eq. (1.30) add up to zero; in conclusion, the first law of
thermodynamics reduces to

Dh DP
— =V-kVD) + q" + — + ud 1.31
P Dy ( ) +q D M (1.31)

In order to express the energy equation (1.31) in terms of temperature, it is
tempting to replace the specific enthalpy on the left-hand side by the product
of specific heat X temperature. This move is correct only in cases where the
fluid behaves like an ideal gas (see the ideal gas model, Table 1.1). In general,
the change in specific enthalpy for a single-phase substance is expressed by
the canonical relation for enthalpy [3],

1
dh =Tds + —dP (1.32)
p

where T is the absolute temperature and ds the specific entropy change,

d d
ds=(Z) ar+ (Z) ap (1.33)
aT ), oP /.,
From the last of Maxwell’s relations [3, p. 173], we have
a a(l/ 1 (9
9 = - —( P) = 9P _E (1.34)
)y or |p p " \9T/, p
where 3 is the coefficient of thermal expansion,
1 (op
= — | = 1.35
P p <6T>P ( )

Table 1.1 also shows that
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dJ
Z2) == (1.36)
ar), T

Together, eqs. (1.32)—(1.36) state that

1
dh = ¢, dT + — (1 — BT) dP (1.37)
p

in other words, the left-hand side of the energy equation (1.31) is

bh_ o BT~ gy 2P (1.38)
Por ~ PPy Dt ’

The “temperature” formulation of the first law of thermodynamics is there-
fore

DT DP
—=V-&kVT) +qg" + BT — + ud 1.39
Per kVT) + q" + BT - + n (1.39)
with the following special forms:

Ideal gas (B = I/T):

DT DP
— =V-*kVT) + q¢" + — + pd 1.40
pee (k VT) + q D T (1.40)

Incompressible liquid (B = 0):

DT
pe s =V kVT) + g" + pd (1.41)

Most of the convection problems addressed in this book obey an even sim-
pler model: namely, constant fluid conductivity &, zero internal heat generation
q", negligible viscous dissipation u®, and negligible compressibility effect BT
DPIDt. The energy equation for this model is

DT
pep o = kYT (1.42)

or, in terms of specific coordinate systems (Fig. 1.1):
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Cartesian (x,y,2):

T .~ 9T . aT aT PT 0T 9T
pep | —+u—+v—+ =k|—=+—

u v w— + + — 1.43a
ot ox ay 0z ax*  ay? 622> ( )

Cylindrical (1,6,z):

oT oT v, dT oT
pep | —+v,—+——+v.—
t ar r 00 © oz

+
19 aT 1 9*T 0T
ror or r o0 0z
Spherical (1,¢,6):

oT T v, dT vy, oT
pcp\ —+ v, —+ — + — —
ot ar r d¢  rsin ¢ 960

P P W N PR WS B i
=k|=—|r*— — | sin ¢ — ST 5
r? or or r?sin ¢ d¢p ad r? sin’¢p 962

(1.43¢)

If the fluid can be modeled thermodynamically as an incompressible liquid,
then, as in eq. (1.41), the specific heat at constant pressure ¢, is replaced by
the lone specific heat of the incompressible liquid, ¢ (Table 1.1).

When dealing with extremely viscous flows of the type encountered in lu-
brication problems or the piping of crude oil, the model above is improved by
taking into account the internal heating due to viscous dissipation,

DT
per o = k VT + ud (1.44)

In three dimensions, the general viscous dissipation function can be expressed
as follows:

Cartesian (x,y,2):

2
d d d
e LA (1.45a)
Jx  dy 0z
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Cylindrical (1,6,z):

1 fov, vy, 1o, 1 (1dv. du, ?
2\ or r r a0 2 \r a0 0z
1 (ov w.\* 1
+- | =+ = —=(V-v)? 1.45b
2 (az ar> 3V ] (1.455)

r 2 2 2
d=2 9v, + l(")_l)(é_’_& + 1 %_’_ﬂ_i_vd’ccn(b
| \ or r do r rsin ¢ 96 r r

- ) . 2

+l I’i Yy +lal), +l Slnd)i l.)e + .1 %
21 or\r rdo 2 r  d¢ \rsin ¢ rsin ¢ 060
1[ 1 oo a (v, 2 2

+ = Cr— | — — = (V-v)? .
2| rsing 46 r6r<r>:|} 3( V) (1450)

If the density does not vary significantly through the flow field, V-v = 0 [eq.
(1.6)] and the last term in each of expressions (1.45) vanishes.

It is worth reviewing the constant-p approximation that led to eq. (1.8) and
recognizing that it differs conceptually from the ‘“‘incompressible substance
model”’ of thermodynamics. The latter is considerably more restrictive than the
“nearly constant” density model, eq. (1.8). For example, a compressible sub-
stance such as air can flow in such a way that eq. (1.8) is a very good approx-
imation of eq. (1.6).

For the restrictive class of fluids that are “incompressible” from the ther-
modynamic point of view, the specific heat at constant pressure ¢, can be
replaced by the lone specific heat of the fluid, c, on the left side of eq. (1.39).
Water, liquid mercury, and engine oil are examples of fluids for which this
substitution is justified. There are even convection problems in which the mov-
ing materials are actually solid (e.g., a roller and its substrate, in the zone of
elastic contact). In such cases the ¢, = ¢ substitution is permissible also.

It is important to note that the specific heat at constant volume ¢, does not
belong on the left side of eq. (1.39). This observation is important because
Fourier [5,6], and later Poisson [7], who were the first to derive the energy
equation for a convective flow, wrote ¢ on the left side of eq. (1.39). They
made this choice because their analyses were aimed specifically at incompress-
ible fluids (liquids), for which ¢ happens to have nearly the same value as c.
Because of this choice, they did not have to account for the P dV type of work
done by the fluid packet as it expands or contracts in the flow field. In the
modern era, however, the use of ¢, instead of ¢, is an error.

3
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The prethermodynamics (caloric conservation) origins of the science of con-
vection heat transfer are also responsible for the ‘“‘thermal energy equation”
label that some prefer to attach to eq. (1.39) without the 87 DP/Dt term. This
terminology is sometimes used to stress (incorrectly) the conservation of ‘“‘ther-
mal” energy as something distinct from ‘““mechanical and thermal” energy. In
classical thermodynamics, however, this distinction disappeared as soon as the
first law of thermodynamics was enunciated, that is, as soon as the thermo-
dynamic property ‘“‘energy’’ was defined, which happened in the years 1850—
1851 (see Ref. 3, pp. 30-32).

Equation (1.39) represents the first law of thermodynamics. This law pro-
claims the conservation of the sum of energy change (the property) and energy
interactions (heat transfer and work transfer). The suggestion that mechanical
effects (e.g., work transfer) are absent from eq. (1.39) when the BT DP/Dt
term is absent is erroneous. The presence of ¢, on the left side of the equation
is the sign that each fluid packet expands or contracts (i.e., it does P dV-type
work) as it rides on the flow. The terms ¢” and u® are work transfer rate
terms also.

1.4 SECOND LAW OF THERMODYNAMICS

Any discussion of the basic principles of convective heat transfer must include
the second law of thermodynamics, not because the second law is necessary
for determining the flow and temperature field (it is not, because it is not an
equation), but because the second law is the basis for much of the engineering
motive (objective, purpose) for formulating and solving convection problems.
For example, in the development of knowhow for the heat exchanger industry,
we strive for improved thermal contact (enhanced heat transfer) and reduced
pump power loss in order to improve the thermodynamic efficiency of the heat
exchanger. Good heat exchanger design means, ultimately, efficient thermo-
dynamic performance, that is, minimum generation of entropy or minimum
destruction of exergy in the power/refrigeration system incorporating the heat
exchanger [8—10]. For this reason, it is useful to review the second law and in
this way to explain the commonsense origin of the engineering questions that
led to today’s field of convective heat transfer.

The second law of thermodynamics states that all real-life processes are
irreversible: In the case of a control volume, as in Fig. 1.1, this statement is

Bov o S84 S e =S g (1.46)
ot T'l inlet outlet
ports ports

where S, is the instantaneous entropy inventory of the control volume, rs
represents the entropy flows (streams) into and out of the control volume, and
T, is the absolute temperature of the boundary crossed by the heat transfer
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interaction ¢,.* The irreversibility of the process is measured by the strength
of the inequality sign in eq. (1.46), or by the entropy generation rate S
defined as

gen?

oS :
Spn = =2 = SIS s+ S s =0 (1.47)
ot Tl inlet outlet
ports ports

It is easy to show that the rate of destruction of useful work in an engineer-
ing system, W, is directly proportional to the rate of entropy generation
[8-10],

Wiest = TS (1.48)

gen
where T, is the absolute temperature of the ambient temperature reservoir (7,
= constant). Equation (1.48) stresses the engineering importance of estimating
the irreversibility or entropy generation rate of convective heat transfer proc-
esses: If not used wisely, these processes contribute to the waste of precious
fuel resources.

Based on an analysis similar to the analyses presented for mass conservation,
force balances, and the first law of thermodynamics, the second law (1.47) may
be applied to a finite-size control volume Ax Ay Az at an arbitrary point (x,y,z)
in a flow field. Thus, the rate of entropy generation per unit time and per unit
volume S” is [8,9]

gen

k
St = 73 (VD + %(I) =0 (1.49)
[ —
=0 =0

where k and p are assumed constant. In a two-dimensional convection situation
such as in Figs. 1.1-1.3, the local entropy generation rate (1.49) yields

SW _ & g ’ + ﬂ ’
gen T2 dx dy
) - ()] (530
+ 215 — ] + = + | —+ — =0 (1.50)
T ox ay ady  ox

In the last two equations, T represents the absolute temperature of the point
where S§., is being evaluated. The two-dimensional expression (1.50) illustrates

the competition between viscous dissipation and imperfect thermal contact
(finite-temperature gradients) in the generation of entropy via convective heat

*Defined as positive into the control volume.



1.5 RULES OF SCALE ANALYSIS 19

transfer. The two-sided character of entropy generation in convective heat trans-
fer was illustrated most recently by Mahmud and Fraser [11].

Equations (1.48) and (1.50) constitute the bridge between two research ac-
tivities: fundamental convection heat transfer and applied thermodynamics (en-
tropy generation minimization). Beginning with Chapter 2, we focus on the
fundamental problems of determining the flow and temperature fields in a given
convection heat transfer configuration. However, through eq. (1.50), we are
invited to keep in mind that these fields contribute hand-in-hand to downgrading
the thermodynamic merit of the engineering device that ultimately employs the
convection process under consideration. The science of adjusting the convection
process so that it destroys the least exergy (subject to various system con-
straints) is the focus of entropy generation minimization; this activity has been
reviewed in Refs. 8—10. The generation of flow configuration (geometry, ar-
chitecture) for maximal performance under constraints is constructal theory and
design [12-15].

1.5 RULES OF SCALE ANALYSIS

This section is designed to familiarize the student with the commonsense
problem-solving method of scale analysis or scaling. This section is necessary
because scale analysis is used extensively throughout the book; in fact, scale
analysis is recommended as the premier method for obtaining the most infor-
mation per unit of intellectual effort. Furthermore, this section is necessary
because scale analysis is not discussed in the heat transfer and fluid mechanics
textbooks of our time, despite the fact that it is a precondition for good analysis
in dimensionless form. Scale analysis is often confused with dimensional anal-
ysis or the often arbitrary nondimensionalization of the governing equations
before performing a perturbation analysis or a numerical simulation on the
computer.

The object of scale analysis is to use the basic principles of convective heat
transfer to produce order-of-magnitude estimates for the quantities of interest.
This means that if one of the quantities of interest is the thickness of the
boundary layer in forced convection, the object of scale analysis is to determine
whether the boundary layer thickness is measured in millimeters or meters.
Note that scale analysis goes beyond dimensional analysis (whose objective is
to determine the dimension of boundary layer thickness, namely, length). When
done properly, scale analysis anticipates within a factor of order one (or within
percentage points) the expensive results produced by ‘“‘exact” analyses. The
value of scale analysis is remarkable, particularly when we realize that the
notion of “exact analysis™ is as false and ephemeral as the notion of “‘exper-
imental fact.”

As the first example of scale analysis, consider a problem from the field of
conduction heat transfer [16]. In Fig. 1.4 we see a plate plunged at t = 0 into
a highly conducting fluid, such that the surfaces of the plate instantaneously



20 1 FUNDAMENTAL PRINCIPLES

Temperature

Fluid
(Te)

Fluid
(To)

t increases

=Y

Figure 1.4 Transient heat conduction in a slab with sudden temperature change on the
boundaries.

assume the fluid temperature 7,, = T, + AT. Suppose that we are interested
in estimating the time needed by the thermal front to penetrate the plate, that
is, the time until the center plane of the plate “feels” the heating imposed on
the outer surfaces.

To answer the question above, we focus on a half-plate of thickness D/2
and the energy equation for pure conduction in one direction:

aT 0T
Cp — — —
Per 50 T X ax2

(1.51)

Next, we estimate the order of magnitude of each of the terms appearing in
eq. (1.51). On the left-hand side we have

aT AT
-~ — 1.52
pcp o pcp : ( )

In other words, the scale of the temperature change (in the chosen space and
in a time of order f) is AT. On the right-hand side we obtain
0°T a (oT k AT kAT

— =k <—> = (1.53)

x> “ox\ox) DRDR2 (D)
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Equating the two orders of magnitude (1.52) and (1.53), as required by the
energy equation (1.51), we find the answer to the problem

.- (DI2)?

o

(1.54)

where « is the thermal diffusivity of the medium, k/pcp. The penetration time
(1.54) compares well with any order-of-magnitude interpretation of the exact
solution to this classical problem [16]. However, the time and effort associated
with deriving eq. (1.54) do not compare with the labor required by Fourier
analysis and the graphical presentation of Fourier series.

Based on this introductory example, the following rules of scale analysis are
worth stressing.

* Rule 1. Always define the spatial extent of the region in which you per-
form the scale analysis. In the example of Fig. 1.4, the size of the region
of interest is D/2. In other problems, such as boundary layer flow, the size
of the region of interest is unknown; as shown in Chapter 2, the scale
analysis begins by selecting the region and by labeling the unknown thick-
ness of this region 8. Any scale analysis of a flow or a flow region that is
not uniquely defined is pure nonsense.

* Rule 2. One equation constitutes an equivalence between the scales of two
dominant terms appearing in the equation. In the transient conduction ex-
ample of Fig. 1.4, the left-hand side of eq. (1.51) could only be of the
same order of magnitude as the right-hand side. The two terms appearing
in eq. (1.51) are the dominant terms (considering that the discussion re-
ferred to pure conduction); in general, the energy equation can contain
many more terms [eq. (1.39)], not all of them important. The reasoning
for selecting the dominant scales from many scales is condensed in rules
3-5.

e Rule 3. If in the sum of two terms,

c=a+b (1.55)

the order of magnitude of one term is greater than the order of magnitude
of the other term,

O(a) > O(b) (1.56)
then the order of magnitude of the sum is dictated by the dominant term:
O(c) = O(a) (1.57)

The same conclusion holds if instead of eq. (1.55), we have the difference
c=a—borc= —a+b.
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e Rule 4. If in the sum of two terms,
c=a-+b (1.55)
the two terms are of the same order of magnitude,
O(a) = O(b) (1.58)
then the sum is also of the same order of magnitude:
O(c) ~ O(a) ~ O(b) (1.59)
* Rule 5. In any product
p = ab (1.60)

the order of magnitude of the product is equal to the product of the orders
of magnitude of the two factors

O(p) = 0(@)O(D) (1.61)

If, instead of eq. (1.60), we have the ratio

= g (1.62)
then
0(a)
00 = 5 (1.63)

In addition to having its own set of rules, scale analysis requires special care
with regard to notation. In rules 1-5, we used the following symbols:

~ is of the same order of magnitude as
O(a) the order of magnitude of a
> greater than, in an order-of-magnitude sense

For brevity, the scale analyses included in this book employ the language of
expressions (1.56), (1.57), (1.61), and (1.63) without the repetitive potentially
confusing notation O(*) for “order of magnitude.”

Scale analysis is now employed widely in heat transfer, and the fundamental
scaling results that have been developed go beyond the first steps presented in
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this book. For example, Bhattacharjee and Grosshandler [17] have reported the
scale analysis of a pressure-driven wall jet. Li and Djilali [18] have used scale
analysis to describe the behavior of separating flows behind backward-facing
steps (separation bubbles). Li [19] has reported the scaling results for jet dif-
fusion flames.

1.6 HEATLINES FOR VISUALIZING CONVECTION

The opportunity to actually ‘““see” the solution to a problem is essential to a
problem solver’s ability to learn from experience and in this way to improve
his or her technique. In convection problems it is important to visualize the
flow of fluid and, riding on this, the flow of energy. For example, in the two-
dimensional Cartesian configuration of Fig. 1.1, it has been common practice
to define a streamfunction {(x,y) as

L (1.64)

u = )
ay ox

such that the mass continuity equation for incompressible flow,

u + W 0 (1.65)
ox  dy

is satisfied identically. It is easy to verify that the actual flow is locally parallel
to the ¥ = constant line passing through the point of interest. Therefore, al-
though there are no substitutes for u and v as bearers of precise information
regarding the local flow, the family of iy = constant streamlines provides a
much needed bird’s-eye view of the entire flow field and its main characteris-
tics.

In convection, the transport of energy through the flow field is a combination
of both thermal diffusion and enthalpy flow [cf. eq. (1.42)]. For any such field,
Kimura and Bejan [20] defined a new function H(x,y) such that the net flow
of energy (thermal diffusion and enthalpy flow) is zero across each H = con-
stant line. The mathematical definition of the heatfunction H follows in the
steps of eqs. (1.64) if this time the aim is to satisfy the energy equation. For
steady-state two-dimensional convection through a constant-property homoge-
neous fluid, eq. (1.42) becomes

oT oT ’T  9°*T
( —> (1.66)

+
x> ay?

or
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ad oT ad oT
— | pcpuT — k— )+ — | pcp,vT —k— ] =0 (1.67)
dx dox dy dy

The heatfunction is defined as follows:

Net energy flow in the x direction:

oH aT
— =pcpu(T — Ty) — k— (1.68)
dy x

Net energy flow in the y direction:

oH aT
—— =pcpV(T — T,y) — k— (1.69)
dx dy

so that the heatfunction H(x,y) satisfies eq. (1.66) identically. Note that the
definition above also applies to convection through a fluid-saturated porous
medium, where eq. (1.66) accounts for energy conservation.

The reference temperature 7, is, in principle, an arbitrary constant that can
be selected based on convention. Patterns of H = constant heatlines are in-
structive when T, is the lowest temperature that occurs in the heat transfer
configuration. For example, if the wall shown in Fig. 2.1 is warmer than the
free stream, 7, > T, the choice of reference temperature is 7, = T.. For a
meaningful comparison of the heatlines of one flow with the heatlines of an-
other flow, I propose that 7, always be set equal to the lowest temperature of
the flow field.

If the fluid flow subsides (# = v = 0), the heatlines become identical to the
heat flux lines employed frequently in the study of conduction phenomena.
Therefore, as a heat transfer visualization technique, the use of heatlines is the
convection counterpart or generalization of a standard technique (heat flux
lines) used in conduction. It is also interesting to point out that the contem-
porary use of T = constant lines is not a proper way to visualize heat transfer
in the field of convection; isotherms are a proper heat transfer visualization
tool only in the field of conduction (where, in fact, they have been invented)
because only there are they locally orthogonal to the true direction of energy
flow. The use of T = constant lines to visualize convection heat transfer makes
as little sense as using P = constant lines to visualize fluid flow.

The heatline method for the visualization of convective heat transfer was
proposed in the first edition of this book (1984), along with a first application
to natural convection in an enclosure heated from the side [20]. The method
has since been adopted and extended in several ways in the post-1984 heat
transfer literature [21-43].
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PROBLEMS

1.1. Consider the unsteady mass conservation equation (1.5) as it might de-

scribe the flow accelerating through a duct with a variable cross section.
If the largest velocity gradient measured locally is du/dx and the largest
density gradient is dp/dx, what order-of-magnitude relationship must ex-
ist between du/dx and dp/dx for the simplified equation (1.8) to be ap-
plicable?

1.2. Derive the mass conservation equation in cylindrical coordinates [eq.

(1.9)] by applying the general principle (1.1) to an elementary control
volume of size Ar(r AG)Az in Fig. 1.1b (assume that p = constant).

1.3. Derive the mass conservation statement for spherical coordinates [eq.

(1.10)] by writing eq. (1.1) for the elementary control volume (Ar) (r sin
¢ A6)(r A¢) around point (r,0,¢) in Fig. 1.1c (assume that p = con-
stant).

1.4. Consider a flow in which p and w may be regarded as constant. Show

that the x momentum equation (1.18) follows from eq. (1.17) through
proper use of the mass conservation principle.

1.5. Imagine a flow described by egs. (1.9) and (1.21) in cylindrical coordi-

nates. If the flow is situated on one side of and infinitely far from the
r = 0 origin of the coordinate system, the local three-directional incre-
ments Ar, r A6, Az become analogous to three Cartesian increments
Ax, Ay, Az measured away from the local point (r,6,z) in the flow field.
Show that in the limit » — oo, the transformation Ar — Ax, r A0 — Ay,
Az — Az leads to the collapse of eqs. (1.9) and (1.21) into their (x,y,z)
Cartesian equivalents [eqs. (1.8) and (1.19)].

1.6. Consider the conservation of mass and the three force balances in spher-

ical coordinates [eqgs. (1.10) and (1.22)]. If the flow described by these
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1.7.

1.8.

1.9.

1.10.

1.11.
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equations is situated infinitely far from the r = 0 origin of the spherical
system, the following transformation is applicable (Fig. 1.1): Ar — Ax,
rsing AQ — Ay, r A¢p — Az. Show that through this transformation, in
the limit r — o0, eqs. (1.10) and (1.22) become the same as eqs. (1.8)
and (1.19).

Implicit in the derivation of the energy equation (1.39) is the assumption
that changes in kinetic energy V?/2 are negligible relative to changes in
internal energy e [see expressions (1.25), where e should, in general, be
replaced by e + V?/2]. Retrace the path leading to eq. (1.39) by taking
into account changes in kinetic energy; show that the result of this more
rigorous analysis is identical to eq. (1.39).

Demonstrate that lost work is always proportional to entropy generation
[eq. (1.48)], where W, = W, simum — Wacwa» and where W, .. cor-
responds to the reversible limit (S, = 0). Write the first law of ther-
modynamics for a control volume, first for the actual (real) process and
then for the reversible process. Then use the definition of W, and S,

to prove eq. (1.48).

Derive the formula for the local rate of entropy generation [eq. (1.49)].
Begin with translating the general statement (1.47) into the language of
the two-dimensional control volume Ax Ay. Combine the resulting ex-
pression with the first law of thermodynamics as given by eq. (1.26),
plus the canonical relation for internal energy (Table 1.1).

Consider the Couette flow between two parallel plates separated by a gap
of width D and moving relative to one another with a speed U. The
temperature difference AT is imposed between the two plates. Estimate
the rate of entropy generation per unit volume in this flow. What rela-
tionship must exist between D, U, AT, and the fluid properties u and k
for S, to be dominated by the irreversibility due to fluid friction?

gen

According to the one-dimensional (longitudinal) conduction model of a
fin, the temperature distribution along the fin, 7'(x), obeys the energy
equation [16]

d2T "
kAE—hP(T—TO)-FqA:O

S — \ R — —

Longitudinal Lateral Internal
conduction convection heat
generation

where A, h, P, and ¢"” are the fin cross-sectional area, fin—fluid heat
transfer coefficient, perimeter of the fin cross section (called the wetted
perimeter), and volumetric rate of heat generation. Consider the semi-
infinite fin that as shown in Fig. P1.11, is bathed by a fluid of temperature
T, and is attached to a solid wall of temperature 7;,. The heat generated
by the fin is absorbed by either the fluid or the solid wall.
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A, q"", k, T(x)

Fluid (T,)

Figure P1.11

As a system for scale analysis, select the fin section of length x,
where x is measured away from the wall. Let T, be the fin temper-
ature sufficiently far from the wall. Show that if x is large enough,
the longitudinal conduction term becomes negligible in the energy
equation.

Invoking the balance between lateral convection and internal heat
generation, determine the fin temperature sufficiently far from the
wall, T...

Determine the fin section of length & near the wall where the heat
transfer is ruled by the balance between longitudinal conduction and
internal heat generation.

Determine the heat transfer rate into the wall through the base of the
fin.

Consider the laminar flow near a flat, solid wall, as illustrated in Fig.

2.1.

The momentum equation for this flow involves the competition

among three effects: inertia, pressure gradient, and friction [see eq.
(2.26)]. For the purpose of scale analysis, consider a flow region of length
L and thickness L. Show that in this region, the ratio of inertia to friction
is of order Re,, where Re, is the Reynolds number based on wall length.
Note that the region selected for analysis is not the boundary layer region
discussed in Chapter 2. In a certain flow, the value of Re, is 10°. What
force balance rules the L X L region: inertia ~ pressure, inertia ~ fric-
tion, or pressure ~ friction?



